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Abstract

We presenta samplere-weightingschemenspired
by recentresultsin mamin theory Thebasicideais

to addto thetraining setreplicasof samplesvhich

arenotclassifiedvith asufficientmargin. We prove

the corvergenceof the input distribution obtained
in thisway. As studycasewe consideraninstance
of the schemeinvolving a 1-NN classifierimple-

mentinga Vector Quantizationalgorithm that ac-

commodatesangentdistancemodels. Thetangent
distancemodelscreatedin this way have shovn

a significantimprovementin generalizatiorpower

with respecto the standardangentmodels.More-

over, the obtainedmodelswereableto outperform
stateof theartalgorithms,suchasSVM.

1 Introduction

In this paperwe introducea simple additive re-weighting
methodthat is able to improve the mamin distribution on
thetrainingset. Recentesultsin computationalearningthe-
ory [Vapnik,1998;Schapirectal., 1998;Bartlett, 1994 have
tightly linkedthe expectedrisk of a classifier(i.e. the proba-
bility of misclassificatiorf apatterndrawn from anindepen-
dentrandomdistribution), with thedistribution of themaigins
in thetrainingset.In generaljt resultsthatwe canexpectbest
performance®n generalizatior(minimal error on testdata)
whenmostof the patternshave high mamgins.
Theaforementionedesultsareatthe basisof thetheoryof
two of the mostimpressve algorithms: SupportVector Ma-
chinesandBoosting. Either SVM’s and Boostingeffective-
nessis largely dueto the factthatthey, directly or not, effec-
tively improve the mamginson the training set. In particular
SVM explicitly findsthe hyperplanewith the largestmini-
mummamin in adimensional-augmentespacewheretrain-
ing pointsaremappedy akernelfunction. In this casemar
gin theory permitsto explain impressve performancegven
in very high dimensionakpaceavheredataare supposedo
be more separated.Most of the recentefforts in SVMs are
in the choiceof the right kernelsfor particularapplications.
For example,in OCR problems,the polynomial kernelwas
provento bevery effective.
Ontheotherside,boostingalgorithms andin particularthe
mostfamousversionAdaBoost,produceweightedensemble
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of hypothesesachonetrainedin suchawayto minimizethe

empiricalerrorin a given“difficult” distribution of thetrain-

ing set.Again, it hasbeenshavn [Schapire 1999 thatboost-
ing essentiallyis aprocedurdor findingalinearcombination
of weakhypothesesvhich minimizesa particularlossfunc-

tion dependenbn the margins on the training set, literally

Loss = ), exp(—u;). Recently researclefforts relatedto

boostingalgorithmsfacedthe directoptimizationof the mar

ginson thetraining set. For example,this hasbeendoneby

definingdifferentmaigin-basedtostfunctionsandsearching
for combinationsof weak hypotheseso to minimize these
functions[Masonetal., 1994.

We will follow arelatedapproachhataimsto find a sin-
gle (eventuallynonlinear) optimal hypothesisvherethe op-
timality is definedin termsof a loss-functiondependenbn
thedistribution of themaminson thetraining set.In orderto
minimize this losswe proposea re-weightingalgorithmthat
maintainsa setof weightsassociatedavith the patternsn the
training set. The weightassociatedo a patternis iteratively
updatedvhenthe mamin of the currenthypothesisdoesnot
reachapredefineahresholdonit. In thisway a new distribu-
tion onthetrainingdatawill beinduced.Furthermoreanew
hypothesigs thencomputedhatimprovesthe expectationof
themaigin onthenew distribution. In thefollowing we prove
thatthe distribution corvergesto a uniform distribution on a
subseDf thetrainingset.

We applythe above schemédo an OCR patternrecognition
problem,wherethe classifications basedona 1-NN tangent
distanceclassifier[Simardet al., 1993, obtaininga signifi-
cantimprovementin generalizationBasically the algorithm
buildsasetof modelsfor eachclassby anextendedversionof
the LearningVectorQuantizatiorprocedurgLVQ [Kohonen
etal., 1996) adaptedo tangentdistanceln thefollowing we
will referto this new algorithmasTangentVectorQuantiza-
tion (TVQ).

