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Abstract

We presenta samplere-weightingschemeinspired
by recentresultsin margin theory. Thebasicideais
to addto thetrainingsetreplicasof sampleswhich
arenotclassifiedwith asufficientmargin. Weprove
the convergenceof the input distribution obtained
in this way. As studycase,we consideraninstance
of the schemeinvolving a 1-NN classifierimple-
mentinga Vector Quantizationalgorithm that ac-
commodatestangentdistancemodels.Thetangent
distancemodelscreatedin this way have shown
a significantimprovementin generalizationpower
with respectto thestandardtangentmodels.More-
over, theobtainedmodelswereableto outperform
stateof theartalgorithms,suchasSVM.

1 Introduction
In this paperwe introducea simple additive re-weighting
methodthat is able to improve the margin distribution on
thetrainingset.Recentresultsin computationallearningthe-
ory [Vapnik,1998;Schapireetal., 1998;Bartlett,1998] have
tightly linkedtheexpectedrisk of a classifier(i.e. theproba-
bility of misclassificationof apatterndrawn from anindepen-
dentrandomdistribution),with thedistributionof themargins
in thetrainingset.In general,it resultsthatwecanexpectbest
performanceson generalization(minimal error on testdata)
whenmostof thepatternshavehighmargins.

Theaforementionedresultsareat thebasisof thetheoryof
two of the mostimpressive algorithms:SupportVectorMa-
chinesandBoosting. Either SVM’s andBoostingeffective-
nessis largely dueto thefactthat they, directly or not, effec-
tively improve themarginson the trainingset. In particular,
SVM explicitly finds the hyper-planewith the largestmini-
mummargin in a dimensional-augmentedspacewheretrain-
ing pointsaremappedby akernelfunction. In thiscase,mar-
gin theorypermitsto explain impressive performanceseven
in very high dimensionalspaceswheredataaresupposedto
be moreseparated.Most of the recentefforts in SVMs are
in the choiceof the right kernelsfor particularapplications.
For example,in OCR problems,the polynomialkernelwas
provento beveryeffective.

Ontheotherside,boostingalgorithms,andin particularthe
mostfamousversionAdaBoost,produceweightedensemble

of hypotheses,eachonetrainedin suchawayto minimizethe
empiricalerror in a given“dif ficult” distribution of thetrain-
ing set.Again,it hasbeenshown [Schapire,1999] thatboost-
ing essentiallyis aprocedurefor findinga linearcombination
of weakhypotheseswhich minimizesa particularlossfunc-
tion dependenton the margins on the training set, literally�������	��

������������� ���

. Recently, researchefforts relatedto
boostingalgorithmsfacedthedirectoptimizationof themar-
ginson the trainingset. For example,this hasbeendoneby
definingdifferentmargin-basedcostfunctionsandsearching
for combinationsof weak hypothesesso to minimize these
functions[Masonet al., 1998].

We will follow a relatedapproachthat aimsto find a sin-
gle (eventuallynon linear)optimalhypothesiswheretheop-
timality is definedin termsof a loss-functiondependenton
thedistributionof themarginson thetrainingset.In orderto
minimize this losswe proposea re-weightingalgorithmthat
maintainsa setof weightsassociatedwith thepatternsin the
trainingset. Theweightassociatedto a patternis iteratively
updatedwhenthe margin of the currenthypothesisdoesnot
reachapredefinedthresholdon it. In thiswayanew distribu-
tion on thetrainingdatawill beinduced.Furthermore,a new
hypothesisis thencomputedthatimprovestheexpectationof
themargin onthenew distribution. In thefollowing weprove
that thedistribution convergesto a uniform distribution on a
subsetof thetrainingset.

We applytheaboveschemeto anOCRpatternrecognition
problem,wheretheclassificationis basedon a 1-NN tangent
distanceclassifier[Simardet al., 1993], obtaininga signifi-
cantimprovementin generalization.Basically, thealgorithm
buildsasetof modelsfor eachclassby anextendedversionof
theLearningVectorQuantizationprocedure(LVQ [Kohonen
etal., 1996]) adaptedto tangentdistance.In thefollowing we
will refer to this new algorithmasTangentVectorQuantiza-
tion (TVQ).

