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Abstract

Markov decision processes (MDPs) provide a stan-
dard framework for sequential decision making un-
der uncertainty. However, MDPs do not take un-
certainty in transition probabilities into account.
Robust Markov decision processes (RMDPs) ad-
dress this shortcoming of MDPs by assigning to
each transition an uncertainty set rather than a sin-
gle probability value. In this work, we consider
polytopic RMDPs in which all uncertainty sets
are polytopes and study the problem of solving
long-run average reward polytopic RMDPs. We
present a novel perspective on this problem and
show that it can be reduced to solving long-run av-
erage reward turn-based stochastic games with fi-
nite state and action spaces. This reduction al-
lows us to derive several important consequences
that were hitherto not known to hold for polytopic
RMDPs. First, we derive new computational com-
plexity bounds for solving long-run average re-
ward polytopic RMDPs, showing for the first time
that the threshold decision problem for them is in
NPNCONP and that they admit a randomized algo-
rithm with sub-exponential expected runtime. Sec-
ond, we present Robust Polytopic Policy Iteration
(RPPI), a novel policy iteration algorithm for solv-
ing long-run average reward polytopic RMDPs.
Our experimental evaluation shows that RPPI is
much more efficient in solving long-run average re-
ward polytopic RMDPs compared to state-of-the-
art methods based on value iteration.

1 Introduction

Robust Markov decision processes. Markov decision pro-
cesses (MDPs) are widely adopted as a framework for
sequential decision making in environments that exhibit
stochastic uncertainty [Puterman, 1994]. The goal of solv-
ing an MDP is to compute a policy which maximizes ex-
pected payoff with respect to some reward objective. How-
ever, classical algorithms for solving MDPs assume that tran-
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sition probabilities are known and available. While this is
plausible from a theoretical perspective, in practice this as-
sumption is not always justified — transition probabilities are
typically inferred from data and as such their estimates come
with a certain level of uncertainty. This has motivated the
study of robust Markov decision processes (RMDPs) [Nilim
and Ghaoui, 2003; Iyengar, 2005]. RMDPs differ from MDPs
in that they only assume knowledge of some uncertainty set
containing true transition probabilities. The goal of solving
RMDPs is to compute a policy which maximizes the worsz-
case expected payoff with respect to all possible choices of
transition probabilities belonging to the uncertainty set. The
advantage of considering RMDPs rather than MDPs for plan-
ning and sequential decision making tasks is that solving
RMDPs provides policies that are robust to potential uncer-
tainty in the underlying environment model.

Long-run average reward RMDPs. Recent years have seen
significant interest in solving RMDPs. Two most fundamen-
tal reward objectives defined over unbounded or infinite time
horizon trajectories are the discounted-sum reward and the
long-run average reward. While there are many works on
solving discounted-sum reward RMDPs (see an overview of
related work below), the problem of solving long-run average
reward RMDPs remains comparatively less explored. How-
ever, long-run average reward is, along with discounted-sum,
one of the two fundamental objectives used in agent planning
and reinforcement learning [Puterman, 1994; Sutton et al.,
1999]. Unlike discounted-sum, which places more emphasis
on earlier rewards and prefixes of a run, long run average re-
ward focuses on long-term sustainability of the reward signal.

Prior work and challenges. Most prior work on solving
long-run average reward RMDPs focuses on special instances
of RMDPs in which uncertainty sets are either products of
intervals (i.e. L°°-balls) or L'-balls around some pivot prob-
ability distribution. These works typically focus on study-
ing Blackwell optimality in RMDPs. In standard MDPs,
Blackwell optimality [Puterman, 1994] is a classical result
which says that there exists some threshold discount factor
~* € [0,1) such that the same policy maximizes expected
discounted-sum reward for any discount factor v € [y*,1)
while also maximizing the long-run average reward in the
MDP. This allows using the methods for discounted-sum re-
ward MPDs to solve long-run average reward MDPs.
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The work of [Tewari and Bartlett, 2007] considers RMDPs
in which uncertainty sets are products of intervals (also called
interval MDPs [Givan et al., 2000]), and is the first to es-
tablish Blackwell optimality for interval MDPs. It also pro-
poses a value iteration algorithm for solving long-run av-
erage reward interval MDPs. The works [Grand-Clément
and Petrik, 2023; Goyal and Grand-Clément, 2023] estab-
lish Blackwell optimality for RMDPs with general polytopic
uncertainty sets. Moreover, the work [Grand-Clément and
Petrik, 2023] designs value and policy iteration algorithms
for solving long-run average reward RMDPs with interval or
L!-uncertainty sets. Finally, the recent work of [Wang et al.,
2023] establishes Blackwell optimality and proposes a value
iteration algorithm for a general class of RMDPs in which un-
certainty sets are only assumed to be compact, but in which
the RMDP is assumed to be unichain.

While these works present significant advances in solving
long-run average reward RMDPs, our understanding of this
problem still suffers from a few limitations:

e Computational complexity. While prior works focus
on studying Blackwell optimality in RMDPs and algo-
rithms for solving them, no upper bound on the compu-
tational complexity of solving this problem is known.

