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Abstract

Weakening implication by assuming theobject
identity bias allows for both a model-theoretical
and a proof-theoretical definition of a novel
and more manageable ordering relationship over
clausal spaces. In this paper, we give two important
results, namely the soundness and the refutation
completeness (through a subsumption theorem) of
the underlying derivation procedure, that make this
relationship particularly appealing for inducing a
generalization model for clausal search spaces.

1 Introduction
Logical implication, as a relationship on clausal spaces, is
particularly hard to handle due to many negative results de-
scending from its non-decidability[Schmidt-Schauss, 1988]
and intrinsic complexity[Gottlob and Ferm̈uller, 1993]. This
is the reason why subsumption, being more tractable and ef-
ficiently implementable than stronger relationships (i.e., rela-
tionships that entail it), is the generalization model commonly
exploited inInductive Logic Programming(ILP).

Attempts have been made to weaken subsumption and im-
plication in order to obtain more manageable ordering rela-
tionships between clauses. Consider, for instance, forms of
non-decreasing subsumptionsuch as theweak subsumption
[Badea and Stanciu, 1999], or weaker but decidable forms of
implication such asT-implication[Idestam-Almquist, 1995].
Indeed, the algebraic structure of the search space, and hence
the refinement operators that can be defined, are affected by
the choice of the underlying ordering relationship.

Weakening implication by assuming theobject identity
bias allowed for the definition ofOI-implication, a novel rela-
tionship between clauses which makes the search space more
manageable[Espositoet al., 2000]. Specifically, it has been
possible to prove the existence ofideal refinement operators
for the search spaces ordered by the resulting form of logi-
cal implication, while this is not possible in standard clausal
spaces[Nienhuys-Cheng and de Wolf, 1997]. This is partic-
ularly important for the efficiency of the refinement in search
spaces withdense solutions[Badea and Stanciu, 1999]. In-
deed, it has been shown as the computational complexity of
the resulting operators is much more appealing than the one
of the refinement operators defined for other search spaces.

Furthermore, the object identity framework for machine
learning has been also exploited in the definition of opera-
tors performing inductive learning as well as abstraction and
abduction, so to have a unique knowledge representation and
reasoning framework formultistrategy learning.

In this paper, a proof-theoretic definition is adapted from
[Espositoet al., 2000] and a new model-theoretic definition
of the implication under object identity is introduced. These
definitions are shown to be equivalent. Indeed, two main re-
sults are demonstrated, namely the soundness of the deriva-
tion procedure compliant with the assumption of the men-
tioned bias and a subsumption theorem which allows for the
demonstration that this procedure is also refutation-complete.

These results open new directions for the investigation of
other interesting properties of this form of implication, such
as the proof of a compactness theorem, the decidability and
all the other algebraic properties of the search space, ordered
by the relationship induced by this form of implication.

This paper is organized as follows. In Section 2, a seman-
tics is defined, complying with the object identity assump-
tion; hence, the definition of OI-implication is presented to-
gether with the proof of the soundness of the related proof
procedure. Refutation completeness through the Subsump-
tion Theorem, are proven in Section 3. Section 4 draws the
conclusions of this research, outlining the ongoing develop-
ments.

2 OI-implication
In our framework, we adopt a representation languageL ex-
pressing theories aslogic programsmade up ofclauses. The
basic notions about clausal representation can be found in
[Lloyd, 1987; Nienhuys-Cheng and de Wolf, 1997].

The framework we propose relies essentially on the follow-
ing assumption, which is commonly employed. For instance,
defining the concept of bicycle, one would mention the two
wheels among its components. Then, in order to rule out an
instance of a different concept such as a monocycle, the iden-
tification of the two wheels should be avoided (a bicycle is
two-wheeled by definition).

