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Abstract

This paper presents a method for designing bun-
dles in a combinatorial auction protocol that is ro-
bust against false-name bids. Internet auctions have
become an integral part of Electronic Commerce
and a promising field for applying AI technologies.
However, the possibility of a new type of cheating
called a false-name bid, i.e., a bid submitted under
a fictitious name, has been pointed out.
A protocol called Leveled Division Set (LDS) pro-
tocol that is robust against false-name bids has been
developed. However, this protocol requires the auc-
tioneer to define a leveled division set. A leveled
division set is a series of division sets, where a di-
vision set is a set of divisions and a division is a
combination of bundles of goods. We need to solve
a very complicated optimization problem to con-
struct a leveled division set in order to obtain a good
social surplus.
We have developed a heuristic method for over-
coming this problem. In this method, we first find
a good division with a winner determination algo-
rithm, and then construct a leveled division set by
using this division as a seed. Through a simulation,
we show that our method can obtain a social surplus
that is very close to optimal.

1 Introduction
Internet auctions have become an especially popular part of
Electronic Commerce (EC). Various theoretical and prac-
tical studies on Internet auctions have already been con-
ducted [Monderer and Tennenholtz, 1998; Wurman et al.,
1998]. Among these studies, those on combinatorial auc-
tions have lately attracted considerable attention [Fujishima
et al., 1999; Leyton-Brown et al., 2000; Klemperer, 1999;
Sandholm, 1999; Lehmann et al., 1999]. Although conven-
tional auctions sell a single item at a time, combinatorial auc-
tions sell multiple items with interdependent values simul-
taneously and allow the bidders to bid on any combination
of items. In a combinatorial auction, a bidder can express
complementary/substitutional preferences over multiple bids.
By taking into account complementary/substitutional prefer-

ences, we can increase the participants’ utilities and the rev-
enue of the seller.

However, in [Sakurai et al., 1999], the authors pointed out
the possibility of a new type of cheating called false-name
bids, i.e., an agent may try to profit from submitting false
bids made under fictitious names, e.g., multiple e-mail ad-
dresses. Such a dishonest action is very difficult to detect
since identifying each participant on the Internet is virtu-
ally impossible. Compared with collusion [Rasmusen, 1994;
Klemperer, 1999], a false-name bid is easier to execute since
it can be done by someone acting alone, while a bidder has to
seek out and persuade other bidders to join in collusion.

The results reported in [Sakurai et al., 1999; Yokoo et al.,
2000a] can be summarized as follows.

• The generalized Vickrey auction protocol (GVA) [Var-
ian, 1995] is not robust against false-name bids in com-
binatorial auctions.

• There exists no combinatorial auction protocol that si-
multaneously satisfies incentive compatibility, Pareto ef-
ficiency, and individual rationality for all cases if agents
can submit false-name bids.

In this paper, we concentrate on private value auctions
[Mas-Colell et al., 1995]. In private value auctions, each
agent knows its own evaluation values of goods, which are
independent of the other agents’ evaluation values. We de-
fine an agent’s utility as the difference between the true eval-
uation value of the allocated goods and the payment for the
allocated goods. Such a utility is called a quasi-linear utility
[Mas-Colell et al., 1995]. These assumptions are commonly
used for making theoretical analyses tractable.

In a traditional definition [Mas-Colell et al., 1995], an auc-
tion protocol is (dominant strategy) incentive compatible, if
bidding the true private values of goods is the dominant strat-
egy for each agent, i.e., the optimal strategy regardless of the
actions of other agents. The revelation principle states that
in the design of an auction protocol we can restrict our atten-
tion to incentive compatible protocols without loss of gener-
ality [Mas-Colell et al., 1995; Yokoo et al., 2000a]. In other
words, if a certain property (e.g., Pareto efficiency) can be
achieved using some auction protocol in a dominant strategy
equilibrium, i.e., the combination of dominant strategies of
agents, the property can also be achieved using an incentive
compatible auction protocol.
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In this paper, we extend the traditional definition of
incentive-compatibility so that it can address false-name bid
manipulations, i.e., we define that an auction protocol is
(dominant strategy) incentive compatible, if bidding the true
private values of goods by using the true identifier is the dom-
inant strategy for each agent. Also, we say that auction pro-
tocols are robust against false-name bids if each agent cannot
obtain additional profit by submitting false-name bids. If such
robustness is not satisfied, the auction protocol lacks incentive
compatibility.

