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Abstract
Q(� ) is a reinforcementlearning algorithm that
combinesQ-learningand TD( � ). Online imple-
mentationsof Q(� ) that useeligibility traceshave
beenshown to speedbasicQ-learning. In this pa-
perwe presentanasymptoticanalysisof Watkins’
Q(� ) with accumulative eligibilit y traces.We first
introduceanasymptoticapproximationof Q(� ) that
appearsto be a gain matrix variant of basic Q-
learning. Using the ODE method,we then deter-
mine an optimal gain matrix for Q-learningthat
maximizesits rateof convergencetoward the op-
timal value function ��� . The similarity between
this optimal gain andthe asymptoticgain of Q(� )
explainstherelativeefficiency of thelatterfor ����
. Furthermore,by minimizing the differencebe-

tweenthesetwo gains,optimalvaluesfor the � pa-
rameterandthedecreasinglearningratescanbede-
termined.This optimal � stronglydependson the
exploration policy during learning. A robust ap-
proximationof theselearningparametersleadsto
the definition of a new efficient algorithm called
AQ-learning(AverageQ-learning), that shows a
closeresemblanceto Schwartz’R-learning. Our
resultshave beendemonstratedthroughnumerical
simulations.

1 Intr oduction
TD( � ) andQ-learningareundoubtedlytwo of the mostim-
portantmethodsthat have beenproposedin Reinforcement
Learning.Q-learningis asimpledirectalgorithmfor learning
optimalpolicies,andtheTD( � ) rule is usedin many existing
reinforcementlearningandstochasticdynamicprogramming
algorithmsfor efficiently evaluatingagivenpolicy.

TheQ-learningalgorithmbasicallyimplementstheTD(0)
updaterule. In orderto improve theconvergencerateof Q-
learning,it hasbeenproposedto integratetheTD( � ), �	� � ,
with the Q-learningupdaterule. That resultedin the fam-
ily of Q(� ) algorithms[Watkins,1989;PengandWilliams,
1994]. It is commonlybelieved thatQ(� ), �
� � , improves
theQ-learningbehaviour, but no definitetheoreticalanalysis
of Q(� ) hascomein supportof this conjecture:thereis no
proof of convergencefor Q(� ), andas for TD( � ), the issue

of therationalchoiceof � remains[SinghandDayan,1998;
KearnsandSingh,2000].

The use of Q(� ) is hamperedby anotherimportantdif-
ficulty. Eligibility traceimplementationsof Q(� ) basedon
look-up tablesrequire many updatesof Q-value and trace
componentsafter eachtransition. The time complexity of
this approachmay be very high for large stateand action
spaces.In spiteof several recentattempts[Cichosz,1995;
Wiering andSchmidhuber, 1997], the multi-componentup-
dateruleof Q(� ) remainsproblematic.

In this paperwe proposea new algorithmthat eliminate
theabove-mentionedshortcomingof Q(� ). Ourapproachre-
lies on anasymptoticapproximationof Watkins’ Q(� ) (sec-
tion 2 and 3), that appearsto be a gain matrix variant of
basicQ-learning. Thenan optimal convergencerateanaly-
sis of Q-learningbasedon the ODE methodleadsus to de-
terminean optimal gain matrix for Q-learning(section4).
Thesimilar structureof thesetwo gainsexplainstherelative
efficiency of Q(� ). Furthermore,by minimizing the differ-
encebetweenthesetwo gains,weareableto determinenear-
optimal � andlearningratesthatallow enefficient implemen-
tationof a new reinforcementlearningalgorithmcalledAQ-
learning(averageQ-learning),which shows a closeresem-
blanceto Schwartz’R-learning[Schwartz,1993] (section5).
We presentin section6 someexperimentalresultsthatcon-
firm the soundnessof the asymptoticanalysisandthe near-
optimalbehaviour of AQ-learning.