The paperis organizedasfollows. In Section2, we intro-
ducethe conceptof mamgin regularizationvia the input dis-
tribution on the training set. Specifically we presenthe ©-
Margin Re-weightingStrateyy, which holds the propertyto
guarantedhe corvergenceof the input distribution. In Sec-
tion 3, we introducea definition for the marmginsin a 1-NN
schemethat considersthe discriminative ratio obsened for
a particularpattern,andin Section4 we definethe TVQ al-
gorithm. Finally, in Section5 we presentempirical results
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comparingTVQ with other 1-NN basedalgorithms,includ-
ing SVM.

2 Regularization of themargins

Whenlearningtakesplace,the examplestendto influencein
a differentway the discriminantfunction of a classifier A
discriminantfunction can be viewed as a resourcethat has
to be sharedamongdifferentclients (the examples). Often,
when pure Empirical Risk Minimization (ERM) principleis
applied thatresourcds usedin awrongway since with high
probability, it is almostentirelyusedby afractionof thetrain-
ing set. Margin theoryformally tells usthatit is preferableo
regularizethe discriminantfunction in sucha way to make
the examplessharingmoreequallyits support.

Inspiredon the basicideasof margin optimization, here,
we proposea simple generalprocedureapplicable,eventu-
ally, to any ERM-basedhlgorithm. It permitsto regularizethe
parametersf adiscriminantfunctionsoto obtainhypotheses
with largemaminsfor mary examplesn thetrainingset.

Withoutgeneralitylosswe considerthe mamin for atrain-
ing exampleasarealnumbertakingvaluesin [—1, +1], rep-
resentinga measuref theconfidenceshovn by aclassifierin
the predictionof the correctlabel. In a binary classifier e.qg.
theperceptronthe mamin is usuallydefinedasy f (x) where
y is thetargetand f(z) is the outputcomputedby the clas-
sifier. Anyway, it canbe easilyre-conducedo the [-1,+1]
rangeby a monotonic(linearor sigmoidal)transformatiorof
the output. In any case,a positive valueof the margin must
correspondo a correctclassificatiorof theexample.

Giventhe function uy, (z;) that, provided an hypothesish,
associatet eachpatternits margin, we wantto definealoss-
functionthat,whenminimized,permitsto obtainhypotheses
with largemamgins(greatethanafixedthresholdd) for mary
exampledn thetrainingset. For this, we propose€o minimize
afunctionthat, basically is a re-formulationof SVM’s slack
variables:

L= Z (0 — pn (@) 10— pp ()]s
z;ES
whereS is atrainingsetwith N examplesandlg_,, ;)] =
1if pn(z;) < 6, andO otherwise. The L functionis null
for marginshigherthanthe threshold andis linearwith re-
spectto the valuesof the magins whenthey arebelow this
threshold.

We suggesto minimize L indirectly via a two-stepitera-
tive methodthat“simultaneously”(1) searche$or anapriori
distribution {~;} for the examplesthat, giventhe currenthy-
pothesish, betterapproximateshe function 1j5_,,, ()} and
(2) searchedor a hypothesish (e.g. by a gradientbased
procedure}hat, providedthe distribution {~; }, improvesthe
weightedfunction

(1)

N
H =Y yppun(p)-

p=1
This new formulationis equivalentto thatgivenin eq. (1)
providedthat {~;} cornvergesto the uniform distribution on

thed-mistales(patternghathave mamin lessthanthethresh-
old).

