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Abstract

A previous researchhasshovn that mostlearning
stratgjiesfail to learnrelationalconceptavhende-
scriptionsinvolving more thanthreevariablesare
required. The reasonresidesin the emegenceof
a phasetransitionin the covering test After an
in depth analysisof this aspect,this paper pro-
posesanalternatve learningstratey, combininga
Monte Carlostochasticsearchwith local determin-
istic search. This approachoffers two main bene-
fits: on the onehand,substantiabdvantagesver
moretraditional searchalgorithms,in termsof in-
creasedearningability, and,on the other, the pos-
sibility of ana-prioriestimatiorof thecostfor solv-
ing alearningproblem,underspecificassumptions
aboutthetargetconcept.

1 Introduction

In a recentpaperGiordanaet al. [Giordanaet al., 200Q
have shown thatrelationallearningbecomewery hardwhen
the target conceptrequiresdescriptiondgnvolving morethan
threevariables. The reasonis relatedto the presenceof a
phaseransitionin the coveringtest[Prosser1996;Giordana
and Saitta, 2004, i.e., an abruptchangein the probability
that an inductive hypothesiscoversa given example,when
the hypothesisandthe examplesizesreachsomecritical val-
ues.Moreover, ary top-davn learnerwill searchfor discrim-
inant hypothesesn the phasetransitionregion [Giordanaet
al., 2000; GiordanaandSaitta,200d, and,finally, heuristics
commonlyusedto guidetop-davn relationallearning[Quin-
lan, 1990; Bottaand Giordana, 1993 becomeusefulonly in
the sameregion. The consequencés that the top-dowvn in-
duction processs blind in its first steps,so that the pathto
the correctconceptdefinitionis very easilylost.

This paperofferstwo majorcontributions. First,theresults
reportedby [Giordanaetal., 2000 areextended providing a
morethoroughanalysisof thebehavior of atop-dovnlearner
A formal estimateof the "dif ficulty” of a learningproblem
is proposed,n termsof the density of sub-formulasof the
targetconcepin thehypothesispace Moreover, anestimate
of the probability of detectingone of theseis alsogiven, as
a function of the target conceptlocationwith respecto the
phaseransition.
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Secondaninductionalgorithm,combininga Monte Carlo
stochastisearch BrassarcandBratley, 1984 with local de-
terministicsearchjs proposedo (partially) avoid the pitfall
that causegop-downvn searchto fail. The new algorithmdi-
rectly jumpsinto a region of the hypothesispacewherethe
informationgainheuristicchasgoodchanceof beingsuccess-
ful, continuingits searchexploiting a classicalhill climbing
stratgy. The compleity of this algorithmis analyzedin a
probabilisticframework, andit is proposedasa measureof
thedifficulty of theinductiontask. Finally, thealgorithmhas
beenexperimentallyevaluatedon the setof hard induction
problemsprovided by [Giordanaetal., 2004, andit shovs a
goodagreementvith thetheoreticalestimates.

2 Covering Test in Relational Learning

A key stepin Machine Learningis the covering test i.e.,

checkingwhetheranexamplee belongingto alearningsetE

verifiesa hypothesisy [Mitchell, 1997. In relationallearn-
ing e is usuallyrepresente@sa conjunctionof groundliter-

alse(ay, - ..,a,), wherethea;'s areconstantbelongingto a
given set[Muggletonand De Raedt,1994, and ¢ is a con-
junction of non-groundliterals ¢(z1, .., z,) containingthe
variableszy, .., ,,. The coveringtestcheckswhethera First
OrderLogic formulay hasatleastonemodelin theuniverse
e. To thisaim, a substitutiord of thevariablese,, .., 2, with

constantsi, ... ., a, thatsatisfiesy is searchedor. *.

