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Abstract

Sensitivity analysis of neural network is useful for
network design. Piché used a stochastic model to
describe the Multilayer Perceptron (MLP), but it
doesn’t match the true MLP closely, and too severe
limitations are imposed on both input and weight
perturbations. This paper attempts to generalize
Piché’s stochastic model of MLP, and derive an
universal expression of MLP’s sensitivity for all
sigmoidal activation functions, without any
restriction on input and output perturbations. The
effects of network design parameters such as the
number of layer, the number of neuron per layer and
the chosen activation function are analyzed, and
they provide useful information for network design
decision-making.  Furthermore, we use our
sensitivity expression to design MLP for a given
application. It can help to design the network
structure, as well as the training of MLP.

1 Introduction

The sensitivity analysis of neural network has been
investigated for over 30 years. In 1962, Hoff used n-
dimensional geometry approach to analyze the sensitivity of
Adaline [Hoff, 1962]. Glanz [1965] simplified Hoff’s
results. After two decades, Winter [1989] derived an
analytical expression for the probability of error in Madaline
caused by weight perturbation. Stevenson continued
Winter’s work, and established the sensitivity of Madaline
to weight error in 1990 [Stevension, 1990a; Stevension et
al., 1990b]. Cheng and Yeung [1999] use this geometrical
arguments to analyze the sensitivity of Neocognitrons.
However, the their results are only fit for neurons with
threshold activation function and binary inputs, and they are
not applicable to other continuous activation functions.
Yeung and Wang [1999] try to apply the method proposed
in [Cheng and Yeung, 1999] to the sensitivity analysis of
the MLP. Earlier in 1992, Choi and Choi [1992] present a
thorough idea of sensitivity analysis of the MLP with
differentiable activation functions. Although their analysis is
systematic, the result is only applicable when the network

has been trained and the inputs are known, so it cannot be
used for network design and construction.

Piché [1992;1995] uses statistical approach to relate the
output error and the change of weights in Madaline with
several activation functions such as linear, sigmoid and
threshold. But Piché’s stochastic model is a simplification
of the true MLP, and his result holds true only when the
input and weight perturbations are small enough.

This paper proposes an improved stochastic model which
is better suited for the true MLP. We also present a function
approximation method to derive an universal analytical
expression of sensitivity for MLP with sigmoidal activation
function. We assume no restriction on the amplitude of the
input and weight perturbations. Using this function
approximation method, one can use three parameters to
characterize the activation function. So not only the effects
of input and weight perturbations, the number of neuron and
the number of layer, but also that of the activation function
on the sensitivity of MLP can be analyzed by the universal
analytical expression.

2 The Improved Stochastic Model of MLP

According to Piché’s stochastic model, all neurons have the

same activation function. All network inputs, weights, input

perturbations and weight perturbations are respectively

independent identically distributed random (iidr) variables

with zero mean; inputs and input errors, inputs and weight

errors, weights and inputs, weights and weight errors are

statistically independent from each other. This model has

the following weaknesses:

1. The bias input is omitted. This is a basic component of
MLP;

2. The expectations of all network inputs are zeros. Many
applications don’t satisfy this condition;

3. All network inputs have the same variance. It is also

difficult for many applications to satisfy this
requirement;
4. The correlations between the inputs and their

corresponding perturbations are not considered. Even if
the inputs and their associative perturbations in the first
layer are independent, there still exist correlations
between the inputs and their corresponding
perturbations in the successive layers of MLP.
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Our improved stochastic model of MLP overcomes the
above shortcomings in the following ways:

1. All network inputs are independent random variables
with their own expectations and variances. The
expectation of the bias input is 1, and its variance is 0;

2. All input perturbations are independent random
variables with zero mean and their own variances. The
variance of the bias input perturbation is 0. The
correlations  between network inputs and their
corresponding perturbations are expressed by their
correlation coefficients;

3. All weights and their perturbations are independent
random variables with zero mean and their own
variances. The correlations between weights and weight
perturbations are also expressed by their correlation
coefficients;

4. Except the correlations between inputs and input
perturbations, weights and weight perturbations, all
variables are independent from each other.

