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Abstract

Conceptualgraphsarevery usefulfor representing
structuredknowledge.However, existing formula-
tions of fuzzy conceptualgraphsare not suitable
for matchingimagesof naturalscenes.This paper
presentsanew variationof fuzzyconceptualgraphs
thatis moresuitedto imagematching.Thisvariant
differentiatesbetweenamodelgraphthatdescribes
aknown sceneandanimagegraphwhichdescribes
an input image. A new measurementis definedto
measurehow well a modelgraphmatchesan im-
agegraph. A fuzzy graphmatchingalgorithm is
developedbasedonerror-tolerantsubgraphisomor-
phism. Test resultsshow that the matchingalgo-
rithm givesvery goodresultsfor matchingimages
to predefinedscenemodels

1 Introduction
Conceptualgraphs[Sowa, 1984;1990;1993;2000] areex-
pressivefor structuredknowledgerepresentationandthey can
beconvertedto first-orderlogic expressions.Hence,they are
usedwith theoreticallogic-basedapproachesin applications
like hypertext modeling[Kherbeik and Chiaramella,1995]
and image representationand retrieval [Mechkour, 1995;
OunisandPasça, 1998]. However, in theseapplications,un-
certaintyis not representedin theconceptualgraphs.

To incorporateuncertainty, Morton [Morton, 1987] ex-
tendedSowa’s conceptualgraphtheoryto fuzzy conceptual
graphs,which includefuzzy referents,fuzzy operations,and
fuzzy openand closedworlds. Wuwongseand colleagues
[WuwongseandManzano,1993;WuwongseandTru, 1996]
extendedMorton’s fuzzy conceptualgraphsto incorporate
fuzzyconceptualrelations.In addition,Maher[Maher, 1991]
proposedasimilaritymeasurementfor matchingsimplefuzzy
conceptualgraphs.

Existing formulationsof conceptualgraphsare important
developmentsof thetheoryof fuzzyconceptualgraphs.How-
ever, they arenotsuitablefor matchinguncertaininformation
in imageswith modelscenes.For example,in existing for-
mulations,a concepthasonly one type. In practice,how-
ever, it is very difficult to accuratelydeterminethe concept�
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typesof theregionsin an image. In [PetrakisandFaloutsos,
1997], AttributedRelationalGraphsareusedfor imagecon-
tentrepresentation,and[MedasaniandKrishnapuram,1999]
proposedfuzzymatchingof thesegraphs.But, bothmethods
do not handlehierarchiesof concepttypesandof relations.

This paperpresentsa new variation of fuzzy conceptual
graphsthat is more suited to matching imagesof natural
scenes.This varianthasseveral distinct characteristicsthat
distinguishit from existing formulations:� It associatesaconceptwith multipleconcepttypessoas

to handletheuncertaintyof classification.� It introducesa new componentcalledrelation attribute
for capturingconceptssuchastheratiobetweenthesizes
of two imageregions.Separatingrelationattributesfrom
relationsallowstwo or morecorrelatedrelationsto share
the sameattribute explicitly. Relationshipsbetweenat-
tributescanberepresentedaswell. For example,wecan
explicitly representthe fact that the ratio betweenthe
sizesof two objectsis larger thanthe sizeratio of two
otherobjects.� It differentiates between model graphs and image
graphs. A model graphdescribesa model of a scene
whereasan imagegraphdescribesthe componentsand
their relationshipsin an image. As will be described
in more details in Section2, thesetwo typesof fuzzy
graphshavedifferentcharacteristics.� It definesa similarity measurementbetweena model
graphandanimagegraphin termsof graphprojection.
In addition,analgorithmis implementedto computethe
similarity basedon subgraphisomorphism.

2 Fuzzy Conceptual Graphs
Thissectionfirst introducesanddefinesthebasicelementsof
a fuzzyconceptualgraph.Next, thedegreeof matchbetween
conceptualgraphsis definedand,finally, thegraphmatching
algorithmis described.