Thepaperis organizedasfollows. In Section2, we intro-
ducethe conceptof margin regularizationvia the input dis-
tribution on the training set. Specifically, we presentthe � -
Margin Re-weightingStrategy, which holds the propertyto
guaranteethe convergenceof the input distribution. In Sec-
tion 3, we introducea definition for the margins in a 1-NN
schemethat considersthe discriminative ratio observed for
a particularpattern,andin Section4 we definethe TVQ al-
gorithm. Finally, in Section5 we presentempirical results
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comparingTVQ with other1-NN basedalgorithms,includ-
ing SVM.

�
2 Regularization of the margins
Whenlearningtakesplace,theexamplestendto influencein
a differentway the discriminantfunction of a classifier. A
discriminantfunction can be viewed as a resourcethat has
to be sharedamongdifferentclients (the examples).Often,
whenpureEmpirical Risk Minimization (ERM) principle is
applied,thatresourceis usedin awrongwaysince,with high
probability, it is almostentirelyusedby afractionof thetrain-
ing set.Margin theoryformally tellsusthatit is preferableto
regularizethe discriminantfunction in sucha way to make
theexamplessharingmoreequallyits support.

Inspiredon the basicideasof margin optimization,here,
we proposea simple generalprocedureapplicable,eventu-
ally, to any ERM-basedalgorithm.It permitsto regularizethe
parametersof adiscriminantfunctionsoto obtainhypotheses
with largemarginsfor many examplesin thetrainingset.

Withoutgeneralitylossweconsiderthemargin for a train-
ing exampleasa realnumber, takingvaluesin � ���! #"$�&% , rep-
resentingameasureof theconfidenceshown by aclassifierin
thepredictionof thecorrectlabel. In a binaryclassifier, e.g.
theperceptron,themargin is usuallydefinedas ')( �+* � where' is the target and ( �+* � is the outputcomputedby the clas-
sifier. Anyway, it canbeeasilyre-conducedto the � ���! #"$�&%
rangeby a monotonic(linearor sigmoidal)transformationof
the output. In any case,a positive valueof the margin must
correspondto a correctclassificationof theexample.

Giventhe function
��,-�+* ���

that,providedanhypothesis. ,
associatesto eachpatternits margin,wewantto definealoss-
functionthat,whenminimized,permitsto obtainhypotheses
with largemargins(greaterthanafixedthreshold/ ) for many
examplesin thetrainingset.For this,weproposeto minimize
a functionthat,basically, is a re-formulationof SVM’s slack
variables: �0�213547698 � / �:��,;�<* �=�>� ��? @&ACB�D�E 354+FHG  (1)

whereI is a trainingsetwith J examples,and
��? @&ACB�D�E 354KFHG ��

if
��,;�<* �=�ML / , and 0 otherwise. The

�
function is null

for marginshigherthanthethreshold/ andis linearwith re-
spectto the valuesof the margins whenthey arebelow this
threshold.

We suggestto minimize
�

indirectly via a two-stepitera-
tivemethodthat“simultaneously”(1) searchesfor anapriori
distribution N&O �=P for theexamplesthat,giventhecurrenthy-
pothesis. , betterapproximatesthe function

��? @&ACB�D�E 3QFKG and
(2) searchesfor a hypothesis. (e.g. by a gradientbased
procedure)that,providedthedistribution NQO ��P , improvesthe
weightedfunction RS�UT1V&WYX O V � , �+* V ��Z (2)

This new formulationis equivalentto thatgivenin eq.(1)
provided that N&O � P convergesto the uniform distribution on
the / -mistakes(patternsthathavemargin lessthanthethresh-
old).

[
-Margin Re-weightingStrategy

Input:
T: numberof iterations;\

: hypothesesspace;/ : margin threshold;] �>^ �`_ �<a; cbd%
: boundedfunction;I � N �+* �  ' � � P5� WYX#egfgfge T : trainingset;

Initialize.)h _ \ (initial hypothesis);
for i �j�9 ZkZ  Jl � �<a �nm �

, O � �oa �nm XT ;

for p �j�9 ZkZ  cq
begin

find .)r suchthat
 T� WsX O � � p �t� � ��,5u��+* ���wv 
 T� WYX O � � p �t� � ��,5u+xzy5�<* �=� ;l � � p �nm l � � p �{� � " ] � p � ��? @&ACB�D u E 3 4 FKG ;O � � p ��m | 4 E r F
~}�o� y | � E r F ;
end

return .;� ;

Figure1: The � -Margin Re-weightingStrategy.

