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Abstract likely configurations in probabilistic expert systems. The

present algorithm also has the advantage of being an anytime
algorithm since we need not in forehand specify the number
of N best hypothesis that is wanted. Furthermore, our al-
gorithm can yield significant savings in computational time
compared to the traditional Viterbi algorithm.

We propose a novel method to obtain thNebest

list of hypotheses in hidden Markov model (HMM).
We show that the entire information needed to com-
pute the N-best list from the HMM trellis graph

is encapsulated in entities that can be computed
in a single forward-backward iteration that usually .
yields the most likely state sequence. The hypothe- 2 Basic Structure

ses list can then be extracted in a sequential manner  Consider a HMM withm hidden Markovian random vari-

from these entities without the need to refer back ablesX; ..., X,, andm observed variableg,, ..., Y,, such
to the original data of the HMM. Furthermore, our that the distribution ofY; is determined byX,. Denote
approach can yield significant savings of computa- X ={Xy,...,X,n}andY = {Y¥3,...,Y,,}. Typical val-
tional time when compared to traditional methods. ues thatX andY can take are denoted= (z1,...,,,) and
y = (y1,--.,ym) respectively. The joint probability function

1 Introduction IS

In many tasks of large vocabulary speech recognition it is _

desirable to find from the HMM graph th& most likely Ple.y) = Plo) Hp(xt‘xt_l) Hp(yt|xt) @
state sequences given the observed acoustic data. The recog-
nizer chooses the utterance hypotheses on the basis of acous-
tic information and a relatively simple language model. The
existence of anV-best list enable us to combine additional Xi—=Xpg— = Xn
knowledge sources such as complicated acoustic and lan- i i

guage models into the recognition procgSstendorf 199]L i
Given the additional knowledge sources the list of sentence Y, Y, Yo
can be rescored and reordered. Even without additional
knowledge sources th&¥-best paradigm can be used to im-
prove the recognition rateStolckeet al. 1997. In this pa-

per we concentrate on the step of computing Ahéest list. Figure 1: The HMM structure

The most likely state sequence can be found using a single

iteration of the Viterbi algorithniRabiner 1982 A direct This paper deals with the following decoding problem:
generalization of this algorithm can be used to obtainthe Given observations; . . . y,,, find the N most likely state se-
best state sequences. The only change is that for each tinggiences of the unobserved state-variables. In other words we
indext and for each state we have to keep fkiebest sub-  want to find theV values ofz that maximize the conditional
sequences terminating at this state. However in this geneprobability functionP(z, ) (viewed as a function af). A
alized Viterbi approach we have to decide in advance on thegingle iteration of the forward-backward algoritHiRabiner

size of N and we can not change it in the middle of the pro- 1989 yields the following terms for each time index

cess. Several modification of this algorithm have been pro-

t=2 t=1

posed in the last decade. These algorithms are based either fi(s) = {mrlgafs}P(x, Y) 2
on a Viterbi search of a trellis or aA* searcHSchwartz and , -
Chow 1991 [Schwartzet al. 1994. frivi(s,s’) = max P(z,y)

We propose a novel method to obtain thebest list in {al@emesr)=(e,57}

HMM. The obtained algorithm is inspired by the divide and We shall show that the entire information needed to compute
conquer algorithm ifNilsson (1998 for finding theM most  the N-best list is encapsulated in the expressions defined in
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(2). In other words, oncég,(s) and f; ;+1(s,s’) are given, CANDIDATE PHASE

there is no need to refer again to the trellis graph. We let P(A;) stand for the probability of the most likely state
As a first example of the usefulness pfand f;:+1, We  sequence in the subsdt, i.e.

apply them to obtain the most likely state sequence. One can

observe that the probability of the most likely state sequence P(A;) = max P(z,y),
is: T€EA;
max P(z,y) = max fi(s) and use a similar notation for other subsets.
This equality remains the same for each index 1, ..., m. The functionsf; ;. satisfy that
To find the most likely state sequenge= (Z1,...,%m), . ,
when this is uniquely determined, we note that P(Ay) = MAX{(s,s")|s#xl} fi2(s,8)
5 = _ )
&y = argmax; fi(s), t=1,...,m -