(2)
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O-Margin Re-weightingStratgy
Input:
T: numberof iterations;
H: hypothesespace;
#: mamgin threshold;
k(-) € (0, K]: boundedunction;
S = {(@i, i) }i=1,..,n: trainingset;
Initialize
ho € H (initial hypothesis);
fori=1,..,N
w; (0) « 1,7%(0) + +;
fort=1,.,T
begin
find h; suchthat
Sy it = D, () > 3 0ey vilt — 1) pn,_, (22);
w;(t) < wi(t — 1) + k() 1j_p,, (2:)];
U)i(t)
1 t ~—N
Yi(t) S
end
return hr;

Figurel: The ®-Margin Re-weightingStrateyy.

The algorithm, shavn in Figure 1, consistsof a seriesof
trials. An optimizationprocessthatexplicitly maximizesthe
function py, (x) accordingto the currentdistribution for the
examples,works on an artificial training set.S’, initialized
to be equalto the original training setS. For eacht, k(t)
replicasof thosepatternsin S that have margin belov the
fixed thresholdé are addedto S’ augmentingtheir density
in S’ andconsequentlyheir contribution in the optimization
process.Note thatw;(t) denoteshe numberof occurrences
in the extendedrainingsetS’ of the patternz;.

In the following, we will prove that the simple iterative
procedurgust describedmalkesthe distribution approaching
a uniform distribution on the #-mistales, provided that k()
is bounded.

2.1 Convergence of thedistribution

For eachtrial ¢, given the marmgin of eachexamplein the
training set.S, we can partition the training sampleas .S =
Sm(t) U Sc(t) where Sy (t) is the set of §-mistales and
Sc(t) = S — Sm(t) is the complementansetof §-correct
patterns.

Let denotelW () = |S'(t)| andlet w;(t) bethe numberof
occurrencesf patternz; in S’ attimet, with densityy; (t) =
w; (t)/W (t). Moreover, let A(t) be a suitablefunction of ¢
suchthatW (¢t + 1) = W () A(t).

Letw;(t+1) = w;(t)+k(t) betheupdaterule for thenumber
of occurence#n S’, wherek(t) is boundedandtakesvalues
in (0, K] (notethatk(t) maychangeatdifferentiterationsbut
it is independentrom i). It's easyto verify thatA(¢) > 1 for
eacht becausef themonotonicityof W (t), andthatA(t) —
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1 with thenumberof iterations.In fact
WiE+1) W)+ AW ()
< = <
B0 we o ST

At timet + 1 we have

K15

W — 1.

k(t
wi(t) + k(O 1jg_pey %) + %Wﬂt(t)]
AW (t) a A(t)
First of all we show thatthe distribution corverges. This
canbe shavn by demonstratinghatthe changesendto zero

with thenumberof iterations,i.e.,Vz; € S, |Av;(t)| — 0.
We have

it +1) =

iy Lo—um) — (AE®) = 1)7(?)
A(t) ’

which can be easily boundedin moduleby a quantity that
tendsto O:

Avy(t) =

5+ (A — D)
A®)

We now shaw to which valuesthey corverge. Let m; and
¢; be,respectiely, thecumulatve numberandthemeanratio

of -mistalesfor x; onthefirstt epochse; = mT(t) then

) = i)+ BlE@)mi(t)
W (0) + E[k(t)] L0, m;(t)

1+ tEk(b)]e; i
N+tEE@IC e S

Given the corvergenceof the optimization processthat
maximizesH in eq.(2), thetwo setsS,s andS¢ aregoingto
becomestableandthedistributionon S will tendto auniform
distributionin Sys (Wheree; — 1) andwill benull elsavhere
(wheree; — 0). Thiscanbeunderstoodn thefollowing way
aswell.

Given the definition of the changesnadeon the gamma
valueson eachiteration of the algorithm, we calculatethe
function that we indeedminimize. Since Aw(t) = k(t) -
119— (¢, aftersomealgebrawe canrewrite Av;(t) as:

o AWR) (e
A*“‘W@+n(wmm 7”0'

Thus,Av;(t) = 0 wheny; = MI[%W@], for whichthe
minimumof function

AW (1 > L
B =+ (5 PEHOE 0] Z 1[9m(t)]7i(t))

|Avi(t)] < — 0.

is reached.Note that, the minimumof E, is consistenwith
theconstrainty ", v; = 1.