2.1 Basic Elements
A fuzzyconceptualgraph ���	��

��

��� is a directedgraph
formedfrom threekindsof components:fuzzyconcepts, fuzzy
relations, andfuzzyrelationattributes. Theset � is thesetof
fuzzy concepts,� thesetof fuzzy relations,and � thesetof
fuzzy relationattributes.
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A fuzzyconcept� is a3-tuple � ��

��
���� thatconsistsof aset� of concepttypes ��� , a referent � , anda fuzzy membership
function ����� � � ,  �!"����� � �#!%$ for each� � . In [Wuwongseand
Manzano,1993;WuwongseandTru, 1996], ����� � � is called
the measure assignedto the type ��� . In practice, �������	� can
becomputedastheconfidenceof classifyinga regionastype� � . A crisp concept � can be regardedas a specialkind of
fuzzy conceptwhoseset � consistsof only oneconcepttype� with �����&�(')$ . For notationalconvenience,we denotea
crispconceptasa 3-tupleof theform � �*
���
+$,� .

A fuzzyrelation - is a 2-tuple ���*
&./� thatconsistsof a crisp
relationtype � anda fuzzinessvalue . which representsthe
probability of occurrenceof the relation - in the images.A
crisp relation is a specialkind of fuzzy relationof the form�0�*
1$2� , i.e., .�'3$ whichmeansthattherelationis not fuzzy.

A fuzzyrelationattribute 4 is a3-tuple � �*
���
���� thatconsists
of a crisp relationattribute type � , a referent � , anda fuzzy
membershipfunction �����5� suchthat  6!3���7�8�9!:$ . A crisp
relationattribute is a specialkind of fuzzy relationattribute
of theform � �*
���
+$,� , where �����5�;'<$ .

The denotation=(�0�&� of type � (concept,relation,or rela-
tion attribute type) is the setof all possibleindividual refer-
entsof � . A type ��> is a specializationor subtypeof type � ,
denoted� > !?� , if =(�0� > �A@B=(�0�&� [Sowa, 1984]. The reci-
procity holdsalso. Note that the specializationrelationship
is reflexive andtransitive but not symmetric.Thesetof con-
cepttypestogetherwith thespecializationrelationshipforms
afinite latticeof concepttypes. Relationattributesarespecial
kindsof concepts.So,thesetof relationattributetypesform
a sub-latticein thelatticeof concepttypes.In thesameway,
thesetof relationtypesformsafinite latticeof relationtypes.

A model graph representsa model of a known scene.
In a model, the concepttypesare known. For example,a
mountain-and-lakescenecontainssky, mountain,water, tree,
etc.(Fig.1)Therefore,theconceptsin amodelgrapharecrisp
concepts.However, the relationsbetweenthe conceptsmay
vary from oneimageto thenext. Moreover, to capturefuzzy
linguisticssuchas“muchsmaller”and“slightly smaller”,the
relationsandrelationattributeshave to be fuzzy. For exam-
ple, the relation � comp
*CD

 FE G�� (representedas � comp H� FE G��
in Fig. 1) from � tree� to � image� indicatesthat treesappearin
90%of theimagesof mountain-and-lakescene.Therelation� smaller
*CD
� IEKJL� (representedas � smallerH� FEMJN� in Fig.1),with
attribute � ratio
OCD
 f0.5� (representedas � ratio H f0.5� in Fig. 1),
from � tree� to �mountain� indicatesthat in 70% of the im-
agesof mountain-and-lakescene,the areaoccupiedby trees
is 50% that of the mountains. The symbol f0.5 denotesa
fuzzy membershipfunctionthatpeaksat 0.5. If theratio . in
aninput imageis notexactly0.5,thenf5.0(. ) will besmaller
thanthemaximumvalueof 1.0.

Several relationscanconnectthe sametwo conceptsin a
modelgraph.Amongtheserelations,thosethathavethesame
relationtypeareregardedasformingadisjunctivegroup(i.e.,
OR)of relations(e.g.,the“smaller” relationbetweentreeand
mountainin Fig.1). Thevariousdisjunctivegroupsthenform
a conjunction(i.e.,AND) of relations.