2 The Watkins’ Q( � ) algorithm

Like the TD( � ) and Q-learningreinforcementlearningal-
gorithms,Q(� ) can be describedwithin the framework of
Markov DecisionProcesses(MDP) [Puterman,1994]. As-
sumeastationaryinfinite-horizonMDP modelthatis defined
by a statespace� of size 
�� andanactionspace� of size
�� , by aMarkoviandynamicson � characterizedby thetran-
sitionprobabilities��������� �����! of moving from � to �"� afterap-
plying theaction � , andby theinstantaneousrewardfunctions# �$�%�&�������' )(+* , associatedto eachtransition ���������&�"�- .

A policy is a function .0/1�023� that assignsan action��45.1���6 to any possiblestate� . Givenaninitial state�87 , fol-
lowing a policy . definesa randomtrajectory ��� 7 ��� 7 � # 7  92�$�;:;���<:8� # :� =2?>6>8> with ��@=4A.1�$�"@B , # @C4 # �$�"@"�&.1����@D "�&�"@-E�:� ,
accordingto theprobabilities������@FE�:G� ��@B�&�%@D .
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The optimization problem associatedto a discounted
MarkoH v Decision Problem is to find a policy .��
that maximizes for any initial state �67 the expected
sum of the discounted rewards along a trajectoryIKJ �$� 7  �4MLON PRQ@FS 7UT @ # ����@&��.1�$�"@D "�&�"@-E�:" $V , where

�XW TZY\[
is thediscountfactor.

Thevaluefunction
IKJ

of a policy . canbedirectly learnt
from observed trajectoriesby using the TD( � ) algorithm,
without maintaininganestimationof thetransitionprobabil-
ities �]�$�"�B� �%�&.1���6 B [Sutton,1988]. It is alsopossibleto learn
directly an estimationof the optimal value function of the
problemwith theQ-learningalgorithm[Watkins,1989]. Q-
learningregularly updatesan estimation�_^ of the optimal
Q-valuefunctiondenotedby ��� :` �%�&� � � �����&�G a4cbdBeFf � ����� � � ���&�G Cg # �$�%�&����� �  �h T I J�i ��� �  Djk�
which is characterizedby theoptimalityequations:̀ �%�&�� � �������! l4mbdBenf � ����� � � �����! po # �$�%�&����� �  �h Trqts;uv"enf � � � ��� � ��� �  Dwx>
An optimal policy canthenbe directly derived from ��� by.������6 94 szyB{�qts;u v|f � �}�%�$�%�&�! , ` � .

The principle of Q(� ) is to combineQ-learningand the
temporaldifferenceerror usedin the TD( � ) method,in or-
der to acceleratethe convergenceof Q-learning. For the
discountedvalue function, the potentially infinite length
of the trajectoriesleadsus to considerthe Q(� ) methods
basedon eligibility traces. After each observed transi-
tion ����^]����^��&�"^!E�:8� # ^~ , thesealgorithmsupdatetheestimated
valuefunction � ^ by` �%�&� � ^!E�: �$�%�&�! a��� ^ �$�%�&�! �h�� ^ �����&�G �� ^ �������! B� ^ (1)

where � ^ 4 # ^ h Tpq	s;u v"enf ��� ^ ��� ^GE�: �&�%�n 1��� ^ �$� ^ ��� ^  is
the currenttemporaldifference,� ^ �������! is the stepsizeand��^]�������! is theeligibilit y trace.

Usually, stepsizesdecayregularly toward 0, or are very
small constants. The dynamicsof the eligibility trace is
more complex. Like in TD( � ), the value ��^]�������! is in-
creasedfor the pair �$�"^1�&�%^! , and decaysexponentiallyac-
cording to the parameter�m(�N � � [ V for all pairs �������! 5�4��� ^ �&� ^  . Following this generalprinciple,severaleligibility
tracedynamicsfor Q(� ) have beenproposed[Watkins,1989;
PengandWilliams, 1994;SinghandSutton,1996]. Thesim-
plestone,dueto Watkins[Watkins,1989], is directlyderived
from theaccumulative eligibilit y traceof TD( � ), andhasthe
supplementaryeffect of resettingto 0 the whole tracevec-
tor whenthecurrentaction ��^ is not a greedyaction, that is��^x�4��G�^��4 szyB{%q	s;u v �_^]�$�"^����! . Thecompletedefinitionof
this traceis givenby:� ^ �$� ^ ��� ^  ?� � T ���"^<�]:;����^]�&�%^~ �h [ if ��^�4��!�^[ if ��^��4��!�^� ^ �$�%�&�! � � T ���"^<�]:;�������! if ��^�4��!�^�

if ��^��4��!�^
(2)