A thorough treatment of these issues for the Datalog
clausal language is offered in[Semeraroet al., 1998]. We
want to extend this to a more expressive clausal language,
without the restriction to function-free terms. In our setting
we want to avoid the identification of terms.
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Assumption 2.1 (Object Identity) In a clause, terms de-
noted with different symbols must be distinct, i.e. they rep-
resent different entities of the domain.

This notion can be viewed as an extension of Reiter’s
unique namesassumption[Reiter, 1980]. Object identity is
the basis for the definition of both an equational theory for
the language clauses and a quasi-order upon them.

This assumption brings to a modified equational theory
consisting in the addition of one axiom to an Equality The-
ory [Lloyd, 1987], namely:

∀ ¬(t1 = t2)

for all pairs(t1, t2) of distinct terms occurring in a clause.
Nienhuys-Cheng and de Wolf have embedded an equality

theory in the semantics, for demonstrating the completeness
of the SLDNF resolution, when dealing with the completion
of normal programs, yielding the so calledE-Herbrand inter-
pretations[Nienhuys-Cheng and de Wolf, 1997]. Badea and
Stanciu, in the definition of the weak subsumption[1999],
deal with substitutions which do not identify literals. In this
paper, we adopt a different approach, founded on a seman-
tic basis. A similar approach to capturing the object identity
assumption can be considered that of theunique substitution
semantics[Khardon, 1999].

2.1 Semantics and Model-Theoretic Definition
Some definitions follow, specifying how the object identity
assumption changes the semantics for the clausal representa-
tion. We start off by defining the relation between the terms
of the language and the domain we deal with.

A pre-interpretationJ under object identityof a first-order
language is exactly a standard pre-interpretation:

• A non-empty setD called the domain of the pre-
interpretation;

• Each constant inL is assigned to an element ofD;

• Eachn-ary function symbolf is assigned a mappingJf

fromDn toD.

Then, we need to map variables (and terms) to the objects
of the domain:

Definition 2.1 Let J be a pre-interpretation ofL with do-
mainD. A variable assignment under object identityV w.r.t.
L is a one-to-one mapping from the variables ofL to the do-
mainD of J . We useV (X/d) to denote that the variableX is
mapped tod ∈ D in the variable assignmentV , and the other
variables are mapped according toV . Theterm assignment
under object identityZ in a formulaφ w.r.t. J andV of terms
in L is the following mapping from the terms inL toD:

1. J maps each constant to an element ofD;

2. V maps each variable to a distinct element ofD;

3. If d1, . . . , dn are the elements ofD to which the terms
t1, . . . , tn are mapped, then the termf(t1, . . . , tn) is
mapped toJf (d1, . . . , dn), where Jf is the function
fromDn to D assigned to the function symbolf by J ,
s.t. ∀t1, t2 ∈ terms(φ) : Z(t1/d1), Z(t2/d2) implies
d1 6= d2.

By combining pre-interpretations and variable (term) as-
signments, we can specify the notion of interpretation under
object identity:

Definition 2.2 Given J a pre-interpretation ofL with do-
main D, an interpretation I under object identity (OI-
interpretation)based onJ assigns a mappingIP from Dn

to {T, F} to each predicate symbolP .
Given a variable assignment under object identityV , beZ
the corresponding term assignment w.r.t.J and V . Then a
formulaφ in L has atruth value underI defined as follows:

1. For each atomA = P (t1, . . . , tn), if ∀i = 1, . . . , n :
di ∈ D is assigned toti by Z, then the truth value ofA
underI andV is IP (d1, . . . , dn);

2. The truth values of the formulaφ obtained by using con-
nectives is determined using the standard truth tables.

3. If φ = ∃Xψ thenφ has truth valueT underI andV if
there existsd ∈ D for whichψ has truth valueT underI
andV (X/d), whereV (X/d) is a legal variable assign-
ment under object identity. Otherwise,φ has truth value
F underI andV .

4. If φ = ∀Xψ thenφ has truth valueT underI andV if
for all elementsd ∈ D ψ has truth valueT underI and
V (X/d), whereV (X/d) is a legal variable assignment
under object identity. Otherwise,φ has truth valueF
underI andV .