The algorithm,shown in Figure1, consistsof a seriesof
trials. An optimizationprocess,thatexplicitly maximizesthe
function

� , �+* �
accordingto the currentdistribution for the

examples,works on an artificial training set In� , initialized
to be equalto the original training set I . For each p , ] � p �
replicasof thosepatternsin I that have margin below the
fixed threshold / are addedto I�� augmentingtheir density
in In� andconsequentlytheir contribution in theoptimization
process.Note that l � � p � denotesthe numberof occurrences
in theextendedtrainingset I�� of thepattern

* �
.

In the following, we will prove that the simple iterative
procedurejust describedmakesthedistribution approaching
a uniform distribution on the / -mistakes,provided that

] � p �
is bounded.

2.1 Convergence of the distribution

For eachtrial p , given the margin of eachexample in the
training set I , we canpartition the training sampleas I �I�� � p ��� I�� � p � where I�� � p � is the set of / -mistakes andI�� � p � � I � I�� � p � is the complementarysetof / -correct
patterns.

Let denote� � p � ��� I�� � p � � andlet l � � p � bethenumberof
occurrencesof pattern

* �
in In� at time p , with densityO � � p � �l � � p �c� � � p � . Moreover, let � � p � be a suitablefunction of p

suchthat � � p "�� � � � � p � � � p � .
Let l � � p "�� � � l � � p � " ] � p � betheupdaterulefor thenumber
of occurencesin I�� , where

] � p � is boundedandtakesvalues
in
�<a) �b�%

(notethat
] � p � maychangeatdifferentiterationsbut

it is independentfrom i ). It’ seasyto verify that � � p �w� � for
eachp becauseof themonotonicityof � � p � , andthat � � p �n�
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�
with thenumberof iterations.In fact��� � � p "�� �� � p � � � � p � "�� � � p �� � p � ����" b�� I �� � p � � � Z

At time p "
� wehave

O � � p "�� � � l � � p � " ] � p � �!? @&A�BzE r FHG� � p � � � p � � O � � p � "�� E r F� E r F ��? @&ACBzE r FKG� � p � Z
First of all we show that the distribution converges. This

canbeshown by demonstratingthatthechangestendto zero
with thenumberof iterations,i.e., � * � _ I  �� � O � � p � � � a Z

We have� O � � p � � � E r F� E r F �!? @&A�BzE r FHG � � � � p � �{� � O � � p �� � p �  
which can be easily boundedin moduleby a quantity that
tendsto 0:� � O � � p � �¡� ¢� E r F "�� � � p � �{� � O � � p �� � p � � a Z

We now show to which valuesthey converge. Let £ � and¤ � be,respectively, thecumulativenumberandthemeanratio
of / -mistakesfor

* �
on thefirst p epochs,¤ � �¦¥ 4 E r Fr , thenO � � p � � l � �<a � "0§ � ] � p � % £ � � p �� �<a � "¨§ � ] � p � % 
 T© WYX £ © � p �� ��" p § � ] � p � % ¤ �J " p § � ] � p � %ª
 T© WYX ¤ © � ¤ �
 T© WYX ¤ © Z

Given the convergenceof the optimization processthat
maximizes

R
in eq.(2), thetwo setsI � and I � aregoingto

becomestableandthedistributionon I will tendto auniform
distribution in I�� (where¤ � � �

) andwill benull elsewhere
(where¤ � � a

). Thiscanbeunderstoodin thefollowing way
aswell.