` �$�%�&�! ��4��$�"^]�&��^~ , for 
R� � , with TZY�[ , ��(�N � � [ V , and` �$�%�&�! ]�z�]:;�������! l4 � .
Q(� ) with accumulative eligibilit y trace is a direct gen-

eralizationof Q-learning; Q(0) exactly correspondsto Q-
learning,where ��^��$�"^�����^~ is the only componentupdated
after eachtransition. Unlike the convergenceof Q-learning
thathasbeenproved[BertsekasandTsitsiklis,1996;Borkar
andMeyn, 2000], theconvergenceof Q(� ) andits overcom-
ingof Q-learninghaveonlybeenshownexperimentally[Peng
and Williams, 1994; Wiering and Schmidhuber, 1997]. In
practice,themaindrawbackof Q(� ) is relative to theupdate
costsof �_^ and ��^ thatareproportionalto thesize 
���
 � of�Z�	� for ��� � . For largestate-actionspaceproblems,the
computationtime of Q(� ), �	� � , canbeveryhigh.

3 Asymptotic approximation of Q( � )
In this sectionwe intendto defineanasymptoticapproxima-
tion of Watkins’Q(� ) when 
	2�� . Thefollowing assump-
tionsaremade.At eachiterationtheaction �%^ is chosenwith
a semi-uniformexplorationpolicy: a greedyaction �!�^ is se-
lectedwith a probability

� Y���Y [ , or any otheractionin �
is chosenrandomly. Asymptotically, when ��^ hasconverged
toward ��� , this processdefinesa Markov chain �$�"^]�&��^~ on�Z�X� . We assumethat this Markov chainis regular (recur-
rent,aperiodic,irreducible)andthereforehasauniqueinvari-
antdistribution ¡+� � .
3.1 Asymptotic accumulatingtrace
Let us considera trajectory ���67%�&�!7;� # 7" �2 �$� : �&� : � # :  +2¢6¢8¢ �$�"^]�&��^�� # ^~ obtainedby Q(� ), suchthat �_^ convergesto-
ward ��� . Generalizingour work developedfor TD( � ) [Gar-
ciaandSerre,2000], theaverageasymptoticbehaviour of the
accumulative trace ��^]�����&�G on this trajectorycanbe calcu-
lated:

Proposition1` �_(+�1�£�O(t� ¤n¥ q^G¦ Q L�N§�"^]�$�%�&�! $V�4 ¡l�������! [ � T � � >
For � 2 [ theformulais similar to theonedevelopedfor

TD( � ). For � 2 �
, the traceis regularly set to 0 or 1, and

its averagevalueis equalto the invariantdistribution ¡ . In
thegeneralcase,wecanseethattheroleof thetrace� ^ �$�%�&�! 
in the updaterule (1) is to increasecredit of state-action
pairsthatoccurmorefrequently, particularlywhenthefactor[ � T � � is small.

Proposition 1 gives the average asymptotic value of��^��������! when 
02¨� . From the updaterule (2), we can
deriveanapproximationof theasymptoticexpectationof the
traceat time 
 conditionedon the currentstate-actionpair�$�"^]�&��^~ :©�"^��������! 14ª«¬ «­Z® ¡l�����&�G �h [ if �$�%�&�! l4�����^]����^~ "�~��^¯4�.��!�$�"^� ® ¡l�����&�G if �$�%�&�! _�4���� ^ ��� ^  "�~� ^ 4�.��!�$� ^  [ if �$�%�&�! l4�����^]����^~ "�~��^��4�.��!�$�"^� �

if �$�%�&�! _�4�����^]����^~ "�~��^��4�.��!�$�"^� ` ���&� , with ® 4 °z±:&� °%±;² .
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3.2 Asymptotic Q( ³ )
We considerthe asymptoticapproximationAQ(� ) of Q(� )
obtainedby substitutingin theQ(� ) updaterule (1) thetrace
factor �"^��������! by its approximation

