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Abstract

We present a formal framework for treating both incom-
plete information in the initial database and possible fail-
ures during an agent’s execution of a course of actions.
These two aspects of uncertainty are formalized by two
different notions of probability. We introduce also a con-
cept of expected probability, which is obtained by com-
bining the two previous notions. Expected probability ac-
counts for the probability of a sentence on the hypothesis
that the sequence of actions needed to make it true might
have failed. Expected probability leads to the possibility
of comparing courses of actions and verifying which is
more safe.

1 Introduction

Uncertainty, both about the domain in which a robot has to
operate and about the effective sequence of actions it is ex-
ecuting, is one of the most crucial problem that cognitive
robotics has to face in robot control. In this paper we present
a formal framework for dealing with uncertainty both in the
initial database and during the execution of a course of ac-
tions: actions can fail. The failure of an action can lead to ex-
ogenous events, e.g. if the agent fails to pick up a block then
the exogenous event that the block falls to the floor can take
place. The complete framework is designed for autonomous
manipulators endowed with perception. Perception, in fact,
can be used to diagnose what really happened during a failed
execution (a similar approach is taken in [9]). Here, leaving
perception aside, we shall concentrate on the different aspects
concerning uncertainty:

1. Incomplete initial information. The most prominent log-
ical approaches to probability are [14; 4] and [11; 1; 21;
13; 7; 17]. We introduce in the Situation Calculus [15;
20] a formal theory, which turns out to be equivalent to
the possible world approach, under certain restrictions (e.g.
[13]). Instead of possible worlds, we propose a suitable ax-
iomatization inducing possible state descriptions [4] therefore
relying on a classical semantics. Probability of sentences is
entailed by the axiomatization. We do not provide nested
probabilities.

2. Incomplete information for a course of actions, and ex-
ogenous events. A logical approach to failures has been
presented in [2]. In general, the problem of failures during
the execution of plans is thoroughly treated in the planning
community (see e.g. [16; 12]. To cope with the non deter-
ministic effect of actions during the execution of a plan, say,
we extend the classical language and axiomatization of the
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Situation Calculus with stochastic actions and events so that
different possible runs, for a given sequence of actions, can
be obtained. However we preserve the core ontology of the
Situation Calculus in which actions are deterministic and the
whole dynamic of change is idealized. In fact, each run of
stochastic actions is obtained as an expansion of a fixed se-
quence of deterministic actions. An expansion is formed by
considering both probability of success and failure for each
action, and exogenous events. We make a closed world hy-
pothesis about exogenous events: the exogenous events are
all and only those fixed in the theory. Probability of events is
empirical, it accounts for the relative frequency of properties
of events like the usual failures of an agent, due to its normal
behavior or the circumstances under which it operates.

The probability of a sentence depends only on the amount
of information available in the initial database, i.e. with state
descriptions. Probability of actions, on the other hand, de-
pends on properties of events, like a robot behavior. With the
notion of expected probability we combine the two former
notions (the logical and frequency ones) into a new proba-
bility that can account for the probability of a sentence af-
ter the execution of a course of actions, in the hypothe-
sis that this sequence can fail in several different ways and
exogenous actions can occur. This idea captures in some
sense the dynamic execution under incomplete information
([8]). An example is the probability that the screwdriver
is on the floor, given that the action the robot has to exe-
cute is to pick it up, and its goal is holding it in its hand.
Expected probability, combining the two previous probabil-
ities, gives a measure of safety of a sequence of actions
chosen to achieve a goal. Therefore it can be used to de-
termine whether a course of actions is more safe than an-
other one. The notion of safety can be suitably extended to
treat decision theory in the Situation Calculus (see e.g. [19;

3D.