Our model is a better description of the true MLP.

3 Definitions

First, some notations are introduced. The layers are
indexed from 0 to L. The O layer is the input layer, and the
Lth layer is the output layer. The number of nodes in layer |
is denoted by N'. The function g(l denotes the activation
function. Neuron is the basic element of MLP, so one can
first investigate the sensitivity of a single neuron, and then
the whole MLP.

Suppose X', AX'are the input and input perturbation
vectors of neuron i in layer I, w', Aw' are its weight and

weight perturbation vectors. D(.) denotes the variance.
Definition 1: The absolute sensitivity of the neuron to
input and weight perturbations is given by

def
S/ =D(g(@ +aW) X' +AX"))-gW' X')).

Definition 2: The relative sensitivity of the neuron to

input and weight perturbations is
Rel S o D(g(W,' +AW,)" Ox' +Aax") -gw," X)) .
; D(gW," X))

Since the outputs of MLP are the outputs of the neurons
in the output layer, we can use the output neurons to
represent the outputs of the MLP.

Definition 3: The absolute sensitivity of MLP to input and
weight perturbations is

def
S :(SanSsz“,ShL)T .

Definition 4: The relative sensitivity of MLP to input and

weight perturbations is

def
Rel.S =(Rel.S;,Rel.S;,--,Rel.Sy )"

4 Function Approximation Approach
If the sensitivity is directly calculated by using the above
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definitions, it will be very difficult to obtain an analytical
expression for the sensitivity unless we restrict the
amplitudes of the input and weight perturbations. But this
would severely limit the range of application of our
sensitivity analysis. So a function approximation approach
is proposed to overcome this problem. This is based on the
idea that a given class of activation functions can be
characterized by a general function expression using a set of
common characteristics, i.e., parameters of this expression,
which should satisfy the followings:
1) They can be used to approximate the activation
function concerned, and
2) They should have the form convenient for sensitivity
computation.

The threshold and sigmoidal activation functions are
commonly used for the MLPs. It can be characterized by
three factors: its maximum value, minimum value and
obliquity, which are denoted by B, C and A respectively,
Different values of B, C and A represent different activation
functions. The main idea of the function approximation
approach is to use another function g, (x) to approximate

g(x) . The function g, (x) has the following form
B+C

Oagc (X) = 2 + fA,B,C (X) ! (1)
where
D B _C —AX?
03 (1-e™), x20, @)
fA,B,C (X) - D B _C 5
0-2 "~ (1-e™), x<0
a 2

The objective of function approximation is to determine
the three factors A, B and C of g(x), so that the distance
between the two functions g(x) and g,z ¢ (x) is minimized.

The factors B and C are determined by

B = lim g(x): 3)
C = lim g(x)- 4)

The factor A can be found by solving the following
problem

mgan(g(x) - Gnac () K . ©)

Because g(x) and g,gc(x) are antisymmetric about a
certain point on the y-axis, problem (5) is equivalent to

mgn\/j(g(x) = Qapc(X)dx . (6)

0

The commonly used sigmoidal activation function has the
B+Ce™

form g(x) = , we have A:ﬁ)ﬁ.
4

1+e™
5 Sensitivity of a Single Neuron

According to the definitions of absolute and relative
sensitivity, we need first derive the variances of the output
and the output error of a neuron. The output of the unit j in
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layer | is
yi =g X, )
Its output error is
By} =g(W' +AW)T X" +aX") - g, IX'). (8)
The covariances between inputs and input perturbations

weights and weight perturbations are le. prx. 'Ax,

andg , Where p denotes the correlatlon

_ |
w Aw; l)w Aw; (Tmm(lem
coefficient.
Let g% and y represent variance and expectation. We

have
EW' X'y =E@aw," X' +w' X' +AW," @X')=0,(9)