©��^]�������! .
Let us denoteby � ^ the 
 � 
�����
 � 
�� diagonalmatrix

with diagonalentries� ^ �$�%�&�! , andby ´Uµ the 
 � 
��x�+
 � 
��
eligibility matrix

´ µ 45*=h ®
¶· ^G¸ ^!¸�¹º^G»��]:B¼� �¡ >8>6>M¡� � � ½¾

where the state-actionpairs of ���M� are ordered as
follows:���z:"��.������z:¿ � "�6>8>6>&�8�$�"^!¸��&.��;����^G¸� B , >6>8>&�6����@��&�6À~� �6ÀÁ�4.������ @  B "�6>6>8> (thecolumnheadingsindicatethe block dimen-
sions).

Let Â ^ (+* , ^G¸;^!» bethetemporaldifferencevector:Â}Ã^ 4 � � �6>8>6>&� � ��Â ^~¹ d¿Ä"Å v6Ä ¼ 45� ^ � � �6>8>6>B� �  
In vectornotation,theasymptoticapproximationAQ(� ) of

Q(� ) is definedby� ^GE�: �Æ� ^ h
� ^ ´ µ Â ^ > (3)

4 Optimal gain matrix for Q-learning
Onecanseethat (3) is a gainmatrix variantof the basicQ-
learningalgorithm:�_^!E�:p���_^�h [
 Â�^�>

Using a gain matrix in order to guide and ac-
celerate the convergence of a stochastic adaptive
algorithm is a well-known approach in stochas-
tic approximation theory [Benveniste et al., 1990;
Kushner and Yin, 1997]. In this section, we calculate
the optimal gain matrix for Q-learningthat maximizesits
rateof convergence.

Theordinarydifferentialequation(ODE)methodprovides
someanalytictoolsfor analysingtheconvergenceof thegen-
eralstochasticalgorithmÇ ^!E�: � Ç ^ h [
pÈ � Ç ^ �BÉ ^  
where

Ç ^ is the currentestimationof the target

Ç � , and Ék^
is theobserved input randomvectorat time 
 . Classicrein-
forcementlearningalgorithmslike Q-learningor TD( � ) have
alreadybeenanalysedwith theODE method[Bertsekasand
Tsitsiklis, 1996;Borkar andMeyn, 2000], in orderto prove
theirconvergence.

Anotherpotentialapplicationof theODEmethodconcerns
the optimizationof the rateof convergenceof stochastical-
gorithms. One can show that undersomegeneralstability
conditions[Benvenisteetal., 1990] thenew algorithmÇ ^!E�:p� Ç ^Êh [
 ´ � È � Ç ^��BÉk^£ 

wheré � is thegainmatrixdefinedby´ � 45�=Ë£Ì�� Ç �  �]: �
and Ë Ì is theJacobianmatrixof thefunctionË�� Ç  )4Í¤n¥ q^G¦ Q L Ì N È �

Ç ��É ^  ÎV
still convergestoward

Ç � , with aminimalasymptoticvariance¤n¥ q ^G¦ Q 
�LON'Ï Ç ^ � Ç �kÏ8Ð�V .
Thisapproach,thathasalreadybeenappliedto Q-learning

in finite horizon[GarciaandNdiaye,1998] andTD( � ) [Gar-
cia andSerre,2000], is developedherefor Q-learning. We
have

Ç ^x4c��^x(�* , ^!¸6^G» ,

Ç �¯4\�}� , ÉÊ^x4Ñ����^]�&��^��&��^GE�:" 
and È � Ç ^]��Ék^£ _4cÂ}^ . TheJacobianmatrix andits inverse
canbecalculated:Ë�Òp��� �  l4 o ^G¸ ^G¸!¹Ó^G»���:�¼Ô �%� T£Õ �Ö��*% �Ô T Õ � Ô w �

´ � 4 o ^ ¸ ^ ¸ ¹º^ » �]:B¼��*_� T£Õ �; �]: Ô � �]: �T Õ ��*�� T£Õ �; �]: Ô � �]: Ô ��: w �
where

Ô � is the 
 � �=
 � diagonalmatrixwith diagonalcoef-
ficients¡l�$�%�&.��!���6 B , Ô is the 
��]�$
 � � [  ��K
��1�$
 � � [  diag-
onalmatrixwith diagonalcoefficients ¡l�$�%�&�! for �X�40.��%�$�8 ,Õ � is the 
 � ��
 � transitionmatrixof theMarkov chainon �
definedby .�� , and Õ the 
�����
 � � [  ��_
�� rectangularmatrix
of coefficients Õ ¹ d&Å v ¼ Å d�e 4
�]�����B� �%�&�! for �+�4�.��!�$�8 .

By developingthisexpression,weshow
Proposition2
Theoptimalgainmatrix for Q-learningis´ � 4 Ô ��: h TM× ^ ¸ ^ ¸ ¹º^ » �]:B¼Õ �° Ô � ��: � Ø � (4)
where Ô 4 o Ô � �� Ô w
is thediagonalmatrixwith diagonalcoefficients ¡l�����&�G , andÕ �° is the 
�����
 � � [  1��
�� rectangularmatrixof coefficientsÕ �° ¹ d&Å v ¼ Å d e 4 Qb^GS 7 T ^ � �^ ��� � �;�����! "�
where ���^ �����l�;�%�&�! is theprobabilityof movingfrom � to ��� by
applyingthefirst action � andthenby following theoptimal
policy .�� on thenext 
 transitions.

This optimalgain ´]� leadsto an“ideal” algorithm,called
Optimal-Q-learning:� ^!E�: ��� ^ h [
 ´ � Â ^ > (5)

This algorithmtheoreticallymaximizestherateof conver-
genceof Q-learning,by minimizing its asymptoticvariance¤n¥ q ^G¦ Q 
�LON'Ï�� ^ �����ZÏ6Ð&V . One can seethat the struc-
tureof ´]� impliesthatwhena greedyactionis chosenin ��^ ,
all the �_^��������! componentshave to be updated,andwhen
anexploratoryactionhasbeenselected,only � ^ �$� ^ �&� ^  is
modified. Note that ´�� is independentof the reward func-
tions # �$ , anddependson the parameter� thatcharacterizes
theexplorationpolicy, throughthe ¡ invariantdistribution.
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5 AverageQ-learning
Optimal-Q-learningcannotbe directly implementedsinceit
would requirethe costly online estimationof the Õ �° coeffi-
cients. However, asshown next, it is possibleto determine
some � and � ^ parametersthat minimize the distancebe-
tweenthe gain matrix of AQ(� ) and ´]� , and that allow an
efficient implementationof the correspondingAQ(� ) algo-
rithm.

5.1 Optimization of AQ( ³ )
To beconsistentwith thedefinitionof ´�� thatassumesastep-
sizeequalto :^ , weconsiderthecase�=^�4 :^ � , where

��4 o ^ ¸ ^ ¸ ¹º^ » �]:B¼�K� �� � w
is the 
 � 
��0��
 � 
�� diagonalmatrix with constantcoeffi-
cients�)�������! . Weproposetooptimizethechoiceof the � and� parametersby minimizingthequadraticnorm Ï)�_´�µ~��´]�}Ï
of thedifferencebetweenthegainof AQ(� ) andtheoptimal
gainof Q-learning.

Wehave �K´ µ 4 o �_�%�$*=h ® Ô �zÙK�6 �® � Ô Ù � w �
wherethe 
 � �p
 � matrix ÙK� andthe 
 � ��
��_� [  !�p
 � matrixÙ have coefficientsequalto 1.

