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Abstract

A previous researchhasshown that most learning
strategiesfail to learnrelationalconceptswhende-
scriptionsinvolving more than threevariablesare
required. The reasonresidesin the emergenceof
a phasetransition in the covering test. After an
in depth analysisof this aspect,this paper pro-
posesanalternative learningstrategy, combininga
MonteCarlostochasticsearchwith localdetermin-
istic search.This approachoffers two main bene-
fits: on the onehand,substantialadvantagesover
moretraditionalsearchalgorithms,in termsof in-
creasedlearningability, and,on theother, thepos-
sibility of ana-prioriestimationof thecostfor solv-
ing a learningproblem,underspecificassumptions
aboutthetargetconcept.

1 Introduction
In a recentpaperGiordanaet al. [Giordanaet al., 2000]
have shown thatrelationallearningbecomesvery hardwhen
the target conceptrequiresdescriptionsinvolving morethan
threevariables. The reasonis relatedto the presenceof a
phasetransitionin thecoveringtest[Prosser, 1996;Giordana
and Saitta,2000], i.e., an abruptchangein the probability
that an inductive hypothesiscoversa given example,when
thehypothesisandtheexamplesizesreachsomecritical val-
ues.Moreover, any top-down learnerwill searchfor discrim-
inant hypothesesin the phasetransitionregion [Giordanaet
al., 2000;GiordanaandSaitta,2000], and,finally, heuristics
commonlyusedto guidetop-down relationallearning[Quin-
lan, 1990;BottaandGiordana,1993] becomeusefulonly in
the sameregion. The consequenceis that the top-down in-
ductionprocessis blind in its first steps,so that the pathto
thecorrectconceptdefinitionis veryeasilylost.

Thispaperofferstwo majorcontributions.First, theresults
reportedby [Giordanaet al., 2000] areextended,providing a
morethoroughanalysisof thebehavior of atop-downlearner.
A formal estimateof the ”dif ficulty” of a learningproblem
is proposed,in termsof the densityof sub-formulasof the
targetconceptin thehypothesisspace.Moreover, anestimate
of the probability of detectingoneof theseis alsogiven,as
a function of the target conceptlocationwith respectto the
phasetransition.

Second,aninductionalgorithm,combininga MonteCarlo
stochasticsearch[BrassardandBratley, 1988] with local de-
terministicsearch,is proposedto (partially) avoid thepitfall
that causestop-down searchto fail. The new algorithmdi-
rectly jumpsinto a region of thehypothesisspacewherethe
informationgainheuristicshasgoodchanceof beingsuccess-
ful, continuingits searchexploiting a classicalhill climbing
strategy. The complexity of this algorithmis analyzedin a
probabilisticframework, and it is proposedasa measureof
thedifficulty of theinductiontask.Finally, thealgorithmhas
beenexperimentallyevaluatedon the set of hard induction
problemsprovidedby [Giordanaet al., 2000], andit showsa
goodagreementwith thetheoreticalestimates.

2 Covering Test in Relational Learning
A key step in Machine Learning is the covering test, i.e.,
checkingwhetheranexample� belongingto a learningsetE
verifiesa hypothesis� [Mitchell, 1997]. In relationallearn-
ing � is usuallyrepresentedasa conjunctionof groundliter-
als �������	��
�
�
��
����� , wherethe ��� ’s areconstantsbelongingto a
given set[MuggletonandDe Raedt,1994], and � is a con-
junction of non-groundliterals � ��� � ��
�
�������� containingthe
variables���	��
�
���� � . Thecoveringtestcheckswhethera First
OrderLogic formula � hasat leastonemodelin theuniverse� . To this aim,asubstitution� of thevariables� � ��
�
��
��� with
constants� � ��
�
�
��
� � thatsatisfies� is searchedfor. 1.