In generalthe enepgy functionis modulatecby atermde-
creasingwith the numberof iterations,dependenon the k()
usedbut independenfrom gamma,that canbe viewed asa
sortof annealingntroducedn theprocess.

In the following, we study a specificinstanceof the ©-
Margin Re-weightingStrateyy.
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3 Marginsin a1-NN framework and tangent
distance

Givenatraining example(z;,y;) € S, y; € Y andafixed
numberof modelsfor eachclass,below, we give a definition
of the mamgin for the examplewhen classifiedby a distance
basedl-NN classifier

Giventhe example(z;, y;), let z¥ and 2z be the squared
distanceshetweenthe nearestof the positive set of models
andthe nearesbf the negative setsof models,respectiely.
We candefinethe mamgin of a patternin thetrainingsetas:

_A-au

=S 3
Wi P 3)

This formulatakesvaluesin theinterval [-1, +1] represent-
ing the confidencein the predictionof the 1-NN classifier
Highervaluesof the u;’s canalsobe viewedasanindication
of a higher discriminative power of the set of modelswith
respectto the pattern. Moreover, a patternwill resultcor-
rectly classifiedin the 1-NN scheméf andonly if its mamgin
is greatetthanzero.

In this paper we are particularly interestedin distances
that are invariant to given transformations. Specifically
we refer to the one-sidedtangent distance[Simard, 1994;
Hastieet al., 1995; Schwenkand Milgram, 1995b;19954,
which computeghedistancebetweera patternz; anda pat-
tern 2, asthe minimum distancebetweenz; and the lin-
earsubspacei,(a) approximatingthe manifold inducedby
transformingthe patternz. accordingto a givensetof trans-
formations:

dr(z1,12) = moitn [|z1 — Z2()]|- (4)

If the transformationsare not known a priori, we canlearn
them by defining, for eachclassy, a (one-sided)tangent
distancemodel M,, compoundedy a centoid C,, (i.e., a
prototypevector for classy) and a set of tangent vectos
T, = {T%} (i.e.,anorthonormalbaseof the linear subspace

C,(a)), thatcanbewritten as M, (a) = C,, + 317} 0, Ty

Thismodelcanbedeterminedy justusingthe NV, positve
examplesof classy, i.e. (z;,y) € S, as
N,

M = . i 1M(0.) — 2. |12
= argmin Y minl M) -yl 9

which caneasilybe solved by resortingto principal compo-
nentanalysis(PCA) theory, alsocalledKarhunen-L&veEx-
pansion In fact, equation(5) canbe minimized by choos-
ing C, asthe averageover all available positive samples
xp, and 7, asthe setof the most representatie eigervec-
tors (principal componentspf the covariancematrix £, =

Niy 22\21 (xp — Cy)(zp — Cy)t-

The correspondingroblemfor the two-sidedtangentdis-
tancecan be solved by an iterative algorithm, called (two-
sided) HSS, basedon Singular Value Decomposition,pro-
posedby Hastieet al. [Hastieet al., 1995. Whenthe one-
sidedversionof tangentdistances used,HSSandPCA co-
incide. So, in the following, the one sidedversionof this
algorithmwill besimply referredasto HSS.
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Given a one-sidedangentdistancemodel M, it is quite
easyto verify thatthesquaredangentdistancebetweerapat-
ternz andthemodel M, canbewritten as:

7l
dp(z, My) = 66— o} (6)

k=1

whered = z — Cy, a, = 6'T}, andé® denoteghetranspose
of §. Consequentlyin our definition of mamgin, we have
2P = min d%(z;, M), andz? = man, d%.(xi, My).