P(AZ) = INaXg£y1 fifl,i(le_l, S), 1> 2
However to allow for the possibility that the maximizing state B 3
sequence is not unique, it is better to apply the following rou-S0, the second most likely state sequence has probability

tine: ) .
(%1, 22) = argmax(, o) f1,2(s,5") P(a,y) = m?XP(Ai)'
(3) IDENTIFICATION PHASE
If P(A;) = max{P(4;):j=1,...,m}, thenz® € A;, and
3 Introducing the algorithm z2 can be identified by carrying out the following steps:

Denote the entire ensemble of possible state sequenc&s by e 22 = le forj=1,...,i—1.

&y = argmax, fr_14(&4-1,5), t>2

and let theLth most likely state sequence be denoted ; )
o rj =argmax,_,1 fi1:(xi 1,5)
L _ (L L i
o = (7, .., Ty ) ) ,
o r; =argmax, fr_1rx(zf_q,s)fork=i+1,...,m.

Suppose at some stage in the algorithm tHat .. , %!

have been identified. Then” is found by performing the 3.2 The third most likely state sequence

following steps: . L . . .
The identification of the third most likely state sequence is

PARTITION PHASE HereX \ {z',..., ="'} is partitioned e by a similar procedure as the case with
into subsets.

CANDIDATE PHASE: For each subset in the above partition- PARTITION PHASE _ N
ing we compute the probability of its most likely state Here, a partition oft'\ {«*, 2%} is constructed by refining the
sequence. These probabilities are referred to as the ‘ca@bove partitioning oft’ \ {z'}. This is done in the following
didates’. way.

IDENTIFICATION PHASE The state sequence associated Euptggseﬁ %Azd ;Ifhegt\)/ve partitioningd; \ {=*} into
with the highest candidate is identified. SUDSEtS;, . ..., bm d€lINed by

In PARTITION PHASE, there is a large number of possible B; = {z | z1 = a%,...,zi1 = 21,2 & {2, 27}}
partitions that one may consider. We seek a partitioning with (6)
two properties. Firstly, it must be easy to compute the can- By = {z |21 = 2f,...,2x 1 =2}, a6 # 2} }, k> i.
didates. Secondly, the number of subsets in the partitioning
must be small, since eventually we need to compare the dif-Thus, the subsets iB; : j > i}) and{4; : j # i})
ferent candidates. constitute a partitioning ot \ {z!, z2}.

In the successively subsections it is shown how the secon

and third most likely state sequences are found. In Section gAND'DATE PHASE _
the general case is considered. As we shall prove in the next section (Theorem 1), the prob-

_ ability P(By,) for k > i is a simple function o (A,):
3.1 The second most likely state sequence
Suppose the most likely state sequentéas now been iden- P(B) = P(A)
tified. To identify2? we carry out the following steps. . !

maxsé{x}x?} fiflﬂ'('rz?fh 5)
fimva(aiy, 27)

PARTITION PHASE X o max e feo1k(@ioy, ) ‘
Here, X'\ {z'} is partitioned into subsets, .. ., A,, defined P(Br) = P(Ai) , k>
by

)

Te—1k(2i_y,27)

A= {z |21 # 2} Now, the third most likely state sequence has probability

(4) R .
Ai={z |z =21, .., xic1 =21, £ 27}, 02> 2. P(2%,y) = max {maxP(Aj) , maxP(Bj)} .