The standard notions oftautology, contradiction, satisfia-
bility and consistencycan be straightforwardly extended to
the new semantics.

In ILP we focus our interest on clauses. Since they are
closed formulas, the truth values do not depend on variable
assignments. We can represent an interpretation as a set of
ground literals, i.e. those that are true according with the in-
terpretation.

Definition 2.3 Given a closed formula φ, an OI-
interpretation I is called a model under object identity
(OI-model) for φ iff I satisfiesφ. Given a set of closed
formulasΣ, I is an OI-model forΣ iff it is an OI-model for
all formulasφ ∈ Σ.

OI-interpretations are always standard interpretations.
Conversely, we show with an example a case when an OI-
model for a formula is not a model.

Example 2.1 LetC = p(X) ∨ p(a). An OI-model forC, as-
sumed the domain isD = {a, b}, is represented by the Her-
brand OI-interpretationI = {p(b)}.
I is not a model forC in the standard meaning. Indeed,
sincep(a) is stated as false, the truth of the clause depends
on p(X), where variableX is universally quantified. Under
object identity, it is sufficient thatp(b) be true for∀Xp(X)
to hold. The same does not apply in the standard semantics
where bothp(a) andp(b) should be true.

We are now ready to define the form of implication that is
compliant with the object identity assumption:

Definition 2.4 Given a set of formulasΣ and a formulaφ,
Σ OI-implies φ or φ is a logical consequence under object
identity of Σ (denoted withΣ|=OIφ) iff all OI-modelsI of Σ
are OI-also models ofφ.
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Thus, useful results hold also in this semantics:

Theorem 2.1 (Deduction Theorem)Let Σ be a set of for-
mulas andφ and ψ be formulas. ThenΣ ∪ {φ}|=OIψ iff
Σ|=OI(φ → ψ).

Proof. Σ ∪ {φ}|=OIψ iff
all OI-models ofΣ ∪ {φ} are OI-models ofψ iff
all OI-models ofΣ are OI-models of¬φ or of ψ iff
all OI-models ofΣ are OI-models of¬φ ∨ ψ iff
Σ|=OI(φ → ψ).

As a consequence, it is possible to prove also this result:

Theorem 2.2 LetΣ be a set of formulas andφ be a formula.
ThenΣ|=OIφ iff Σ ∪ {¬φ} is unsatisfiable.

Proof. Σ|=OIφ iff (by Theorem 2.1)Σ ∪ {¬φ}|=OI2 iff
all OI-models ofΣ ∪ {¬φ} are OI-models of2 iff
Σ ∪ {¬φ} is unsatisfiable under object identity.

As concerns clauses, in the standard semantics it is possi-
ble concentrate the interest on Herbrand models only[Lloyd,
1987], This can be extended to our setting.

Proposition 2.3 LetΣ be a set of clauses in a first order lan-
guageL. ThenΣ has an OI-model iffΣ has an Herbrand
OI-model.

Proof.

(⇒) SupposeΣ has an OI-modelI. Then we define the Her-
brand OI-interpretationI with:

1. the same pre-interpretation ofI and having as do-
main the Herbrand universeUL;

2. LetP ann-ary predicate symbol occurring inΣ.
Then we define the functionIP fromUL to {F, T}
as follows:IP (t1, . . . , tn) = T if P (t1, . . . , tn) is
true underI andIP (t1, . . . , tn) = F otherwise.

(⇐) Obvious.

2.2 Proof-Theoretic Definition and Soundness
Given a notion of subsumption under object identity, and us-
ing a subsumption theorem, we define implication under ob-
ject identity proof-theoretically. The goal here is to define
this relationship in a constructive way.

First, we have to define a form of resolution coping with
the object identity assumption. To this purpose, we discuss
some further properties required to substitutions in order to
fulfill this assumption. In fact, a substitution can be regarded
as a function mapping variables to terms. Hence, we require
these functions to satisfy certain additional properties in order
to preserve object identity.