We say an auction protocol is Pareto efficient when the sum
of all participants’ utilities (including that of the auctioneer),
i.e., the social surplus, is maximized in a dominant strategy
equilibrium. In a more general setting, Pareto efficiency does
not necessarily mean maximizing the social surplus. In an
auction setting, however, agents can transfer money among
themselves, and the utility of each agent is quasi-linear; thus
the sum of the utilities is always maximized in a Pareto effi-
cient allocation.

An auction protocol is individually rational if no partici-
pant suffers any loss in a dominant strategy equilibrium, i.e.,
the payment never exceeds the evaluation value of the ob-
tained goods. In a private value auction, individual rationality
is indispensable, i.e., no agent wants to participate in an auc-
tion where it might be charged more money than it is willing
to pay.

The GVA protocol [Varian, 1995] is one instance of the
well-known Clarke mechanism [Mas-Colell et al., 1995]. It
satisfies incentive compatibility, Pareto efficiency, and indi-
vidual rationality in combinatorial auctions when there exists
no false-name bid; however, this protocol is not robust against
false-name bids [Sakurai et al., 1999].

In [Yokoo et al., 2000b], we developed a combinatorial
auction protocol called the Leveled Division Set (LDS) pro-
tocol. This protocol satisfies incentive compatibility and indi-
vidual rationality even if agents can submit false-name bids.
This protocol does not satisfy Pareto efficiency, but it can
achieve a better social surplus than that obtained by a trivial
protocol that always sells goods in one bundle.

However, the LDS protocol requires the auctioneer to de-
sign a leveled division set, which is a series of division sets.
A division set is a set of divisions and a division is a combi-
nation of bundles of goods. The auctioneer sells goods using
these bundles. The obtained social surplus or the revenue of
the auctioneer can vary significantly depending on the selec-
tion of the leveled division set. Although we presented the
conditions that the leveled division set must satisfy to guar-
antee incentive compatibility [Yokoo et al., 2000b], how to
construct a leveled division set that could obtain a good so-
cial surplus is still an open question.

We need to solve a very complicated optimization prob-
lem in order to construct a leveled division set in such a way
that a good social surplus can be obtained. This problem is
much more complicated than winner determination problems
[Fujishima et al., 1999; Sandholm, 1999]. In a winner deter-
mination problem, given a set of bids, we try to find a com-
bination of bids that maximizes the sum of the values of the
bids. On the other hand, to construct a leveled division set,
we need some model of the possible bids, e.g., a probabil-

ity distribution of the values of the bids. We try to maximize
the expected social surplus based on such a model. Also, a
leveled division set is a series of division sets, where each
division is a combination of bundles. Finding an optimal so-
lution for this problem becomes infeasible when the number
of goods is large.

In this paper, we develop a heuristic method to construct a
good leveled division set. This method uses a winner deter-
mination algorithm as a building block, i.e., this method first
finds a good division using a winner determination algorithm,
and then constructs a leveled division set using this division
as a seed.

In the following, we first describe the LDS protocol. Then,
we show the method for constructing a good leveled division
set. Finally, we show evaluation results through a simulation.

2 LDS Protocol
In the following, we define several terms and notations. To
help readability, we use three different types of parentheses
to represent sets: (), {}, and [].

• A set of agents N = {1, 2, . . ., n}
• A set of all auctioned goods M = (1, 2, . . . ,m)
• A division, which is a set of bundles, D = {S ⊆ M |
S ∩ S′ = ∅ for every S, S′ ∈ D}1

• For each good j, the reservation price rj is defined.

• For a bundle S, we define R(S) as
∑

j∈S rj .

A leveled division set is defined as follows:

• Levels are defined as 1, 2, . . .,max level.

• For each level i, a division set SDi = [Di1, Di2, . . .] is
defined.

A leveled division set must satisfy the following three condi-
tions.

• SD1 = [{M}] — the division set of level 1 contains
only one division, which consists of a bundle of all
goods.

• For each level and its division set, a union of multiple
bundles in a division is always included in a division of
a smaller level, i.e., ∀i ≥ 2, ∀Dik ∈ SDi , ∀D′ ⊆ Dik ,
where |D′| ≥ 2, Su =

⋃
S∈D′ S, there exists a level

j < i, with a division set SDj , where Djl ∈ SDj and
Su ∈ Djl.

