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Abstract

Q1) is a reinforcementlearning algorithm that
combinesQ-learningand TD(A). Online imple-
mentationsof Q(A) that useeligibility traceshave

beenshavn to speedbasicQ-learning. In this pa-
perwe presentan asymptoticanalysisof Watkins’
QM) with accumulatie eligibility traces.We first

introduceanasymptoti@pproximatiorof Q(X\) that
appearsto be a gain matrix variant of basic Q-

learning. Using the ODE method,we then deter

mine an optimal gain matrix for Q-learningthat
maximizesits rate of corvergencetoward the op-

timal value function @*. The similarity between
this optimal gain andthe asymptoticgain of Q())

explainstherelative efficiengy of thelatterfor A >

0. Furthermorepy minimizing the differencebe-
tweentheseawo gains,optimalvaluesfor the A pa-
rametelandthedecreasindgarningratescanbede-
termined. This optimal A stronglydependsn the
exploration policy during learning. A robust ap-
proximationof theselearningparameterseadsto

the definition of a new efficient algorithm called
AQ-learning (Average Q-learning), that shavs a
closeresemblancéo Schwartz’ R-learning. Our
resultshave beendemonstratethroughnumerical
simulations.

1 Intr oduction

TD(X) and Q-learningare undoubtediytwo of the mostim-
portantmethodsthat have beenproposedn Reinforcement
Learning.Q-learnings asimpledirectalgorithmfor learning
optimalpolicies,andthe TD(}) rule is usedin mary existing
reinforcementearningandstochastidynamicprogramming
algorithmsfor efficiently evaluatinga givenpolicy.

The Q-learningalgorithmbasicallyimplementghe TD(0)
updaterule. In orderto improve the corvergencerateof Q-
learning,it hasbeenproposedo integratethe TD(A), A > 0,
with the Q-learningupdaterule. That resultedin the fam-
ily of Q(\) algorithms[Watkins, 1989; Pengand Williams,
1994. It is commonlybelievedthatQ(\), A > 0, improves
the Q-learningbehaiour, but no definitetheoreticalanalysis
of Q(A) hascomein supportof this conjecture:thereis no
proof of corvergencefor Q(A), andasfor TD(}), theissue
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of therationalchoiceof A remaing SinghandDayan,1998;
KearnsandSingh,2004.

The use of Q(A) is hamperedby anotherimportant dif-
ficulty. Eligibility traceimplementationof Q(A\) basedon
look-up tablesrequire mary updatesof Q-value and trace
componentsafter eachtransition. The time compleity of
this approachmay be very high for large stateand action
spaces.In spite of several recentattempts[Cichosz,1995;
Wiering and Schmidhuber1997, the multi-componentup-
daterule of Q(\) remainsproblematic.

In this paperwe proposea new algorithmthat eliminate
theabore-mentionedhortcomingpf Q(A). Ourapproachre-
lies on an asymptoticapproximationof Watkins’ Q()) (sec-
tion 2 and 3), that appeargo be a gain matrix variant of
basicQ-learning. Thenan optimal corvergencerate analy-
sis of Q-learningbasedon the ODE methodleadsus to de-
termine an optimal gain matrix for Q-learning(section4).
The similar structureof thesetwo gainsexplainstherelative
efficiengy of Q(A). Furthermorepy minimizing the differ-
encebetweerthesetwo gains,we areableto determinenear
optimal\ andlearningratesthatallow enefficientimplemen-
tation of a new reinforcementearningalgorithmcalled AQ-
learning (averageQ-learning),which shawvs a closeresem-
blanceto Schwartz’R-learning[Schwartz1993 (section5).
We presentin section6 someexperimentalresultsthat con-
firm the soundnessf the asymptoticanalysisandthe near
optimalbehaiour of AQ-learning.

2 The Watkins’ Q()) algorithm

Like the TD(A) and Q-learningreinforcementlearning al-
gorithms, Q()\) can be describedwithin the framevork of
Markov DecisionProcesse$MDP) [Puterman,1994. As-
sumea stationaryinfinite-horizonMDP modelthatis defined
by a statespaceS of sizens andanactionspaceA of size
na, byaMarkoviandynamicson S characterizetdy thetran-
sition probabilitiesp(s’|s, @) of moving from s to s afterap-
plying theactiona, andby theinstantaneousewardfunctions
(s, a,s’) € IR associatetb eachtransition(s, a, s').

