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Abstract Furthermore, the object identity framework for machine
learning has been also exploited in the definition of opera-
tors performing inductive learning as well as abstraction and
abduction, so to have a unique knowledge representation and
reasoning framework fanultistrategy learning

In this paper, a proof-theoretic definition is adapted from
[Espositoet al, 200d and a new model-theoretic definition
of the implication under object identity is introduced. These
definitions are shown to be equivalent. Indeed, two main re-
sults are demonstrated, namely the soundness of the deriva-
tion procedure compliant with the assumption of the men-
tioned bias and a subsumption theorem which allows for the
demonstration that this procedure is also refutation-complete.
1 Introduction These results open new directions for the investigation of
gther interesting properties of this form of implication, such

Logical implication, as a relationship on clausal spaces, i o
particularly hard to handle due to many negative results deS the proof of a compactness theorem, the decidability and

scending from its non-decidabilifyschmidt-Schauss, 1988 all the other algebraic properties of the search space, ordered
and intrinsic complexityGottlob and Ferraller, 1993. This by the relationship induced by this form of implication.

is the reason why subsumption, being more tractable and e{.— Thlscﬁ)a}perolls organllzed as.tz)l:ﬁws.bl_n Ste.gtlortytZ, a seman-
ficiently implementable than stronger relationships (i.e., reIa—!CS_'S elined, complying with the object identity assump-
ion; hence, the definition of Ol-implication is presented to-

ggg%ﬂgé Eﬂfgfﬂlﬁﬁug)ﬁc';tig%?fgriﬁlr'ﬁ?ntbofp?Ode' Commonlytgether with the proof of the soundness of the related proof
Attempts have been made to weaken subsumption and i yrocedure. Refutation completeness through the Subsump-

plication in order to obtain more manageable ordering relall®" Theorem, are proven in Section 3. Section 4 draws the
tionships between clauses. Consider, for instance, forms d‘fonclusmns of this research, outlining the ongoing develop-
non-decreasing subsumpti@oich as theveak subsumption ments.

[Badea and Stanciu, 190%r weaker but decidable forms of . L

implication such ag-implication[ldestam-Almquist, 1995 2 Ol-implication

Indeed, the algebraic structure of the search space, and henceour framework, we adopt a representation languags-

the refinement operators that can be defined, are affected Ipressing theories dsgic programsmade up oftlauses The

Weakening implication by assuming thebject
identity bias allows for both a model-theoretical
and a proof-theoretical definition of a novel
and more manageable ordering relationship over
clausal spaces. In this paper, we give two important
results, namely the soundness and the refutation
completeness (through a subsumption theorem) of
the underlying derivation procedure, that make this
relationship particularly appealing for inducing a
generalization model for clausal search spaces.

the choice of the underlying ordering relationship. basic notions about clausal representation can be found in
Weakening implication by assuming thabject identity  [Lloyd, 1987; Nienhuys-Cheng and de Wolf, 1997
bias allowed for the definition ddl-implication, a novel rela- The framework we propose relies essentially on the follow-

tionship between clauses which makes the search space mang assumption, which is commonly employed. For instance,
manageabl¢Espositoet al, 200J. Specifically, it has been defining the concept of bicycle, one would mention the two
possible to prove the existenceideal refinement operators wheels among its components. Then, in order to rule out an
for the search spaces ordered by the resulting form of logiinstance of a different concept such as a monocycle, the iden-
cal implication, while this is not possible in standard clausaltification of the two wheels should be avoided (a bicycle is
spacegNienhuys-Cheng and de Wolf, 1907This is partic-  two-wheeled by definition).

ularly important for the efficiency of the refinement in search A thorough treatment of these issues for the Datalog
spaces withdense solution§Badea and Stanciu, 19R9In-  clausal language is offered [Semerarcet al, 1999. We
deed, it has been shown as the computational complexity offant to extend this to a more expressive clausal language,
the resulting operators is much more appealing than the ongithout the restriction to function-free terms. In our setting
of the refinement operators defined for other search spaceswe want to avoid the identification of terms.