This searchprocessshows a phasetransitionfor critical
valuesof the numberL of constants:;’s in the universe,and
the numberm of literals in the hypothesisy [Hogg et al.,
1996; Prosser 1996; Botta et al., 1999. The graphin the
(m, L) planeof the probability that a model of ¢ existsin
e is reportedin Figure 1(a), for a setof covering problems
generatedhccordingto a randommodel describedn [Botta
etal., 1999. In thefollowing, we will referto "phasetran-
sition” asto the locus of the points (m., L.) for which the
probability that a model exists is P;,; = 0.5. The phase
transitionis locatedin correspondencef the "waterfall” in
Figure 1(a). To the left of the phasetransition(in the YES-
region, i.e., the high plateauin Figure 1(a)) almostary ex-
ampleverifiesary hypothesisTo theright of the phasetran-

YVerifying ¢ on e is a ConstraintSatishction Problem,which

exhibits atypical phaseransition[Williams andHogg, 1994;Smith
andDyer, 1996;Prosser1994.
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sition (in the low plateau,i.e., the NO-region) almostno ex-
ampleverifiesary hypothesis. The steepstep corresponds
to the "mushy” region, wherethe probability of a modelex-
isting dropsfrom 0.99to 0.01.Inthis region, the complex-
ity of the searchreachests maximum, as reportedin Fig-
ure 1(b).Moredetailscanbefoundin [Giordanaetal., 2000;
Bottaetal., 1999.
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Figure 1: Exampleof phasetransitionin the covering test
problem.All hypothesetavefour variablesandcontainonly
binarypredicatesEachpredicatds associatetb atablewith
100tuplesin eachexample.(a) Probabilitythatamodelexists
for 4 variables. (b) Correspondingomplexity peakfor the
searchof amodel.

If the numberof variablesin the formulaschangesthe lo-
cationof the phasetransitionmoves,asdescribedn Figure
2.
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Figure 2: Dependeng of the phasetransitionlocationupon
thenumberof variablesn a hypothesis.

3 Top-Down Induction

Let us considera learningset& anda conjunctive concept
w. Every pair (e,w), with e € &£, represents coveringtest
(my, L) in the (m, L) plane. A learning problem corre-
spondsthento a cloud of points[Giordanaet al., 2004d. In
thespeciakaseahatthenumberof constantsn all exampless
the same the entirelearningproblem(m,,, L¢) corresponds
to a singlepoint. In a similar way, ary inductive hypothesis
, built up by alearnerin theattemptof findingw, or atleast
a goodapproximationo of it, canbe representedsa cloud
of points (or a single point) in the (m, L) plane. Then,an
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inductionprocesghat proceedsy generatinga sequencef
hypothesesvill describea family of lines (or a singleline)
parallelto them axis.

In orderto investigatehow the presenceof a phasetran-
sition in the (m, L) planemay affect the behaior of a re-
lational learner an extensie experimentatiornasbeendone
using a large setof artificially generatedearningproblems
2. Theresultshave beenreportedanddiscussedn [Giordana
etal., 2004. Hereexperimentalsettingandthe findingsare
recalled,in orderto statethe basdline for thework described
in this paper

The artificial learningproblemsethasbeengeneratedic-
cording to the following procedure. Givenn and N, let
(m, L) be a pointin the plane(m, L). A setof 451 points
hasbeensampledn the plane(m, L). Then,for eachpoint,
alearningproblemIL,, ;, hasbeenbuilt up from the 4-tuple
(n = 4,N = 100,m, L). A targetconceptw with m liter-
alsandn variableshasbeenbuilt up, andthenatraining set
&1 andatestset&r have beengeneratedLet A beasetof L
constantsevery exampleis a collectionof m relationaltables
of size N obtainedby samplingthe binarytable A x A. In
orderto generatdalancedrainingandtestsetsin eachpoint
of the (m, L) plane,the randomgeneratiorof the examples
hasbeenmodifiedin orderto obtain exampleswith models
alsoin the NO-region, and exampleswithout modelsalsoin
the YESregion (see[Giordanaetal., 2004 for moredetails).
The resulthasbeenthe generatiorof training andtestsets,
&1 and&r, eachonewith 100 positive and100 negative ex-
amplesin each(m, L) point.