Given the definition of the changesmadeon the gamma
valueson eachiteration of the algorithm, we calculatethe
function that we indeedminimize. Since

� l � p � � ] � p � ^��? @&ACBzE r FHG , aftersomealgebra,we canrewrite
� O � � p � as:� O � � p � � � � � p �� � p "
� ��« ��? @&ACB 4 E r FHG� I�� � p � � � O � � p �=¬¨Z

Thus,
� O � � p � �
a when O � � X­ 8�® E r F ­ �!? @�A�B 4 E r FHG , for which the

minimumof function§�¯�� � � � p �� � p "�� �±° �² 1 � O�³� � p � � �� I�� � p � � 1 � ��? @&ACB 4 E r FHG O � � p �=´
is reached.Note that, theminimumof

§�¯
is consistentwith

theconstraint

�� O � �j� .

In general,theenergy functionis modulatedby a termde-
creasingwith thenumberof iterations,dependenton the

] � p �
usedbut independentfrom gamma,that canbe viewed asa
sortof annealingintroducedin theprocess.

In the following, we study a specific instanceof the � -
Margin Re-weightingStrategy.

3 Margins in a 1-NN framework and tangent
distance

Given a training example
�+* �  ' � �±_ I , ' � _�µ anda fixed

numberof modelsfor eachclass,below, we give a definition
of the margin for the examplewhenclassifiedby a distance
based1-NN classifier.

Given the example
�+* �  ' � � , let ¶ V� and ¶9·� be the squared

distancesbetweenthe nearestof the positive set of models
andthe nearestof the negative setsof models,respectively.
We candefinethemargin of apatternin thetrainingsetas:� � � ¶z·� � ¶ V�¶ ·� " ¶ V� Z (3)

This formula takesvaluesin the interval � ���9 #"$�&% represent-
ing the confidencein the predictionof the 1-NN classifier.
Highervaluesof the

� �
’s canalsobeviewedasanindication

of a higher discriminative power of the set of modelswith
respectto the pattern. Moreover, a patternwill result cor-
rectly classifiedin the1-NN schemeif andonly if its margin
is greaterthanzero.

In this paper, we are particularly interestedin distances
that are invariant to given transformations. Specifically,
we refer to the one-sidedtangent distance[Simard, 1994;
Hastieet al., 1995;SchwenkandMilgram, 1995b;1995a],
which computesthedistancebetweena pattern

* X anda pat-
tern

* ³ as the minimum distancebetween
* X and the lin-

earsubspacȩ
* ³ �<¹ � approximatingthe manifold inducedby

transformingthepattern
* ³ accordingto a givensetof trans-

formations: º � �<* X  >* ³ � � »½¼k¾¿ÁÀ * X � ¸* ³ �o¹ � À Z (4)

If the transformationsarenot known a priori, we can learn
them by defining, for eachclass ' , a (one-sided)tangent
distancemodel ÂÄÃ , compoundedby a centroid ÅwÃ (i.e., a
prototypevector for class ' ) and a set of tangent vectorsÆ Ã � N q � P (i.e., anorthonormalbaseof the linearsubspace¸ÅwÃ �<¹ � ), thatcanbewrittenas ÂÄÃ �<¹ � � ÅwÃ " 
 ­ ÇQÈª­� WYX ¹ � q � .

Thismodelcanbedeterminedby justusingthe J$Ã positive
examplesof class' , i.e.

�+* �  ' �w_ I , asÂ¨Ã ��É�Ê�Ë�»Ì¼k¾� T È1V&WYX »½¼Í¾@7Î À Â � / V � �M* V À ³  (5)

which caneasilybesolvedby resortingto principal compo-
nentanalysis(PCA) theory, alsocalledKarhunen-LóeveEx-
pansion. In fact, equation(5) canbe minimizedby choos-
ing ÅwÃ as the averageover all available positive samples* V , and

Æ Ã as the set of the most representative eigenvec-
tors (principal components)of the covariancematrix ÏwÃ �XT È 
 T ÈV&WYX �<* V � Å Ã � �+* V � Å Ã � r .Thecorrespondingproblemfor the two-sidedtangentdis-
tancecan be solved by an iterative algorithm, called (two-
sided)HSS, basedon SingularValue Decomposition,pro-
posedby Hastieet al. [Hastieet al., 1995]. Whenthe one-
sidedversionof tangentdistanceis used,HSSandPCA co-
incide. So, in the following, the one sidedversionof this
algorithmwill besimply referredasto HSS.
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Given a one-sidedtangentdistancemodel Â¨Ã , it is quite
easyto verify thatthesquaredtangentdistancebetweenapat-
tern

*
andthemodel Â Ã canbewrittenas:º ³� �<*� Â¨Ã � �
Ð r ÐÑ� ­ Ç�­1� WsX ¹ ³ � (6)

where
Ð½�Ò*	� ÅwÃ , ¹ � �ÓÐ r q � and

Ð r denotesthetranspose
of
Ð
. Consequently, in our definition of margin, we have¶ V� � £Ôi7Õ® ÈªÖ È 4 º ³� �+* �  Â Ã � , and ¶z·� � £Ôi�Õ® È!×Ö È 4 º ³� �<* �  Â Ã � .