• For each level and its division set, each bundle in a divi-
sion is not included in a division of a different level 2, i.e.,
∀i, ∀Dik ∈ SDi, ∀S ∈ Dik, ∀j �= i, ∀Djl ∈ SDj , S �∈
Djl.

Figure 1 shows examples of leveled division sets. Case 1
shows one instance where there are two goods (A and B), and
case 2 and case 3 show instances where there are three and
four goods, respectively.

1Note that we don’t require that
⋃

S∈D
S = M holds, i.e., satis-

fying
⋃

S∈D
S ⊆ M is sufficient.

2This condition is not contradictory to the second condition,
since the second condition involves the union of multiple bundles.
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case 1 case 2 case 3
level 1 [ {(A,B)} ] [ {(A,B,C)} ] [ {(A,B,C,D)} ]
level 2 [ {(A),(B)} ] [ {(A,B)}, {(B,C)}, {(A,C)} ] [ {(A,B,C)}, {(B,C,D)}, {(A,D)} ]
level 3 [ {(A),(B),(C)} ] [ {(A),(D),(B,C)} ]

Figure 1: Example of Leveled Division Sets

To execute the LDS protocol, the auctioneer must pre-
define the leveled division set and the reservation prices of
goods. Each agent x declares its evaluation value B(x, S) for
each bundle S, which may or may not be true. We show a de-
tailed description of the LDS protocol in the appendix. The
outline of the protocol is as follows. The LDS protocol first
tries to sell goods using the division in level 1, i.e., if there
exists an evaluation value that is larger than R(M ), the goods
are sold in one bundle. Otherwise, the protocol tries to sell
goods using level 2 divisions, and so on. We say that the ap-
plied level of the LDS protocol is i if the goods are sold using
a division in level i.

An intuitive explanation of why the LDS protocol satis-
fies incentive compatibility is as follows. Let us assume that
agent x uses two false names x′ and x′′ to obtain bundles
Sx′ and Sx′′ , respectively, at level i. Now, let us assume that
agent x declares the evaluation value R(S) for the bundle
S = Sx′ ∪ Sx′′ by using a single identifier. From the con-
dition of a leveled division set, there exists a level j < i,
where S ∈ Djl, Djl ∈ SDj holds. In this case, the condition
in Step 1 of LDS(j) is satisfied, i.e., only agent x declares
evaluation values that are larger than or equal to the sum of
reservation prices. Thus, agent x can obtain S by paying the
minimal price R(S). Therefore, by using a single identifier,
the payment of agent x becomes smaller than (or equal to) the
payment when agent x uses two false names.

3 Constructing Leveled Division Set

3.1 Basic Concepts

We assume that the auctioneer knows the probability distribu-
tion of the possible evaluation values of participants. The goal
is to find a leveled division set and the reservation prices of
goods so that the expected social surplus can be maximized.

For the number of goods m, the number of possible bun-
dles of goods is 2m. A division is a set of bundles and a
leveled division set is a series of division sets. Clearly, enu-
merating all possible leveled division sets and finding the op-
timal one becomes infeasible when the number of goods is
large. Even if we use a best-first search algorithm such as
A*, it is difficult to find an optimal leveled division without a
very accurate function that estimates the expected social sur-
plus for a partially defined leveled division set. Furthermore,
we need to optimize the reservation prices of goods as well as
the leveled division set.

In this paper, we make the following assumptions to attack
this problem by a heuristic method.

• As in winner determination problems [Fujishima et al.,
1999; Sandholm, 1999], the number of bundles that par-
ticipants actually need is relatively small compared with

the number of all possible bundles 2m (sparseness of
bids).

• The auctioneer knows the probability distributions of the
highest evaluation values of these bundles3. Also, these
probabilities are mutually independent.

With these assumptions, we can find a candidate for a division
that can obtain a good social surplus using a winner determi-
nation algorithm [Fujishima et al., 1999; Sandholm, 1999].
More specifically, instead of the actual value of a bid for each
bundle, we use the expected value of the highest evaluation
value for each bundle to solve the winner determination prob-
lem and obtain a division (we call this division goal division).
If we can sell goods using this goal division, the obtained so-
cial surplus would be relatively good on average.

However, to sell goods using this goal division, we need
to include additional divisions in earlier levels to satisfy the
conditions of the leveled division set described in the previous
section. Therefore, we put the goal division at level 3, and
put additional divisions at level 2. By setting the reservation
price of each good in an appropriate range, we can expect that
goods will not be sold at level 1 or level 2, and we can sell
goods using the goal division.