MACHINE LEARNING AND DATA MINING 847



Assumption 2.1 (Object Identity) In a clause, terms de-
noted with different symbols must be distinct, i.e. they repsignments, we can specify the notion of interpretation under
resent different entities of the domain.

This notion can be viewed as an extension of ReitersPefinition 2.2 GivenJ a pre-interpretation ofC with do-
unigue namesissumptior{Reiter, 1980. Object identity is
the basis for the definition of both an equational theory forinterpretation)based onJ assigns a mappindp from D"
the language clauses and a quasi-order upon them.

This assumption brings to a modified equational theoryGiven a variable assignment under object identity be Z
consisting in the addition of one axiom to an Equality The-the corresponding term assignment w.ck.and V. Then a
ory [Lloyd, 1987, namely:

YV =(t = ta)

for all pairs(t,t2) of distinct terms occurring in a clause.

By combining pre-interpretations and variable (term) as-
object identity:
main D, an interpretation/ under object identity (OlI-

to {T, F'} to each predicate symbdt.

formula¢ in £ has atruth value under defined as follows:

1. For each atomA = P(t1,...,t,), if Vi =1,...,n:

d; € D is assigned ta; by Z, then the truth value oft
under! andV is Ip(dy,...,d,);

Nienhuys-Cheng and de Wolf have embedded an equality 2.
theory in the semantics, for demonstrating the completeness
of the SLDNF resolution, when dealing with the completion 3

The truth values of the formutaobtained by using con-
nectives is determined using the standard truth tables.

If = 3X ¢ theng has truth valuel’ underl and V' if

of normal programs, yielding the so callEeHerbrand inter-
pretations[Nienhuys-Cheng and de Wolf, 199Badea and
Stanciu, in the definition of the weak subsumpt{d®9d,

deal with substitutions which do not identify literals. In this
paper, we adopt a different approach, founded on a seman-
tic basis. A similar approach to capturing the object identity
assumption can be considered that of tinéque substitution
semanticg§Khardon, 1998

there existgl € D for which has truth valu&” under!
andV (X/d), whereV (X/d) is a legal variable assign-
ment under object identity. Otherwisghas truth value
Funderl andV.

4. If ¢ = VX1 theng has truth valuel’ underl andV if
for all elements! € D ) has truth valuel” under/ and
V(X/d), whereV(X/d) is a legal variable assignment
under object identity. Otherwise; has truth valueF’

2.1 Semantics and Model-Theoretic Definition underl andV'.

Some definitions follow, specifying how the object identity ~ The standard notions ¢&utology, contradiction, satisfia-

assumption changes the semantics for the clausal represenBility and consistencycan be straightforwardly extended to

tion. We start off by defining the relation between the termsthe new semantics.

of the language and the domain we deal with. In ILP we focus our interest on clauses. Since they are
A pre-interpretationJ under object identitpf a first-order ~ closed formulas, the truth values do not depend on variable

language is exactly a standard pre-interpretation: assignments. We can represent an interpretation as a set of
. ground literals, i.e. those that are true according with the in-
e A non-empty setD called the domain of the pre-

; ) terpretation.
interpretation; L )
L . Definition 2.3 Given a closed formula¢, an Ol-
e Each constant if is assigned to an element Bf

interpretation I is called a model under object identity
e Eachn-ary function symboff is assigned a mappingy (Ol-model) for ¢ iff I satisfies¢. Given a set of closed
from D™ to D.

formulasy, I is an Ol-model forX iff it is an Ol-model for
Then, we need to map variables (and terms) to the objecl‘gII formulas¢ € .

of the domain: Ol-interpretations are always standard interpretations.
Conversely, we show with an example a case when an OlI-
model for a formula is not a model.