The experimentatiorhasbeendoneprimarily using FOIL
[Quinlan,1994d. A problemhasbeenconsideredolvedwhen
the conceptdescriptionfound on £, wasat least80% accu-
rateon 7. However, otherlearnerssuchasSMART+ [Botta
andGiordana1993 andG-NET[Anglanoetal., 1999, have
alsobeentried for comparisonreportinga strongagreement
with FOIL both for the positive andfor the negative cases.
Theresultscanbe summarizedasin thefollowing. First, all
tried learningstrat@iesalwaysendup generatingoncepte-
scriptionslying on, or very closeto, the edgeof the phase
transition. As discussedy [Giordanaand Saitta,200d, this
phenomenorsystematicallyoccursboth in artificial andin
real learningproblems,assoonasthe generatedypotheses
involve morethanthreevariables.

Seconda large "blind spot” locatedacrossthe mushyre-
gion hasbeenfound: whenthe target conceptlies there,no
tried learnerhasbeenableto find arny goodgeneralizatiorof
the target concept(seeFigure 3). Quite surprisingly learn-
ing problemsbecomeagainsolvable by top-dovn induction
whenthey arelocatedin the NO-region, to thefarright of the
phaseransition.

Finally, the computationatomplexity of matchinginduc-
tive hypothesedying in the mushyregion may renderthe
whole induction processnfeasible. A possibleway out has
beenproposedy [GiordanaandSaitta,200d, whosuggested
to use a stochasticalgorithm for on-line estimationof the

2All the artificial learning  problems  defined
in this  experimental setting are available at:
http://www mfn.unipmn.itattilio/PROJECT S/phasédrans.html.
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compleity, atthe possibleexpense®f correctness.
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Figure3: Relationallearningwith FOIL: Failure region (leg-
end"“.”) andsuccessegion (legend“+”), forn =4 andN =
100. Thecontourplot correspondso thevalue P;,; = 0.5 of
the probabilitythatrandomlygenerateaoveringtestis posi-
tive.

4 Why Top-Down InductionisMided

Before possiblydesigningnew heuristics,it is necessaryo
clearly understandvhy FOIL and the other learnersfail in
the blind spot. A preliminary analysisshoved that heuris-
tics relying on the numberof models, hypothesedave on
the examples[Quinlan, 1990; Botta and Giordana, 1993;
Rissanen1974, arenotreliablein the YES-region, because
bothwrong andcorrectgeneralizationsf the targetconcept
have theresimilarnumbersf modelsbothonthepositveand
onthenegative examples.n supporto this claim, Figure4(a)
plots the averagenumbery of modelsa randomhypothesis
hasasafunctionof m, for L = 18. It is clearthatanincrease
by 1 in thenumbern of variablesinducesa large increaseof
u andan even larger one on y's standarddeviation o. Ac-
tually, whenn = 4 the standarddeviation is larger thanthe
numberof positive examplesin the learningset. Then,even
if we assumehatgeneralizationsf thetargetconceptv have
atleastonemodelmoreon the positive examplesthaton the
negative ones,thesegeneralizationgannotbe distinguished
from a purely randomhypothesis.On the contrary for hy-
pothesewwith 2 or 3 variablesonly, p is muchsmaller and
we may expectthat, providedthata correctgeneralizationo
of w with only two or threevariablesexists, it shouldbe far
easietto find it thanary otheronehaving four variables.This
conjectureagreeswith the factthat mary solutionsactually
generatedby FOIL have only threevariablesgventhoughthe
targetconcepts describedy aformulawith four variables.
A moredetailedanalysidgs reportedn Figure5, wherethe
line correspondso the phaseransitionfor n = 4. In Figure
5(a)the "+” denotethe locationsof a setof target concepts
w, whosedescriptioncontainsfour variables. Figure 5(a’)
shaws the locationof the solutionsfound by FOIL. Most of
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Figure4: Numbery of modelsof arandomhypothesiversus
m, for variousvaluesof n. (&) u forn = 2, n = 3andn = 4.
(b) Standardieviation of .