An image graphrepresentsthestructureof a particularin-
put image.Dueto the inherentuncertaintyin thealgorithms
that classify the image regions, the conceptsin an image

smaller | 0.2

smaller | 0.7

comp | 0.9
below | 1.0 comp | 1.0

below | 1.0

comp | 1.0

attop | 1.0
comp | 1.0

tree

image sky

water

mountain

ratio | f0.5
ratio | f1.0

Figure1: A (partial) modelgraphrepresentinga mountain-
and-lake scene.Relationsarerepresentedasellipses. Con-
ceptsand relation attributes are representedas rectangles.
Dueto spacelimitation, only someof theconcepts,relations,
andrelationattributesareshown.

smaller | 1

comp | 1 comp | 1

leave : #e1 | 0.7
grass : #e1 | 0.3

tree : #e1 | 0.7

rock : #e2 | 0.7
pebble : #e2 | 0.2

sand : #e2 | 0.1
mountain : #e2 | 0.7

river−beach : #e2 | 0.1
sea−beach : #e2 | 0.1

left  | 1

image : #e0 | 1

ratio : 0.45 | 1

Figure2: An example(partial) imagegraphof an input im-
age.Relationsarerepresentedasellipses.Conceptsandrela-
tion attributesarerepresentedasrectangles.

grapharefuzzy. However, the relationsbetweentheregions
in an imagecan be computedexactly. Therefore,the rela-
tionsandtheirattributesarenot fuzzy. For example,in Fig. 2,
dueto theambiguitybetweenleavestextureandgrasstexture,
concept#e1hasaconfidencelevelof 0.7of beinga leavetex-
ture or a treetexture,anda lower confidencelevel of 0.3 of
beinga grasstexture. Therectangularbox for #e1represents
the fuzzy concept � �P
 #e1
O��� where � = Q leave, grass,treeR
and � (leave)= 0.7, � (grass)= 0.3,and � (tree)= 0.7. There-
lation � comp H*$8� from concept#e1to #e0is crispbecausethe
region #e1is a componentof the image#e0. Similarly, the
relation � smaller H*$2� andtherelationattribute � ratio SN FE TDUPH*$+�
arecrisp becausethe ratio of 0.45 is measuredaccordingto
the areasof the regionsin the image. In summary, a model
graphcontainscrispconcepts,fuzzyrelations,andfuzzyrela-
tion attributes,while animagegraphcontainsfuzzyconcepts,
crisprelations,andcrisprelationattributes(Table1).

2.2 Fuzzy Graph Matching

The degree of match betweena model graph and an im-
age graph is definedin terms of graph projection [Sowa,
1984] andthe degreesof matchbetweentheir concepts,re-
lations,andrelationattributes. The degreeof match V be-
tweena model concept �W'X� �*
*CD
1$,� and an imageconcept
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Table1: Summaryof theelementsof fuzzyconceptualgraphs
for scenemodelsandinput images.

notation
element notation in figure

model crispconcept � �*
*CD
1$,� � �Y�
graph fuzzy relation �0�*
&./� �0�ZH[./�

fuzzy relationattribute � �*
OCD
O��� � �\H
���
image fuzzyconcept � ��

��
���� � ���]SN�#H&�������7�Y�
graph crisprelation �0�*
1$2� �0�ZH,$2�

crisprelationattribute � �*

��
+$+� � �^S_�^H,$,�� > '`� �P

��
���� is definedasVa���5
�� > �;' bdc�e5fg0h[i�g ����� � � if j^� ��k � suchthat � � !l� otherwise.
(1)

Thedegreeof match V betweena modelrelation -�'a�0�*

.D�
andanimagerelation -8>m'<����>�
1$2� is definedasVa�0-5

- > �;'on . if � > !p� otherwise. (2)

The degreeof match V betweena model relationattribute4q'r� �*
OC/
���� andanimagerelationattribute 4D>s't� ��>7