Making equalthe lower right blocks leadsto the choice��4 Ô �]:
. A numericalanalysisof the upperleft blocks,

similar to theonedevelopedin [GarciaandSerre,2000] for
TD( � ), resultsin the choice �K�Z4 Ô � �]: , and thus �Ú4Ô �]: . Then

�K´ µ 4 Ô �]: h ®
¶· ^!¸ ^G¸Û¹º^G»��]:B¼� �[ >8>6> [� � � ½¾ >

This equality exhibits somesimilarity with equation(4).
As we cannote,thestructuresof thetwo gainsareidentical,
whichmightexplain theefficiency of Q(� ) for �	� � .

MinimizingÜ � ®  Ý4 bd&Å v6Å d e o ® � T Õ �° ¹ d&Å v ¼ Å dBe¡l�$� � �&. � �$� �  B w Ð
yields ®ßÞáà6â 4 T [
 � Ð 
�� bd&Å v6Å d e Õ �° ¹ d¿Å v ¼ Å d e¡l��� � ��. � ��� �  B >
Like for ´�� , this ® Þáà6â valuecannotbe exactly implemented
in practicein AQ(� ). However, ® Þáà8â�ã :² °:&� ° for uniform
MDPswhereall the transitionprobabilitiesarenearlyequal
to :^!¸ (then Õ �° �����9�!�%�&�! ã :^!¸ ::�� ° , ¡l�����B�&.��;������ B ã ²^G¸ and

so ®1Þ-à6â ã :² °:&� ° ). It appearsexperimentallythat for large
randomMDP, this approximationis still valid.

Thevalue ® Þáà8â=ã :² °:&� ° leadsto � Þáà8â 4 :°åäGæ$çBè:BE ² ä!æ$çBè ã :² .This value greater than 1 could be surprising. In fact
convergence of eligibility trace methods requires thatT � Y [ [BertsekasandTsitsiklis,1996], andso ��4 :² could
be implementedin Q(� ) assuming� � T . In case� W T ,:² is no morean admissiblevaluefor � , andthe distanceis
minimizedfor �¯4 :° on theboundary.

We are thus able to definea new optimizedupdaterule
from theasymptoticapproximation(3) where® 4 :² °:�� ° and` 
1�&����� , ��^��������! 14 :^ :é ¹ d&Å v ¼ :� ^!E�: ��� ^ h [
 ´�Â ^ � (6)

where ´	4 Ô �]: h [� T[ � T ¶· ^ ¸ ^ ¸ ¹º^ » �]:B¼� �[ >6>8> [� � � ½¾ >
5.2 Efficient implementation of AQ-learning
A direct implementationof theupdaterule (6) would have a
complexity similar to Q(� ), proportionalto 
��ê��
 � . For-
tunately, anequivalentexpressioncanbederived. It only re-
quiresa small numberof updatesper iteration,independent
of thenumberof statesandactions.

Proposition3
Theupdaterule (6) is equivalenttoª«¬ «­5ë ^GE�:;����^]����^~ ?� ë ^]�$�"^]�&��^~ �h [
 [¡l�$� ^ ��� ^  ��^��ì ^!E�:å� ì ^�h T � [
 ��^ if �%^�45. � �$�"^£ ��� ^ 4 # ^ � ì ^ h Tpqtszuv ë ^ �$� ^!E�: �&�! �� ë ^ �$� ^ ��� ^  "�

and
` �%�&� �_^��������! l4 ë ^��������! �h [[ � T ì ^]>

Proof: From (6) we have �_^å4 P à�í ^ :à Ô �]: Â à h:² °:&� ° P à%í ^ :à � à!î � [ [ v ç S J i ¹ d ç ¼ , where î denotesthevector
with coefficientsequalto [ , and [ ["ï S�ð equals0 or 1 accord-
ing as ñê�4�ò or ñ�4�ò . We thendefinethenew relativevalue
function ë ^ andthescalingfactor ì ^ byª«««¬ «««­ ë ^ 4 bà%í ^ [� Ô ��: Â à �ì ^¯40bà�í ^ T � [� � à � [ [ v ç S J i ¹ d ç ¼ >The � ^ errorcanbeexpressedasa functionof ì ^ and ë ^ :��^ 4 # ^�h T=qtszuv �_^�����^GE�:%�&�G U�x�_^�����^]�&�%^~ 4 # ^k� ì ^�h T=qtszuv ë ^]�$�"^!E�:|�&�! �� ë ^]����^]�&��^Û �>ôó