Definition 2.5 Given a set of termsT , a substitutionσ is an
OI-substitution w.r.t. T iff ∀t1, t2 ∈ T : t1 6= t2 implies
t1σ 6= t2σ.

In the following, we will omit the set of termsT when
it is obvious. Based on OI-substitutions, it is possible to
define other related notions such as thecompositionof OI-
substitutions,groundandrenamingOI-substitutions, as well
asinstanceclauses,groundclauses andvariants.

In order to cope with the object identity assumption, a new
relationship has been derived[Semeraroet al., 1998] from the
classicθ-subsumption. Its definition can be given by exploit-
ing the notion of OI-substitution[Espositoet al., 2000].

Definition 2.6 Let C and D be two clauses. Then,C
θOI-subsumesD iff there existsσ, an OI-substitution w.r.t.
terms(C), such thatCσ ⊆ D.

The notion ofθOI-subsumption induces a quasi-order upon
the space of clauses[Semeraroet al., 1998]. Besides, a no-
tion of equivalence forθOI-subsumption can be defined, that
partitions the space of clauses in equivalence classes. Since
θOI-subsumption maps each literal of the subsuming clause
onto a single literal in the subsumed one, equivalent clauses
underθOI-subsumption must have the same number of liter-
als. Thus, a search space ordered byθOI-subsumption is made
up of non-redundant clauses. This yields smaller equivalence
classes than those in a space ordered byθ-subsumption.

Now, as we have done for the substitutions, we can specify
a notion of a unifier fulfilling Assumption 2.1:

Definition 2.7 Given a finite set of simple expressionsS, we
say thatθ is anOI-unifier iff ∃E ∀Ei ∈ S : Eiθ = E andθ
is an OI-substitution w.r.t.terms(Ei). An OI-unifierθ for S
is called amost general OI-unifier (mguOI) for S iff, for each
OI-unifier σ of S, there exists an OI-substitutionτ such that
σ = θτ .

In this setting, clauses cannot have proper subsets asfac-
tors. Hence, this notion can be used only for standardizing
apart the variables of the parent clauses before a step of reso-
lution [Espositoet al., 2000].

Definition 2.8 Given the clausesC andD, suppose they are
standardized apart. A clauseR is anOI-resolventof C and
D iff, there existM ⊆ C andN ⊆ D such that{M, N} is
unifiable through the mguOI θ and

R = ((C \M) ∪ (D \N))θ

We writeR = ROI({C, D}).
This definition of OI-resolution follows Robinson’s origi-

nal definition[Robinson, 1965]. However, a different defini-
tion has been given, based on the one given in[Chang and
Lee, 1973], taking into account one complementary pair of
literals for each resolution step[Espositoet al., 2000].

Definition 2.9 Let T be a set of clauses. TheOI-resolution
closure of T , denoted byR∗OI(Σ), is defined inductively:
(n = 0)R0

OI(Σ) = Σ
(n > 0)Rn

OI(Σ) =Rn−1
OI (Σ) ∪

{R = ROI({C, D})| C, D ∈ Rn−1
OI (Σ)}

R∗OI(Σ) = R0
OI(Σ) ∪R1

OI(Σ) ∪ · · · ∪ Rn
OI(Σ) ∪ · · ·

If there exists anOI-derivation of C from Σ, this will be
denoted withΣ ÒIC which is equivalent toC ∈ R∗OI(Σ).

It is interesting to consider also the case oflinear resolution
[Chang and Lee, 1973], which was originally exploited for
the proof-theoretic definition of OI-implication[Espositoet
al., 2000]. If C can be derived by means of zero or more
linear OI-resolution steps from the set of clausesΣ, we denote
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this with C ∈ Ln
OI(Σ), n > 0, whereLOI denotes the linear

OI-resolution operator andL∗OI stands for its closure.
In order to prove thesoundnessof the proof-procedure de-

fined above, some preliminary results are needed.