For example, let us assume that there are five goods
A,B,C,D and E. Also, let us assume that by running a win-
ner determination algorithm using the average value of each
bundle, we obtain a goal division {(A), (B), (C), (D,E)}.
Then, we set level 3 of the leveled division set as
[{(A), (B), (C), (D,E)}].

To satisfy the conditions of the leveled division set, we
must put all unions of multiple bundles in this goal divi-
sion at level 1 or level 2. There are four bundles in this
goal division, so we must create unions of two bundles and
three bundles and put them in the divisions at level 2. If
two newly created bundles, each of which is a union of two
bundles, do not have any goods in common, we can con-
struct a division using these bundles. For example, we can
put divisions {(A,B), (C,D,E)},{(A,C), (B,D,E)} and
{(A,D,E), (B,C)} in level 2. Then, all unions of two
bundles appear in level 2. For a bundle that is a union of
three bundles, we create a division that consists of only this
bundle, and add them to level 2, e.g., we add {(A,B,C)},
{(A,B,D,E)},{(A,C,D,E)}, and {(B,C,D,E)}.

Also, we can add a new goal division in level 3, as
long as the division does not contain a bundle that ap-
pears in level 2. For example, we can add a division

3If we assume that the auctioneer has knowledge of the proba-
bility distributions of the evaluation values of agents, the probability
distributions of the highest evaluation values can be calculated based
on this knowledge. Since the LDS protocol is incentive compatible,
we can assume that agents truthfully bid their true evaluation values.
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{(A), (B), (C,D), (E)}, since it does not contain any bun-
dles in level 2. To add this division in level 3, we must add
divisions {(A,B,C,D)},{(A,B,E)},{(A,C,D), (B,E)},
and {(A,E), (B,C,D)} in level 2.

It must be noted that even if the above assumptions do not
hold, i.e., there might be unexpected bids or bids might be
correlated, the LDS protocol using the leveled division set
obtained by this method satisfies incentive compatibility (and
the robustness against false-name bids). The violations of the
above assumptions might degrade the obtained social surplus,
but the protocol satisfies incentive compatibility as long as the
required conditions of the leveled division set are satisfied.

3.2 Details of Method for Constructing Leveled
Division Set

We show the details of the method for constructing a leveled
division set. Let us represent the set of bundles that partic-
ipants actually need as BS. For each bundle S ∈ BS, we
assume that the auctioneer knows the probability distribution
of the the highest evaluation value Bmax(S). Let us repre-
sent the expected value of Bmax(S) as E(Bmax(S)). To help
readability, for a division D = {S1, S2, . . .}, we represent a
set of unions of k elements of D as U (D, k).

We execute the following procedure. In the initial state, the
level 1 division set SD1 is [{M}], and the level 2 and level 3
division sets SD2 and SD3 are empty sets [].
Step 1: Find a goal division D that maximizes∑

S∈D E(Bmax(S)) using a winner determination
algorithm4. Add D to SD3 . We exclude a division
that is already an element of SD3. Also, we exclude a
division D where any element of U (D, k) for all k ≥ 2
is also an element of BS. This is because we need to
put each element of U (D, k) at level 2. Therefore, if
any element is also a member of BS, there might be
a relatively high evaluation value for this element and
we would need to sell goods using the level 2 division.
Also, we exclude a division D that contains a bundle
that is already included in level 2. This is because we
cannot put such D at level 3 by the conditions of the
leveled division set.

Step 2: For all D′ = {S′}, where t = |D|, S′ ∈ U (D, t−1),
we add D′ to SD2 . Furthermore, for all D′′ = {S1, S2},
where S1 ∈ U (D,u), S2 ∈ U (D, t − u), u ≥ 2 and
S1 ∩ S2 = ∅, we add D′′ to SD2 .

Step 3: When adding another goal division, go to Step 1,
otherwise, terminate the procedure.

The appropriate number of goal divisions in level 3 varies
depending on the problem setting. In the problem settings
used in the next section, we found that improvement of the
obtained social surplus was saturated after adding about 20
goal divisions.