Given this definition of margin, we can implement the
choiceof thenew hypothesisin the � -Margin Re-weighting
Strategy by maximizingthemargin usinggradientascenton
thecurrentinput distribution.

3.1 Improving margins as a driven gradient ascent

Consideringthe tangentdistanceformulation as given in
equation(6) we canverify that it is definedby scalarprod-
ucts. Thus, we can derivate it with respectto the centroidÅ andthe tangentvectors

Æ � N q � P of thenearestpositive
modelobtaining:Ð ¶ V�Ð Å �Ò� ² �<ÐÑ� ­ Ç�­1� WYX ¹ � q � �  Ð ¶ V�Ð�q � �Ò� ² ¹ � Ð Z
Consideringthat Ø B 4Ø � � Ø B 4Ø>Ù Î4 ØcÙ Î4Ø � and Ø B 4Ø ��Ú � Ø B 4ØcÙ Î4 Ø>Ù Î4Ø �ªÚ we can

computethederivativeof themargin with respectto changes
in thenearestpositivemodel:Ð�� �Ð Å � Û ¶ ·�� ¶ ·� " ¶ V� � ³ �<ÐÜ�

­ Ç�­1� WYX ¹ � q � �  Ð�� �Ð�q � � Û ¶9·�� ¶ ·� " ¶ V� � ³ ¹ � Ð Z
A similar solutionis obtainedfor thenearestnegativemodel
sinceit only differs in changingthe sign andin exchanging
indexes Õ andÝ . Moreover, thederivativesarenull for all the
othermodels.

Thus,we caneasilymaximizethe averagemargin in the
training set if for eachpatternpresentedto the classifierwe
movethenearestmodelsin thedirectionsuggestedby thegra-
dient. Notethat,like in theLVQ algorithm,for eachtraining
example,only thenearestmodelsarechanged.

Whenmaximizingtheexpectedmargin on thecurrentdis-
tribution N&O � P , i.e.,

R
, for eachmodel Â �2� Å  N q � P � we

have: � Å ��Þ ­ 8 ­1 � WYX O � Ð�� �Ð Å  �$q � �
Þ ­ 8 ­1 � WYX O � Ð�� �Ð�q �  
where

Þ
is theusuallearningrateparameter. In thealgorithm

(seeFigure2), for brevity, wewill grouptheabovevariations
by referringto thewholemodel,i.e.,

� Â �
Þ�
 ­ 8 ­� WYX O � Ø B 4Ø � Z

TVQ Algorithm

Input:
T: no. of iterations;
Q: no. of modelsperclass;/ : margin threshold;

Initialize� m J , O �sm XT ;�C'  cß , initialize Â Ekà FÃ m � Å EHà FÃ  Æ Ekà FÃ �
with random

models;
for p �j�9 ZkZ  cq��'  � ß¡ C� Â EHà FÃ ��a

;� �+* �  ' � �`_ I , select
�<ß V  9á' �  �ß · � s.t. Â EHàoÎ FÃ 4 and Â Ekà7â FãÃ 4

arethe nearest,positive andnegative, models. Com-
pute

� �
as in eq. (3) andaccumulatethe changeson

thenearestmodels� Â EHàoÎ FÃ 4 m � Â EkàoÎ FÃ 4 " O � � Ð�� �Ð Â EHà Î FÃ 4åä� Â Ekà7â FãÃ 4 m � Â Ekà7â FãÃ 4 " O � Ð�� �Ð Â Ekà â FãÃ 4 ä��'  � ß¡ Â Ekà FÃ � Â EHà FÃ "	Þ�� Â Ekà FÃ andorthonormalizeits
tangents;� �+* �  ' �o�w_ I , updatethedistribution O � by theruleO � m O � " ��? @&ACB 4 G�

NormalizeO � ’s suchthat

 T� WYX O � �Ó�

;� m � "æ� N �+* �  ' � � � � � L / P � ;
End

Figure2: TheTVQ Algorithm.