2 Preliminaries

We consider the Situation Calculus (SC) ([15; 20]) as the
core of our logic and language, and we suitably extend it to
include new sorts, new symbols for its alphabet and new ax-
ioms. We refer the interested reader to [18] for a full pre-
sentation of the core logic and language and [9] for more
details related to the extensions concerning probability on
events. The core consists of the three sorts: action, situa-
tion and object = worldEntities U genericObjects. Here
the sort genericObject is a catch-all that can include any
possible additional sorts needed in an application, like the
reals or sets. We have extended the core with three new
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sorts: outcome, stochasticAction, event. The sort event con-
sists of two sub-sorts, event = condFEvent U seqFEvent.
Observe that the sorted domain D could be infinite or un-
countable even if some of its subsets is finite. For example
we are interested in imposing a finite domain for world en-
tities, while we would require probabilities to range over the
reals. We shall use the following alphabet, with subscripts
and superscripts, to denote terms: a, for variables of sort ac-
tion; s, for variables of sort situation; sta, for variables of
sort stochastic action; e, for variables of sort event; w for
variables of the sub-sort seqEvent and u for variables of
the sub-sort condFEvent; p, for variables of sort object de-
noting probabilities and z, y, ..., for variables of sort object
(these might be further distinguished, e.g for terms of sort
worldEntity). The family of terms over SC' and the set
of formulae Lgo over SC are inductively defined as usual.
In particular a basic sentence is one formed only by fluents,
e.g. JaVy(P(x, So)—Q(x,y,So)), in which fluents take as
argument only elements of sort worldEntities (we). A sen-
tence uniform in o is one in which no variable, free or quan-
tified, of sort situation is mentioned. E.g. JsP(t, s) is not
uniform and 3z (P(¢, do(transmit(z), Sp))), is uniform in
o = do(transmit(x), Sp).
Omitted quantifiers are always universal quantifiers.

3 The Basic Theory of Actions

The notions related to a basic theory of action with its set
of foundational axioms and domain description axioms, are
presented in detail in [20] and in [18]. These axioms represent
an agent’s prior knowledge about its domain of application,
and its behavior, and are denoted by the following:

Dy UDysa UDuyna UDgy US.

Here, Dg, is the initial database, describing what properties
hold initially about the objects in the domain. Dggq U Dy
specify, respectively, the successor state axioms and the ac-
tion precondition axioms. 3 is the set of foundational axioms
for situations, and D,,,,, ensures the uniqueness of each ac-
tion. We present in the following a simple example to illus-
trate the basic ontology.

3.1 The basic ontology: a dispatching domain

An agent has to dispatch a string of bits from a source to a

receiver and the information it has concerns some of the bits
and the constrains that the string has to satisfy. The transmis-
sion can fail and thus an exogenous action that distorts the
?i%nal can take place. (A robotic oriented example is given in
9)).

Fluents Source(z,n,s): At the source there is a bit z €
{0,1} in position n in situation s. E.g. Source(1,1,Sp) A
Source(0,2,8)) specifies that the string 10 is at the source
in the initial situation Sy.
Receiver(x,n, s): At the receiver there is a bit z € {0, 1} in
position n in situation s.

Control and Exogenous Actions transmit(n). This is a
control action with the following effect: the n-th bit at the
source is transmitted.

distort(n). This is an exogenous action with the following
effect: the complement of the n-th bit at the source is trans-
mitted.
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The initial database Dg, There are properties of the do-
main that the initial database has to represent. We list some
of them, where 7 is complement of z:

1. ~Receiver(z,n, Sp)

2. Source(z,n,Sy) — ~Source(T,n, Sp)

3. In.(Vn'.n’ < n—3JySource(y,n’, So))A
(Vzvn".n" > n—-Source(z,n, Sp))

The first axiom says that no string of bits is at the Receiver
in Sy. The second says that at the source there is always one
fixed bit in position n, the last specifies that the length of
the string at the source is a priori fixed. Here for example we
can fix Va—Source(x, 4, Sy). The following constrains to the
strings in Source are also in Dg,.

C,. If abit bisin position n > 2, b is either in position n — 1
or in position n — 2:

Source(z,n,Sy) An>2—
Source(T,n —1,8y) V Source(T,n — 2,5))

Cs. If a bit b is in position n = 2, b is in position n = 1:
Source(z,n,Sy) An =2 — Source(T,n —1,S5p)

For example: 011 is a legal string. 001 and 111 are not. Fi-
nally some axioms will state that bits, which we denote by
b are limited to 1 and 0, and positions, which we denote by
n, constitute a finite set of natural number. Both the sets are
ordered and pairwise disjoint.