A policy is afunctionw : S — A thatassignsan action
a = m(s) toary possiblestates. Givenaninitial statesg, fol-
lowing a policy = definesarandomtrajectory(sg, ag, 70) —
(s1,a1,71) = ... With a; = 7(s;), r; = r(si, 7(85), Sit1)s
accordingo theprobabilitiesp(s;4+1|s;, a;).
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The optimization problem associatedto a discounted
Markov Decision Problem is to find a policy =*
that maximizes for ary initial state s, the expected
sum of the discounted rewards along a trajectory
V7™ (s0) = E[Zioio yrr(si,m(si), si+1)], where0 < v < 1
is thediscountfactor.

Thevaluefunction V™ of a policy 7 canbedirectly learnt
from obsered trajectoriesby using the TD(\) algorithm,
without maintainingan estimationof the transitionprobabil-
ities p(s'|s, w(s)) [Sutton,1984. It is alsopossibleto learn
directly an estimationof the optimal value function of the
problemwith the Q-learningalgorithm[Watkins,1989. Q-
learningregularly updatesan estimation(),, of the optimal
Q-valuefunctiondenotediy Q*:

Vs,a Q*(s,a) = Z p(s'|s, a) (r(s,a,s’) —}—’yV”*(s’)) ,

s'esS
whichis characterizedby the optimality equations¥s, a

Q" (s,a) = SZE:S p(s’|s, a) (r(s, a,s’) + 721/132(@* (s, a')) .
An optimal policy canthenbe directly derived from @Q* by
7 (s) = argmax,c 4 Q*(s, a), Vs.

The principle of Q()) is to combineQ-learningand the
temporaldifferenceerror usedin the TD(A) method,in or-
der to acceleratehe corvergenceof Q-learning. For the
discountedvalue function, the potentially infinite length
of the trajectoriesleadsus to considerthe Q(XA) methods
basedon eligibility traces. After each obsered transi-
tion (sn, an, sn+1, 7n), theseaalgorithmsupdatetheestimated
valuefunction@,, by

VS: a Qn+1(5= Cl) «— Qn(sa a) + an(sa a)zn(sa a)dn (1)

whered,, = r, + ymaxgca Qn(Snt1,a") — Qn(sn, an) is
the currenttemporaldifference o, (s, @) is the stepsizeand
zn (s, a) istheeligibility trace.

Usually stepsizegdlecayregularly toward O, or are very
small constants. The dynamicsof the eligibility trace is
more comple. Like in TD(}), the value z,(s,a) is in-
creasedor the pair (s,, a,), and decaysexponentiallyac-
cording to the parameterx € [0, 1] for all pairs (s,a) #
(sn,an). Following this generalprinciple, several eligibility
tracedynamicsfor Q(\) have beenproposedWatkins,1989;
PengandWilliams, 1994;SinghandSutton,1994. Thesim-
plestone,dueto Watkins[Watkins,1989, is directly derived
from the accumulatre eligibility traceof TD()A), andhasthe
supplementaneffect of resettingto 0 the whole trace vec-
tor whenthe currentactiona,, is nota greedyaction, thatis

an # a 2 argmax, @Qn (sn, a). Thecompletedefinition of
thistraceis givenby:

YAzn-1(8n,an) +1 ifay, =a}
Zn(sn;an) { 1 if an # aj
YAzn-1(8,a) if a, =a,
Zn (s, a) — { 0 if a £ a-
(2)
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V(s,a) # (Sn,an), forn > 0, withy < 1, A € [0, 1], and
V(s,a) z_1(s,a) = 0.

QM) with accumulatie eligibility traceis a direct gen-
eralizationof Q-learning; Q(0) exactly correspondgo Q-
learning,where@, (sn, a,) is the only componentupdated
after eachtransition. Unlike the corvergenceof Q-learning
thathasbeenproved [Bertsekasaind Tsitsiklis, 1996; Borkar
andMeyn, 200d, the corvergenceof Q()) andits overcom-
ing of Q-learninghave only beenshaovn experimentallyf Peng
and Williams, 1994; Wiering and Schmidhubgr1997. In
practice the maindravbackof Q(}) is relative to the update
costsof @,, andz,, thatareproportionalto thesizengsn, of
S x A for A > 0. For large state-actiorspaceproblemsthe
computatiortime of Q(A), A > 0, canbevery high.