This searchprocessshows a phasetransitionfor critical
valuesof thenumber� of constants��� ’s in theuniverse,and
the number � of literals in the hypothesis� [Hogg et al.,
1996; Prosser, 1996; Botta et al., 1999]. The graphin the� � � � � planeof the probability that a model of � exists in� is reportedin Figure1(a), for a setof covering problems
generatedaccordingto a randommodeldescribedin [Botta
et al., 1999]. In the following, we will refer to ”phasetran-
sition” as to the locusof the points � ��� � � � � for which the
probability that a model exists is !#"�$&%('*) 
 + . The phase
transitionis locatedin correspondenceof the ”waterfall” in
Figure1(a). To the left of the phasetransition(in the YES-
region, i.e., the high plateauin Figure1(a)) almostany ex-
ampleverifiesany hypothesis.To theright of thephasetran-

1Verifying , on - is a ConstraintSatisfactionProblem,which
exhibitsa typicalphasetransition[Williams andHogg,1994;Smith
andDyer, 1996;Prosser, 1996].
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sition (in the low plateau,i.e., theNO-region) almostno ex-
ample. verifies any hypothesis. The steepstepcorresponds
to the ”mushy” region, wheretheprobabilityof a modelex-
isting dropsfrom 0.99 to 0.01.In this region, the complex-
ity of the searchreachesits maximum,as reportedin Fig-
ure1(b).Moredetailscanbefoundin [Giordanaet al., 2000;
Bottaetal., 1999].
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Figure 1: Exampleof phasetransition in the covering test
problem.All hypotheseshavefour variablesandcontainonly
binarypredicates.Eachpredicateis associatedto atablewith
100tuplesin eachexample.(a)Probabilitythatamodelexists
for 4 variables. (b) Correspondingcomplexity peakfor the
searchof amodel.

If thenumberof variablesin theformulaschanges,thelo-
cationof the phasetransitionmoves,asdescribedin Figure
2.
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Figure2: Dependency of the phasetransitionlocationupon
thenumberof variablesin a hypothesis.

3 Top-Down Induction
Let us considera learningset / anda conjunctive concept0 . Every pair �1����0 � , with �(2 / , representsa covering test� �43 � � 5 � in the � � � � � plane. A learningproblemcorre-
spondsthento a cloud of points[Giordanaet al., 2000]. In
thespecialcasethatthenumberof constantsin all examplesis
thesame,theentirelearningproblem � � 3 � � 6 � corresponds
to a singlepoint. In a similar way, any inductive hypothesis� , built up by a learnerin theattemptof finding 0 , or at least
a goodapproximation 70 of it, canbe representedasa cloud
of points (or a singlepoint) in the � � � � � plane. Then, an

inductionprocessthatproceedsby generatinga sequenceof
hypotheseswill describea family of lines (or a single line)
parallelto the � axis.

In order to investigatehow the presenceof a phasetran-
sition in the � � � � � planemay affect the behavior of a re-
lational learner, anextensive experimentationhasbeendone
usinga large setof artificially generatedlearningproblems
2. Theresultshavebeenreportedanddiscussedin [Giordana
et al., 2000]. Hereexperimentalsettingandthefindingsare
recalled,in orderto statethebaseline for thework described
in this paper.

The artificial learningproblemsethasbeengeneratedac-
cording to the following procedure. Given 8 and 9 , let� � � � � be a point in the plane � � � � � . A setof 451 points
hasbeensampledin theplane � � � � � . Then,for eachpoint,
a learningproblem :<;>= ? hasbeenbuilt up from the 4-tuple� 8@'BA � 9C'EDF)G) � � � � � . A target concept0 with � liter-
alsand 8 variableshasbeenbuilt up, andthena trainingset/H? anda testset /HI havebeengenerated.Let J bea setof �
constants;everyexampleis acollectionof � relationaltables
of size 9 obtainedby samplingthe binary table JLKMJ . In
orderto generatebalancedtrainingandtestsetsin eachpoint
of the � � � � � plane,the randomgenerationof the examples
hasbeenmodifiedin order to obtainexampleswith models
alsoin theNO-region, andexampleswithout modelsalsoin
theYESregion(see[Giordanaetal., 2000] for moredetails).
The resulthasbeenthe generationof training andtestsets,/ ? and / I , eachonewith 100positive and100negative ex-
amplesin each � � � � � point.