Successor State Axioms The successor state axiom for

Recetver is:

Receiver(x,n,do(a, s)) =
(a = transmit(n) A Source(z,n, Sp))V
(a = distort(n) A Source(T,n, So))

4 Incomplete initial information

If the initial database Dg, is incomplete (see [20; 10]), we can
assign a probability to those statements v, s.t. Dg, }= 1. So,
for example, if a goal GG is given, we might be interested in
finding a sequence o of actions, such that Prob(G(c)) > 0.7
is entailed by the theory. A classical, and certainly the most
intuitive approach, is based on a possible world semantics, in
which all worlds are assigned the same probabilities (see [2;
13] and the probability of a sentence 1) is obtained by sum-
ming up the probabilities of the worlds in which ¥ is true. We
take an analogous method but we avoid introducing possible
worlds. In some sense our approach can be viewed as a way
to treat worlds in the object language, under certain restric-
tions. The basic idea develops Carnap’s [4] idea of defining
state descriptions. In fact, we construct a set of sentences such
that each sentence captures exactly one class of structures of
the language. Here a class of structures is obtained by filtra-
tion: if two structures are isomorphic, w.r.t. the domain of
sort we, then they belong to the same class. If the domain of
sort we is finite, then we shall get a finite number of classes.
As each state description identifies exactly a unique class of
structures, we use these sentences to count those classes of
structures which are models of Dg,. Having the number of
classes of models of Dg, we can finally assign probability to
sentences, analogously as is done in the possible world ap-
proach. The advantage of our approach relies only on the fact
that we filter the isomorphic models and we identify them di-
rectly in the language by the state description that we add to
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the initial database. Observe that our approach is, however,
possible just in case the domain of sort we has a fixed finite
cardinality.

We shall now give few details about the formalization. Let
Dg, be the initial database, which we assume is a finite set
of basic sentences, uniform in Sy. The set of basic sentences
uniform in Sy is denoted, for short, by £*°.

Given Dg, we shall consider a set of State Description ax-
ioms (SD). SD is defined by the following set:

{Pi* = E'.Z‘l R E'In(b,(SO) A (1’1 7é To N+ N Tp_q 7£ In)/\

Vy(y=z1V - Vy=2an)}lier
and

Prv...VFF

. o . )
Here n is the cardinality of the domain of sort we, and ¢ € I
is an index which will be specified below (3). ®;(Sp), that
appears in (1) is constructed as follows.
Definition 1 Let X be a set of variables. A function fx is a
variable renaming isomorphism iff fx maps X onto X and is

one-to-one. Let A and B be two sets of m-tuple of variables
from X.

A=, Bifffor cach {zy.... xn) € A
<fX(x1)7va(xm)> eB

fx induces an equivalence relation between sets of m-tuples.
An equivalence class of m-tuples is:

[Alfx ={B| B =y, A}

Example 1 Let X = (x1,x9,23), A = {{x1,21), (X2, x1)
and B = {{x3,x3), (x2,x3)}. fx(x1) = x5 and fx(x2) =
X9 s a variable renaming isomorphism, and A =

Let ¢ be a basic atom uniform in Sy, of the form F(Z,y)
or t(Z,y) = t', with & possibly empty, y = Sy if it appears,
and ¢, ' terms of sort we. Letm € { a | ¢* € L™, a the arity
of p}. Let X = {z1,..., 2, }:

Coo ={{z1,...,2m); |1 <j<n™ z; € X}
{An }ier a family of sets of m-tuples, s.t. for each [B,,,],
B,, C C,,, only one representative is in{ A, };cs

h:(i,m) — {An}ier

h, is bijective and such that
h(%m) S {Am}iej

The above definitions are used to form all the possible
m-tuples out of n variables and ensure to gather only one
representative for each equivalence class, under the renam-
ing isomorphism. Let us order all the atoms ¢s, as defined

above. Let ¢, be the k-th element in such ordering Ord, with
|Ord| = a. ®;(Sp) is defined as follows:

®;(50) = Algkga(/\jeh(i7m) et ((z1, - Tm) ) A )
Njec,\niim) "n (21, Tm);))

Observe that, given n > 0 the number of variables, and m >
0 the arity of the tuples, and ¢}, € Ord,

/\¢k — 2nm _ ﬁfX and q= H )‘d’k (3)
¢reOrd

Here §fx is the number of renaming isomorphisms and [ =

{1, ceey >\¢k}.
To show that each ®;(Sy) and, consequently each P}, is
uniquely defined, many lemmata have to be used. Moreover
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an equivalence relation, actually an isomorphism on struc-
tures, based only on the domain of sort we, and mirroring the
renaming isomorphism, has to be defined. We skip all these
details and leave only the main theorem.