3 Asymptotic approximation of Q(})

In this sectionwe intendto defineanasymptoticapproxima-
tion of Watkins’ Q(A) whenn — oco. Thefollowing assump-
tionsaremade.At eachiterationtheactiona,, is choserwith

a semi-uniformexplorationpolicy: agreedyactiona;, is se-
lectedwith a probability0 < 7 < 1, or ary otheractionin A

ischoserrandomly Asymptotically when@,, hascorvemged

toward @*, this processlefinesa Markov chain(s,, a,) on

S x A. We assumehatthis Markov chainis regular (recur

rent,aperiodicjrreducible)andthereforehasa uniqueinvari-

antdistribution i > 0.

3.1 Asymptotic accumulatingtrace

Let us considera trajectory (sg, g, 7o) — (s1,a1,71) —
-+ (8n, an, ry) Obtainedoy Q(A), suchthat@,, convergesto-
ward @*. Generalizingour work developedfor TD(\) [Gar
ciaandSerre 2004, the averageasymptoticoehaiour of the
accumulatre trace z,, (s, @) on this trajectorycanbe calcu-
lated:

Proposition 1

VseS, acA K(s, a)

1—A7T’

For 7 — 1 theformulais similar to the onedevelopedfor
TD(A). For 7 — 0, the traceis regularly setto 0 or 1, and
its averagevalueis equalto the invariantdistribution x. In
thegeneralcase we canseethattherole of thetracez, (s, a)
in the updaterule (1) is to increasecredit of state-action
pairsthatoccurmorefrequently particularlywhenthe factor
1 — ~yAr issmall.

lim Elzy(s,a)] =

n— 00

Proposition 1 gives the average asymptotic value of
zn(s,a) whenn — oo. Fromthe updaterule (2), we can
derive anapproximatiorof the asymptoticexpectationof the
traceat time n conditionedon the currentstate-actiorpair

(Sn,an):

Zn(s,a) =
xu(s,a) +1 !f (s,a) = (sn,an), an = 7 (sn)
XH(s,a) if (s,a) # (sn,an), an =7 (sn)
1 !f (s,a) = (8n,an), an # 7 (8n)
0 if (s,a) # (Sn,an), an # 7 (sp)

Vs, a, with y = —22

MACHINE LEARNING AND DATA MINING



3.2 Asymptotic Q(A)
We considerthe asymptoticapproximationAQ(A) of Q(A)
obtainedby substitutingin the Q()\) updaterule (1) thetrace
factorz, (s, a) by its approximatiorg, (s, a).

Let usdenoteby A4,, thengns x ngn, diagonalmatrix
with diagonalentriesa, (s, a), andby I'* thengng x ngna
eligibility matrix

ns ns(nA—l)

I*=1I+x /r H 0

where the state-actionpairs of S x A are ordered as
follows:(s1, 7™ (s1)), ..., (Sns, ™ (Sns))s ---, (si,aj5la; #
7m*(s;)), . .. (the columnheadingsndicatethe block dimen-
sions).

Let D, € IR"s"4 bethetemporaldifferencevector:

DI =(0,...,0, Dngs, an) = dn, 0,...,0)

In vectornotation theasymptoticapproximatiolAQ(A) of
Q()) is definedby

Qn+1 — Qn + AanDn (3)

4 Optimal gain matrix for Q-learning

Onecanseethat (3) is a gain matrix variantof the basicQ-
learningalgorithm:

1
Qn-{-l — Qn + ;Dn

Using a gain matrix in order to guide and ac-
celerate the convemgence of a stochastic adaptve
algorithm is a well-known approach in stochas-
tic approximation theory [Berveniste et al., 1990;
Kushnerand Yin, 1997. In this section, we calculate
the optimal gain matrix for Q-learningthat maximizesits
rateof corvergence.

Theordinarydifferentialequation(ODE) methodprovides
someanalytictoolsfor analysinghecorvergenceof thegen-
eralstochasti@lgorithm

1
6n+1 — gn + _H(gn;Xn)
n

wheref,, is the currentestimationof the target 8*, and X,
is the obsenedinput randomvectorat time n. Classicrein-
forcementearningalgorithmslike Q-learningor TD(A) have
alreadybeenanalysedvith the ODE method[Bertsekasand
Tsitsiklis, 1996;Borkar andMeyn, 200d, in orderto prove
their corvergence.

Anotherpotentialapplicationof theODE methodconcerns
the optimizationof the rate of corvergenceof stochastical-
gorithms. One can shov that undersomegeneralstability
conditions[Bervenisteetal., 1994 the new algorithm

1
€n+1 — gn + _F*H(an:Xn)
n
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wherel™ is the gainmatrix definedby
I = _hg(g*)—lj
andhy is the Jacobiarmatrix of the function
h(0) = nh_>n§o Eq[H (9, X,)]

still convergestowardé*, with aminimalasymptotio/ariance
limy, 00 nE[|| 0, — 0* ||?].