Lemma 2.4 LetC1 andC2 be clauses. If there existsR that
is the OI-resolvent ofC1 andC2 then it holds{C1, C2}|=OIR.

Proof. Assume that the two clauses are standardized apart.
SupposeR is an OI-resolvent ofC1 and C2, resolved
upon the subsets of literalsM and N , and let θ be the
mguOI(M, N) employed. Suppose the OI-interpretationI
with domainD is an OI-model for{C1, C2}.
Let {X1, . . . , Xn} = vars(C1) ∪ vars(C2) and V
be a variable assignment under object identity. Then,
∀i = 1, . . . , n, di ∈ D if Mθ is false underI and
V (X1/d1) · · · (Xn/dn), at least one of the other literals in
C1 is true underI and V (X1/d1) · · · (Xn/dn). Similarly
for N . Note thatR is made up of all literals inC1θ andC2θ
exceptMθ or Nθ.
Since either Mθ or Nθ is false under I and
V (X1/d1) · · · (Xn/dn), at least one of the literals in
R is true underI andV (X1/d1) · · · (Xn/dn), henceI is an
OI-model ofR. Therefore,{C1, C2}|=OIR.

This result can be inductively extended to OI-derivations,
proving the soundness of OI-resolution:

Theorem 2.5 (Soundness)Let Σ be a set of clauses, andC
be a clause. IfΣ ÒIC thenΣ|=OIC.

Proof. SupposeΣ ÒIC. Then there exists an OI-derivation
R1, . . . , Rk = C fromΣ. By induction onk, it holds:

(k = 1) R1 = C ∈ Σ, thus obviouslyΣ|=OIC.

(k > 1) Suppose the thesis holds form ≤ k.
Let R1, . . . , Rk+1 = C be an OI-derivation ofC from
Σ. If Rk+1 ∈ Σ then the theorem is obvious. Oth-
erwise, Rk+1 is an OI-resolvent of someRi and Rj

(i, j ≤ k). By the inductive hypothesis, we have
Σ|=OIRi andΣ|=OIRj . From Lemma 2.4, it follows that
{Ri, Rj}|=OIRk+1 = C.

Now we can give a proof-theoretic definition of the notion
of OI-implication. In the next section, we will justify this
formally, showing the equivalence of the two versions.

Definition 2.10 LetC andD be two clauses. ThenC implies
D under object identity (C OI-impliesD), denotedC ⇒OI D
iff either D is a tautological clause or there exists a clause
E ∈ R∗OI({C}) such thatE θOI-subsumesD. Equivalence
under OI-implication is denoted by⇔OI.

From the definition above, it is easy to see that OI-
implication is a strictly a stronger ordering relationship than
θOI-subsumption. Moreover the set of most specific clauses⊥
will be made up by tautologies.

We will prove in the next section that Definitions 2.4 and
2.10 are equivalent, by means of a subsumption theorem.

3 Refutation Completeness
The soundness theorem for OI-implication bridges the gap
from the proof-theoretic to the model-theoretic definition of

this notion. In this section we give a proof of a complete-
ness result to make the same step in the other direction. Fol-
lowing the proof-schema given in[Nienhuys-Cheng and de
Wolf, 1996] for the standard case, first we prove this result
for ground clauses, then we lift it to the general case.

3.1 Preliminaries
Let us start from the simplest case when bothΣ andC are
ground.

Lemma 3.1 LetΣ be a logic program of ground clauses and
C be a ground clause. IfΣ|=OIC then there existsD such that
Σ ÒID andD ⊆ C.

The proof is almost the same as in the case of standard im-
plication (see[Nienhuys-Cheng and de Wolf, 1996]) since no
variable assignment is made, for the clauses are ground. Yet
in our case we considered finite sets of clauses. This can be
extended by means of a compactness theorem.