thesesolutionsare generalization®f w with four variables,
becaus@o acceptablgeneralizationsvith threeor lessvari-
ablescouldbefound. Onthecontrary Figure5(b) shovsthe
locationsof a setof target conceptswhosedescriptionstill
containsfour variables but for which FOIL wasableto find
generalizationsvith no more than threevariables(reported

in Figure 5(b')). Problemsin Figure5(b) arethen easierto
solve thanproblemsin Figure5(a): this resultcorrespond$o
the factthat problemsin Figure5(a) are closerto the phase
transitionthanproblemsin Figure5(b). We obsere thatthe
probability of a problembeingcorrectly approximateddy a
formulawith only threevariablesincreasesvith the number
of literalsin w. In fact, whenw containsmore literals, the
numberof its subformulaghatarecorrectgeneralizationsf
w increaseaswell; then,we mayexpectthatatleastsomeof
themcontainsa numberof variablessmallerthanw’s. More-
over, the difficulty of a learningproblemincreasesvhen L
decreaseswhereasthe critical value m. increases. When
L < 20 theonly solutionsfoundhave threevariables.In con-
clusion,mostlearningproblemsin the NO-region have been
solvedonly becaus@pproximationsvith only threevariables
existed. When more than threevariablesare required,m,
becomedarger, andavailable heuristicsfor top-davn search
areunableto grow valid inductive hypothesestartingfrom
the YES-region. On the other hand,we could not find ary
bottom-uplearningalgorithmcapableto copewith the com-
plexity of working directly insidethe NO-region.

5 A Stochastic Approach

In theabsencef reliableheuristics stochasticearchmaybe
avalid alternatve, especiallyif combinedwith deterministic
search.An exampleof an effective combinationof a Monte
Carlosearchwith deterministicsearchin the n-Queensgprob-
lem canbefoundin [BrassarcandBratley, 198§. Thealgo-
rithm we proposeis basedon a two-stepstrateyy. The first

stepcreatesa hypothesisp, with a compleity (numberof

literals) v sufficient to reachthe borderbetweenthe YES-

regionandthe mushyregion; ¢, is theresultof randomsam-
pling of the hypothesisspace. The secondstepconsistsof

ageneralto specificsearch startingfrom ., accordingto a

hill-climbing strategyy guidedby the informationgain heuris-
tics.

Algorithm SFind
LetDeyr =0
while halt conditiondoesnot hold do
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Figure5: Solutionsgeneratedy FOIL for problemsin the
NO region. (a) Problemssolvedwith four variablesb) prob-
lemssolvedwith hypothesicontainingonly threevariables;
(@) and(b’) locationin the (m, L) planeof thesolutionsgen-
eratedby FOIL correspondindo the problemsin Figura(a)
and(b), respectiely.

1. Randomlygeneratea hypothesisp,, closeto
themushyregion

2. Make ¢, more specific by following a hill-
climbing strateyy guidedby the information
gain. Let & be the locally besthypothesis
foundin trial ¢.

3. if & isbetterthan..,,, then replaceu..,,, with
Wg.
end

If thetargetconceptw hasa conjunctive descriptionin the
hypothesisspaceH, the Monte Carlo algorithm SFind is
verylikely, in thelongrun,to find w, or atleastagoodgener
alizationw of it, correctonthelearningset€. Now, we want
to answetthefollowing question:assumindhatthecomplex-
ity m,, andthe numberof variablesu,, in w areknown, what
is the complexity we would expectfrom Algorithm SFind?
As "complexity” of the algorithm we meanthe minimum
numberT,, of trials necessaryo reacha probability (1 - «)
of finding w (or w, asa speciallylucky case).If we choose
v = m, — 1, thereis a strongexperimentalevidencethat a
hill-climbing searchguidedby the informationgain, almost
surelywill find @. This happendecausehe searchexplores
theregionwherethe informationgainbecomeseliable.