Theexperimentationhasbeendoneprimarily usingFOIL
[Quinlan,1990]. A problemhasbeenconsideredsolvedwhen
the conceptdescriptionfoundon /H? wasat least80%accu-
rateon / I . However, otherlearners,suchasSMART+ [Botta
andGiordana,1993] andG-NET[Anglanoetal., 1998], have
alsobeentried for comparison,reportinga strongagreement
with FOIL both for the positive and for the negative cases.
Theresultscanbesummarizedasin thefollowing. First, all
triedlearningstrategiesalwaysendupgeneratingconceptde-
scriptionslying on, or very closeto, the edgeof the phase
transition.As discussedby [GiordanaandSaitta,2000], this
phenomenonsystematicallyoccursboth in artificial and in
real learningproblems,assoonasthe generatedhypotheses
involvemorethanthreevariables.

Second,a large ”blind spot” locatedacrossthe mushyre-
gion hasbeenfound: whenthe target conceptlies there,no
tried learnerhasbeenableto find any goodgeneralizationof
the target concept(seeFigure3). Quite surprisingly, learn-
ing problemsbecomeagainsolvableby top-down induction
whenthey arelocatedin theNO-region,to thefar right of the
phasetransition.

Finally, the computationalcomplexity of matchinginduc-
tive hypotheseslying in the mushyregion may renderthe
whole inductionprocessinfeasible. A possibleway out has
beenproposedby [GiordanaandSaitta,2000], whosuggested
to use a stochasticalgorithm for on-line estimationof the

2All the artificial learning problems defined
in this experimental setting are available at:
http://www.mfn.unipmn.it/̃attilio/PROJECTS/phase-trans.html.
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complexity, at thepossibleexpensesof correctness.
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Figure3: Relationallearningwith FOIL: Failure region (leg-
end“.”) andsuccessregion (legend“+”), for 8N'OA and 9P'D�)Q) . Thecontourplot correspondsto thevalue ! "&$&% '@) 
R+ of
theprobabilitythatrandomlygeneratedcoveringtestis posi-
tive.

4 Why Top-Down Induction is Misled
Beforepossiblydesigningnew heuristics,it is necessaryto
clearly understandwhy FOIL and the other learnersfail in
the blind spot. A preliminary analysisshowed that heuris-
tics relying on the numberof models,hypotheseshave on
the examples[Quinlan, 1990; Botta and Giordana,1993;
Rissanen,1978], arenot reliablein theYES-region,because
bothwrongandcorrectgeneralizationsof the targetconcept
havetheresimilarnumbersof modelsbothonthepositiveand
onthenegativeexamples.In supportto thisclaim,Figure4(a)
plots the averagenumber S of modelsa randomhypothesis
hasasafunctionof � , for �T'UDFV . It is clearthatanincrease
by 1 in thenumber8 of variablesinducesa largeincreaseofS andan even larger oneon S ’s standarddeviation W . Ac-
tually, when 8X'BA the standarddeviation is larger thanthe
numberof positive examplesin the learningset. Then,even
if weassumethatgeneralizationsof thetargetconcept0 have
at leastonemodelmoreon thepositive examplesthaton the
negative ones,thesegeneralizationscannotbe distinguished
from a purely randomhypothesis.On the contrary, for hy-
potheseswith 2 or 3 variablesonly, S is muchsmaller, and
we mayexpectthat,providedthata correctgeneralization70
of 0 with only two or threevariablesexists, it shouldbe far
easierto find it thanany otheronehaving four variables.This
conjectureagreeswith the fact that many solutionsactually
generatedby FOIL haveonly threevariables,eventhoughthe
targetconceptis describedby a formulawith four variables.

A moredetailedanalysisis reportedin Figure5, wherethe
line correspondsto thephasetransitionfor 8Y'UA . In Figure
5(a) the ”+” denotethe locationsof a setof target concepts0 , whosedescriptioncontainsfour variables. Figure +��1��Z[�
shows the locationof the solutionsfoundby FOIL. Most of
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Figure4: NumberS of modelsof arandomhypothesisversus� , for variousvaluesof 8 . (a) S for 8]'O^ , 8]'@_ and 8]'OA .
(b) Standarddeviationof S .