�8>7
+$+� is
definedas Va�74u

4 > �;' n �����8>v� if ��>Z!w� otherwise. (3)

A projection x from a fuzzy graph ���7��

��
��y� to another
fuzzygraph � > �7� > 

� > 

� > � is amappingsuchthat� for eachconcept � in � , x;�7�+� is a conceptin �z> andVa�7�5
&x;�7�+�&�#{" ,� for eachrelation - in � , x;��-L� is a relation in �z> andVa��-5
&x;�0-L�
�|{" ,� for eachrelationattribute 4 in � , x;��4/� is a relationat-

tributein �y> and Va��4u
&x;�74/�&�#{" ,� for any two conceptsor relationattributes} and � related
by arelation - in � , x;�7}8� and x;���&� arerelatedby x;��-L� in�9> .

In general,theprojection x;���~� maynot exist but theprojec-
tion x;���I� from a subgraph� of � mayexist. Therefore,the
matchingproblembecomesoneof finding thebestmatching
subgraph� of � thatmaximizesV��P�0�u

x;���I�&� .

Givenaprojectionx from asubgraph�m�	��

��

��� of model
graph � to an imagegraph �9> , thedegreeof match V � be-
tween� and x;���I� is definedasV��|���m
&x;���I�&��' $H ��H|�\���z�� hY�N� Va���,�

&x;�7�,�	�
�
�

������ hY�N� Va�0-2�&

x;�0-1�Y�&��� ������ hY�N� Va�74��&
&x;�74��Y�&�Y� (4)

where H ��H is the sumof the numberof concepts,the num-
ber of disjunctive groupsof relations,and the sum of the

maximumnumberof relation attributesin eachdisjunctive
group of relation in the model graph � . The secondsum-
mation in Eq. 4 sumsover the conjunctive groupsof rela-
tions. Note that if �B'�� and � � ' � � ' � � '�$ ,
then V��|�0�u

x;���I�&��'?V��|�7��
&x;���~�
��'�H ��H �IH ��H]'�$ . That
is, a perfect match yields a matchingvalue of 1. We set� � ' � � ' � � '3$ in our test.

2.3 Graph Matching Algorithm
To facilitatethematchingprocess,agraphisfirstdecomposed
into a setof arches, eachconsistingof a sourceconcept} , a
target concept� , a relation - from } to � , andzeroor more
relationattributes 4D� . Thus,archesareactuallysubgraphsof
themodelgraphor imagegraph.Thematchvaluebetweena
modelarch � andanimagearch ��> is simply thenormalized
matchvaluesof theconcepts,relation,andrelationattributes
of thearches(i.e.,Eq.4).

Our fuzzy graphmatchingalgorithmis a variantof Mess-
mer andBunke’s error-tolerantsubgraphisomorphismalgo-
rithm [MessmerandBunke,1998]. Themaindifferencesbe-
tweenthesealgorithmsincludethefollowing:� In [MessmerandBunke,1998], thesmallestunit of op-

erationis a vertex. In our algorithm,thesmallestunit is
anarch.� For error-tolerantgraphmatching,our algorithmneeds
to consideronly deletionof graphvertices. It doesnot
requireadditionandreplacementof verticesandedges,
which aresupportedin [MessmerandBunke,1998].� Two queuesaremaintained,onefor normalsearch,and
the other one for backtrackingto the first-level sub-
graphs(just below theroot). This methodimprovesthe
qualityof thesolutionfoundby thealgorithm.

Thefuzzygraphmatchingalgorithmis asfollows:

Convertmodelgraph� to archset � , imagegraph�9> to
archset �6> .
For eachpair �0�u
&�D>v� k �6�P�6>

ComputeV��|�0�u
&�D>v� .
If V��|�0�u
&�D>v�^{ threshold,theninsert ���m
��/>�� into 1st-level
queue� � in decreasingorderof V � �0�u
&� > � .