* Structural or uncertainty restrictions. The value itera-
tion algorithm of [Wang et al., 2023] requires the RMDP
to be unichain. On the other hand, other algorithms dis-
cussed above are applicable to RMDPs with either inter-
val or L'-uncertainty sets.

* Policy iteration. In classical MDP and stochastic
games [Puterman, 1994; Hansen et al., 2013] and in
discounted-sum RMDPs [Sinha and Ghate, 2016; Ho et
al., 2021], the number of iterations of policy iteration is
known to be more efficient than value iteration. How-
ever, for RMDPs with uncertainty sets that are not in-
tervals or L!-balls, the only available algorithm is that
of [Wang et al., 2023] which is based on value iteration.

Our contributions. This work focuses on computational
complexity aspects and efficient algorithms for solving long-
run average reward RMDPs and our goal is to address the
limitations discussed above. To that end, we consider poly-
topic RMDPs in which all uncertainty sets are assumed to
be polytopes and which unify and strictly subsume RMDPs
with interval or L'-uncertainty sets. We present a new per-
spective on the problem of solving long-run average reward
polytopic RMDPs by showing that it admits a linear-time
reduction to the problem of solving long-run average re-
ward turn-based stochastic games (TBSGs) in which both
state and action sets are finite. The reduction is linear in
the size of the RMDP and the number of vertices of un-
certainty polytopes. While the connection between RMDPs
and TBSGs has been informally mentioned in several prior
works, e.g. [Nilim and Ghaoui, 2003; Tessler et al., 2019;
Goyal and Grand-Clément, 2023], we are not aware that any
prior work has actually formalized this reduction. The reduc-
tion formalization turns out to be technically non-trivial and
we provide a first formal proof of the correctness of the re-
duction. The reduction formalization is the main technical
contribution of our work.

While definitely compelling, the reduction is not only of
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theoretical interest. TBSGs have been widely studied within
computational game theory and formal methods communi-
ties [Shapley, 1953; Filar and Vrieze, 1996; Kucera, 2011]
and this reduction allows us to leverage a plethora of results
on TBSGs in order to establish new results on long-run aver-
age reward RMDPs that were hitherto not know to be true. In
particular, our results allow us to overcome all the limitations
discussed above. Our main contributions are as follows:

1. We establish novel complexity results on solving long-
run average reward polytopic RMDPs, showing for the
first time that the threshold decision problem for them
is in NP N CONP and that they admit a randomized al-
gorithm with sub-exponential expected runtime. More-
over, for RMDPs with constant number of actions and
treewidth of the underlying graph, the problem admits
an algorithm with quasi-polynomial runtime.

2. By utilizing Blackwell optimality for TBSGs and the
fact that policy iteration has already been shown to be
sound for discounted-sum reward TBSGs, we propose
Robust Polytopic Policy Iteration (RPPI), our novel al-
gorithm for solving long-run average reward polytopic
RMDPs. Our algorithm does not impose structural re-
strictions on the RMDP such as unichain or aperiodic.

3. Experimental evaluation. We implement RPPI and ex-
perimentally compare it against the value iteration al-
gorithm of [Wang er al., 2023]. We show that RPPI
achieves significant efficiency gains on unichain RMDPs
while also being practically applicable to RMDPs with-
out such structural restrictions.

Related work. The related work on solving long-run average
reward RMDPs was discussed above, hence we omit repeti-
tion. In what follows, we overview a larger body of existing
works on solving discounted-sum reward RMDPs. Existing
approaches can be classified into model-based and model-
free. Model-based approaches assume the full knowledge of
the uncertainty set and compute optimal policies with exact
values on the worst-case expected payoff that they achieve,
see e.g. [Nilim and Ghaoui, 2003; Iyengar, 2005; Wiesemann
et al., 2013; Kaufman and Schaefer, 2013; Tamar et al., 2014;
Ghavamzadeh et al., 2016; Ho et al., 2021]. These works
also provide deep theoretical insight into RMDPs and show
that many classical results on MDPs transfer to the RMDP
setting. Model-free approaches, on the other hand, do not
assume the full knowledge of the uncertainty set. Rather,
they learn the uncertainty sets from data and as such pro-
vide more scalable and practical algorithms, although without
guarantees on optimality of learned policies [Roy ef al., 2017;
Tessler et al., 2019; Wang and Zou, 2021; Wang and Zou,
2022; Ho et al., 2018; Yang et al., 2022].

In the final days of preparing this submission, we found
a concurrent work of [Grand-Clement et al., 2023] which
also explores the connection between long-run average re-
ward RMDPs and TBSGs in order to study Blackwell opti-
mality. Our focus in this work is on computational complex-
ity aspects and efficient algorithms for solving this problem.
Furthermore, we also establish that our reduction is efficient,
along with its formal correctness, that allows transfer of algo-
rithms from the stochastic games literature to RMDPs.
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2 Preliminaries and Models

For a set X, we denote by A(X
distributions over X.