Theorem 1 Let M be a structure of Lsc with domain of sort
we with cardinality n. There exists a unique P} such that

K]
M= P
The above theorem tells us that each P* is a possible state
description and, by the uniqueness, there is a one-to-one cor-
respondence between the P*s and the classes of structures of
Lsc, with domain of sort we of fixed cardinality 7.

Theorem 2 Let ¢ be a basic sentence, uniform in Sy, such
that SD U {¢} is consistent. There is an ordering on the P*s,
such that:

SDE¢=(Prv..VvPON N\ -P}
k<j<gq
To count probabilities we need to extend Lo with a number
D1, ..., Dq of parameters.

Lemma 1 Letpy,...,pq be new parameters of the language,
and let us add the following to Dg,:

Nilpi=1=P/)N(pi=1=p; #0) 4

Then there is an ordering on the P*s such that Dg, U SD
entails both:

L. ADs, =PI V...VPANNjop<n

2. \/1§i§j pi=1A /\j<k§n pe =0
Observe that the role of (4) is to assign to each model M
of Dg,, which is also a model of a unique P;* a value 1 for the
associated p;. On the other if M; is not a model of Dg, the
p; associated with its unique state description P}, will have

everywhere value 0. We can, now, count the models of Dg,
as follows, where M is a new parameter:

tM=pi+...4ps= \/ pi=1A /\ P=0 5

1<i<j J<k<q

*
- Py

We are, now, ready to introduce the probability of sen-
tences based on the equivalence classes of models of Dg, U
SD. This can be done at the object level just by operating on
the P*’s. First we define:

Definition 2 Let Dg, be equivalent, for some ordering on the
P*s 10\ oo PEANT <, —PF let T € R:

J<k<n
1 i#k
Prob(P;) = — iff r = M A P{V ...V P A N P
j<k<n

Prob(P}) = 0iff - Py
It follows, by
ZProb(Pi*) =1

i
The following definition will give us the probability of a
sentence with respect to the state descriptions.

Lemma 1 and Definition 5, that

Definition 3 For any basic formula ¢, uniform in Sy:

Prob(¢) = Y Prob(P})iffe= \/ PPA N\ -F

1<i<n 1<i<j j<k<n
(6)
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Theorem 3 The following properties are satisfied for each
basic sentence ¢, either uniform in Sy, or equivalent to a
sentence uniform in Sp, in all models of Ds, U SD:

1. 0 < Prob(¢)

2. Prob(T)=1

3. Prob(¢) = Prob(¢ A1) + Prob(¢ A —)

4. IfDg, USD = ¢ =) then Prob(¢) = Prob(v)

It follows that, if ¢ is uniform in Sy then:
Dg, USD = iff Prob(y) = 1.

Observe that differently from Bacchus and Halpern we do
not allow any nesting of probabilities. In other words we
do not admit sentences of the form: Prob(Prob(¢) > 0.3).
However, given the above limitations, and the strict constraint
that the domain of sort world entities has a fixed, finite, cardi-
nality, the above theorem shows that our logic is equivalent to
Halpern’s logic, when to Halpern’s axiomatization the finite-
ness axiom F'IN is added.

Example 2 (Continued) Let D,,. = {{0,1},{1,2,3}}. We
assume that no information about the three bits in the source’s
string in Sy is given, but the string is three bits and it satisfies
C1 and Csy. The possible strings are:

st1 = 100, sty = 101, st5 = 010, sty = 011

Each string corresponds to a state description. E.g. 100 is
captured by P with the following ®:

Dq(s0) = /\ bi =1 A /\ n; =1A /\ —Receiver(b;,nj, So)

i€{0,1} 1<i<3 ij

ASource(bi,n1,So) A Source(bo, nz2, So) A Source(bo, ns, So)A

/\ —Source(bs,nj,So0) A x1
(4,7) {(1,1),(0,2),(0,3) }

Here x; states the ordering defined respectively on bits and
positions. Py, P35 and PJ can be defined analogously. Dg, =
PPV Py V P3NV PiNN\y o, ~P; where the P are all the
other state descriptions admitted by the 5-structures of L.
Hence M = 4 and Prob(P;’) = 1. We want to evaluate the
probability of the following sentence:

W (So) = Source(z,n, So) A Source(z,n + 1, So)

Stating that each bit b is followed by b, which is not en-
tailed by Ds,. As ¥s(So) = P5 V P35 A \jg(04 ~F; then
Prob(¥s(So)) = 5.