Example 2.1 LetC = p(X) V p(a). An Ol-model forC, as-
sumed the domain B = {a, b}, is represented by the Her-
brand Ol-interpretation/ = {p(b)}.

I is not a model forC' in the standard meaning. Indeed,
sincep(a) is stated as false, the truth of the clause depends
onp(X), where variableX is universally quantified. Under
object identity, it is sufficient thai(b) be true forvXp(X)

to hold. The same does not apply in the standard semantics
where bottp(a) andp(b) should be true.

Definition 2.1 Let J be a pre-interpretation ofZ with do-
mainD. Avariable assignment under object idenfifyw.r.t.
L is a one-to-one mapping from the variablesfofo the do-
mainD of J. We usé/ (X /d) to denote that the variabl¥ is
mapped tal € D in the variable assignmenf, and the other
variables are mapped according 16. Theterm assignment
under object identity? in a formulag w.r.t. J andV of terms
in L is the following mapping from the terms 4hto D:

1. J maps each constant to an elemenipf
2. V maps each variable to a distinct elementtf

3.

848

If di,...,d, are the elements dP to which the terms
t1,...,t, are mapped, then the terrfi(ty,...,t,) is

mapped toJ(ds,...,d,), where J; is the function
from D™ to D assigned to the function symbplby J,

s.t. Vi1, ta € terms(¢) : Z(t1/d1), Z(t2/d2) implies

dy # do.

We are now ready to define the form of implication that is
compliant with the object identity assumption:
Definition 2.4 Given a set of formula& and a formulag,
> Ol-implies ¢ or ¢ is alogical consequence under object
identity of 3 (denoted withX =, ¢) iff all Ol-modelsI of X
are Ol-also models op.
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Thus, useful results hold also in this semantics: In order to cope with the object identity assumption, a new
relationship has been derivE8emeraret al,, 1999 from the
classicd-subsumption. Its definition can be given by exploit-
ing the notion of Ol-substitutiofEspositoet al.,, 200d.

Definition 2.6 Let C and D be two clauses. Then(’
all Ol-models o U {¢} are Ol-models ofs iff th-subsumedD iff there existso, an Ol-substitution w.r.t.

all Ol-models of are Ol-models of-¢ or of ¢ iff terms(C), such thalCo C D.
all Ol-models ofE are Ol-models of~¢ V v iff The notion ofé,-subsumption induces a quasi-order upon
Yoo — ). the space of clausdSemerarcet al, 1999. Besides, a no-
As a consequence, it is possible to prove also this result: tion of equivalence fof,-subsumption can be defined, that
partitions the space of clauses in equivalence classes. Since
Theorem 2.2 LetX: be a set of formulas anglbe a formula. g _subsumption maps each literal of the subsuming clause

Theorem 2.1 (Deduction Theorem)Let ¥ be a set of for-
mulas and¢ and ¢ be formulas. TherE U {¢}|=,v iff

Z':o|(¢ — ).
Proof. ¥ U {¢} =, ¢ iff

ThenZi=, ¢ iff £ U {~¢} is unsatisfiable. onto a single literal in the subsumed one, equivalent clauses
Proof. S=,,¢ iff (by Theorem 2.1 U {—¢} =, O iff under 6y -subsumption must have the same number of liter-
all Ol-models ofs U {—¢} are Ol-models of iff als. Thus, a search space ordereddpsubsumption is made

¥ U {~¢} is unsatisfiable under object identity. up of non-redundant clauses. This yields smaller equivalence

classes than those in a space ordered-bybsumption.

bl :\go%%neﬁ:gfeiﬁ;?riz’régttgi ﬁg?ggﬁ dsrﬁg]gé}tslcﬁ‘dgz possI- Now, as we have done for the substitutions, we can specify
' a notion of a unifier fulfilling Assumption 2.1:

1987, This can be extended to our setting.
Definition 2.7 Given a finite set of simple expressidfisve
say thatd is anOl-unifieriff 3E VE; € S : E;§ = F and§
is an Ol-substitution w.r.tterms(E;). An Ol-unifierd for S