) the set of all probability

MDPs. A (finite-state, discrete-time) Markov decision pro-
cess (MDP) [Puterman, 1994] is a tuple (.5, A, §, r, sg), where
S is a finite set of states, A is a finite set of actions,
§: 8 x A — A(S) is a probabilistic transition function,
r: S x A — Ris areward function, and sy € S is the initial
state. We abbreviate the transition probability 6(s, a)(s’) by
5(s" | s,a).

The dynamics of an MDP are defined through the notion of
apolicy. A policyisamap o : (S x A)* x S — A(A) which
to each finite history of state-action pairs ending in a state
assigns the probability distribution over the actions. Under
a policy o, the MDP evolves as follows. The MDP starts in
the initial state sg. Then, in any time step ¢ € {0,1,2,...},
based on the current history h; = sg,ag,...,St—1,0¢—1, St
the policy o samples an action a; to play according to the
probability distribution o(h;). The agent then receives the
immediate reward r; = r(s:,a;) and the MDP transitions
into the next state s, sampled according to the probability
distribution 0 (s¢, a;). The process continues in this manner
ad infinitum. A policy is said to be:

e positional (or memoryless), if the choice of the proba-
bility distribution over actions depends only on the last
state in the history, i.e. if o/(sg, ag, - .., St—1,Gt—1, S¢) =
o (s, afy---,Ss_1,0;_1,S;) Whenever s; = s};

e pure, if for every history h the probability distribution
o (h) assigns probability 1 to a single action in A.

Robust MDPs. Robust MDPs generalize MDPs in that they
prescribe to each state-action pair an uncertainty set, which
contains a set of probability distributions over the states in
S. Thus, MDPs present a special case of robust MDPs in
which the uncertainty set prescribed to each state-action pair
contains only a single probability distribution over the states.

Formally, a robust MDP (RMDP) [Nilim and Ghaoui,
2003; Iyengar, 2005] is a tuple (S, A, P, r, so), where S is a
finite set of states, A is a finite set of actions, P C A(S)°*4
is an uncertainty set, r: S x A — R is a reward function, and
sp € S is the initial state.

The intuition behind RMDPs is that, at each time step, the
true transition function is chosen adversarially from the un-
certainty set P. The dynamics of RMDPs are defined through
a pair of policies — the agent policy and the environment (or
adversarial) policy. The agent policy o is defined analo-
gously as in the case of MDPs above. On the other hand, the
environment policy isamap 7 : (Sx A)* x.Sx A — P which
to each finite history of state-action pairs assigns an element
of the uncertainty set P. Under the agent policy o and the
environment policy 7, the RMDP evolves analogously as an
MDP defined above, with the difference that in each time step
t € {0,1,2,...}, the state s;41 is sampled from &;(s¢, at),
where 0; = m(80,ag, ..., at—1, St, at).

We note that our definition differs a bit from those found
in the literature, where the environment policies have limited
adaptiveness: they are either stationary [Ho et al., 2021] or
Markovian (i.e., time-dependent) [Wang et al., 2023]. How-
ever, one of the corollaries of our results is that all three defi-

nitions lead to equivalent problems in the setting we consider.

We denote by P and E{{" the probability measure and
the expectation operator induced by the pair of policies o, 7
over the space of infinite trajectories sg, ag, $1, @1, . . . of M.

(s,a)-rectangularity. In this work, we restrict to the study of
(s, a)-rectangular uncertainty sets [Nilim and Ghaoui, 2003;
Iyengar, 2005], which are the most commonly studied class of
uncertainty sets and are of the form P = H(S a)ESXA P(s,a),
where each P(, .y € A(S). The assumption means that the
environment can choose transition probabilites for each state-
action pair independently from other state-action pairs.

Objectives We consider RMDPs with respect to long-run av-
erage (also known as mean payoff) and discounted-sum ob-

jectives. For each trajectory 7 = sg, ag, 1, a1, .. ., we define
its long-run average payoff as
N
LIMAVG(T) = l}\gxgglof ZO Siy Q).

For every v € (0, 1), we define its y-discounted payoff as

Disc,(7) = lim Z’y r(s;,a

N—o0

Problem statement. The value of an RMDP M given poli-
cies o, 7 is the expected payoff incurred under the policies
Val(M,o,m) = E}{[PAYOFF], where PAYOFF is either
LIMAVG or Disc,. The optimal value of an RMDP M is
the maximal expected payoff achievable by the agent against
any environmental choices of transition functions:

Val* (M) = sup inf Val(M, o, ).

An agent strategy o* is optimal if it achieves the value
against any environment policy, i.e., if inf; Val(M,o*,7) =
Val*(M). Given an RMDP with either objective, our goal is
to compute its value and a corresponding optimal policy.