Repeat¡ times
Emptynormalsearchqueue�9¢ .
Removefirst pair ���m
�� > � from � � andinsertinto �~¢ .
Repeat

Removefirst pair ���m
��/>£� from � ¢ .
If all archesin � havebeenconsideredfor connecting
to � , thenbreakout of theinnerrepeatloop.
For eachpair �	�Z
O�F>v� k �6�P�6> suchthat V � �7�¤
���>£�^{
0, � canconnectto � , and � > canconnectto � >

Connect� to � , ��> to �/> .
ComputeV��P�0�u
&�D>£� .
If V � �0�u
&� > �#{ threshold,theninsert ���m
�� > � into � ¢
in decreasingorderof V������m
��/>�� .

Save ���m
��/>�� andthematchvalueasa candidatesolution.
Returnthecandidatesolutionwith thehighestmatchvalue.

Thebasicideais to startoff with a singlearchin themodel
graphthatbestmatchesanarchin theimagegraph.Thispair
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of archesforms the initial matchingmodel and imagesub-
graphs.Subsequently, othermodelarchesthathavematching
imagearchesareaddedto thematchingsubgraphs.Formodel
archesthat form a disjunctive group,only the bestmatching
modelarchis selected.Thismatchingprocessrepeatsuntil all
thearchesin themodelgraphhavebeenconsideredfor addi-
tion to the matchingsubgraphs.Then, the matchingmodel
andimagesubgraphsaresavedasacandidatesolution.

Duetopossibleambiguityof theconcepts,initial erroneous
matchesthathappento have largematchvaluesmayleadthe
searchalgorithmdown the wrong searchpaths. So,another
queue � � is usedto keep the first-level subgraphs. Once
a candidatesolution is found andsaved, the normal search
queue � ¢ is emptiedand a new searchfrom anotherfirst-
level subgraphis initiated. This methodallows thealgorithm
to escapefrom local maximaof thesolutionspace.This pro-
cedureis repeated¡ times,andthebestsolutionamongthem
is returnedasthefinal matchingresult. In the testsreported
in Section3, ¡ is setto 5.

Thethresholdin thealgorithmis usedto pruneaway sub-
graphsthathave poormatchingvalues.This methodreduces
theamountof searchesthatneedto beconsideredandhelps
to improve the efficiency of the algorithm. In the tests,the
thresholdis setto 0.2.

Duringtheexecutionof thealgorithm,thevalue V � ���m
��/>v�
can be computedincrementally. Let ¥¦'��(�§� at � , i.e.,
connectingarch � to modelgraph � at the concept� results
in the new model graph ¥ . Note that � k �m
�� . Similarly,
let ¥�> '��D>Z�§��> at �,> . Then, V � �¨¥¤
7¥�>v� can be computed
incrementallyasfollows:V � �K¥�
�¥ > �;'%V � ���m
�� > ���pV � �	�Z
O� > ��© $H ��H Va���L

� > �;E (5)

The time complexity of the matching algorithm isª �0¡ �L«6¬­ « �&��®�¯_° «±� �3®£¯N° «±� �
� where « ­ and « � are the
numberof model and imagearchesrespectively, ¡ � is the
averagenumberof relationattributesper relation, « � is the
numberof concepttypesin theconceptlattice, « � is thenum-
berof relationtypesin therelationlattice. If eachrelationhas
at mostoneattribute(i.e. ¡ � 'a$ ), thenthetime complexity
reducesto

ª � « ¬­ « � ��®�¯_° « � ��®£¯N° « � �
� .
3 Test Results
In our currentimplementation,an input imageis segmented
usinga color andtexturesegmentationalgorithm. Thecolor
histogramandGabortexture featuresof eachregion arean-
alyzed to classify the region into several possibleclasses,
andthe confidencelevel for eachclassificationis measured.
Thesemeasurementsareusedto generatethe imagegraphs
of imagesby a graphgenerationprogram.Themodelgraphs
of scenemodelsaregeneratedmanuallybecause,at present,
we arestill in theprocessof developinga learningalgorithm
for learningmodelgraphsfrom exampleimages.