Note that the greedy action �!�^ is defined by �!�^ 4szyB{%q	s;u v �_^�����^]�&�!  4 s;y�{%qtszu v ë ^]�$�"^����! . The update
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rule of ë ^ can be implementedby replacingthe stepsize:é ¹ d¿Ä;Å v6Ä ¼n^ with its approximation :õ Ä ¹ d&Ä ¼ à ¹ v|Ä ¼ , whereö_^]�$�"^£ 
is thenumberof timesthestate� ^ hasbeenvisitedat time 
 ,
and �]�$�%^� equals� or :&� ²^!»��]: whether �%^+4M�!�^ or ��^��4M�!�^ .
Similarly, thecondition � ^ 4÷.��%�$� ^  for updatingì ^ might
be replacedby � ^ 4\�!�^ . This leadsto the following algo-
rithm AQ-learning,or AverageQ-learning:

AQ-learningAlgorithmë 4 ì 45öc4 � ;
Choose�67 in � ;
for 
	� �

until ö â$ÞDâ � [ do
Choose��^ in � ( � -explorationpolicy);ö��$� ^  a��ö���� ^  �h [ ;��� ^GE�: � # ^  )� Simulate( � ^ , � ^ );�O� # ^}� ì h Trqtszu v ë �$�"^!E�:|�&�! �� ë �$�"^]�&��^~ ;ë ����^1����^~ a� ë ����^]�&�%^~ �h :õ ¹ d Ä ¼ à ¹ v Ä ¼ � ;if ��^�4��!�^ thenì � ì h ° ² :^ � ;

for �_(+�1���O(t� do���$�%�&�! )� ë �����&�G �h ::&� ° ì ;
return �O� ë � ì ;
In that algorithm, ö â�ÞDâ is the length of the learning

trajectory. AQ-learningis particularly interesting,since it
only requires3 updatesper iteration, namely ë ^]����^]�&��^Û ,ì ^ and ö ^ ��� ^ �&� ^  . AQ-learningshouldthereforeimprove
the performanceof Watkins’ Q(� ) for two distinct reasons.
First, AQ-learningis an optimizedapproximationof Q(� )
thatminimizesthe asymptoticvariancearound��� . Second,
like Q-learning,AQ-learningis an asynchronousalgorithm
thatonly updatesonecomponentof thevaluefunction(hereë ^ ) per iteration. It is clearthat for largestate-actionspace
problems, this feature is of crucial importanceregarding
the time complexity of the algorithm, as it is shown in
simulationsin thenext section.

Amazingly it appearsthat AQ-learningis very close to
the R-learningalgorithmproposedby Schwartz[Schwartz,
1993]. R-learningis supposedto converge to gain optimal
policies,thatmaximizetheaverage-costì J 4ø¤'¥ qõ ¦ Q Lmù [ö õ ��:b @-S 7 # �$� @ �&.1��� @  ���� @-E�:  Îú�>
AQ-learningand R-learning are identical when T 2 [ ,
with a correctchoiceof the R-learninglearningrates. The
fact that AQ-learningis a near-optimal gain matrix variant
of Q-learningcould explain why several experimentshave
demonstratedthat R-learningcould outperformQ-learning,
despitethe fact that thesetwo algorithms have not been
designedfor thesameoptimalitycriterion.

We do not provide in this article a convergenceproof for
AQ-learning.We think, however, that it might bepossibleto
establishsucha proof eitherby checkingthestability condi-

tion of thegainmatrix
Ô �]: ´ µ for ® 4 :² °:&� ° , or by exploit-

ing theODEapproachof Borkar[Borkar, 1996] for two-time
scalealgorithms(it mightbenecessaryin thatcaseto modify
the ì ^ updaterule).