J:g#i J:jzi
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fi2 T f2.3 T3

n Y n Y
IDENTIFICATION PHASE 1 n[2590 1151 > n[.0278 2590
If the third most likely state sequenaé bel_qngs_ to one .of y|.0192 .0512 y[.0021 1151
the subsets!; (j # 4), then it can be identified in a similar
way asz? was identified. On the other hand,aif € B, for
somej > i, then
f3,4 T4 f4,5 s
3 2 2 n ] n Y
z,...,x Tiye o3 T5_1),
(@1 1) = (@ i-1) z3 n[.0030 .0278 x4 n[.0005 .0046
and the sequence’, ..., z3, is now successively identified v [.0046 .2590 v [.0046 .2590
as follows:
3 e
arg max, _1i(xs_q,8) ifj=1
2 = g s%{x},axf} f] 13,]( j—1 ) f] ‘ fss - for 2
arg max ;2 fi—15(xi_1,8) if j>1 n y n y
xs n|.0025 .0046 ze n|.0234 .0046
xz — arg max, fk71,k($i_1, s), fork=j+1,....m y1.0234 .2590 y|.2185 .2590
Example To illustrate our algorithm, we consider a fr;s s fs0 Tg
simple HMM with 10 hidden variables(y, ..., X9, and 2?85 05171 072134 2%85
10 observed varlable¥17...,¥10. Each of the vqngbles 7 y|:0971 2500 8 »|:0046 2590
are assumed binary with possible stajeandrn. The initial
conditional probability functions associated with the HMM
are given in Table 1.
f9,10 10
n Y n Y
P(x1) z9 n[.0050 .0234
y1.0093 .2590
Pzt | x P(x: |y ) oo
(@l @) n o y (| t)n o y Table 2: Thef; .41 functions (the numbers are multiplied by
ri—m| .6 4 v n| .9 i 103)
y| .2 .8 y| .3 7

Next, we use (5) to compute the probability of the most
likely state sequence in each subséts
Table 1: The intial probabilities in the HMM

P(A;) = max{fi2(y,n), fi2ly,y)} = .0512

Suppose we obtain ‘evidence’ of the form P(Az) = fi2(ny) = .1151

P(A3) = fa3(n,n) = 0278

y= (192, y10) = (01, Y, 4,9, 4, 1,1, Y, ). P(A4) _ f3’4(y n) —  .0046

To compute theN-best list given evidence, we initially P(4;) = f4)5(y:n) =  .0046

compute thef; .41 functions shown in Table 2. By apply- P(A ) = fr’ (y,n) — 0234
ing the routine in (3), we can now obtain the most likely state "¢ 5.6\ :

sequence: P(A7) = fer(y.n) = 2185

1_ P(As) = frs(y.n) = .0971

r = (n, Y, Y9 YY9YY, y) P(Ag) _ f8,9(y, n) — 0046

with probability P(z!, y) = .2591 - 1073, P(A1p) = foro(y.n) = .0093

For the computatlon of the second most likely state se-

quence we proceed as follows. First, we partition the spac&hUs, the second most like state sequericbelongs to sub-

X\ {z'} into subsets,, ... Ay, defined in (4): gelt;17, and can be found by carrying out steps (see Section
Ay = x|z = (Y T
PR g (0223, 23, a3, o, 08, 53) = (., ),
g = = T
and
A3 = {$|$—(nnn,-,-,-,-,-,-,-) 2 _
A4 — {x|x—(n n,y,n ).).7.).,.,.) Ty = argmgx{fzs(n,s)}—n
A5 = {!E |l'— (n n,y,y,n 7'7'7'7'7') fES = argmsax{fg,g(n,s)}:y
Ao = Azlo=(nnyyyn-0) afy = arg max{fo,10(y,s)} =y
A? = {x|x_(nny7yyyvaa'a') .. g ) .
As = {z]|z=(0n9990yn0-") This identifies the second most likely state sequence.
8 ’ T To compute the third most likely state sequence we proceed
Ay = {zlz=nny999YYn) in a similar manner: First, we partitiod; \ {22} in subsets
A = {z|lz=n,n9999,9,9,4,n) of the form in (6):
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Identification-phase:

Br = {x|x=0nn0,19yY ) Axr & {n,y}} e Compare the ‘new candidates’ computed above with the
. . remaining candidates.
BS — {.’17 | T = (n>nayuy7y7y7n7y7'7')} Identi L+1
nti .
B9 = {x|ﬂc=(n,n,y,y,%y,n,mn,-)} * € fyx i i .
By = {z|z=(nnyyyynmnyn) These three tasks are described in subsequent subsections.