Proposition 2.3 LetX: be a set of clauses in a first order lan-
guageL. ThenX has an Ol-model if®2 has an Herbrand

Ol-model. is called amost general Ol-unifiemigu,) for S iff, for each
Proof. Ol-unifier o of S, there exists an Ol-substitutionsuch that
(=) Suppos& has an Ol-model. Then we define the Her- 7 = o7
brand Ol-interpretation/ with: In this setting, clauses cannot have proper subsefacas
1. the same pre-interpretation éfand having as do-  tOrs. Hence, this notion can be used only for standardizing
main the Herbrand univers,; apart the variables of the parent clauses before a step of reso-

2. LetP ann-ary predicate symbol occurring iH. lutin [Espositcet al, 200d.
Then we define the functidip fromi{ to {F, T}  Definition 2.8 Given the clause€’ and D, suppose they are

as follows: I p(ty,...,t,) = T if P(ty,...,t,)is standardized apart. A clausk is an Ol-resolventof C and
true underl andIp(ty,...,t,) = F otherwise. D iff, there existM C C and N C D such that{M, N} is
(<) Obvious unifiable through the mgyd and

R=((C\M)U(D\N))#
2.2 Proof-Theoretic Definition and Soundness We writeR = Ro,({C, D}).

Given a notion of subsumption under object identity, and us-

; : AN This definition of Ol-resolution follows Robinson’s origi-
ing a subsumption theorem, we define implication under ob- -~ " . 2
ject identity proof-theoretically. The goal here is to definenal definition[Robinson, 1965 However, a different defini-

i relaonsiip i 2 consrctve way i e ore o o0
First, we have to define a form of resolution coping with ' ’ 9 P yp

the object identity assumption. To this purpose, we discusgterals for each resolution stéfspositcet al., 2000.

some further properties required to substitutions in order t@efinition 2.9 Let T be a set of clauses. TH@l-resolution
fulfill this assumption. In fact, a substitution can be regardectlosure of 7', denoted byR,(X), is defined inductively:
as a function mapping variables to terms. Hence, we requirg, = 0) R%,(%) = %

these functions to satisfy certain additional properties in ordey,, - () RE(T) =REH(T) U

to preserve object identity. (R =Ra({C,D})| C,D € REY(D)}
Definition 2.5 Given a set of term®, a substitutionrisan ~ R5,(X) = R,(Z) URL(Z) U URL(Z)U - -
Ol-substitution w.r.t. T iff Vt1,t5 € T : t; # to implies If there exists anOl-derivationof C' from X, this will be

ti0 # teo. denoted withE,C which is equivalent t@' € R, (X).

In the following, we will omit the set of term§ when Itis interesting to consider also the casdiméar resolution
it is obvious. Based on Ol-substitutions, it is possible to[Chang and Lee, 19T3which was originally exploited for
define other related notions such as tdwmenpositionof Ol- the proof-theoretic definition of Ol-implicatiolEspositoet
substitutionsgroundandrenamingOl-substitutions, as well al., 2004. If C can be derived by means of zero or more
asinstanceclausesgroundclauses angariants linear Ol-resolution steps from the set of clausesve denote
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this with C € Lg(X), n > 0, whereLq, denotes the linear this notion. In this section we give a proof of a complete-

Ol-resolution operator andg, stands for its closure. ness result to make the same step in the other direction. Fol-
In order to prove thsoundnessf the proof-procedure de- lowing the proof-schema given ifiNienhuys-Cheng and de
fined above, some preliminary results are needed. Wolf, 1994 for the standard case, first we prove this result

Lemma 2.4 LetC; andC,, be clauses. If there exisf that for ground clauses, then we lift it to the general case.

is the Ol-resolvent of'; andC; thenitholds{C1, Ca =, R. 3.1 Preliminaries

Proof. Assume that the two clauses are standardized apart.et us start from the simplest case when batland C' are
SupposeR is an Ol-resolvent ofC; and C,, resolved ground.