5 A model for failures

The nice behavior of the Situation Calculus as a logic of
change, is that once we have suitably defined truth and prob-
abilities in the initial database, everything about uniform sen-
tences in o > Sy (i.e. about the future of the initial database)
can be easily computed in Dg,, using regression. Regres-
sion [18] is a proof method that, given a sentence uniform
in a situation o reduces such a sentence to an equivalent sen-
tence in which the only situation mentioned is Sp. Regression
amounts to the following equivalence, given a sentence t(c):

D EV(y(0) = R((0)))

Here R(t¢)(0)) is a sentence uniform in Sy. Now, by the prop-
erties of probability shown in Theorem 3, regression allows
us to compute the probability for any sentence uniform in o.
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Figure 1: The tree tree(do(transmit(2),transmit(1),So))).
The dotted arrow means the execution of an exogenous action.

<0,tran(2)>
N <0,dist(2)>
S h »

<Ldist2)>

Observe however that we do not have a method to compute
the probability of any sentence, what so ever. For example we
would not be able to compute the probability of a sentence of
the form 3sVs'3s" Iz y(P(x, s) A Q(x,y, s ) —R(y, z,s")).
And since the definition of Prob is based on state descrip-
tions, which are closed sentences, we cannot either express
sentences of the form: Yz Prob(¢(z)).

Independently of probabilities, we have so far given an ide-

alized representation of the world in which the effects of ac-
tions are exactly those intended, i.e. actions, even exogenous
actions, are deterministic. However, due to various circum-
stances (e.g. noise in the channel), an agent might fail in its
intended execution of an action and probabilities on sentences
cannot capture this fact. To address this problem, we have
extended the specification of an action theory with stochastic
actions and events, therefore we introduce a complementary
notion of probability as a relative frequency of events. We in-
troduce in the sequel the functions, constants and relations of
the extended L s that we use to model stochastic actions and
probability of events, a more detailed description is in [9].
Stochastic Action.  (.,.) : outcome X action +—
stochasticAction. E.g. (v(a),a). With v : action —
outcome, e.g. v(a) = 0.
A stochastic action is a pair (v(a), a) with v(a) taking values
in the outcome space outcome = {0, 1}, where 0 means that
a failed and 1 that it succeeded. Given a sequence of deter-
ministic actions, this sequence expands to a tree of events due
to all the possible outcomes of each action. See Figure 1.

To model the tree and the probability distribution we intro-

duce the following notion of event.
Event. o : stochasticAction x seqEvent — seqEvent.
| : stochasticAction x seqEvent +— condEvent,
and the special constant Ey. E.g. (1,distort(bit2)) o
(0, transmit(bitl)) o Ey is a sequence of stochastic actions,
i.e. is a term of sort seqFvent, hence a term of sort event.
An event e is either a sequence event w of sort seqEvent
or a conditional event u of sort cond Event, according to the
following definition:

sequence event :

1. Ey : the empty event.
2. ({(v(a),a) o w) : the event obtained as a result of executing
a with value v(a) € {0, 1}, after the sequence event w.
conditional event :

3. ({(v(a),a) | w) : the event obtained as a a result of execu-
ting a with value v(a) € {0, 1}, given the sequence event w

ROBOTICS AND PERCEPTION



Probability of events. P: stochasticAction x event +—
object. E.g. P({0,distort(n))|Ey) = 0.9. Probability on
events, is a functional event fluent P which takes as arguments
events and returns their probability: P maps events into [0, 1].
Finally the following functions and predicates are used for
the theory of events.
Measure. up : object™ x seqEvent — object. E.g.
WSource(bit, pos, Eg) = 0.7. For each fluent P there is a
belief measure pp.
<: seqEvent x seqEvent. E.g. Ey < (v(a),a) o Ey.
Could. stochasticAction X event.

Could((1, fall), Sp).

E.g.