Thisapproachthathasalreadybeenappliedto Q-learning
in finite horizon[GarciaandNdiaye, 1999 andTD()\) [Gar
cia andSerre,200d, is developedherefor Q-learning. We
havet, = Q, € R™s", 0* = Q" X, = (Snaana5n+1)
andH (0,,X,) = D,. TheJacobiarmatrix andits inverse
canbe calculated:

ns ns(nA—l)
. M*(yP* — I 0
ns ns(nA—l)

o U=P)TMT 0
- (ﬁ([ Y I /AR Ve ) ’

whereM* isthengs x ng diagonaimatrixwith diagonalkoef-
ficientsu(s, 7*(s)), M isthens(ng — 1) x ng(na — 1) diag-
onalmatrix with diagonalcoeficientsy(s, a) for a # 7*(s),
P~ isthengs x ng transitionmatrix of theMarkov chainon S
definedby 7*, and P thens (na4 — 1) x ng rectangulamatrix
of coeficients P, 4, = p(s'|s, a) for a # *(s).

By developingthis expressionwe shav
Proposition 2
Theoptimalgain matrix for Q-learningis

ns ns(nA—l)

I =M"'4y (PpM1 0 ), (4)

M* 0
= )
is thediagonalmatrix with diagonalcoeficientsy(s, a), and
Py istheng(na — 1) x ng rectangulamatrix of coeficients

[s]
P;(s,a),s’ = Z’ynp;(sl | S,Cl),
n=0

wheep? (s’ | s, a) is theprobabilityof movingfroms to s’ by
applyingthefirst action « andthenby following the optimal
policy 7* onthenext n transitions.

This optimalgainI'* leadsto an“ideal” algorithm,called
Optimal-Q-learning:

1
Qn-{-l — Qn + ;F*Dn (5)

This algorithmtheoreticallymaximizesherateof corver
genceof Q-learning,by minimizing its asymptoticvariance
lim, 0 nE[|] @n — @Q* ||*]. Onecanseethat the struc-
tureof I'* impliesthatwhena greedyactionis chosenn s,,,
all the @, (s, ) componenthave to be updated,andwhen
an exploratory actionhasbeenselectedpnly @, (s,, a,) IS
modified. Note thatI'* is independentbf the reward func-
tionsr(), anddependn the parameter- thatcharacterizes
theexplorationpolicy, throughthe i invariantdistribution.

whee
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5 AverageQ-learning

Optimal-Q-learningcannotbe directly implementedsinceit
would requirethe costly online estimationof the P* coefi-
cients. However, asshavn next, it is possibleto determine
somel and «,, parameterghat minimize the distancebe-
tweenthe gain matrix of AQ(\) and I'*, andthat allow an
efficient implementationof the correspondingAQ()) algo-
rithm.

5.1 Optimization of AQ(A)

To beconsistenwith thedefinitionof ['* thatassumea step-
sizeequalto 1, we considetthecased,, = 1 4, where

ns ns(nA—l)

A* 0
A:<O ¢ )

isthengsna x ngny diagonalmatrix with constantcoefi-
cientsa(s, a). Weproposeo optimizethechoiceof thea and
A parameterby minimizingthequadratimorm|| AT'* —I'™* ||
of the differencebetweerthe gain of AQ(\) andthe optimal
gainof Q-learning.

We have

. AT+ xMUT) 0
Al —< XAMU A )

wheretheng x ns matrixU* andtheng (na —1) x ng matrix

U have coeficientsequalto 1.
Making equalthe lower right blocks leadsto the choice

A = M. A numericalanalysisof the upperleft blocks,
similar to the onedevelopedin [Garciaand Serre,200q for
TD()), resultsin the choice A* = M*~! andthus A =
M~1. Then

ns ns(nA—l)

AT? = M t4y I ... 1 0

This equality exhibits somesimilarity with equation(4).
As we cannote,the structuref the two gainsareidentical,
which mightexplain theefficiengy of Q(A) for A > 0.

Minimizing
Pl
T ()

) = Y0

s,a,s!