thesesolutionsaregeneralizationsof 0 with four variables,
becauseno acceptablegeneralizationswith threeor lessvari-
ablescouldbefound.On thecontrary, Figure +��[`a� shows the
locationsof a set of target conceptswhosedescriptionstill
containsfour variables,but for which FOIL wasableto find
generalizationswith no more than threevariables(reported
in Figure +b��` Z � ). Problemsin Figure5(b) aretheneasierto
solve thanproblemsin Figure5(a): this resultcorrespondsto
the fact that problemsin Figure5(a) arecloserto the phase
transitionthanproblemsin Figure5(b). We observe that the
probability of a problembeingcorrectlyapproximatedby a
formulawith only threevariablesincreaseswith thenumber
of literals in 0 . In fact, when 0 containsmore literals, the
numberof its subformulasthatarecorrectgeneralizationsof0 increasesaswell; then,wemayexpectthatat leastsomeof
themcontainsa numberof variablessmallerthan 0 ’s. More-
over, the difficulty of a learningproblemincreaseswhen �
decreases,whereasthe critical value � � increases. When�dce^G) theonly solutionsfoundhavethreevariables.In con-
clusion,mostlearningproblemsin theNO-region have been
solvedonly becauseapproximationswith only threevariables
existed. When more than threevariablesare required, � �
becomeslarger, andavailableheuristicsfor top-down search
areunableto grow valid inductive hypothesesstartingfrom
the YES-region. On the otherhand,we could not find any
bottom-uplearningalgorithmcapableto copewith thecom-
plexity of working directly insidetheNO-region.

5 A Stochastic Approach
In theabsenceof reliableheuristics,stochasticsearchmaybe
a valid alternative,especiallyif combinedwith deterministic
search.An exampleof aneffective combinationof a Monte
Carlosearchwith deterministicsearchin then-Queensprob-
lem canbefoundin [BrassardandBratley, 1988]. Thealgo-
rithm we proposeis basedon a two-stepstrategy. The first
stepcreatesa hypothesis�#f with a complexity (numberof
literals) g sufficient to reachthe borderbetweenthe YES-
regionandthemushyregion; � f is theresultof randomsam-
pling of the hypothesisspace. The secondstepconsistsof
a generalto specificsearch,startingfrom �hf accordingto a
hill-climbing strategy guidedby theinformationgainheuris-
tics. i<jlkHm	nFoqp�r

�tsvu
o
8xw

Let 70 �qy � '@z
while halt conditiondoesnothold do
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Figure5: Solutionsgeneratedby FOIL for problemsin the
NO region. (a)Problemssolvedwith four variables;(b) prob-
lemssolvedwith hypothesiscontainingonly threevariables;
(a’) and(b’) locationin the � � � � � planeof thesolutionsgen-
eratedby FOIL correspondingto the problemsin Figura(a)
and(b), respectively.

1. Randomlygeneratea hypothesis�hf closeto
themushyregion

2. Make �#f more specificby following a hill-
climbing strategy guidedby the information
gain. Let 70h{ be the locally besthypothesis
foundin trial

p
.

3. if 70 { is betterthan 70 �qy � then replace70 �qy � with70#{ .
end

If thetargetconcept0 hasa conjunctivedescriptionin the
hypothesisspace| , the Monte Carlo algorithm s}u

o
8xw is

very likely, in thelongrun,to find 0 , or at leastagoodgener-
alization 70 of it, correcton thelearningset / . Now, we want
to answerthefollowingquestion:assumingthatthecomplex-
ity �~3 andthenumberof variables8�3 in 0 areknown, what
is thecomplexity we would expectfrom Algorithm s}u

o
8xw ?

As ”complexity” of the algorithm we meanthe minimum
number �x� of trials necessaryto reacha probability (1 - � )
of finding 70 (or 0 , asa speciallylucky case). If we choosegd'�� ��� D , thereis a strongexperimentalevidencethat a
hill-climbing search,guidedby the informationgain,almost
surelywill find 70 . This happensbecausethesearchexplores
theregionwheretheinformationgainbecomesreliable.