In order to prove the Subsumption Theorem when only
clauseC is required to be ground, we need two theorems that
are valid for the notion of unsatisfiability for standard inter-
pretations but can be proven also when the object identity is
assumed.

Theorem 3.2 A set of clausesΣ is unsatisfiable under object
identity iff there exists a finite unsatisfiable setΓ of ground
instances of clauses fromΣ.

See[Nienhuys-Cheng and de Wolf, 1997] for a proof for stan-
dard interpretations. In this setting, it comes by using Propo-
sition 2.3.

From this result and the Deduction Theorem another result
follows:

Theorem 3.3 Let Σ be a non-empty set of clauses andC be
a ground clause. ThenΣ|=OIC iff there exists a finite setΓ of
ground instances of clauses fromΣ such thatΓ|=OIC.

Again, see[Nienhuys-Cheng and de Wolf, 1997] for a proof
in the standard case. In this setting, Theorems 2.1 and 3.2 are
to be exploited.

Now we have to show how to lift an OI-resolution step
from the case of ground parent clauses to that of unrestricted
clauses.

Lemma 3.4 Let C1 andC2 be two clauses andC ′1 andC ′2,
respectively, two instances of them. IfR′ is an OI-resolvent
of C ′1 and C ′2, then there exists a clauseR, that is an OI-
resolvent ofC1 andC2, such thatR′ is an instance ofR.

Proof. Suppose thatC1, C2, C ′1 and C ′2 are standardized
apart. Beσ1,2 the OI-substitutions such thatC ′1 = C1σ1 and
C ′2 = C2σ2.
LetN ′

1 ⊆ C ′1 andN ′
2 ⊆ C ′2 be the subsets of literals resolved

upon for obtainingR′, then there existN1 ⊆ C1 andN2 ⊆
C2 such thatN ′

1 = N1σ1 andN ′
2 = N2σ2. Suppose thatµ

be an mguOI(N ′
1, N

′
2).

Now letD′
1 = C ′1 \N ′

1 andD′
2 = C ′2 \N ′

2 for someD1 ⊂ N1

andD2 ⊂ N2. Hence,R′ = (D′
1∪D′

2)µ = (D1σ1∪D2σ2)µ.
Since the clauses are standardized apart, we can write:R′ =
(D1 ∪D2)σ1σ2µ.
ConsiderN1 and N2. They can be unified through the OI-
unifier σ1σ2µ. Then, letθ be an mguOI(N1, N2), there exists
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an OI-substitutionδ such thatσ1σ2µ = θδ.
Thus,C1 andC2 can be resolved under object identity upon
N1 andN2 by usingθ: R = ((C1\N1)∪(C2\N2))θ = (D1∪
D2)θ. ThenRδ = (D1 ∪D2)θδ = (D1 ∪D2)σ1σ2µ = R′.
HenceR′ = Rδ.

We can generalize the lifting technique to the case of OI-
derivations, i.e. to multiple OI-resolution steps.

Lemma 3.5 Let Σ be a finite set of clauses andΣ′ a set of
instances of clauses fromΣ. Suppose thatR′1, . . . , R

′
k be an

OI-derivation of clauseR′k fromΣ′. Then there exists an OI-
derivationR1, . . . , Rk of clauseRk from Σ such thatR′i is
an instance ofRi, for eachi = 1, . . . , k.

Proof. By induction on the length of the derivationk.

(k = 1) In this caseR′1 ∈ Σ′. ButΣ′ is made up of instances
of the clauses inΣ. Hence,∃R1 ∈ Σ such thatR′1 is an
instance ofR1.

(k > 1) By hypothesis, let us suppose the thesis proven up
to a derivation of lengthm. We have to prove it for
k = m + 1.
Let R′1, . . . , R

′
m+1 be an OI-derivation ofR′m+1 from

Σ′, so that R′m+1 is the resolvent of two clauses in
Σ′ ∪ {R′1, . . . , R′m}.
By hypothesis, there exists an OI-derivationR1, . . . , Rm

of Rm from Σ such that∀i = 1, . . . , m : R′i is an in-
stance ofRi. Hence, by Lemma 3.4, there existsRm+1

such thatR′m+1 is one of its instances.