6 Simulations
Wemadenumericalexperimentsin orderto studytherelative
performanceof Q-learning, Optimal-Q-learning,Watkins’
Q(� ) andAQ-learning. Thesereinforcementlearningalgo-
rithmswereappliedto randomlygeneratedMarkov Decision
Problems,with all components�]�����B� �%�&�! )� � , andwith state
rewards# �$�8 )(�N � � [ V .
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Figure2: Computationtime for û�ü Ä � ü i ûûBü i û Y � > �%ý
We presentheretwo kinds of learningresultsthat fairly

describethegeneralbehaviour of thesealgorithms.For both
of them,the valuefunctions � ^ , ë ^ and ì ^ wereupdated
on a uniquelong trajectoryon � �
� with randominitial
state. All parameterswere initially set to 0. The stepsizes��^��������! were equalto :õ Ä ¹ d&Å v ¼ . We chosea semi-uniform
exploration strategy with � � T . For eachproblem,

I � ,´�� and � Þáà8â wereexactlycalculatedfromthedata���� and # �� .
Figure 1 shows the relative learningerror ûBü Ä � ü i ûû�ü i û as a

function of 
 (averagevalue and standarddeviation on 20
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randomtrajectories).The sizeof the MDP was 
��Z4 [ ��� ,
 � 4 ý , with T 4 � >§þ and � 4 � >§ÿ . This graphillustrates
thedifferentratesof convergenceof Q-learning,AQ-learning,
Q(� ) for ��4ô� Þ-à6â , andOptimal-Q-learning.Theseexper-
imental resultsconfirm that the faster rate of convergence
is obtainedwith Optimal-Q-learning,and that AQ-learning
convergesnearlyasfastasthis idealalgorithm.AQ-learning
evenperformsslightly betterthanQ(� ) with thesamelearn-
ing ratesandthe � Þáà8â value.Thesethreealgorithmsappearto
beconsiderablyfasterthanQ-learning.

Figure 2 illustratesfor the samealgorithmsthe different
computationtimesrequiredto achieve a relative learninger-
ror equalto 5%,asafunctionof thesize 
 � of thestatespace,
for a constantnumberof actions
 � 4 ý , with T 4 � >�� and� 4 � > ÿ . We first observe on that graphthat Q-learningis
veryslow, despitethefactthatit only updatesonecomponent
per iteration. But the main observation is that AQ-learning
canbe really moreefficient thanQ(� ), especiallywhen the
numberof statesis important;for 200states,AQ-learningis
10 timesfasterthanQ(� ).
7 Conclusions

We have shown that an asymptoticapproximationof Q(� )
couldbeefficiently implementedthroughtwo simpleupdate
ruleson a relative valuefunction ë ^]�$�%�&�! andon a scaling
factor ì ^ . This new algorithmAQ-learningcanbedescribed
as an average variant of Q-learning for the discounted
criterion. Its updatecomplexity is independentof thenumber
of statesandactions,andexperimentalresultsshow that its
convergencetoward the optimal value function is always
fasterthanfor Q-learningor Q(� ).

Our resultshave beenobtainedfor theWatkins’Q(� ) with
accumulatingeligibility trace. It would be interestingto ap-
ply thesameapproachto thecaseof replacingtraces[Singh
and Sutton, 1996], or to Pengand Williams’ Q(� ) [Peng
andWilliams, 1994] wherethe traceis never resetto 0, and
for which anefficient implementationhasbeenproposedby
WieringandSchmidhuber[WieringandSchmidhuber, 1997].

Another direction for future work concernsthe develop-
mentof new reinforcementlearningalgorithmsthatapprox-
imateOptimal-Q-learning.Furthermore,we have seenthat
the ´ � optimalgainfor Q-learningdependsontheexploration
policy parameterizedby � . Thequestionof finding the best
valueof � remainsopen.

Finally, we need a better understandingof the rela-
tion betweenAQ-learning the Schwartz’ R-learningalgo-
rithm [Schwartz,1993].
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