Let !#� be the probability that �hf is a sub-formulaof 0 ,
thentheprobability !<�3#� {�� of finding 70 in nomorethan

p
steps

is givenby theexpression:

!��3#� {�� '�D � � D � !h� � { (1)

Given �~3 and 8�3 , the probability ! � canbe estimated,
for a generic number � of literals, as the ratio ! � '9�� � � 3 � 8 3 � � �
����� 9�� � � 3 � � �
��� , where 9�� � � 3 � 8 3 � � �
��� is
the numberof sub-formulasof 0 with � literals and � vari-
ables( ^�� � �C8 ), and 9 � � �43 � � ���H� is the total num-
ber of formulasin the hypothesisspacewith � literals and� variables. An analyticalexpressionfor 9�� � � 3 � 8 3 � � ���H�
and 9�� � � 3 � � ���H� hasbeengivenin [Serra,2000], underthe
assumptionthatall predicatesarebinary. Usingsuchexpres-
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Figure 6: Contour plot of the averageproportion of sub-
formulasof a targetconcept0 asa functionof � and � , for8t'�_ and 8t'�A . (the parameterson the curvesare the
exponentof 10)

sions,thecontourplot of Figure6 havebeenobtainedfor the
ratio � � �~3 � 8�3 � � �
��� ' 9 � � �~3 � 8�3 � � ���H�
� 9 � � �~3 � � ���H�
setting 8 3 '�A , � '�_ and � '�A . It is immediateto verify
that � � � 3 � 8 3 � � �
��� decreasesexponentiallywith � , while
it remainsconstantwith respectto � , after an initial expo-
nentialdecayfor small valuesof � . The value ! � canbe
obtainedfrom Figure6 by setting �d'�g . As gO'�� ��� D
dependsupon � (seeFigure 1), !#� dependsupon � � , too.
Theplots of Figure7 reportthedependency of ! � upon � �
for in thecaseof � 'O_ (dottedline), andin thecaseof � 'XA
(continuousline). For 8e'�_ thephasetransitionoccursfor
smallervaluesof � � thanfor 8Y'LA . Consequently, theval-
uesof ! � for � '�_ areorderof magnitudelarger thanfor� '�A . This explain why learninga conceptwith threevari-
ablesonly is mucheasierthan learninga conceptwith four
variables,as it hasbeenstatedin the previous section. We
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notice that the value � � is known whenthe learningexam-
plesaregiven,because� � is theaveragenumberof constants
occurringin them.
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Figure7: Proportionof correctgeneralizationsof 0 evaluated
on theedgeof thephasetransition,i.e.,whentheprobability
of solutionis ! "�$&% '@) 
 � , versus� � .

6 Improving the Stochastic Search Algorithm
Expression(1) andthe graphsin Figure7 allow oneto esti-
matethe number�x� of trials requiredto reacha confidence
(1-� ) thatAlgorithm s}u

o
8xw hasfoundanapproximation 70 ,

providedthatsuchanapproximationexists.Then,thesearch
canbeplannedasfollows:

1. Assumean initial value 8 3 for the numberof variables
in 0 .

2. Estimatethenumber� � of trials necessaryto reachthe
confidencelevel � D � � � . If � � is too high, stop,other-
wisego to thenext step.

3. Run s}u
o
8xw for � � trials.

4. If theresultreturnedby s}u
o
8xw is acceptable,stop,oth-

erwiseincrease8 3 by 1 andgo to step2.

We noticethatthecostfor generatingandevaluatinga hy-
pothesisin the initial randomsamplingphaseis muchlower
thanthe cost for the subsequenthill-climbing search.More
specifically, the numberof hypothesesto be generatedand
evaluatedfor thehill-climbing stepcanbeestimatedby:� ��� D��¡  � �48 � 8 � D �
� (2)

being   an integer thatexperimentallyhasbeenobservedto
rangefrom ) to _ . In expression(2) the term � D<�¢  � is an
estimateof thenumberof literalsto beaddedto a hypothesis�#f in order to crossthe phasetransition,whereasthe term�48 � 8 � D � estimatesthenumberof alternativespecializations
to beconsideredat eachhill-climbing step.

Then,thenumberof hypothesesto beevaluatedin thehill-
climbingphaseis from oneto two ordersof magnitudelarger
thanthenumberof stochastictrials.

A secondpoint worth noticing is that, assumingthat the
informationgainheuristicsis reliablefor any hypothesis� fx£¤

, it is also likely that �#f itself be scoredhigher than the
averagewhenit is asub-formulaof 0 .
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Figure8: Resultsobtainedby Algorithm �¦¥ . The numbers
denotetheminimumvaluethatwasnecessaryto assumeforg in orderto solve the learningproblem. Whenthe number
is prefixed by ”+”, it meansthat 8U'PA hasbeenassumed,
otherwise8('@_ . Symbol”.” meansthattheproblemhasnot
beensolved.