Nll

DW," X )-z(a'zwx you,*+a), " (10)
D(AW, " X' +W, X' + AW, X", (11)
Nll

=3 (@, +ih, o, +0n 0" 40l "0, ) (12)

-1
N 2

I I I
+ Z(Zaxi,Axiawij,Aw 20 O GAW “ Zani awij,Awij) *Opu,
=

Let
= /DW," X", (13)
= /D@aw! o +W X' AW X)), (14)
U :WiIT X' , (15)
Or
Ve aw T X W X AW X (g
Op

According to the Lindeberg Central Limit Theorem, when
N'? is large enough, u and v’ are normally distributed with
mean 0 and variance 1, i.e.,, u~ N (0,1) and v~ N (0,1). The
correlation coefficient between u and v is

NI -1
Z((J'I ™ (O" 2 +/'l>|<12) +0JX & O’w OJX ™ O'lw A"‘h) OJ‘,%AI,\'0 an
— 2 .
Ao = 0.0
Let
V = ~Puy U+ 1 V' (18)
-0 1=k,
we get vV ~ N(0,1), and Puy =0
We introduce two notations
aA=0,+0,Pyy (19)
B:GP\ll_pj,V' : (20)
Then
w'X'=0U, (21)
W' +aW) X' +AX') =aU + v - (22)

The distribution function of u, and the joint distribution
function of u and v may be expressed as
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1 (23)
fo(u)y=—e2 .
u(v) T

1 L +V)

f(uv)=—=e? (24)
21
Now, the expectations of output and output error are
' 1
E(y] )-jg(aum\/=e Tdu (25)
EWY}) = [ f(g(au++apy) ~g@u) S e 2 g (26)

—00—00

The variances of output and output error are

+o0 1 _Ei
D(y')= [g%(au) 3—=—¢e 2du- (27)
(yi) _J’g( )\/ﬂ

D(&y}) = [ [(g(au+ap) - glaw)’ -

—00—00

Lo2ay?
_E(U dudv -(28)

Using our function apprOX|mat|on approach and the
following polar coordinate transformation
u=rcos B (29)

0 - ,r=0,00[0,2m]"
v =rsin @
Formulae (25), (26), (27) and (28) become
Ey! == B;C , (30)
Edy! =0, (31)
B-C 2 1
oy =BV 2, L ) @
4 J2A0Z +1  \J4Ac? +1
2
oay! =B g (33)
According to Definitions 1 and 2,
s'=BC Jpr, (34)
1 2 1
P , (35)
I _
Rel.S; = > 1
—_ + )
J2A0Z +1  \[aAd? +1
where, let T=

[A@® + B +0R)+1]tg( arctg(a URB F )+arctg( )) AJ(@* +02 - B7) +4a* B
VARG B +2A0% +2AB% +2A% +1
[Aa® + 3 )+ areg 27 +2‘fﬁ’ﬁ Y-Al@or - py aa
JAA2G2 B +2R0° +2AB% +2A0% +1
B) N T 1
JAAGZ +1  \JaA(@® +B?)+1
2

AR’ G2 B2 +2Aa% +2AB% +2A0% +1
4 By2A0? +1
- arctg( )
mJ2A0? +1 a
4 By2Aa’ +2AB? +1)

- arctg(

mj2Aa’® +2AB% +1 a

(arctg

—arctg

),

P. = iarctg(
T
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" adl (36)
T\JAN?G% B2 + 2Aa% +2AB% +2A02 +1
For each neuron in a given layer, its inputs and the
associated errors are just the outputs and their associated
errors of the former layer. So yi™ =xi, Ay|™ = Ax}|. Now

the covariance between y:™ and Ay;™ can be calculated by

1+ _ 1 _ (B _C)Z |
O = Oy, = Q1 37
where
2 B 1 1 1
Q! =-Zarctg(%5) + - -
T g(a) \/2A0§+1 \/4Aa§+l \/ZA(GZ*'ﬁZ)*'l

1
+
JARGZB2 +2Aa% + 2AB% +2A07 +1

B+J2A0} +1)
a

+ arctg(
rr\/ZAaé +1
2 2
N 2 arctg(’B‘/ZAa +2AB +1)
my2Aa’ +2AB% +1 a
2T . (38)

mJ4A G2 B7 +2Aa% +2AB% +2A0% +1

All  formulae are derived exactly except the
approximation of the activation function. So there is no need
for us to restrict the input and weight perturbations to be
very small. The network sensitivity expressions are
expressed in terms of A, B and C, i.e., the activation
function itself. This enables us to investigate the effect of a
given activation function on the network sensitivity.