Assumption: polytopic RMDPs. Towards making our prob-
lem computationally tractable, we need to assume a certain
form of uncertainty sets in RMDPs. In this work, we con-
sider a very general setting of polytopic uncertainty sets. An
RMDP M = (S, A, P,r,sp) is said to be polytopic if, for
each state-action pair (s,a) € S x A, the uncertainty set
P(s,a) C RISl is a polytope (i.e. a convex hull of finitely
many points in RIS). These strictly subsume RMDPs with
L'-uncertainty (or total variation) sets [Ho et al., 2021], in-
terval MDPs [Givan et al., 2000] and contamination mod-
els [Wang et al., 2023]. Furthermore, all our results are ap-
plicable to uncertainty sets which are subsets of polytopes so
long as all polytope vertices are within the uncertainty set.

3 Reduction to Turn-based Stochastic Games

This section presents the main result of this work. We show
that the problem of solving long-run average reward poly-
topic RMDPs admits a linear-time reduction to the problem of
solving long-run average reward turn-based stochastic games.
The reduction is linear in the size of the RMDP and the num-
ber of vertices of uncertainty polytopes. In what follows, we
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first recall turn-based stochastic games. We then formally de-
fine and prove our reduction, which is the main theoretical
result of this work. Finally, we use the reduction to obtain
a sequel of novel results on RMDPs by leveraging results on
turn-based stochastic games.

3.1 Background on Turn-based Stochastic Games

Turn-based stochastic games are a standard model of deci-
sion making in the presence of both adversarial agent and
stochastic uncertainty [Shapley, 1953; Filar and Vrieze, 1996;
Kucera, 2011]. Formally, a (finite-state, two-player, zero-
sum) turn-based stochastic game (TBSG) is a tuple G =
(S, A, 4,7, s0) where all the elements are defined as in MDPs,
with the additional requirement that the state set .S is parti-
tioned into sets Spax and Sy, and the action set A is par-
titioned into sets Apax and Apy,. We say that these ver-
tices and actions belong to players Max and Min, respectively.
Similarly to MDPs and RMDPs, the dynamics of TBSGs are
defined through the notion of policies for each player. We
distinguish between Max- and Min-histories depending on
whether the history ends in a state belonging to Max or Min.

The value of a policy pair, optimal value and optimal pol-
icy for long-run average and discounted-sum objectives are
defined analogously as for RMDPs. We denote by X and II
the sets of all policies of Max and Min, respectively. Simi-
larly, we denote by X, and II,, the sets of all pure positional
policies of Max and Min, respectively. The following is a
classical result on TBSGs that will be an important ingredient
in constructing our reduction from polytopic RMDPs. Intu-
itively, it says that both players can achieve the optimal ex-
pected payoff by using pure positional policies. For long-run
average objective, the result was proved by [Gillette, 1957;
Liggett and Lippman, 1969]. For discounted-sum, positional
determinacy was proved by [Shapley, 1953], pure positional
determinacy is a simple consequence [Bertrand et al., 2023].

Theorem 1 (Pure positional determinacy). Given a TBSG G,
the following equality holds for both long-run average and
discounted-sum objectives:
Val®(G) = sup inf Val(G,o0,7) = inf sup Val(G, o, )
cex mEell

m€ll zen

= max min Val(G,o,7) = min max Val(G, o, ).
oceX, mell, nell, oeX,

Comparison to RMDPs. While the adversarial structure of
TBSGs mimics the one of RMDPs, there is a crucial distinc-
tion: in TBSGs, both players may only select from finitely
many actions at each step, while in RMDPs, the adversary
can choose from a possibly continuous set of distributions.
Hence, RMDPs do not immediately reduce to TBSGs.

3.2 Reduction

Intuition. A polytopic RMDP M induces a TBSG G as
follows. The TBSG G, is played between the agent and the
environment players, which alternate in turns. The goal of the
agent is to maximize long-run average reward, whereas the
goal of the environment is to minimize it. Hence, the agent is
the Max player and the environment is the Min player.

The agent and the environment players alternate in turns.
First, the TBSG is in a state belonging to the agent player and
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the agent player selects an action to play. The state and the ac-
tion sets belonging to the agent player in the TBSG coincide
with the state and the action sets of the agent in the RMDP.
Thus, the TBSG dynamics in states belonging to the agent
player simulate the RMDP dynamics. On the other hand, the
state and the action sets belonging to the environment player
in the TBSG coincide with the set of all state-action pairs and
the set of all vertices of uncertainty polytopes in the RMDP,
respectively. Thus, the TBSG dynamics in states belonging
to the environment player simulate the process in which a
probabilistic transition function from which the next state will
be sampled is selected from the uncertainty polytope in the
RMDP. Note that pure strategies of the environment player
can only select probabilistic transition functions that are ver-
tices of the uncertainty polytopes, however any other element
of the uncertainty polytope can be selected by using random-
ized strategies. Finally, the reward function of the TBSG also
simulates that of the RMDP — the rewards of state-action pairs
belonging to the adversary player in the TBSG are twice the
rewards in the RMDP, whereas the rewards induced by the
environment player’s moves in the TBSG are 0. Thus, un-
der every policy pair, the TBSG intuitively induces an infinite
play whose long-run average is the same as that in the RMDP.
In what follows, we formalize this construction.