For solving a winner determination problem, we don’t have
to find the optimal solution. Since we use the expected value
instead of the actual value, we cannot say that the optimal

4For simplicity, we assume |D| ≥ 3 and
⋃

S∈D
S = M hold. If

D is a set of two bundles, we can put D into SD2. Also, if some
goods are not included in D, we must add these goods to D.

solution for the winner determination problem always gives
the best goal division. Therefore, using an approximate algo-
rithm (such as [Sakurai et al., 2000]) would be sufficient.

4 Evaluations
In this section, we show simulation results that demonstrate
the quality of the obtained leveled division set using our
heuristic method. We determine a bundle S that participants
actually need and the probability distribution of the highest
evaluation value Bmax(S) by the following method.

• For each bundle S, we determine the number of goods
inS (represented as |S|) by using a binomial distribution
B(p,m), i.e., the probability that the number of goods is
j is given by pj(1 − p)m−jm!/(j!(m − j)!) [Fujishima
et al., 1999]. Next, we randomly choose |S| goods in-
cluded in S. Also, we choose E(Bmax(S)) randomly
from within the range of [(1−ε)|S|, (1+ε)|S|]. Then, we
set the distribution of Bmax(Sk) as a uniform distribu-
tion [(1− q)E(Bmax(S)), (1 + q)E(Bmax(S))], where
0 ≤ q ≤ 1.

If q is very small, the auctioneer has very good knowledge
of the highest evaluation value of S. If q is relatively large
compared with ε, the auctioneer has little knowledge of the
possible highest evaluation value of S, and the probability
that the goal division can actually achieve a Pareto efficient
social surplus becomes low.

Figure 2 (a) shows the average ratio of the obtained social
surplus to the Pareto efficient social surplus by varying the
reservation price5. In Figure 2, we set m = 10, the number
of bundles |BS| = 200, p = 0.2, ε = 0.1, and q = 0.1. Each
data point is the average of 100 problem instances, in which
the evaluation values of bundles are generated based on the
probability distribution determined by the above method. In
Figure 2 (a), we plot the results where we put only one goal
division (LDS:1), 5 goal divisions (LDS:5), and 20 goal divi-
sions (LDS:20). Also, Figure 2 (b) shows the trends of how
the applied levels change according to the reservation price
in LDS:20. More specifically, for each value of the reserva-
tion price, we show the cumulative frequency of three levels
in which the goods are sold,

As shown in Figure 2 (b), when the reservation price is low,
the applied level is 1, i.e., the LDS protocol sells goods using
the level 1 division, which means that the protocol always sell
goods in one bundle to a single agent. When the reservation
price is around 0.7, the applied level becomes 2. Also, the
social surplus drops when the reservation price is around 0.9.
This is because only one bundle in a level 2 division (which
consists of two bundles) is sold in some problem instances.

If we set the reservation price in an appropriate range (in
this case, around 1.0), the applied level becomes 3 and the
protocol can sell goods using the goal divisions; thus the ob-
tained social surplus becomes very good (more than 90% of
the optimal) even if we put only one division at level 3. By

5We use an identical reservation price for all goods since in cur-
rent problem settings, the evaluation values of goods are basically
similar. If the evaluation values of goods can be very different, we
need to set different reservation prices for different goods.
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(a) Obtained Social Surplus

(b) Applied Levels (LDS:20)

Figure 2: Evaluation Results (m=10, q=0.1)

putting 20 goal divisions at level 3, the obtained social sur-
plus becomes very close to the optimal. We found the im-
provement of the obtained social surplus becomes saturated
after adding 20 goal divisions.

In Figure 3, we show the results of LDS:20, where we set
q = 0.15, 0.2, and 0.25. As expected, when q becomes rel-
atively large compared with ε = 0.1, the probability that the
goal division can actually obtain a Pareto efficient social sur-
plus becomes very low and the obtained social surplus of the
LDS protocol becomes low. However, even when q = 0.2,
the LDS protocol can obtain a social surplus that is around
82% of the optimal.

Figure 4 shows the results obtained when the number of
goods becomes large, i.e., we set m = 200, |BS| = 1000,
p = 0.2, ε = 0.2, and q = 0.3. Each data point is the av-
erage of 50 problem instances. We can see that even though

Figure 3: Obtained Social Surplus (m=10, q=0.15, 0.2, 0.25)

Figure 4: Obtained Social Surplus (m=200, q=0.3)

q is relatively large, the obtained social surplus is very close
to the optimal. In this case, the sizes of bundles in the goal
division tend to be large, e.g., a bundle of 40 goods. There-
fore, the possibility that goods are sold by level 2 divisions,
which contain very large bundles (e.g., 80 goods), becomes
very small. Thus, we can easily set the reservation price so
that the applied level becomes 3.