upon the subsets of literald/ and N, and let¢ be the | opa 39 ety bea logic program of ground clauses and

mguw, (M, N) employed. Suppose the Ol-interpretatién :
with domainD is an Ol-model for{Cs, Cs }. g'_t())?;agr:c()jtgdcclcause. K=, C then there exist® such that

Let {Xi,...,X,} = wars(Cy) U vars(Ce) and V ) ) )
be a variable assignment under object identity. Then,The proof is almost the same as in the case of standard im-
Vi = 1,...,n, d; € D if M0 is false under/ and plication (sedNienhuys-Cheng and de Wolf, 199&ince no
V(X1/dy)---(X,/dy), at least one of the other literals in yariable assignment.is made,_for the clauses are gro_und. Yet
C, is true underl and V(X,/d,)--- (X, /d,). Similarfly  inour case we considered finite sets of clauses. This can be
for N. Note thatR is made up of all literals irC16 andCo¢ ~ €Xtended by means of a compactness theorem.

exceptM 6 or N6. In order to prove the Subsumption Theorem when only
Since either MO or N6 is false under I and clauseC isrequired to be ground, we need two theorems that
V(X1/d1)--(X,/dy), at least one of the literals in are valid for the notion of unsatisfiability for standard inter-

Ris true under! and V' (X, /d,) - - - (X, /dy), hencel is an pretations but can be proven also when the object identity is

Ol-model ofRR. Therefore{C1, Cs } =, R. assumed.
This result can be inductively extended to Ol-derivations,Theorem 3.2 A set of clauseX is unsatisfiable under object
proving the soundness of Ol-resolution: identity iff there exists a finite unsatisfiable $ebf ground

instances of clauses frobm
Theorem 2.5 (Soundness) et X be a set of clauses, and )
be a clause. IE,C thenS=, C. See[Nienhuys-Cheng and de Wolf, 199r a proof for stan-
ol ) ~_ dard interpretations. In this setting, it comes by using Propo-
Proof. Supposetto C. Then there exists an Ol-derivation sjtion 2.3.

Ry, ..., Ry = C fromX. By induction ork;, it holds: From this result and the Deduction Theorem another result

(k=1) Ry = C € %, thus obvioush=, C. follows:

(k > 1) Suppose the thesis holds far < k. Theorem 3.3 Let X be a non-empty set of clauses afide
LetRy,...,Ryy1 = C be an Ol-derivation of” from @ ground clause. TheB =, C iff there exists a finite sdt of

Y. If R4 € X then the theorem is obvious. Oth- ground instances of clauses framsuch thatl'=,, C.

erwise, Ry, is an Ol-resolvent of som&; and R;  Again, sedNienhuys-Cheng and de Wolf, 199for a proof

(1,j < k). By the inductive hypothesis, we have iy the standard case. In this setting, Theorems 2.1 and 3.2 are

Y, Ri and Xj=, R;. From Lemma 2.4, it follows that g pe exploited.

{Ri, Rj Yo R = C. Now we have to show how to lift an Ol-resolution step
Now we can give a proof-theoretic definition of the notion from the case of ground parent clauses to that of unrestricted

of Ol-implication. In the next section, we will justify this ClaUSes.
formally, showing the equivalence of the two versions. Lemma 3.4 Let C; and C; be two clauses an@ and C4,

Definition 2.10 LetC andD be two clauses. Thefiimplies respectively, two instances of them.Rlf is an Ol-resolvent
. . ; , : . )