Formal definition. Let M = (SM AM PpM M M)
be a polytopic RMDP. We define a TBSG Gny =
(89, AgM,égM,rgM,ng) as below, and say that Gy is
induced by M. In what follows, for each state-action pair
(s,a) € SM x AM in the RMDP M, we use V! to denote

the set of all vertices of the uncertainty polytope P (s, a):
s States. S9* is defined as a union of two disjoint sets
S9x and S94, where S9x = SM and S94 = SM x
AM are copies of the sets of all states and all state-action
pairs in M.
o Actions. A9 is defined as a union of two disjoint sets

A9 and A9M . where A9M = AM and A9 =

max min? max min
U(s,a)eSM x AM Vf{} are copies of the sets of all actions
and all vertices of uncertainty polytopes in M.

« Transition function. §9™M : SS9 x A9m U SIM x

max min
A9M 5 A(S9M) is defined as follows:
— For state-action pairs (s,a) € S92 x A9M belong-

ing to Max, we let §9* (s, a) be the Dirac probabil-
ity distribution over A(S9*) with all probability
mass in the Min state (s,a) € S9 ie.

min’
1, ifs =(s,a)€ Sgl’i‘ﬁ,
0, otherwise.

() = {

— For state-action pairs ((s,a),v) € ST x A9 be-
longing to Min, we let 39+ (s, a) be the probability
distribution over S9 = SM induced by vertex v

max

of uncertainty polytope P (s, a), i.e.

o(s), ifs’ e S,
39 ((s,0),v)(s') = {0( ) otherwise.

o 7 . g g
Reward function. rIM L SIM X ATM USTM x ATV —
R is defined as follows:
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— For state-action pairs (s,a) € SIM x A9M | the
reward is twice the reward incurred in the RMDP
M, ie. 19 (s a) =2 -1rM(s,a).

— For state-action pairs ((s,a),v) € S x AIM,

the reward is 0, i.e. 79 ((s, a),v) = 0.
* Initial state. s§™ = sit € SIx, i.e. the initial state in

G s the copy of the initial state in M.

The following theorem establishes reduction correctness. In
the proof, considering polytopic RMDPs allows us to soundly
prune the action space of the environment up to corners of the
polytope. This is then used to reduce the RMDP to a TBSG

with finite state and action space.

Theorem 2 (Correctness). Consider a polytopic RMDP
M = (SM AM PM M MY and define a TBSG G =
(89Mm, A9M §9Mm pIrm, sogM) as above. Then, for long-run
average objective we have Val* (M) = Val* (Gm).

Proof sketch, full proof in [Chatterjee et al., 2023a]. Denote
by M and II™M the sets of all policies of the agent and the
environment in the polytopic RMDP, and similarly define
%94 and 119" in the TBSG. We use )1, I, $9¢ and

II9M to denote the subsets of pure positional policies. In the
full proof, we first define mappings from the sets of agent
and environment policies in the polytopic RMDP to the sets
of agent player and environment player policies in the TBSG:

d:xM 5 2I9m p L IIM 5 9,

We then show that these mappings preserve the values of pol-
icy pairs under long-run average objective, i.e. that

Val(M, o,7) = Val(Gam, (o), U(r))

hold for each ¢ € ¥M and 7 € II™. Finally, we show that
when restricted to pure positional policies, these mappings
give rise to one-to-one correspondences (i.e. bijections)

®, XM SIM W T TIM
Since by Theorem 1 there exist pure positional policies that
achieve the optimal value for each player in the TBSG, we can
conclude that there exist pure positional policies that achieve

the optimal value in the polytopic RMDP and that the optimal
values in the polytopic RMDP and the TBSG coincide. [

In order to study the computational complexity of the
reduction, we first need to fix a representation of poly-
topic RMDPs. In particular, we assume that each poly-
topic RMDP is represented as an ordered tuple M =
(M AM M M M) where SM is a list of states, A™M
is a list of actions, P is a list of polytope vertices for each
state-action pair, ™M is a list of rewards for each state-action
pair and s{! is an element of the state list. The following
theorem shows that the above is a linear-time reduction in the
size of the RMDP and the number of vertices of uncertainty
polytopes.

Theorem 3 (Complexity, proof in [Chatterjee
et al, 2023al). Consider a polytopic RMDP
M = (SM AM PM M MY and define a TBSG

Gm = (SgM7AgM,§gM,rgM,ng) as above. Then, the
size of Gaq is linear in the size of M and the number of
vertices of uncertainty polytopes.
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3.3 Discussion and Implications

Our reduction enables us to leverage the rich repository of
results about TBSGs achieved within the computational game
theory and formal methods communities. Since our reduction
yields a well-defined and effective correspondence between
policies in the polytopic RMDP and the TBSG, the results for
TBSGs naturally carry over to the polytopic RMDP setting.
In this subsection we highlight several such results, focusing
on the issues of complexity and efficient algorithms.