Axioms for probability P We shall not treat here axioms
for events, we refer the reader to [9]. These axioms mirror
the foundational axioms for situations, and for all events of
sort sequence the analogous theorems as for situations [18]
are derivable. The properties of P are:

1. P(e) > 0, for any event e.

2. P(Ey) =1

3. P(staoe) =P(sta|e) x P(e)

4. P((0,a)| e) =1—P((1,a) | e).
We define the following function:

trans(Ey) = So, trans((0,a) o e) = trans(e)
trans({1,a) o e) = do(a, trans(e))

Let v € {0,1}. The following sets can be defined, with
Ex Act a predicate that sorts out the exogenous actions:

tree(s) = {(v,a) ow | ExAct(a) A w € tree(s)V
trans({1,a) ow) C s}

leaves(s) = {w|w € tree(s) A =Fw'.w' € tree(s) Aw < w'}

Given the above axioms and the above functions, the follow-
ing properties hold:

1. P(stale) = W

2. P((1,a) le) +P(<%,a> le)=1
3. Let leaves(o) = {w1,...,wi} then ), P(w;) = 1.

5.1 Treating preconditions for stochastic actions

When a stochastic action sta is taken into account we need
to know what holds at a given event in order to decide if sta
is executable. In fact, we shall use the conditional probabil-
ities to state that, if the preconditions are not satisfied, then
the probability of success of the action will be 0. We need,
therefore, suitable action preconditions axioms and successor
state axioms concerning the dynamic of stochastic actions.
Consider the dispatching domain and the control and exoge-
nous actions given in paragraph 3.1: transmit and distort.
The corresponding stochastic actions are (x,transmit(n))
and (x, distort(n)), where x is a random variable on the val-
ues 1 or 0. Preconditions are defined as follows:

Could({x,transmit(n)),e) = T
Could({z, distort(n)), sta o e) = sta = (0, transmit(n))

The conditional probabilities for non exogenous action are:

P((1,transmit(n))|e) = p = Could((1, transmit(n)), e)A
p= 0.7V =Could((1, transmit(n)),e) Ap =0
(N
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The preconditions for the success of an exogenous action like
distort depends on the result of a previous action. Therefore
the probability of an exogenous actions is conditioned on the
random effect of stochastic actions.

P((1,distort(n))|stace) =p =
Could((1, distort(n)), e) A sta = (0, transmit(n))A
p=0.7Vp=0A-Could((l,distort(n)),e)
®)
Observe that, by the axioms for P, we get a conditional prob-
ability for failure, for each of the above stochastic actions:
P(<07a> | e)=1- P(<1’a> | e)

Successor state axioms for fluent measures. Since in the
core language of SC fluents can take as argument only se-
quences of deterministic actions, by a principle of preser-
vation, we prefer to extend the language with event fluents,
namely p-fluents, which we call measures of fluents. For each
fluent F (%, s) we add a functional event fluent 1z (£, €), with
the same arity as F' and such that all arguments which are not
of sort situation are the same as F' and the argument of sort
situation is replaced by an argument of sort event. The value
of a p-fluent is given as follows:

1ir (£, Eo) = Prob(F(t,So))

The successor state axioms for fluent measures capture the
dynamic of the domain, in terms of measures, under the cir-
cumstances that stochastic actions occurred. These successor
state axioms are strictly tied to the successor state axioms for
fluents and they have to preserve the following property:

Property 1 For any j-fluent pup(t,e):
(7€) = Prob(R(F(E, trans(e)))

According to the above property a simple method can
transform a successor state axiom for a fluent into a succes-
sor state axiom for the corresponding p-fluent. In particular,
as a successor state axiom has the form F(Z, do(a, s)) = U,
then we get Prob(F(Z,do(a,s))) = Prob(V). By suitable
manipulations we get the required successor state axioms.

UReceiver (T, M, Sta o e) = p = sta = (1, transmit(n))A
HUSource(T,m, So) = pV sta = (1, distort(n))A
p = 1-— MSource(xy n, SO)

5.2 Expected Probability and Safety

We want to combine the logical probability on sentences and
the event probability defined on stochastic actions to get a
third probability (see Theorem 4) that accounts for both in-
complete information and possible failures of actions during
execution. We are interested to know, given that G(o) is what
an agent should achieve, what is the probability that G will
hold at 0. We also want to know the probability that a sen-
tence G’ will hold at o, given the evidence that G was to be
achieved at . To capture these ideas we introduce the no-
tion of Expected Probability. Let Eset(o’,cr) ={e; ¢ €
leaves(o),trans(e;) = o'}. Let T'(o) = {0’ | trans(e;) =
o', e; € leaves(o)}.