2

yields
1 E P’y(s,a),s’
ns?na =, pu(s', 7 (s'))

!
@, 8

Xopt =7

Like for I'*, this x,,: valuecannotbe exactly implemented
in practicein AQ(X). However, x,p: ~ %11—7 for uniform
MDPswhereall the transitionprobabilitiesare nearly equal
to % (thenPy(s' | s,a) ~ tﬁ, u(s', m(s')) ~ ;= and
SO Xopt R %11—7 . It appearsxperimentallythat for large

randomMDP, this approximatioris still valid.
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Thevalueyp: ~ %11—7 leadsto A, = %H_XT";ZM ~ L.
This value greaterthan 1 could be surprising. In fact
convergence of eligibility trace methods requires that
vA < 1 [BertsekasndTsitsiklis, 1996, andsoA = L could
be implementedn Q(A\) assumingr > ~. In caser < 7,
} is no morean admissiblevaluefor A, andthe distanceis

minimizedfor A = % ontheboundary

We are thus able to definea new optimizedupdaterule

from theasymptoticapproximatior(3) wherey = ;2 and
—1_1
Vn, s, a, an(sa Cl) — nopu(sa)’
1
Qny1 «— Qn + Ean: (6)
ns ns(na—1)
1 v | |
where I'= M~14-_ 2 1 ... 1 0
T1—vy | |

5.2 Efficient implementation of AQ-learning

A directimplementatiorof the updaterule (6) would have a
compleity similar to Q(A), proportionalto ng x n4. For-
tunately anequialentexpressiorncanbe derived. It only re-
quiresa smallnumberof updateger iteration,independent
of the numberof statesandactions.

Proposition 3
Theupdaterule (6) is equivalento

1 1
— Wh(sn,an) + ;7/1(3,“ )

if ap, = 7*(sp),

Wn+1 (Sn s an)

n;

— pat

1
Pn+1 zgdn

dp = 7n — pn +ymax W, (snt1,a) — Wi (Sn, an),
a

1
and Vs,a Qn(s,a) = Wy(s,a)+ TP
-7
Proof: From (6) we have Q, = ¥, ., M~'D, +

1 v 1
o ZKH pdpe X 14,=r+(s,), Wheree denoteghevector

with coeficientsequalto 1, and1,-, equalsO or 1 accord-
ingasz # y or z = y. Wethendefinethenew relative value

functionV,, andthescalingfactor p,, by

Wo=>" lM—lpp,

p<n

~v1
Pn = E ;dep X Lay=r(s,)-
p<n
Thed,, errorcanbeexpressedisafunctionof p,, and\V,,:
n fu—

Tn + meXQn(5n+1aa) — Qn(sn, an)
Wn(snaan)~ O

Tn — pn + 'ymfon(an, a) —

Note that the greedy action «, is defined by a =
argmax, Qn(sn,a) = argmax, Wy (sn,a). The update
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rule of W, can be implementedby replacingthe stepsize
m with its approxmaﬂonW, whereN, (s,)
is thenumberof tlmesthestatesn hasbeenV|S|ted attime n
andp(a,) equalsr o
Similarly, thecondltlonan = m*(sy,) for updatlngpn mlght
bereplacedby a, = «,. This leadsto the following algo-
rithm AQ-learning,or AverageQ-learning:

AQ-learningAlgorithm
W=p=N=0;
Choosesg in S,
for n < O until N;,; — 1 do
Choosez,, in A (r-explorationpolicy);
N(sp) < N(sn) +1;
(Snt1,rn) < Simulate(sy, an);
d—rp—p+ymax, W(spy1,a) — W(sn, an);
W(Sn;an) — W(Sn; an) + md;
if a, = a, then
| pep+12d;

fors € S,a € Ado
L Q(s,a) « W(s,a) + ﬁp;
return @, W, p;

In that algorithm, N, is the length of the learning
trajectory AQ-learningis particularly interesting,sinceit
only requires3 updatesper iteration, namely W, (s, , a,),
prn. @Nd N, (s, , an). AQ-learningshouldthereforeimprove
the performanceof Watkins’ Q(A) for two distinct reasons.
First, AQ-learningis an optimized approximationof Q(A)
that minimizesthe asymptoticvariancearound@*. Second,
like Q-learning,AQ-learningis an asynchronousilgorithm
thatonly updatesonecomponenbdf the valuefunction (here
W,) periteration. It is clearthatfor large state-actiorspace
problems, this featureis of crucial importanceregarding
the time compleity of the algorithm, as it is shavn in
simulationgn the next section.