On thebasisof thepreviousconsiderationswe introducea
new algorithm,which canbemoreeffective in practicethan
Algorithm s}u

o
8xw . Let � � bethenumberof trials estimated

by (1) in orderto reacha confidence� D � � � on the output
of algorithm s}u

o
8xw . Let moreover § ( DN��§¨���x� ) be a

user-definedparameter.

Algorithm �¦¥
1. Createaset © of � � hypotheseswith complex-

ity g .
2. Rankhypothesesin © accordingto their infor-

mationgainwith respectto theformula �
nFª � .

3. Startingfrom thetoprankedhypothesis,apply
the hill-climbing specializationstepto the §
bestrankedhypotheses.

4. Returnthebestdescription 70 .

Algorithm �¦¥ tries to limit the numberof hill-climbing
stepsto the hypotheseslooking more promising, reducing
thusthe computationalcomplexity. Of course,parameter§
is anarbitrarychoice,andtheconfidencelevel � D � � � is guar-
anteedto bereachedonly when §«'X� � . In practice,wehave
observedthatusingvaluesof § relatively small( §«'�D	¬ of� � ) �¦¥ tendsto producethesameresultsasfor � � 'O§ .

Algorithm �¦¥ hasbeentestedon thesetof learningprob-
lems,reportedin Figure3, trying to solvetheproblemslaying
in theNO-region following thestrategy describedabove. We
startedwith theminimalhypothesis8 3 'O_ . Parameterg has
beenset gN'XA , whichapproximatelycorrespondsto theedge
of the phasetransitionfor 8­'®_ and �°¯B_G) . Even if for
smallervaluesof � ourstrategy foreseeslargervaluesof g , it
hasbeenfoundthat �>¥ wasableto find a solution,with this
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setting,also for many problemswhere ^±)¡�°�®��_Q) . Af-
terwards² moreexpensive hypotheseshasbeenprogressively
consideredfirstly increasingg , until thevalueforeseenby the
phasetransitionhasbeenreached(or an excessive costwas
foreseen)andthensetting 8 3 '�A . A value §³'�D	¬ of � �
hasbeenusedeverywhere.Theresultsarereportedin Figure
8. Comparingto Figure3, we seethatmany problemslying
in theblind spothave beensolved. In practicealmostall the
problemsabovethephasetransitionandtheline �T'�D�V have
beensolvedwith acomplexity largerasFOIL but still afford-
able. A clusterof 20 PentiumIII (800 Mhz) hasbeenused
for the experiments,whereevery singleproblemrequireda
time rangingfrom few minutesto several hours(an elapsed
time comparableto FOIL on a sequentialmachine). When
the problemwas not solved we progressively increasedthe
complexity of thehypothesisincreasingg .

7 Discussion
We have shown that combiningstochasticsearchwith local
deterministicsearchit is possibleto learnapproximatedcon-
cept descriptionswhere no known classicalalgorithm was
successful.Even if thealgorithmis usedunderthestringent
assumptionthataconjunctiveconceptdescriptionexists,it is
not difficult to extendit in order to copewith moregeneral
conceptdescriptions.For instance,disjunctive descriptions
can be learnedby integrating �¦¥ with a set covering algo-
rithm asit is madein mostrelationallearner[Quinlan,1990;
BottaandGiordana,1993].

However, this is not the fundamentalresult that emerges
from the framework we propose. In our opinion, the most
importantoutcomeis themethodfor estimatingthecomplex-
ity of a learningproblem: given a specifichypothesisabout
thestructureof theconcept,we have a methodfor predicting
theexpectedcostfor testingthehypothesis.Moreover, a cri-
terion for decidingon-line whenstoptestingthe hypothesis
is provided.

A secondimportantresultis a negative one,andconcerns
the possibility of learningdescriptionswith many variables.
Even underthe simplistic assumptionthat all predicatesare
relevant to the conceptdescription,the task looks hard for
many conceptsrequiringat least4 variables.Increasingthe
numberof variables,the complexity risesup exponentially.
Consideringthepresenceof irrelevantpredicates,theanalysis
we performedstill holds,but thethedensityof sub-formulas
of the target conceptcloseto the phasetransitionbecomes
evenmoretiny, andsothedifficulty will increasefurther.
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