We have now all the instruments for proving the following
result:

Lemma 3.6 Let Σ be a finite set of clauses andC be a
ground clause. IfΣ|=OIC then there existsD such thatΣ ÒID
andD ⊆ C.

Proof. Assume thatC is not a tautology. We look for a clause
D fulfilling the thesis. FromΣ|=OIC and Theorem 3.3, then
there exists a finite setΣg such that each clause inΣg is a
ground instance of a clause inΣ andΣg|=OIC.
Then, from Lemma 3.1 there exists a clauseD′ such that
Σg ÒID

′ and D′ ⊆ C. Let R′1, . . . , R
′
k = D′ be an OI-

derivation ofD′ fromΣg.
By means of Lemma 3.5, the OI-derivation can be lifted to an
OI-derivationR1, . . . , Rk of Rk from Σ, whereD′ = R′k is
an instance ofRk. Let D = Rk. ThenΣ ÒID and D θOI-
subsumesC (sinceD′ = Dδ andD′ ⊆ C).

3.2 Subsumption Theorem and Consequences
Preliminarily, we have to recall the notion of a particular sub-
stitution that will be used in the next proofs:

Definition 3.1 Let Σ be a set of clauses andC be a clause.
Let {X1, . . . , Xn} = vars(C) and suppose we have a set
of constants{a1, . . . , an} ∩ consts(Σ ∪ C) = ∅. Thenσ =
{X1/a1, . . . , Xn/an} is aSkolem substitutionfor C w.r.t. Σ.

This notion is easily extensible to this setting, it is easy to see
that Skolem substitutions are also OI-substitutions.

Now, given the results of the previous sections, we can
prove the main result and some consequences.

Theorem 3.7 (Subsumption Theorem)LetΣ be a finite set
of clauses andC be a clause. ThenΣ|=OIC iff there exists a
clauseD such thatΣ ÒID andD θOI-subsumesC.

Proof.

(⇒) Assume thatC is not a tautology. Letθ be a Skolem OI-
substitution forC w.r.t. Σ. ThenCθ is a ground clause
which is not a tautology andΣ|=OICθ.
By Lemma 3.6, there is a clauseD such thatΣ ÒID and
D θOI-subsumesCθ. SinceD is derived fromΣ, D can-
not contain constants yielded byθ. Thereforeθ maps
variables ofC to constants that are not inD.
Letδ be an OI-substitution such thatD θOI-subsumesCθ
andσ be the OI-substitution obtained by replacing each
bindingXi/ti in δ with Xi/ai. Thenδ = σθ. Sinceθ
only replaces the variablesXi by ai (1 ≤ i ≤ n), it
follows thatDσ ⊆ C. ThenD θOI-subsumesC. Hence,
the thesis holds.

(⇐) For the soundness of the OI-derivation (andθOI-
subsumption).

As a consequence of this theorem, similarly to the standard
case, it is nearly straightforward to demonstrate some impor-
tant results originally due to Gottlob[1987].

Definition 3.2 A clauseC is ambivalentwhen there are two
literals L1, L2 ∈ C with the same predicate symbol but op-
posite sign. Besides, if they unify then the clauseC is called
recursive.

Of course only unification through OI-substitutions is
taken into account here. Given these notions, it is possible
to show when OI-implication andθOI-subsumption coincide:

Proposition 3.8 Let C and D be clauses. IfC is not re-
cursive andD is not tautological, thenC|=OID iff C θOI-
subsumesD.

Proof. Assume thatC|=OID. By Theorem 3.7 it holds that
∃E ∈ R∗OI({C}): E θOI-subsumesD. SinceC is not recursive
{C} = R∗OI({C}). Hence,C θOI-subsumesD.
The (⇐) part is obvious.