Given this definition of mamgin, we can implementthe
choiceof the new hypothesign the ©-Margin Re-weighting
Stratg)y by maximizingthe maigin usinggradientascenton
the currentinput distribution.

31

Consideringthe tangentdistanceformulation as given in
equation(6) we canverify thatit is definedby scalarprod-
ucts. Thus, we canderivateit with respectto the centroid
C andthetangentvectors7 = {T}} of the nearespositive
modelobtaining:

Improving marginsasadriven gradient ascent

|71

6 8zF
2060 - ) oxTy) = —20y,0.
Z kTk) 3T, k
Spi . Spi 027 Spi _ Ous 627
Consideringthat 37 = 527 30 and 555 = 527 5T,

computethe denvatlve of the maugin with respecto changes
in the nearespositive model:

» i 7]
e P — Ty
5C @+ 7P Z“’“ k)
Opi 2P

= 4—= .
5~ o’

A similar solutionis obtainedfor the neareshegative model
sinceit only differsin changingthe sign andin exchanging
indexesn andp. Moreover, thederivativesarenull for all the
othermodels.

Thus, we can easily maximizethe averagemamin in the
training setif for eachpatternpresentedo the classifierwe
movethenearestodelsin thedirectionsuggestedy thegra-
dient. Notethat, like in the LVQ algorithm,for eachtraining
example,only the nearesmodelsarechanged.

Whenmaximizingthe expectedmargin onthe currentdis-

tribution {v;}, i.e., H, for eachmodelM = (C,{T}}) we
have:
S| Sp S| S
AC_UZ%(SC’ ATk:n;%m7

wheren is theusuallearningrateparameterin thealgorithm

(seeFigure?), for brevity, we will grouptheabove variations

by referringto thewholemodel,i.e., AM =1y Zlﬁll Yi gﬁl
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TVQ Algorithm

Input:
T: no. of iterations;
Q: no. of modelsperclass;
#: mamgin threshold;
Initialize
W+« N,7 + %
Vy,q, initialize MY « (CS9, 77 with random

models;
fort=1,.,T
Vy, Vg, AMy? = 0;

V(zi,y:) € S, select(gp,¥i, gn) S-t. M("") andM(q"
arethe nearestposmve and negative, models Com—
pute u; asin eq. (3) andaccumulatethe changeson
thenearesmodels

O
AMI) = AM®) + i(—
Yi
dpi

(gn) (qn) . .
AMY™ — AMI 44, Yok
Yi

Yy, Vg, Mé‘” = Méq) +nAM§q) andorthonormalizets

tangents;
Y(x;,y;) € S, updatethedistribution ~y; by therule
Lio—p]
w
Normalizey;'s suchthath;1 v =1;
W W+ [{(zi,yi) s < 0};

Vi < Vit

End

Figure2: The TVQ Algorithm.

4 TheTVQ algorithm

Thealgorithm(seeFigure2) startswith randommodelsanda
uniform distribution on thetraining set. For eachpattern the
variationonthe closespositive andtheclosesnegative mod-
elsarecomputedaccordinglyto thedensityof that patternon
thetrainingsetS’. Whenall the patternsn S areprocessed,
the modelsare updatedperforminga weightedgradientas-
centon the valuesof the mamin. Moreover, for eachpattern
in thetrainingsetsuchthatthe valueof the margin is smaller
thana fixed value,the distribution is augmented.The effect
is to force the gradientascento concentrateon hardestex-
amplesin thetraining set. As we saw in Section2 theincre-
mentto thedistributionis simplytheeffectof addingareplica
(k(t) = 1) of incorrectlyclassifiedpatterngo the augmented
trainingset.