D under object identity@ Ol-implies D), denoted” =¢, D (r)(:sgllvgrljtdo%" g;%ncthifcﬁ)?ﬁ;}z?iglgzsiﬁ'stt:r?éelsogn Ol
iff either D is a tautological clause or there exists a clause ! z o
E € R ({C}) such thatE @,-subsumesD. Equivalence Proof. Suppose thaC;, Cz, C] and C; are standardized
under Ol-implication is denoted byso,. ar/)art. Beo, 2 the Ol-substitutions such thé&t = C;,0, and
From the definition above, it is easy to see that OI-%U:V/C?%} and N C € be the subsets of literals resolved
implication is a strictly a stronger ordering relationship thanuponlfo_r obltainingl%%’_thén there exisl, C Cy and Ny C
fo Subsumption. Moreover the setof most speciic CaUSES ¢, such thatN{ — Vi, and N} = Naoa. Suppose that

We will prove in the next section that Definitions 2.4 an
2.10 are equivalent, by means of a subsumption theorem.

4 be an mgu (N7, N3).
Now letD} = C1\ Nj and D}, = C}\ N} forsomeD; C N;
andDy C Ny. Hence,R' = (D1UD4) = (Dro1UDsos) p.
3 Refutation C let Since the clauses are standardized apart, we can witfe=
etutation Completeness (D1 U Dy)oroap.
The soundness theorem for Ol-implication bridges the gafConsiderN; and N,. They can be unified through the OI-
from the proof-theoretic to the model-theoretic definition of unifier o;0ou. Then, letd be an mgy, (N1, N2), there exists
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an Ol-substitutiory such thatoyoou = 69. Theorem 3.7 (Subsumption Theorem)LetX. be a finite set
Thus,C; andC; can be resolved under object identity upon of clauses and’ be a clause. Thek|=, C iff there exists a
N; and N, by usingd: R = ((C1\N1)U(C2\N2))0 = (D1U clauseD such thattto, D and D 6,-subsumes’.

D2)9 ThenRé = (D1 U D2)95 = (D1 U D2)010'2,u =R
HenceR’' = Ré.

We can generalize the lifting technique to the case of Ol
derivations, i.e. to multiple Ol-resolution steps.

Proof.

(=) Assume that’ is not a tautology. Le# be a Skolem Ol-
substitution forC' w.r.t. ¥. ThenC#¢ is a ground clause
which is not a tautology anil =, C6.

Lemma 3.5 Let X be a finite set of clauses and a set of By Lemma 3.6, there is a claugesuch thattt,, D and
instances of clauses frol. Suppose thaR, ..., R; be an D 6y-subsumeg’d. SinceD is derived from>, D can-
Ol-derivation of clauser;, fromX’. Then there exists an Ol- not contain constants yielded I8y Therefored maps
derivation Ry, . . ., Ry, of clauseR), from X such thatR! is variables ofC to constants that are not ifv.

an instance of?;, foreachi =1, ... k. Letd be an Ol-substitution such th& &,,-subsumeg€’d

ando be the Ol-substitution obtained by replacing each

Proof. By induction on the length of the derivatién binding X, /¢, in 6 with X, /a;. Thens — 6. Sinces

(k=1) Inthis caseR)| € ¥’. ButX’ is made up of instances only replaces the variableX; by a; (1 < i < n), it
of the clauses ift. Hence 3R, € ¥ such thatR] is an follows thatDo C C. ThenD 6,-subsumes§’. Hence,
instance ofR;. the thesis holds.

(k > 1) By hypothesis, let us suppose the thesis proven up<=) For the soundness of the Ol-derivation (artd-
to a derivation of lengthn. We have to prove it for subsumption).
k=m+ 1. . -
Let R’ R be an Ol-derivation ofR’ from As a consequence of this theorem, similarly to the standard
S/ sc1)7tha7t R’?”“ is the resolvent of twdmglrlsmuses in case, itis nearly straightforward to demonstrate some impor-
'y (R, ... 7”]1%71}_ tant results originally due to Gottld1.987.
By hypothesis, there exists an Ol-derivati®n ..., R, Definition 3.2 A clauseC is ambivalentwhen there are two
of R, fromX such thatvi = 1,...,m: Rjisanin- literals L;, L, € C with the same predicate symbol but op-
stance ofR?;. Hence, by Lemma 3.4, there exifis,11  posite sign. Besides, if they unify then the claGsis called
such thatR;,, , , is one of its instances. recursive