Pure positional determinacy. First, as an immediate corol-
lary of our reduction and of Theorem 1, we get the following
result. While this result was already established for polytopic
RMDPs by a direct analysis and without the reduction to TB-
SGs [Goyal and Grand-Clément, 2023], we state it below as
it will be used for proving subsequent results.

Corollary 1. In a polytopic RMDP under long-run average
objective, both the agent and the environment have pure po-
sitional optimal policies.

Problem complexity. The decision problems associated with
solving long-run average reward TBSGs (such as deciding
whether the optimal value of the game is at least a given
threshold v) are known to be in NP N CONP. This is due
to Theorem 1: for NP membership, one can guess an opti-
mal pure positional policy of, say player Max, and then ver-
ify that it enforces value > v: the verification can be done
in polynomial time since fixing a pure positional policy in an
RMDP yields a standard MDP that can be solved in polyno-
mial time e.g. by linear programming [Puterman, 1994]. The
argument for CONP membership is dual. By Corollary 1, the
same characterization holds for RMDPs.

Corollary 2. Given an RMDP M under long-run average
objective and a threshold v € Q, the problem whether
Val* (M) > v belongs to NP N CONP.

Efficient algorithms. Simple stochastic games (SSGs) [Con-
don, 1992] are a special class of TBSGs with reachability
objectives that captures the complexity of the whole TBSG
class. It was shown by [Andersson and Miltersen, 2009] that
solving TBSGs with both discounted and long-run average
payoffs is polynomial-time reducible to solving SSGs (where
by solving we mean computing optimal values and policies).

While SSGs are not known to be solvable in polyno-
mial time, several sub-exponential algorithms for them were
developed. The randomized algorithm due to [Ludwig,

1995] solves a given SSG in time O(2V™in{|Smaz || Sminl}

poly(|G|)), where |G| is the encoding size of the game. Nei-
ther our reduction from RMDPs to TBSGs nor the reduction
from TBSGs to SSGs [Andersson and Miltersen, 2009] add
any player Max vertices. Hence, we get the following result.

Corollary 3. There is a randomized algorithm for solving
long-run average reward polytopic RMDPs whose expected

runtime is O(2VI5! . poly(|M))), i.e., sub-exponential.

Remark 1 (Discounted polytopic RMDPs). In the extended
version of the paper [Chatterjee et al., 2023al, we show the
above reduction can be modified to also work for discounted-
sum objectives. Hence Corollaries 1-3 hold for discounted-
sum objectives as well.
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In [Chatterjee er al, 2023b] authors provide an algo-
rithm for solving TBSGs parameterized by the treewidth
of the underlying graph. The algorithm has runtime
O((tn?lognW)t°em) where n is the number of nodes, t is
the treewidth of the graph and W is the maximum absolute
value of rewards in the game. Let M be an RMDP with m
actions and whose underlying graph has treewidth ¢. In the
extended version of the paper [Chatterjee et al., 2023al, we
show that G o has treewidth at most (¢+1)(m+1)—1, which
implies the following result.

Corollary 4. Given an RMDP M with constant number of
actions and treewidth of the underlying graph, the long-run
average objective can be solved in quasi-polynomial time.

4 Algorithm for Long-run Average RMDPs

In this section, we present our algorithm Robust Polytopic
Policy Iteration (RPPI) for computing long-run average val-
ues and optimal pure positional policies in polytopic RMDPs.
The pseudocode of our algorithm is shown in Algorithm 1.
Our algorithm can be viewed as a policy iteration algorithm
for solving long-run average reward polytopic RMDPs. Pol-
icy iteration was hitherto not known to be sound for solving
long-run average reward RMDPs, thus the design of a policy
iteration algorithm is another contribution of our work.

QOutline. RPPI uses the reduction in Section 3 to re-
duce our problem to solving long-run average TBSGs, for
which policy iteration is known to be sound and highly effi-
cient [Hansen et al., 2013]. Our RPPI is thus motivated by ef-
ficient implementations of policy iteration for TBSGs, which
utilize Blackwell optimality and use policy iteration to solve
a number of discounted-sum TBSGs while increasing the dis-
count factor until a discount factor for which discounted-sum
and long-run average policies are equal is achieved.

Algorithm details. Algorithm 1 takes as input a polytopic
RMDP M (line 1). It then constructs a TBSG G as in Sec-
tion 3 to reduce our problem to solving a long-run average
TBSG (line 2), initializes a discount factor v = % (line 3) and
performs policy iteration for long-run average TBSGs (lines
4-10). For each value of the discount factor v, Algorithm 1
first solves the discounted-sum TBSG and computes a pair
of optimal policies by using the discounted-sum TBSG pol-
icy iteration algorithm of [Hansen et al., 20131, which runs in
polynomial time, as an off-the-shelf subprocedure (line 5). It
then uses Policy Profile Evaluation (PPE, see details below)
to check if this policy profile is optimal for the LIMAVG ob-
jective as well (line 6). If the policy profile is found to be opti-
mal, then the algorithm breaks the loop (lines 7-8) and returns
the agent policy together with its LIMAVG value (line 12-13).
Otherwise, the discount factor - is increased (line 10) and Al-
gorithm 1 proceeds to solving the next discounted-sum TBSG
(line 4-10). By Blackwell optimality for TBSGs, Algorithm 1
is guaranteed to eventually terminate and find a pair of opti-
mal pure positional policies for each player in the TBSG G 4.
By the one-to-one correspondence between pure positional
policies in the RMDP M and the TBSG G4 established in
the proof of Theorem 2 and in Corollary 1, the agent player
policy then gives rise to an optimal pure positional agent pol-
icy in the RMDP M, as desired.
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Algorithm 1 Robust Polytopic Policy Iteration (RPPI)