Definition 4 (Expected probability in Sy) Let ¢ and 1) be
sentences uniform in o. The expected probability, in Sy, of
o, given evidence ) is:

EP(¢(0) [ ¢(0)) =
Y (Prob(R(¢(o"))IR(¢(0))) x

o'eT (o)

Z P(e;))

e;EFEset(o’,0)
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Theorem 4 E P satisfies the properties of Theorem 3.

The above defined expected probability allows us to compare
two sequences of actions and decide which one is safer:

Definition 5 (Safety) Let ¢(o1) and ¢(o2) be two sentence
uniform, respectively, in o1 and 3. Let <545 be a ordering
relation:

¢(01) jsafe ¢(02) lffEP(QS 01)) S EP(¢(02)

(
Example 3 (Continued) Let ¥,.(oc) be the sentence
(Receiver(z,n,o) A Recewer( ,n + 1,0)) where
o = do(transmit(2), do(transmit(1), Sy)). We consider
the stochastic tree expansion of o. Cons1dering the set
{c’ : ¢/ = trans(e),e € leaves(o)}, we get the following
possible executions of o, see Figure 1.

transmit(l), S0))

do(
0), o3 = do(transmit(2), So)
do(dzstort( ),50)), 05 = So

o
z

o1 = do(transmit(2),
o2 = do(transmit(1), S
o4 = do(transmit(2),
o6 = do(distort(2 ),do(transmzt( ), S0))
o7 = do(distort(1), So), os = do(distort(2),So)
o9 = do(distort(2), do(distort(1), So))

By regression, Prob(R[¥.(c;)]) = 1/2, for i €
{1,4,6,9} and Prob(R[¥,(o;)]) = 1 fori ={2,3,5,7,8}.
Considering the probability of events, from (7) and (8) we
get:

P((0, distort(z))| Eo)
P((1,distort(x))|Fo)

P(e1) = 0.49 ;(
P(es) = 0.063  P(e
P(e
t

)

P((0, transmit(z))|Eo) = 0.3
P((1, transmit(z))|Eo) = 0.7
147 P(es) = 0.147
0441 Pleg) = 0.063

0.
0.

P(er) = 0.0189 0.0189 P(eg) = 0.0081

Y

By Definition 4 we ge

6 Discussion

The notion of probability that we are concerned with, comes
from the tradition of the logical interpretations of probabil-
ity ([21]). The basic idea is that when assertions are not
entailed it is always possible to conclude something about
these assertions, a logical proximity as a degree of deducibil-
ity, treated as a probability on statements. The idea of at-
tributing probabilities to logical statements was earlier intro-
duced by Keynes’s and illustrated in [14]. Carnap, in [4]
addresses a distinction between degree of confirmation and
relative frequency. In [13] Halpern proposes both a logic
for statistical measure statements and probability statements.
The former provides a probabilistic measure of events de-
fined on a generic object: “the probability that a bird flies
is 0.5”. The latter is about probabilities of logical asser-
tions: “the probability that Tweety flies is..”. Following the
tradition of probability logic, we have considered the Car-
naps’notion of degree of confirmation to declare a probabil-
ity Prob on sentences and the relative frequency idea to de-
clare probability P on actions. Bacchus and Halpern in [1;
13] presents two systems for both the statistical and con-
firmative approaches. A unified theory is presented in [7].
In particular, in [13; 1] axioms and rules of inference are
presented and the logic is proved sound and complete (un-
der given restrictions), w.r.t. a semantics based on possi-
ble worlds. Differently from Halpern’s and Bacchus one,
our theory is based on a classical Tarskian semantics. By
suitably axiomatizing the initial database we get a seman-
tical definition of probabilities analogous to the possible
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worlds approach. We introduce axioms for state description,
typical extension formulas used in finite model theory [5;
6]. Finally we have introduced a third probability, the ex-
pected probability, which can be used to compute the prob-
ability of a sentence given both incomplete knowledge and
failures during the execution of a course of actions.
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