Then, we compute the probability of the most likely state se4.1  Partition phase
guence Withi[] each of the subsdts. From (7) we immedi-  Supposer” € D, whereD has the form in (8). For the
ately obtain P(B;) = 0 sinceB; = (): following analysis it is convenient to writ® as

D={x|zy=aF, .. zi1=2"  2,¢X)} 9)

5 _ P frs(ny) .0971

JT(BS) - 1?(A7)}‘7,sgn,n% = 2185 g;gi =.0971 Fork =1i,...,m we define the subsef3, as

P(B = P(Ay;)222 = 9185:0231  — (0234 5

b panitn, Zolae — D@l —aba —adn g R) 00
(Buo) = PA)E 0 = 2501 T whereX, is a subset oft}, given by

Thus, the third most like state sequencebelongs to sub-
setA,, since

max{rgéa;( P(A;), P(Bg), P(By), P(Big)} = P(A),

s [ x ufal) k=g
X’“{{xg} it &> i

The reader may easily verify that the subseis. . ., D,,, par-

, ) ) tition D\ {z}. Furthermore, it can be seen that each element
and can be found by carrying out the steps described in Segy, has a similar form as that db.

tion 3.2. This is left to the reader.

Table 3 shows the three most likely state sequences. 4.2 Candidate phase

In this section we provide an efficient method to compute the

Configuration
I; - (nvnay7y7yayay7yvyay
= (n,n,YYYYnnYY
= (LYY Y Yy nn Y,y

)
)
)

Probability
(multiplied by 10%)
P(z!,y) = .2591
P(z2,y) = .2185
P(x3,y) = .1151

Table 3: The 3-best list

4 The general algorithm

probabilitiesP(D;,) (k = i,...,m). The method presented
here is similar to the the method [Nilsson 1998, in that it
locally computes the probabilities of all candidates directly
from the functionsf ;4.

A keypoint in proving our main result is that we can write
the joint probability function expressed in (1) as

_ H:;l frat1(xy, eg1)
P($7y) - H?’;;l ft(xt)

For a proof, the interested reader is referrefawid 1992,
where it is shown for more general graphical models, the

11)

The general algorithm for computing thé-best list identifies
the N most likely state sequences in a sequentialy manner.
Let X; denote the possible states that the variabjecan

junction trees.
In addition, we will use that the function$ ;;, have the
following property, termeanax-consistency

take.
Suppose at some stage in the algorithm that hhax frarr (@ wi1) = fulae). 12)
e 71 ... xl have been identified; Now we have

e For each elemenb in P~, P(D) is known.

e 2 ¢ D for some elemenb in the partitioningP”, and
D has the following form:

D=A{z|z =2a),... .01 =x;_y,2 ¢ X/}, (8)

wherez’, ..., z,_, are known states, antl/ is a known

E={x:xy=12],...,0; = }.

Then

1—1 % «
P(E) = max P(z,y) = IT- f:firl(xt;xtﬂ)
ey Ht:Q fe(xf)

subset ofY;,.

The tasks involved in proving the correcteness of our algo

rithm consist of:

Partition-phase: Construct a partitioning ab \ {z};

Candidate-phase: Compute the probability of the most
likely state-sequence in each element in the partitioning

of D\ {z};

NATURAL LANGUAGE PROCESSING AND INFORMATION RETRIEVAL

Proof: The probabilityP(E) can be found by instantiating
x1 = z7,...,z; = x} in (11), and then maximize over the
remaining variables. Because of max-consistency (12) this
reduces to

- o
max P(x,y) = [L= foa(af, i)
v I1,=5 fi(a?)