1: Input polytopic RMDP M

2: Gaq < TBSG by reduction from M as in Section 3
3y <+ % {initial discount factor}

4: while True do

5. o, ™ < optimal discounted-sum policies in Grq With

discount factor ~y, by method of [Hansen er al., 2013]

6:  is_optimal,rewards < PPE(Gaq, 0, 7)

7. if is_optimal then

8: break

9: endif
10: v 42

11: end while
12: Val™ (M) = rewards|so)
13: Return Val*(M), o

Policy profile evaluation. We now describe the PPE subpro-
cedure used for policy profile evaluation in line 6 of Algo-
rithm 1. PPE takes as input the TBSG G, and policies o
and 7 of Max and Min players. In order to check whether o
and 7 are optimal for the long-run average objective, by pure
positional determinacy of TBSGs (Theorem 1) it suffices to
checks if they provide optimal responses to each other.

To check if ¢ and 7 provide optimal responses to each
other, PPE first considers an MDP obtained by fixing policy
7 of the Min player and solves the long-run average MDP to
compute the optimal long-run average payoff of Max player
against 7. Similarly, PPE then considers the MDP obtained
by fixing policy o of the Max player and solves the long-run
average MDP to compute the optimal long-run average pay-
off of Min player against o. In both cases, the long-run av-
erage MDP can be solved via linear programming or policy
iteration [Puterman, 1994]. If two MDPs have equal long-
run average payoffs, then we conclude that two policies are
optimal responses to each other, otherwise they are not.

The following theorem establishes the correctness of our
RPPI algorithm (and the PPE subprocedure). Its proof fol-
lows from the correctness of our reduction (Theorem 2),
Blackwell optimality for TBSGs [Andersson and Miltersen,
2009], and the correctness of all involved subprocedures for
which we use off-the-shelf approaches.

Theorem 4. Given a polytopic RMDP M, Algorithm 1 re-
turns the optimal long-run average value Val* (M) and an
optimal policy for the agent.

5 Experimental Results

We implement RPPI (Algorithm 1) and compare it against
two state of the art value iteration-based methods for solv-
ing long-run average reward RMDPs with uncertainty sets
not being intervals or L!-balls, towards demonstrating the
significant computational runtime gains provided by a pol-
icy iteration-based algorithm. Furthermore, we demonstrate
the applicability of our method to non-unichain polytopic
RMDPs to which existing algorithms are not applicable. Our
implementation is publicly available at https://github.com/
mehrdad76/RMDP-LRA.
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Implementation details. We implement the policy iteration
for discounted-sum TBSGs of [Hansen ef al., 2013] to com-
pute optimal strategies in line 5 in Algorithm 1. Furthermore,
we use the probabilistic model checker Storm [Hensel et al.,
2022] as an off-the-shelf tool to compute values in long-run
average reward MDPs in the Policy Profile Evaluation sub-
procedure. Due to numerical precision issues in Python and
Storm, in PPE we replace the equality by |maz_rewards —
min_rewards| < 107°. All experiments were run in Python
3.9 on a Ubuntu 22.04 machine with an octa-core 2.40 GHz
Intel Core i5 CPU, 16 GB RAM.

Baselines. We compare the runtime of our RPPI against
two value iteration-based algorithms: Robust Value Iteration
(RVI) and Robust Relative Value Iteration (RRVI), both pro-
posed in [Wang et al., 2023]. Similarly to our RPPI, RVI
uses Blackwell optimality to compute the long-run average
value and optimal policy by solving discounted-sum reward
RMDPs and gradually increasing the discount factor. On the
other hand, RRVTI is based on a value iteration procedure that
directly solves the long-run average reward RMDP.

Both RVI and RRVI impose structural restrictions on the
RMDP. RVI requires the RMDP to be a unichain. RRVI re-
quires the RMDP to be unichain and aperiodic. In contrast,
our RPPI does not impose any of these assumptions.