4 The TVQ algorithm

Thealgorithm(seeFigure2) startswith randommodelsanda
uniform distribution on thetrainingset.For eachpattern,the
variationontheclosestpositiveandtheclosestnegativemod-
elsarecomputedaccordinglyto thedensityof thatpatternon
thetrainingset I�� . Whenall thepatternsin I areprocessed,
the modelsareupdatedperforminga weightedgradientas-
centon thevaluesof themargin. Moreover, for eachpattern
in thetrainingsetsuchthatthevalueof themargin is smaller
thana fixedvalue,the distribution is augmented.Theeffect
is to force the gradientascentto concentrateon hardestex-
amplesin thetrainingset. As we saw in Section2 theincre-
mentto thedistributionis simplytheeffectof addingareplica
(
] � p � �Ó�

) of incorrectlyclassifiedpatternsto theaugmented
trainingset.

Theinitializationof thealgorithmmaybedonein different
ways.Thedefault choiceis to userandomgeneratedmodels
however, whenthetrainingsetsizeis not prohibitive,we can
drasticallyspeedup the algorithmby taking as initial mod-
els the onesgeneratedby any algorithm (e.g., HSS).How-
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Method Parameters Err%
HSS1-sided 15 tangents 3.58
LVQ 2.1 16 codebooks 3.52
TD-Neuron 15 tangents 3.51
HSS2-sided 9 tangents 3.40
Euclidean1-NN prototypes 3.16
SVM Linear 10.64
SVM Polyd=2 2.82
SVM Polyd=3 3.23
SVM Polyd=4 4.02

Table1: Testresultsfor different1-NN methods.

ever, in thecaseof multiplemodelsperclasstheinitialization
throughtheHSSmethodwouldgenerateidenticalmodelsfor
eachclassandthatwould invalidatetheprocedure.A possi-
ble choicein this case,is to generateHSSmodelsby using
differentrandomconditionaldistributionsfor differentmod-
els associatedto the sameclass. Anothersolution,which is
usefulwhenthe sizeof the training setis relatively large, is
to initialize the centroidsas the averageof the positive in-
stancesandthengeneratingrandomtangents.Experimental
resultshave shown that the differenceson the performance
obtainedby usingdifferentinitialization criteria arenegligi-
ble. As wecouldexpectthespeedof convergencewith differ-
entinitializationmethodsmaybedrasticallydifferent.This is
dueto thefactthatwhenTVQ is initializedwith HSSmodels
it startswith a goodapproximationof the optimal hypothe-
sis(seeFigure3-

�oç �
), while randominitializationsimplicitly

introduceaninitial poorestimateof thefinal distributiondue
to themistakesthatmostof theexamplesdo on thefirst few
iterations.

5 Results
We comparedthe TVQ algorithm versusSVMs and other
1-NN basedalgorithms: 1-sided HSS, 2-sided HSS, TD-
Neuron[Sonaet al., 2000], andLVQ. The comparisonwas
performedusingexactly thesamesplit of adatasetconsisting
of 10705digitsrandomlytakenfrom theNIST-3 dataset.The
binary 128x128digits were transformedinto 64-grey level
16x16 imagesby a simple local countingprocedure1. The
only preprocessingperformedwasthe eliminationof empty
borders.Thetrainingsetconsistedof 5000randomlychosen
digits,while theremainingdigitswereusedin thetestset.

Theobtainedresultsfor thetestdataaresummarizedin Ta-
ble1. For eachalgorithm,wereportedthebestresult,without
rejection,obtainedfor thedataset.Specifically, for theSVM
trainingwe usedtheSVM è �êé , r packageavailableon the in-
ternet2. Dif ferentkernelswereconsideredfor theSVMs: lin-
earandpolynomialwith degrees2,3 and4 (we usedthe de-
fault for theotherparameters).SinceSVMs arebinaryclas-
sifiers,we built 10 SVMs, onefor eachclassagainstall the
others,andwe consideredthe overall predictionasthe label
with highermargin. Thebestperformancehasbeenobtained

1The numberof pixel with valueequalto 1 is usedasthe grey
valuefor thecorrespondingpixel in thenew image.