We have now all the instruments for proving the following ~ Of course only unification through Ol-substitutions is
result: taken into account here. Given these notions, it is possible

. to show when Ol-implication an,-subsumption coincide:
Lemma 3.6 Let X be a finite set of clauses and be a P @, P

ground clause. IE}=,,C then there exist® such that, D  Proposition 3.8 Let C' and D be clauses. I is not re-
andD C C. cursive andD is not tautological, therC'l=, D iff C' -

) subsume®.
Proof. Assume thaf’ is not a tautology. We look for a clause

D fulfilling the thesis. Fronkj=, C' and Theorem 3.3, then Proof. Assume thaCi=, D. By Theorem 3.7 it holds that
there exists a finite séf, such that each clause i, isa  3E € R5({C}): E thi-subsumes). SinceC'is not recursive

ground instance of a clause B and X, =, C. {C} = R,({C}). Hence ' th-subsumes).

Then, from Lemma 3.1 there exists a clauesuch that The &) partis obvious.

YglaD' and D" C C. LetR),...,R), = D’ be an Ol- Now, given a claus€’, we denote withC™ andC—, re-
derivation ofD’ from%,,. spectively, the set of its positive and negative literals.

By means of Lemma 3.5, the Ol-derivation can be lifted to a . T
Ol-derivationRy, ..., Ry, of Ry, from £, whereD’ = R, is 'Proposition 3.9 LetC and D be clauses. 1=, D thenC'

- + - G- -
an instance ofi,. LetD = R,. ThenStoD and D (-  ‘orSubsume®™ andC™ é,-subsumes™.

subsumeg€’ (sinceD’ = D§ andD’ C C). Proof. Observe thaC" 6-subsume€’ thenC*|=,,C. By
the hypothesis, it holdsC=,, D, thusC" =, D. Note that

3.2 Subsumption Theorem and Consequences by constructionC™ and Dt contain only positive literals,

Preliminarily, we have to recall the notion of a particular sub-then C* cannot be Ol-resolved with itself, ang™ is not

stitution that will be used in the next proofs: a tSUt()'O%- By Proposition 3.8, it must hold that" -

o subsume®.
Let {Xy,..., Xn} = vars(C) and suppose we have a set gne can conclude that* f,-subsume®)*.
of ConStantS{al, ey an} n COTLStS(Z U C) = @ Theno = Ana'ogous'ﬁ— %I_Subsumeg)—'

{Xi/a,..., Xn/an} is aSkolem substitutiofor C' wirt. 3. This property can be used for the proof of the decidability of
This notion is easily extensible to this setting, it is easy to se¢he implication under object identity. Yet, this subject goes

that Skolem substitutions are also Ol-substitutions. beyond the scope of this paper.
Now, given the results of the previous sections, we can Finally, we state a sufficient condition for the equivalence
prove the main result and some consequences. to hold between Ol-implication an@d,-subsumption:
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Proposition 3.10 Let C' and D be clauses. 1D is not am-
bivalent, therC'=,, D iff C 6 -subsume®.

Proof. AssumeC'=,, D and D non ambivalent. Thu® can-
not be a tautology.

By Proposition 3.9 it hold€'*¢ € D+ andC~—§ C D~ for
some Ol-substitutiongands.

Now, if C were recursive then there would be a litedal=
Loy, = Lo, such thatLe; € Ct and—-Lo, € C~, with oy
and oy Ol-unifiers. But therLo,0 € Dt and—Loyd € D,
which does not hold sincP is not ambivalent.

ThusC is not recursive and is not tautological. By Propo-

sition 3.8, it follows that” 6,,-subsume®.

The Subsumption Theorem showed that Ol-resolution, to-
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