Moreover, while RVI and RRVI are guaranteed to converge
in the limit, they do not provide a stopping criteria for practi-
cal implementation. Hence, in our comparison, we run them
both until the absolute difference between their computed val-
ues and our computed value is at most 1073,

Benchmarks. We consider the following benchmarks:

1. Contamination Model. Contamination Model is a
conservative model of an RMDP defined over a given MDP
where, at each step, the probability of taking the presrcibed
MDP transition function is R € [0, 1] whereas with proba-
bility 1 — R the environment gets to choose any probability
distribution over the states. In our evaluation, we consider a
Contamination Model taken from [Wang er al., 2023]. For a
given natural number n, the base MDP contains n states and
n + 10 actions. The transition function and rewards for each
state-action pair are then randomly generated (see [Wang et
al., 2023] for details). The uncertainty set P(s,a) for state-
action pair (s,a) is Prsq) = {(1 = R)d(sa) + R-p|p €
A(S)}. The resulting RMDP is polytopic, unichain and ape-
riodic, hence both baselines are applicable to it.

2. Frozen Lake. This benchmark modifies the Frozen
Lake environment in the OpenAl Gym [Towers et al., 2023]
to turn it into an RMDP. Consider an n x n grid with some
cells being holes. An agent starts at the top left corner and
chooses an action from {left, right, up, down} to move to the
next cell in that direction. However, the grid is slippery and
the agent might move in a direction perpendicular to the cho-
sen direction. If the agent falls into a hole, they are stuck and
remain there with probability 1. The reward increases as the
agent gets closer to the bottom right corner of the grid, so the
agent should get to and stay around the bottom right corner.
We turn this model into a polytopic RMDP by allowing the
adversarial environment to perturb the transition probabilities
by increasing the probability of moving to one adjacent cell

6713

105,
104,
w
E 103 4
£
[ 102,
1014 — RVI
RRVI
100 —— RPPI (our method)

0 10 20 30 40 50
Number of states

Figure 1: Runtime comparison on the Contamination Model.

by at most d = 0.2 while decreasing the remaining probabil-
ities uniformly. Note that this RMDP is aperiodic and multi-
chain, hence neither RVI nor RRVI baselines are applicable.
We use this environment to evaluate our RPPI on multichain
polytopic RMDPs to which existing methods are not applica-
ble. In order to allow for a comparison, we also consider a
unichain variant of the Frozen Lake environment where the
holes are treated as “walls” and cannot be visited. To distin-
guish between the two variants, we refer to them as Unichain
and Multichain Frozen Lake models, respectively.

Results on Contamination Model. We compared our
method against both baselines and our results are shown in
Figure 1. As indicated by the results, our RPPI is consid-
erably faster than RVI. Given the similar structure of RPPI
and RVI with the main difference being the use policy instead
of value iteration, our results confirm the significant gains in
computational runtime provided by our reduction to TBSGs
which allowed the design of a policy iteration algorithm. On
the other hand, we observe that the RRVI baseline is faster
than both our method and the RVI baseline. The explana-
tion for this is that RRVI is an algorithm specifically tailored
to unichain aperiodic RMDPs, whereas our RPPI imposes no
structural restrictions on the RMDP.

Results on Frozen Lake. Table ?? shows our results on the
Frozen Lake model. As mentioned before, due to RMDP
structural restrictions imposed by the baselines, RVI is only
applicable to the Unichain model whereas RRVI is applica-
ble to neither of the models. Our RPPI imposes no structural
restrictions on the RMDP and is thus applicable to both mod-
els. As we can see from Table ?? our policy iteration-based
RPPI is significantly faster than RVI, with an average runtime
of 7.8 seconds. In contrast, the RVI method takes more than
2000 seconds on average, and times out on the 10 x 10 model.
Moreover, our method successfully solves all the Multichain
model instances in less than 4 minutes each.

Concluding remarks. We considered the problem of solv-
ing long-run average reward RMDPs with polytopic uncer-
tainty sets and proposed a new perspective on this problem
by establishing a linear-time reduction to long-run average
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Unichain Multichain

n RPPI Time (s) [ VI Time (s) | RPPI Time (s)

2 0.0 0.15 0.0

3 0.0 8.3 2.6

4 0.0 156.8 0.6

5 0.1 106.6 4.0

6 6.1 1232.6 53.7

7 174 3347.8 119.0

8 3.7 7383.6 104.8

9 19.2 6496.6 93.0

10 23.7 Timeout 2314
Average 7.8 2341.5 67.6
STDEV 9.5 3061.8 78.2

Table 1: Runtime comparison on the Frozen Lake models.

reward turn-based stochastic games. This reduction allowed
us to leverage results from the stochastic games literature and
obtain a number of results on computational complexity and
efficient algorithms that were hitherto not known to hold for
long-run average polytopic RMDPs. Our work leaves sev-
eral interesting venues for future work. A natural question
to consider is whether and how RMDPs with non-rectangular
uncertainty sets could be related to stochastic games. An-
other direction would be to consider the connection between
RMDPs with non-polytopic uncertainty sets and stochastic
games, e.g. when uncertainty sets are specified in terms of
KL-divergence from some nominal distribution [Wang et al.,
2023]. The extension to non-polytopic uncertainty sets via
either (a) approximating non-polytopic with polytopic uncer-
tainty sets and applying our method, or (b) designing new
approaches, are interesting directions of future work.
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