Amazingly it appearsthat AQ-learningis very close to
the R-learningalgorithm proposedby Schwartz[Schwartz,
1993. R-learningis supposedo corverge to gain optimal
policies,thatmaximizethe average-cost

E 32;

p" = lim E

N— o0 SZ+1)

AQ-learningand R-learning are identical wheny — 1,
with a correctchoiceof the R-learninglearningrates. The
fact that AQ-learningis a nearoptimal gain matrix variant
of Q-learningcould explain why several experimentshave
demonstratedhat R-learningcould outperformQ-learning,
despitethe fact that thesetwo algorithms have not been
designedor the sameoptimality criterion.

We do not provide in this article a corvergenceproof for

AQ-learning.We think, however, thatit might be possibleto
establistsucha proof eitherby checkingthe stability condi-
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tion of thegainmatrix M 1T for y = = 1 = , or by exploit-

ing the ODE approactof Borkar[Borkar, 1994 for two-time
scalealgorithms(it might be necessarin thatcaseto modify
thep,, updaterule).

6 Simulations

We madenumericalexperimentsn orderto studytherelative
performanceof Q-learning, Optimal-Q-learning,Watkins’
Q()\) and AQ-learning. Thesereinforcementearningalgo-
rithmswereappliedto randomlygenerated/iarkov Decision
Problemsyith all componentg(s’|s, a) > 0, andwith state
rewardsr(s) € [0, 1].
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Figure2: Computatiortime for % < 0.05

We presentheretwo kinds of learningresultsthat fairly
describehe generabehaiour of thesealgorithms.For both
of them, the valuefunctions@,,, W,, andp,, were updated
on a uniquelong trajectoryon S x A with randominitial
state. All parametersvereinitially setto 0. The stepsizes
an(s,a) wereequalto m We chosea semi-uniform
exploration stratgy with = > ~. For eachproblem, V>,
I'* and\,,; wereexactly calculatedromthedatap() andr().

Figure 1 shaws the relative learningerror %ﬂ asa

function of n (averagevalue and standarddeviation on 20
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randomtrajectories). The size of the MDP wasns = 100,
na = 5, withy = 0.8 andr = 0.9. This graphillustrates
thedifferentratesof convergenceof Q-learning AQ-learning,
Q) for A = A, and Optimal-Q-learning. Theseexper
imental resultsconfirm that the fasterrate of corvergence
is obtainedwith Optimal-Q-learningand that AQ-learning
convergesnearlyasfastasthis ideal algorithm. AQ-learning
even performsslightly betterthanQ(A) with the samelearn-
ing ratesandthe A,,; value. Thesethreealgorithmsappeato
be considerablyasterthanQ-learning.

Figure 2 illustratesfor the samealgorithmsthe different
computatiortimesrequiredto achieve arelative learninger
ror equalto 5%, asafunctionof thesizen g of thestatespace,
for a constannumberof actionsny = 5, with v = 0.7 and
T = 0.9. Wefirst obsere on that graphthat Q-learningis
very slow, despitethefactthatit only updatenecomponent
per iteration. But the main obsenationis that AQ-learning
canbe really moreefficient thanQ(}), especiallywhenthe
numberof stateds important;for 200 states AQ-learningis
10timesfasterthanQ(A).

7 Conclusions

We have showvn that an asymptoticapproximationof Q(A)
could be efficiently implementedhroughtwo simpleupdate
ruleson a relative valuefunction W, (s, a) andon a scaling
factor p,,. This new algorithmAQ-learningcanbedescribed
as an average variant of Q-learning for the discounted
criterion. Its updatecompleity is independentf thenumber
of statesandactions,and experimentalresultsshow thatits
convergencetoward the optimal value function is always
fasterthanfor Q-learningor Q(}).

Our resultshave beenobtainedfor the Watkins’ Q(X) with
accumulatingeligibility trace. It would be interestingto ap-
ply the sameapproactto the caseof replacingtraces Singh
and Sutton, 1994, or to Pengand Williams’ Q()\) [Peng
andWilliams, 1994 wherethe traceis never resetto 0, and
for which an efficientimplementatiorhasbeenproposecdoy
Wiering andSchmidhubefwiering andSchmidhubegr 997.

Another directionfor future work concernsthe develop-
mentof new reinforcementearningalgorithmsthat approx-
imate Optimal-Q-learning.Furthermorewe have seenthat
thel™ optimalgainfor Q-learningdepend®ntheexploration
policy parameterizedhy . The questionof finding the best
valueof r remainsopen.

Finally, we need a better understandingof the rela-
tion betweenAQ-learningthe Schwartz’ R-learning algo-
rithm [Schwartz1993.
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