6 Sensitivity of MLP

Since the sensitivity of a MLP is defined to be the
sensitivity vector of its output neurons, it will be necessary
to calculate the sensitivity of neurons from the input layer to
the output layer successively.

The algorithm to calculate the sensitivity of the network
is given by
1) Based on the application requirement, determine the

expectations and variances of network inputs
2 0 2
ufi,afi , input perturbation ratios Ym , the

02
X

o

correlation coefficients between inputs and input
perturbations p°, , the variances of weights ¢! °,

| 2
weight perturbation ratios 9aw,
| 2

w;

coefficients between weights and weight perturbations

and the correlation

| .
pWUAWu !

2) Using function approximation approach to determine
A, B and C of the activation function;

2 2 .
3) Letl=l, ¢!"=0?, g, =0%;
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2 by
applying formulae (32) and (33), and then ¢, , by
Formula (39);

5) If I<L, let v =0, + Op =04

|

Opn = g'yl'Alyi , then goto step (4); else

6) Calculate S" and Rel.S' by formulae (34) and (35),
then the absolute and relative sensitivities of MLP is
S=(S;,S,,-,Sy, )" ,Rel.S =(Rel.S;,Rel.S,,---,Rel.Sy )
, and the program is terminated.

and ¢!

4)  For all neurons in layer I, calculate ¢! ° 5

2 12 2 12
|=|+1’ O.I 1-1 | 1-1

7 Effects of Parameters on Sensitivity

Many factors affect the sensitivity of the MLP. These
factors include the network inputs and input perturbations,
weights and weight perturbations, and network architecture
parameters such as the number of layer, the number of
neurons in each layer and the activation function chosen.

How these factors affect the sensitivity of MLP is an

important criteria for neural network design in support of a

particular application.

The experimental results are shown in figures 1 to 13.

The main results are:

1) The input and weight perturbation ratios are the two
most important factors affecting the sensitivity of the
MLP. The absolute and relative sensitivities increase
when these two ratios do.

2) The network sensitivities increase with the absolute
value of the input expectation and the input variance.
The normalization of network input can help us
decrease the network sensitivity;

3) The increase of weight variance causes the network
sensitivity to increase. So we should limit the
amplitude of the weight in training process;

4)  When the number of neurons increases, the absolute
and relative sensitivities increase, but when it is
significantly large, the two sensitivities will nearly
remain constant. The neuron number of later layers has
more influence upon the absolute sensitivity than that
of the previous layer.

5) The absolute and relative sensitivities increase with the
number of layer. When the number of layer is small,
these two sensitivities increase rapidly. Otherwise they
become flat. When the weight perturbation ratio
increases, the absolute and relative sensitivities
increase as well, i.e., if the sensitivity is supposed to be
less than a certain value, the number of layer could be
small when the weight perturbation ratio is large.

6) The larger the obliquity A of the activation function is,
the more sensitive the MLP is. The sensitivities
increase with B-C. So the threshold MLP is the most

1

1+e”™

is

sensitive one, and The activation function

more suitable than tanh(x).
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Figure 1: The absolute and relative Sensitivities
of MLP versus input perturbation ratio.

2,2
Tl

Figure 2: The absolute and relative Sensitivities
of MLP versus the weiaht perturbation ratio.

—— Absolute Sensitivity — Absolute Snesitivity
- Relative Sensitivity - Relative Sensitivity

Figure 4: The absolute and relative Sensitivities
of MLP versus the variance of network inout.