2http://www-ai.cs.uni-dortmund.de/SOFTWARE/SVM LIGHT/

/ �
a Z ë / �
a Z Û / ��a Z �
Q

� Æ �
=10

� Æ �
= 15

� Æ �
=10

� Æ �
=15

� Æ �
= 0

1 2.40 2.20 3.00 2.22 6.40
3 2.10 2.26 2.43 2.10 –

Table2: Testresultsfor TVQ.

with a polynomialkernelof degree2. We ran the TVQ al-
gorithmwith two differentvaluesfor / andfour differentar-
chitectures.Moreover, we ranalsoan experimentjust using
a singlecentroidfor class(i.e.,

� Æ Ã �;�ìa
) with / �ìa Z �

. The
smallervaluefor / hasbeenchosenjust to accountfor thefar
smallercomplexity of themodel.

In almostall theexperimentstheTVQ algorithmobtained
thebestperformance.Resultson thetestdataarereportedin
Table2. Specifically, the bestresult for SVM is worst than
almostall the resultsobtainedwith TVQ. Particularly inter-
estingis theresultobtainedby justusingasinglecentroidfor
eachclass.This correspondsto performanLVQ with just 10
codebooks,onefor eachclass.

In addition,TVQ returnsfar morecompactmodelsallow-
ing a reducedresponsetime in classification.In fact, the 1-
NN usingpolynomialSVMs with

º � ²
, needs2523support

vectors,while in the worst casethe modelsreturnedby the
TVQ involvea totalof 480vectors(onecentroidplus15 tan-
gentsfor eachmodel).

In Figure3, typicalerrorcurvesfor thetrainingandtester-
rors(3-

�oí �
), aswell asthemargin distributionsonthetraining

set(3-
�oî �

) andtheinducedmargin distribution on thetestset
(3-
� º �

) arereported.Fromtheseplotsit is easyto seethatthe
TVQ doesn’t show overfitting. This wasalsoconfirmedby
theexperimentsinvolving themodelswith highercomplexity
andsmallervaluesof / . Moreover, theimpactof the / -margin
on the final margin distribution on the training set is clearly
shown in 3-

�oî �
, wherea steepincreaseof the distribution is

observed in correspondenceof / at the expensesof higher
valuesof margin. Evenif at a minor extent,a similar impact
on themargin distribution is observedfor thetestdata.

In Figure4 we have reportedthe rejectioncurvesfor the
differentalgorithms. As expected,the TVQ algorithm was
competitivewith thebestSVM, resultingto bethebestalgo-
rithm for almostthewholeerrorrange.

6 Conclusions
We proposeda provablyconvergentre-weightingschemefor
improving margins, which focuseson “dif ficult” examples.
On the basisof this generalapproach,we defineda Vector
Quantizationalgorithmbasedon tangentdistance,which ex-
perimentallyoutperformedstateof theart classifiersboth in
generalizationandmodelcompactness.Theseresultsconfirm
that thecontrolof theshapeof themargin distribution hasa
greateffecton thegeneralizationperformance.

When comparingthe proposedapproachwith SVM, we
may observe that, while our approachshareswith SVM the
StatisticalLearningTheoryconceptof uniform convergence
of the empirical risk to the ideal risk, it exploits the input
distribution to directly work on non-linearmodels instead
of resortingto predefinedkernels. This way to proceedis
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Figure 4: Detail of rejectioncurves for the different 1-NN
methods.Therejectioncriterionis thedifferencebetweenthe
distancesof theinput patternwith respectto thefirst andthe
secondnearestmodels.

verysimilar to theapproachadoptedby Boostingalgorithms.
However, in Boostingalgorithms,severalhypothesesaregen-
eratedandcombined,while in our approachthe focusis on
a single hypothesis.This justifies the adoptionof an addi-
tive re-weightingscheme,insteadof a multiplicative scheme
which is moreappropriatefor committeemachines.
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