)

which completes the prooé.
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Lemma 2 Let D be given as in (9), and suppose

L
= P .
of = g Ple.y)

Then for allk =4, ..., m we have

k-1 L ..L
P(D) = max P(z, y) = izt Surnt (0 Zri).

e I1i2s filef)
Proof: Let & > ¢, and defineD’ as
D ={x:xzy =z .. 2k}

By Lemma 1 it suffices to prove that

P = P .
max Pz, y) = max P(z, y)

Clearly,

P < P
max (x,y)_rfeag (z,y)

sinceD’ C D. Furthermore, we have that

4.4 The algorithm
A pseudo code for oul-best list algorithm is given below.

Procedure N-best list:
Step 1 (Identify z!):
1. Computethe functionsf; ¢11;

2. ldentifythe most likely state sequences as shown in
Section 3.1;

Step 2 (Identify z2):

ePARTITION PHASE Partiton X \ {z'} in
Ai,..., Ay asin (4);

*CANDIDATE PHASE ComputeP(4;) as in Section 3.1.
eI DENTIFICATION PHASE
1. Setthe Candidate Li€L = {P(A,)};

2. pickthe highest candidate, s#(A;), in CL;

subsets

max P(z,y) > max P(z,y)
» e 3. identifyz2 € A; as in Section 3.1; .
Step 3 (Identify 22, ..., z)
ForL=2,...,N —1do

Now we are ready to state the main theorem. It presents @parTiTION PHASE

straightforward procedure for finding the probability of each
subsetD,, (defined in (10)) from the probability? (D).

Theorem 1 Let D be given as in (9), and suppose

L
= P .
of = arg s Po,y)

because:’ € D’ andx’ = arg max,ep P(z,y). The result
follows. e

1. Suppose’ € D;

2. Partition D \ {z”} in subsetsDy, ..., D,, asin (10).

eCANDIDATE PHASE: ComputeP(Dy),...,P(D,,) as in
Theorem 1.

Then for all D, defined in (10) we have: ol DENTIEICATION PHASE
maxg v, frr1(Tf,5)
Srgor1 (@, 2h4y)

Proof: By Lemma 2 we have

k—1
b _ Lli=1 Jrai(at, oh )

1. Augmenthe Candidate List with the new candidates:
CL:=CLU{P(Dy),...,P(Dy)};

P(Dy) = P(D)

2. pick the highest candidate, s&(D*), from CL;

P(D) s —— ; (13) 3. identify 2+ = argmax,cp+ P(z,y) as in Section
[I:= filzy) 4.3;
Furthermore, sinc®);, can be written as 4. retract P(D*) from the Candidate ListCL := CL \
Dy =Ugggp{z: 71 = ek rp =2l | xp = s} {P(D*)}.
we have from Lemma 1 that END
k—2 L L . - .
P(Dy) = [L-, foeva(ae, o) max froix(zE 1,s)  (14) Accordingly, the probability of the.th most likely state

sequence is either one of the candidates computed ihtthe
step of the algorithm or it is one of the candidates computed
earlier and still on the Candidate List. The search over all the
candidates can be effectively performed in the following way.
We can sort the candidates on the Candidate List with their
associated subsets. FARTITION PHASE we split the subsets
that containedt”~! (and hence was at the top of the list) into
several subsets. IGANDIDATE PHASE we merge the new
candidates into the sorted list according to their probabilities.
Now the state sequenaé belongs to the subset at the top of
the updated list.

Because the algorithm finds th€é-best list sequentially,
we need not in forehand specify the numberNofbest hy-
pothesis that is wanted. In stead, we may chose to findvthe
most likely hypothesis whose total probability is at least
where < o < 1.

Vo fak) e

The result now follows from (13) and (144.

4.3 Identification phase
Suppose that we are given a subBesdf the form
. 7xi71 = m;717xi ¢ XZ’}

and want to identify the most likely state sequence,zsgyn
D. First, one note that

*_

p=af forj=1,...,i-1
Now the sequence;, ..., z}, is successively found by

rrm

D={z|x =2x,..