Figure 5: The absolute and relative Sensitivities
of MLP versus the weiaht variance.

—— Absolute Sensitivity
- Relative Sensitivity

Figure 7: The relative sensitivity of MLP
versus the number of neurons in each layer.

Figure 8: The absolute and relative sensitivities of a
neuron versus obliquity A of the activation function.
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— Absolute Sensivitity
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Figure 3: The absolute and relative Sensitivities of
MLP versus the expectation of network input.

Figure 6: The absolute sensitivity of MLP
versus the number of neurons in each laver.

Figure 9: The absolute sensitivity of a neuron versus
the max and min value of the activation function.

— o Jo’=001
- o Joi004
o o=
— 0}, J0,0.09
— o} Joi016
i ole0zs

6
Layer Number

Figure 10: The relative sensitivity of a neuron versus
the max and min value of the activation function.

8 The Design of MLP

In order to simplify the network design, we suppose that
all weights have the same variances, and all weight
perturbation ratios are identical. So all neurons in the same

Figure 11: The absolute sensitivity
of MLP versus the number of laver.

vector.
For a given appli
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Figure 12: The relative sensitivity of
MLP versus the number of layer.

layer have the same sensitivity. We can use a output
neuron’s sensitivity to represent the network sensitivity

cation, suppose parameters L, B and C

are determined by the network designer, from the sample set
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and the application environment, we can estimate the

following parameters: N,, N_, u°, ¢°°, p°, .

Lo Lf\w. Our goal is to find the unknown parameters
w,Aw 2
UW

N,, ..., N, Aand g2, such that S, <S;, where S; is a

given, acceptable relative sensitivity.

Our solution is: first select a possible range for each of
the unknown parameters; then using our sensitivity
calculation algorithm to compute the mapping from
{N,,---,N_,,A 02} to {S.}; finally, according to the
mapping, determine the region {N,,---,N_,, A o2} that
satisfies S, < S .

We present the following example to show how to design
a three-layer MLP.

Example: The input and output numbers are 10, and all
inputs are independent random variables that are uniformly
distributed over [-1,1]. Suppose the correlation coefficient
between weights and weight perturbations are 0.01.
Construct a three-layer MLP with input and weight
perturbation ratios less than 1%, and the relative sensitivity
of this MLP should be less than 10%.

For this example, the known parameters are L=2,

N, =N, =10, [Jgi=O, 022:4/12, pSHAXI:O,
o’ 2 .
Puaw =001, T8 - Taw - 7,5, =0.1. Suppose B=L,
0

o, Oy

C=0, and the possible ranges for parameters A, N, and g2

are [0, 1.7725], [1, 100] and [0, 25] respectively. Using our
sensitivity algorithm to calculate the mapping over the
above ranges. Here, we plot two contour maps of S_. When

the obliquity A is large and small, the contour lines of s_
with respect to N, and g, are shown in figures 13 and 14

respectively. The region below the contour line at S, =0.1

is our design result.

Our sensitivity analysis can be used to determine the
network structure numerically. Furthermore, it can estimate
the permitted weight range for network training. We find

that the larger N, is, the smaller the maximum permitted

weight variance is. That is to say, if we select larger number
of neurons in the hidden layer, we must restrict the weight
variance to be less in the training of MLP; when the
obliquity of activation function increases, the solution
region reduces. This means that if we select activation
function with smaller obliquity, we can permit larger
number of neurons in the hidden layer and larger weight
variance in the network training.
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Figure 13: The contour plot of relative  Figure 14: The contour plot of relative
sensitivity of three-layer MLP with sensitivity of three-layer MLP with

N g

respect to Nl and UW. A=1.7725. respectto L and ~ W.A=0.4431.

9 Conclusion

In this paper an improved stochastic model of MLP is
proposed to better describe the, and the function
approximation method is used to obtain an universal
expression of the network sensitivity for sigmoidal
activation functions. We use the expression of sensitivity to
investigate the effects of network parameters on the network
sensitivity. It is also used to design the network architecture
and provide useful guideline for the network training.
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