Let Pg be the probability that ¢ is a sub-formulaof w,

thentheprobability P, () of finding® in nomorethant steps
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is givenby the expression:

P,® =1—-(1-Pg) 1)
Givenm,, andn,,, the probability P; canbe estimated,
for a generic number = of literals, as the ratio Pg =
Ns(mey,,ny,7,v) [Ny(my, 7,v), WwhereNg(my,, ng,, 7,v) IS
the numberof sub-formulasof w with 7 literals andv vari-
ables(2 < v < n), and N,(m,,, 7,v) is the total num-
ber of formulasin the hypothesisspacewith = literals and
v variables. An analyticalexpressionfor Ng(m,,n,,7,v)
andN,(m,,, T,v) hasbeengivenin [Serra,200d, underthe
assumptiorthatall predicatesrebinary. Usingsuchexpres-
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Figure 6: Contour plot of the averageproportion of sub-
formulasof a targetconceptw asa function of m andr, for
n = 3 andn = 4. (the parameter®n the curvesare the
exponentof 10)

sions,the contourplot of Figure6 have beenobtainedor the
ratio R(my,ny,7,v) = Ng(my,ny,T, v)/Ncp(mw, ,0)
settingn, = 4, v = 3 andv = 4. It isimmediateto verify
that R(m,,,n,,T,v) decreasegxponentiallywith ~, while
it remainsconstantwith respectto m, afteraninitial expo-
nential decayfor small valuesof m. The value P canbe
obtainedfrom Figure6 by settingr = v. Asy =m, — 1
dependsupon L (seeFigure 1), Pz dependsupon L., too.
The plots of Figure7 reportthe dependeng of Pz upon L,
for in thecaseof v = 3 (dottedline), andin thecaseof v = 4
(continuoudine). For n = 3 the phasetransitionoccursfor
smallervaluesof m, thanfor n = 4. Consequentlytheval-
uesof Pg for v = 3 areorderof magnitudelarger thanfor
v = 4. This explain why learninga conceptwith threevari-
ablesonly is mucheasierthanlearninga conceptwith four
variables,asit hasbeenstatedin the previous section. We
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noticethatthe value L. is known whenthe learningexam-
plesaregiven,becausd., is theaveragenumberof constants
occurringin them.
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Figure7: Proportionof correctgeneralizationsf w evaluated
onthe edgeof the phasdransition,i.e., whenthe probability
of solutionis P,,; = 0.9, versusL,.

6 Improvingthe Stochastic Search Algorithm

Expression(1) andthe graphsin Figure7 allow oneto esti-
matethe numberT,, of trials requiredto reacha confidence
(1-e) that Algorithm S F'ind hasfound anapproximationw,
providedthatsuchanapproximatiorexists. Then,the search
canbeplannedasfollows:

1. Assumeaninitial valuen,, for the numberof variables
inw.

2. Estimatethe numberT,, of trials necessaryo reachthe
confidencdevel (1 — ). If T, istoo high, stop,other
wisego to thenext step.

3. RunSFind for T, trials.

4. If theresultreturnedby S Find is acceptablestop,oth-
erwiseincreasen,, by 1 andgoto step2.

We noticethatthe costfor generatingandevaluatinga hy-
pothesisn theinitial randomsamplingphases muchlower
thanthe costfor the subsequentill-climbing search.More
specifically the numberof hypothesego be generatecand
evaluatedfor the hill-climbing stepcanbeestimatedy:

o((1 +v)mn(n — 1)) (2

beingv aninteger that experimentallyhasbeenobsenedto
rangefrom 0 to 3. In expression(2) theterm (1 + v) is an
estimateof the numberof literalsto beaddedto a hypothesis
¢~ in orderto crossthe phasetransition, whereasthe term
mn(n—1) estimateshenumberof alternatie specializations
to beconsideredat eachhill-climbing step.

Then,thenumberof hypotheseso beevaluatedn thehill-
climbing phasds from oneto two ordersof magnituddarger
thanthe numberof stochastidrials.

A secondpoint worth noticing is that, assumingthat the
informationgainheuristicds reliablefor any hypothesisy., A
Y, it is alsolikely that ¢, itself be scoredhigherthanthe
averagewhenit is a sub-formulaof w.
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Figure8: Resultsobtainedby Algorithm 74, The numbers
denotethe minimum valuethatwasnecessaryo assumeor
~ in orderto solve the learningproblem. Whenthe number
is prefixed by "+”, it meansthatn = 4 hasbeenassumed,
otherwisen = 3. Symbol”.” meanghatthe problemhasnot
beensolved.