Theinitialization of thealgorithmmaybedonein different
ways. The default choiceis to userandomgeneratednodels
however, whenthetraining setsizeis not prohibitive, we can
drasticallyspeedup the algorithm by taking asinitial mod-
els the onesgeneratedy arny algorithm (e.g., HSS). How-
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Method Parameters | Err%
HSS1-sided 15tangents | 3.58
LvVvQ 2.1 16 codebooks| 3.52
TD-Neuron 15tangents | 3.51
HSS2-sided 9 tangents 3.40
Euclideanl-NN prototypes 3.16
SVM Linear 10.64
SVM Poly d=2 2.82
SVM Polyd=3 3.23
SVM Polyd=4 4.02

Tablel: Testresultsfor differentl-NN methods.

ever, in thecaseof multiple modelsperclasstheinitialization
throughthe HSSmethodwould generatédenticalmodelsfor
eachclassandthatwould invalidatethe procedure A possi-
ble choicein this case,is to generateHSS modelsby using
differentrandomconditionaldistributionsfor differentmod-
els associatedo the sameclass. Anothersolution, which is
usefulwhenthe size of the training setis relatvely large, is
to initialize the centroidsas the averageof the positive in-
stancesandthengeneratingandomtangents.Experimental
resultshave showvn that the differenceson the performance
obtainedby usingdifferentinitialization criteria are negligi-
ble. As we couldexpectthespeedf cornvergencewith differ-
entinitializationmethodsmaybedrasticallydifferent. Thisis
dueto thefactthatwhenTVQ is initialized with HSSmodels
it startswith a good approximationof the optimal hypothe-
sis(seeFigure3-(a)), while randominitializationsimplicitly
introduceaninitial poorestimateof thefinal distribution due
to the mistalkesthat mostof the examplesdo on thefirst few
iterations.

5 Resaults

We comparedthe TVQ algorithm versusSVMs and other
1-NN basedalgorithms: 1-sided HSS, 2-sided HSS, TD-
Neuron[Sonaet al., 2000, andLVQ. The comparisorwas
performedusingexactly the samesplit of adatasetonsisting
of 10705digits randomlytakenfrom theNIST-3 datasetThe
binary 128x128digits were transformedinto 64-grey level
16x16 imagesby a simple local countingproceduré. The
only preprocessingerformedwasthe elimination of empty
borders.Thetraining setconsistedf 5000randomlychosen
digits, while the remainingdigits wereusedin thetestset.
Theobtainedesultsfor thetestdataaresummarizedn Ta-
ble 1. For eachalgorithm,wereportedhebestresult,without
rejection,obtainedfor the dataset.Specifically for the SVM
training we usedthe SVML#"t packageavailableon thein-
ternet. Differentkernelswereconsideredor the SVMs: lin-
earandpolynomialwith degrees2,3 and4 (we usedthe de-
fault for the otherparameters)SinceSVMs arebinary clas-
sifiers,we built 10 SVMs, onefor eachclassagainstall the
others,andwe consideredhe overall predictionasthe label
with highermamin. The bestperformancéasbeenobtained

1The numberof pixel with valueequalto 1 is usedasthe grey
valuefor the correspondingixel in thenew image.
2http://www-ai.cs.uni-dortmund.de/SOF ARE/SVM_LIGHT/

MACHINE LEARNING AND DATA MINING

=023 =04 =01
Q [ [7T=10] [7[=15 || [T[=10] [7]=15 || [T]=0
1 2.40 2.20 3.00 2.22 6.40
3 2.10 2.26 2.43 2.10 -

Table2: Testresultsfor TVQ.

with a polynomialkernelof degree2. We ranthe TVQ al-
gorithmwith two differentvaluesfor § andfour differentar-
chitectures.Moreover, we ran alsoan experimentjust using
asinglecentroidfor class(i.e., |7,| = 0) with 8 = 0.1. The
smallervaluefor 8 hasbeenchoserjustto accounfor thefar
smallercompleity of themodel.

In almostall the experimentghe TVQ algorithmobtained
thebestperformanceResultson thetestdataarereportedn
Table2. Specifically the bestresultfor SVM is worstthan
almostall the resultsobtainedwith TVQ. Particularly inter-
estingis theresultobtainedby just usinga singlecentroidfor
eachclass.This correspondso performanLVQ with just 10
codebookspnefor eachclass.