T
xj = argmax gy fio1:(7_1,5)

xp = argmax, fr—15(z5_;,5), k=1i+1,...,m.
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5 Complexity issues 6 Conclusion

We would claim that our method can be implemented withWe have presented in this paper a novel method to compute
lower complexity than traditional methods for finding the ~ the V. most likely state sequences in HMMs. The algorithm
best list. has two advantages compared to traditional methods. Firstly
To support this, we would briefly discuss the computationalit can yield significant gain in computational time. Secondly,
complexity of our method by computing the number of ele-it is an anytime algorithm, and thus is also effective in cases
mentary operations needed to perform the various tasks in thghere we do not know in advance how many solutions are
algorithm. Let needed. The main conceptis to perform a small preprocessing
computation and then we can produce the sequences in an

7 = max; [Xj| = the maximum number of elements  i,cremental manner. We have concentrated in this paper on
that a variable can have. applications of the algorithm to speech recognition problems.
The operations performed by our algorithm can be divided! "€ Proposed algorithm, however, can be applied to many
into three parts other sources of information that are organized in a hidden
. . , . Markov model e.g. analysis of DNA sequences and real time

1 Computing the functiong; ., and f; defined in (2). robot navigation.

and foreach. =1,...,N:
2 In CANDIDATE PHASE, to compute the candidates as in ACknowledgment

Theorem 1. This research was supported by DINA (Danish Informatics
3 In IDENTIFICATION PHASE, to compare the candidates on Network in the Agricultural Sciences), funded by the Danish
the Candidate List, and identify”. Research Councils through their PIFT programme.
Finding the functions in part 1 can be done by less than References
2 ,
7“m operations Dawid, A. P. (1992). Applications of a general propagation

In CANDIDATE PHASE, we generate for each stépat most algorithm for probabilistic expert systenmStatistics and

m new candidates. The computation of a candidate takes COMPUting2, 25-36.
place via Theorem 1, and can be done witcomputaions, Forney, G. (1973). The viterbi algorithmProc. IEEE 61,

i.e. computing all candidates in stép= 1, ..., N demands 268-78.

at most _ Nilsson, D. (1998). An efficient algorithm for finding the
ymN computations. m most probable configurations in probabilistic expert

In IDENTIFICATION PHASE, we compare, in stejy at most systems.Statistics and Computing, 159-73.

mL elements (since at most candidates are generated in Ostendorf, M. e. a. (1991). Integration of diverse recognition
each step). If we store the elements in a 2-3 search tree, then methodologies through reevaluation .ofbest sentence

the comparisons needed for insertingnew elements and hypotheses. IProceedings, DARPA Speech and Natural
update the search tree is(@ log(mL)). Doing this for all language Processing Workshqyp. 83-7.
L=1,...,N, the total number of comparisons needed is ingpiner, L. (1989). A tutorial on hidden markov models and
the order of selected application in speech recognitidiroceedings
N of the IEEE 37, (2), 257-86.
O <Z mlog(mL)> = O(mN log(mN)). Schwartz, R. and Chow, Y. (1991). A comparison of sev-
L=2 eral approximate algorithms for finding multiple-pest)

sentence hypotheses.Pnoceedings IEEE International

Finally, in IDENTIFICATION PHASE, we identify 2/ as de- . .
Y & fy Conference on Acoustics, Speech, and Signal Process-

scribed in Section 4.3, and the number of comparisons needed

is no larger thanny. Thus the total number of comparisons ing, pp. 701-4. .
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ymN. pass search strategies.Antomatic Speech and Speaker
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findingz",. .., 2N is in the order of Stolcke, A., Konig, Y., and Weintraub, M. (1997). Explicit
word error minimization inu-best list rescoring.Proc.
(0] (72m) + O (myN) 4+ O(mN log(mN)) . EUROSPEECH]L, 163-6.

To compare, a straightforward implementation of the Viterbi
search as described [iRorney (1978 uses in the order of

o (’yQNm) .

We conclude that for large, our method can yield significant
savings of computational time when comparing to traditional
Viterbi search.
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