Onthebasisof the previous considerationsve introducea
new algorithm,which canbe moreeffective in practicethan
Algorithm SFind. Let T,, bethe numberof trials estimated
by (1) in orderto reacha confidence(l — a) on the output
of algorithmSFind. Let moreaver K (1 < K < T,) bea
userdefinedparameter

Algorithm T4

1. Createaset® of T, hypothesewith complex-
ity .

2. Rankhypothese & accordingo theirinfor-
mationgainwith respecto theformulaT'rue.

3. Startingfrom thetoprankedhypothesisapply
the hill-climbing specializatiorstepto the K
bestrankedhypotheses.

4. Returnthebestdescriptiony.

Algorithm T* tries to limit the numberof hill-climbing
stepsto the hypothesedooking more promising, reducing
thusthe computationatompleity. Of course parametetk’
is anarbitrarychoice,andtheconfidencdevel (1—«) is guar
anteedo bereacheanlywhenK = T,. In practicewe have
obsenedthatusingvaluesof K relatively small(K = 1% of
T,) T* tendsto producethe sameresultsasfor T, = K.

Algorithm T* hasbeentestedon the setof learningprob-
lems,reportedn Figure3, trying to solve theproblemdaying
in the NO-regionfollowing the strateyy describecabove. We
startedwith the minimal hypothesis:,, = 3. Parametery has
beensety = 4, whichapproximatelycorrespondso theedge
of the phasetransitionfor n = 3 andL > 30. Evenif for
smallervaluesof L our strateyy foreseedargervaluesof v, it
hasbeenfound thatT* wasableto find a solution,with this
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setting,alsofor mary problemswhere20 < L < 30. Af-
terwardsmore expensie hypothesesiasbeenprogressrely
consideredirstly increasingy, until thevalueforeseerby the
phasetransitionhasbeenreachedor an excessve costwas
foreseenpndthensettingn, = 4. A valueK = 1% of T,
hasbeenusedeverywhere Theresultsarereportedn Figure
8. Comparingto Figure 3, we seethat mary problemslying
in theblind spothave beensolved. In practicealmostall the
problemsaborethe phasdransitionandtheline L = 18 have
beensolvedwith acompleity largerasFOIL but still afford-
able. A clusterof 20 Pentiumlll (800 Mhz) hasbeenused
for the experiments whereevery single problemrequireda
time rangingfrom few minutesto several hours(an elapsed
time comparablgo FOIL on a sequentiaimachine). When
the problemwas not solved we progressiely increasedhe
compleity of thehhypothesisncreasingy.

7 Discussion

We have showvn that combiningstochasticsearchwith local
deterministicsearchit is possibleto learnapproximatedon-
cept descriptionswhere no known classicalalgorithm was
successful Evenif thealgorithmis usedunderthe stringent
assumptiorthata conjunctive conceptescriptionexists, it is
not difficult to extendit in orderto copewith more general
conceptdescriptions. For instance,disjunctive descriptions
can be learnedby integrating7* with a setcovering algo-
rithm asit is madein mostrelationallearnerQuinlan,1990;
BottaandGiordana,1993.

However, this is not the fundamentakesultthat emeges
from the framewvork we propose. In our opinion, the most
importantoutcomes the methodfor estimatinghe complex-
ity of alearningproblem: given a specifichypothesisabout
the structureof the conceptwe have a methodfor predicting
the expectedcostfor testingthe hypothesisMoreover, a cri-
terion for decidingon-line whenstoptestingthe hypothesis
is provided.

A secondmportantresultis a negative one,andconcerns
the possibility of learningdescriptionswith mary variables.
Even underthe simplistic assumptiorthatall predicatesare
relevant to the conceptdescription,the task looks hard for
mary conceptgequiringat least4 variables. Increasingthe
numberof variables,the compleity risesup exponentially
Consideringhepresencef irrelevantpredicatestheanalysis
we performedstill holds,but the the densityof sub-formulas
of the target conceptcloseto the phasetransitionbecomes
evenmoretiny, andsothedifficulty will increasdurther.
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