In addition, TVQ returnsfar morecompactmodelsallow-
ing a reducedresponsdime in classification.In fact, the 1-
NN usingpolynomialSVMs with d = 2, need2523support
vectors,while in the worst casethe modelsreturnedby the
TVQ involve atotal of 480vectors(onecentroidplus15tan-
gentsfor eachmodel).

In Figure3, typical errorcurvesfor thetrainingandtester-
rors(3-(b)), aswell asthemagin distributionsonthetraining
set(3-(c¢)) andtheinducedmamin distribution on the testset
(3-(d)) arereported.Fromtheseplotsit is easyto seethatthe
TVQ doesnt showv overfitting. This wasalso confirmedby
theexperimentsnvolving themodelswith highercompleity
andsmallervaluesof . Moreover, theimpactof thed-margin
on the final mamin distribution on the training setis clearly
showvn in 3-(c¢), wherea steepincreaseof the distribution is
obsened in correspondencef # at the expensesof higher
valuesof mamgin. Evenif ataminor extent,a similarimpact
onthemargin distribution is obseredfor thetestdata.

In Figure 4 we have reportedthe rejectioncurvesfor the
differentalgorithms. As expected,the TVQ algorithmwas
competitive with the bestSVM, resultingto bethe bestalgo-
rithm for almostthewholeerrorrange.

6 Conclusions

We proposedh provably cornvergentre-weightingschemeor
improving mamins, which focuseson “difficult” examples.
On the basisof this generalapproachwe defineda Vector
Quantizatioralgorithmbasedon tangentdistancewhich ex-
perimentallyoutperformedstateof the art classifiersbothin
generalizatiomndmodelcompactnessTheseresultsconfirm
thatthe control of the shapeof the mamin distribution hasa
greateffecton the generalizatiorperformance.

When comparingthe proposedapproachwith SVM, we
may obsene that, while our approactsharesvith SVM the
StatisticalLearningTheory conceptof uniform corvergence
of the empirical risk to the ideal risk, it exploits the input
distribution to directly work on non-linearmodelsinstead
of resortingto predefinedkernels. This way to proceedis
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TVQ Test-Error (%) ——
TVQ Train-Ertor (%)

0
10000 0 1000

(b)

2000 4000 6000 1500

(a)

8000

HSS nodel
50 It. TVQ -~
500 It. TVQ
5000 It. TVQ

HSS nodel
9t 50 It. TVQ -~ oo
500 It. TVQ
8 15000 It. TVQ 7 o8
' 0
o

Figure3: TVQ with 15x 1 tangentsandé = 0.4: (a) comparisorwith differentinitialization methods;(b) testandtraining
error; (¢) cumulatve mamins on the training set at differentiterations; (d) cumulatve mamgins on the testsetat different

iterations.
50 ‘ — ‘ ‘
TD_Neuron with 15 tangents ——
45 | % 1-sided HSS with 15 tangents ----x--- ]
R\l Euclidean 1-NN -
40 Fo 2-sided HSS with 9 tangents & ]
LAY TVQ - 1000 iterations ---=--
35 |- \. \XD SVM - Polynomial (d=2) ---o--

30

25

% rejection

20
15 +

10 +

0.8 1
% error

Figure 4: Detail of rejectioncurvesfor the different 1-NN
methodsTherejectioncriterionis thedifferencebetweerthe
distancef theinput patternwith respecto thefirst andthe
seconchearestodels.

very similar to theapproactadoptedy Boostingalgorithms.
However, in Boostingalgorithms severalhypothesearegen-
eratedand combined,while in our approachthe focusis on
a single hypothesis. This justifies the adoptionof an addi-
tive re-weightingschemejnsteadof a multiplicative scheme
whichis moreappropriatéor committeemachines.
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