Figure 5 shows the results obtained when adding some
noise to problem instances. More specifically, we add sev-
eral unexpected bids, i.e., the bids submitted by agents whose
evaluation values do not correspond to the model the auction-
eer has. A noise bid is generated using basically the same
method for generating original bids. In Figure 5, the x-axis
shows the number of additional noise bids. The parameter
settings are identical to those of Figure 4, and we show the
results of LDS:20, where the reservation price is 1. We can
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Figure 5: Effect of Adding Noise

see that our method is very robust against additional noise
bids. Even if we add 1000 noise bids, which is equal to |BS|,
the obtained social surplus is around 92% of the optimal.

5 Conclusions
In this paper, we developed a heuristic method for construct-
ing a good division set that can be used in the LDS pro-
tocol. This method uses a winner determination algorithm
to find a good division, and then constructs a leveled divi-
sion set by using this division as a seed. Evaluation results
showed that the LDS protocol using the leveled division set
constructed by our method can obtain a social surplus that
is very close to optimal when the auctioneer has reasonably
good knowledge of the highest evaluation values of agents.
Furthermore, the protocol can still obtain a good social sur-
plus when the knowledge of the auctioneer is relatively poor.
Our future works include evaluating this method in more re-
alistic problem settings based on real application problems
such as [Leyton-Brown et al., 2000], and extending a double
auction protocol that is robust against false-name bids [Yokoo
et al., 2001] so that it can handle multiple items.
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Appendix: Details of LDS Protocol
For a division D = {S1, S2, . . .} and one possible allocation
of goods G, we say G is allowed under D if each bundle
in D is allocated to different agents in G. Also, we allow
that some bundle is not allocated to any agent. In that case,
we assume that the bundle is allocated to a dummy agent d,
whose evaluation value of the bundle S is equal to R(S). For
each level i and its division set SDi = [Di1, Di2, . . .], we
represent a union of all allowed allocations for each element
of SDi as SGi . The declared evaluation value of agent x for
an allocation G (represented as vx(G)) is defined as B(x, S)
if S is allocated to agent x in G, otherwise vx(G) = 0. Also,
we define the evaluation value of a dummy agent d for an
allocation G as the sum of the reservation prices of goods
that are not allocated to real agents in G.

The winners and payments are determined by calling the
procedure LDS(1). LDS(i) is a recursive procedure defined
as follows. Note that the procedures in GVA(i) are equivalent
to those in the GVA [Varian, 1995], except that the possible
allocations are restricted to SGi.

Procedure LDS(i)
Step 1: If there exists only one agent x ∈ N whose eval-

uation values satisfy the following condition: ∃D ik ∈
SDi, ∃Sx ∈ Dik, where B(x, Sx) ≥ R(Sx),
then compare the results obtained by the procedure
GVA(i) and LDS(i + 1), and choose the one that gives
the larger utility for agent x. If the condition of Step 1
is also satisfied for LDS(i + 1), then also compare with
the results of GVA(i + 1) and LDS(i + 2), and so on.
When choosing the result of LDS(i+1), we don’t assign
any good, nor transfer money, to agents other than x, al-
though the assigned goods for agent x and its payment
are calculated as if goods were allocated to the other
agents.

Step 2: If there exist at least two agents x1, x2 ∈ N, x1 �= x2

whose evaluation values satisfy the following condition:
∃Dik ∈ SDi, ∃Dil ∈ SDi, ∃Sx1 ∈ Dik, ∃Sx2 ∈ Dil,
where B(x1, Sx1) ≥ R(Sx1), B(x2, Sx2) ≥ R(Sx2 ),
then apply the procedure GVA(i).

Step 3: Otherwise: call LDS(i + 1), or terminate if i =
max level.

Procedure GVA(i): Choose an allocation G∗ ∈ SGi

such that it maximizes
∑

y∈N∪{d} vy(G). The pay-
ment of agent x (represented as px) is calculated as∑

y �=x vy(G∗∼x) − ∑
y �=x vy(G∗), where G∗∼x ∈ SGi

is the allocation that maximizes the sum of all agents’
(including the dummy agent d) evaluation values except
that of agent x.
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