Now, given a clauseC, we denote withC+ andC−, re-
spectively, the set of its positive and negative literals.

Proposition 3.9 LetC andD be clauses. IfC|=OID thenC+

θOI-subsumesD+ andC− θOI-subsumesD−.

Proof. Observe thatC+ θOI-subsumesC thenC+|=OIC. By
the hypothesis, it holds:C|=OID, thusC+|=OID. Note that
by constructionC+ and D+ contain only positive literals,
then C+ cannot be OI-resolved with itself, andD+ is not
a tautology. By Proposition 3.8, it must hold thatC+ θOI-
subsumesD.
Again, observing thatC+ is made up of positive literals only,
one can conclude thatC+ θOI-subsumesD+.
AnalogouslyC− θOI-subsumesD−.

This property can be used for the proof of the decidability of
the implication under object identity. Yet, this subject goes
beyond the scope of this paper.

Finally, we state a sufficient condition for the equivalence
to hold between OI-implication andθOI-subsumption:
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Proposition 3.10 Let C and D be clauses. IfD is not am-
bivalent, thenC|=OID iff C θOI-subsumesD.

Proof. AssumeC|=OID andD non ambivalent. ThusD can-
not be a tautology.
By Proposition 3.9 it holdsC+θ ⊆ D+ andC−δ ⊆ D− for
some OI-substitutionsθ andδ.
Now, if C were recursive then there would be a literalL =
Lσ1 = Lσ2 such thatLσ1 ∈ C+ and¬Lσ2 ∈ C−, with σ1

andσ2 OI-unifiers. But thenLσ1θ ∈ D+ and¬Lσ2δ ∈ D−,
which does not hold sinceD is not ambivalent.
ThusC is not recursive andD is not tautological. By Propo-
sition 3.8, it follows thatC θOI-subsumesD.

The Subsumption Theorem showed that OI-resolution, to-
gether withθOI-subsumption, can derive the same conclu-
sions drawn model-theoretically by implication under object
identity. In standard implication, resolution is not deduction
complete (someθ-subsumption steps could be needed), yet
it might be complete with respect to an unsatisfiable set of
clauses. We prove this result in the object identity setting.
Theorem 3.11 (Refutation Completeness)LetΣ be a finite
set of clauses. ThenΣ is unsatisfiable under object identity
iff Σ ÒI2.

Proof.
(⇒) Be Σ a finite set of clauses such thatΣ|=OI2. For

the Subsumption Theorem 3.7, there existsD such that
Σ ÒID and D θOI-subsumes2. ThenD must be the
empty clause itself. HenceΣ ÒI2

(⇐) For the soundness of the OI-derivation (Theorem 2.5).

All the theorems and propositions of the previous section
can be extended to the case of an infinite set of formulasΣ if a
Compactness Theorem like that for standard models[Boolos
and Jeffrey, 1989] can be demonstrated. Yet, here we are
interested in these issues concerning logic programs, hence
finite sets of clauses only.

4 Conclusions and Further Work
A framework has been presented for the novel notion of im-
plication under object identity. By assuming this bias over a
clausal representation, we were able to define OI-implication
both model-theoretically and proof-theoretically. The two
definitions can be unified by exploiting the soundness of the
OI-derivations and a subsumption theorem which is the ba-
sis for proving the refutation completeness of our procedure.
This relationship, that is stronger thanθOI-subsumption, in-
duces a quasi-order over the clausal search space conferring
different algebraic properties than standard implication.

We expect encouraging results on the complexity of learn-
ing/revising logic theories in such a search space. Hence,
from a theoretical viewpoint, we are now concerned with
the demonstration of the compactness and decidability of this
new relationship. Another research stream will concern the
algebraic properties of the resulting search space. In partic-
ular, algorithms for calculating minimal generalizations and
specializations are to be developed.

In a more long term perspective, we aim at building an inte-
grated framework for multistrategy learning that will benefit
by these theoretical findings.
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