Testswereconductedto matchfour scenemodelsof dif-
ferentcomplexity (Fig. 3) with 200images.A sampleof the
imagesareshown in Fig. 4. Table2 summarizesthetestre-
sults. Imagesthatmatchthemodelswell have highermatch
valuesthanthosethat matchthe modelspoorly. Model 4 is

mountain

water

sky sky

mountain

water

tree

(a) (b)

sky

mountain

water

grass

treetree

mountain

water

sky

tree
tree

(c) (d)

Figure3: Schematicdrawingsof four scenemodelswith dif-
ferentcomplexity.

Table2: Imagematchingresults. Numbersin bracketsare
the numberof concepts,relations,andrelationattributesof
therespective conceptualgraphs.Theothernumbersarethe
matchvalues.

model
image 4 ² � ³

(4,12,0) (5,23,6) (7,41,12) (6,30,9)
1 (4,16,3) 0.838 0.482 0.191 0.321
2 (6,29,7) 0.814 0.671 0.343 0.471
3 (4,16,3) 0.814 0.444 0.177 0.367
4 (7,31,8) 0.795 0.482 0.290 0.421
5 (4,18,4) 0.767 0.444 0.181 0.387
6 (7,34,10) 0.686 0.666 0.354 0.485
7 (8,37,10) 0.623 0.621 0.432 0.541
8 (7,35,9) 0.471 0.465 0.403 0.895
9 (6,31,9) 0.519 0.371 0.313 0.638

10 (8,40,12) 0.448 0.409 0.337 0.405

the simplestamongthe four models.Most imagescanfully
matchmodel 4 successfullyand thus have high matchval-
ues. In particular, thefirst 5 imagesbestmatchmodel 4 and
have the highestmatchvalues. Model ² differs from model4 by having a small treeabove the water. Therefore,it best
matchesimages2, 6, and7.

Model � is the most complex model which hasthe most
numberof components.It is usedto show that thealgorithm
canperformpartialmatchingbecausenoneof theimagescan
matchmodel � fully. As a result, the imageshave smaller
matchvaluesthanthosefor matchingtheothermodels.Nev-
ertheless,therankingof theimagesis still consistent:images
thatmatchmodel � betterhave highermatchvalues. In par-
ticular, images7 and8 matchmodel � best.

Model ³ is usedto illustratean extremecasein which a
very specificmodelis specified.In this test,model ³ is cre-
atedaccordingto image8. The testresultsshow that image
8 indeedmatchesmodel ³ very well. Image9 differs a bit
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(1) (2)

(3) (4)

(5) (6)

(7) (8)

Figure4: Sampleimagesusedin thetests.
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(9) (10)

Figure4: (Cont.)Sampleimagesusedin thetests.

from model ³ in that image9 hastall treeson both sidesof
the imagewhereasmodel ³ hastall treeson only oneside.
Thus, image9 hasa lower matchvalue than image8. All
otherimagescannotmatchmodel ³ very well andhave very
smallmatchvalues.

4 Conclusion
This paper presenteda new variant of fuzzy conceptual
graphsthatis moreappropriatethanexistingformulationsfor
representingand matchinginput imagesandmodel scenes.
A new componentcalledrelationattribute is introducedinto
fuzzy conceptualgraphs. Moreover, model graphsthat de-
scribeknownscenesaredistinguishedfrom imagegraphsthat
representinput images.A similarity measureis definedto as-
sessthe degreeof matchbetweenmodelandimagegraphs.
A graph matchingalgorithm is developedbasedon error-
tolerantsubgraphisomorphismalgorithm.Experimentaltests
show thatthematchingalgorithmgivesvery goodresultsfor
matchingimagesto scenemodels.

Thefuzzy graphscanbeinput andmodifiedmanuallyus-
ing a graphicaluserinterface. The imagegraphsof the im-
agesthat matcha model can be displayedby an imagere-
trieval systemfor explaininghow well theimagematchesthe
model. We are currently developing a methodof learning
modelgraphsgivenexampleimagesof thescenes.
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