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Abstract

In this paperwe introducea new logical approach
to reasonexplicitly aboutDempsteiShaferbelief

functions. We adoptthe following view: onejust

startswith Booleanformulas¢ anda belief func-

tion onthem;thebeliefof ¢ is takento bethetruth

degreeof the (fuzzy) propositionBy standingfor

“¢ is believed”. For our completeaxiomatization
(Hylbert-style)we useone of the possibledefini-

tionsof belief,namelyasprobabilityof (modal)ne-
cessity This enablesusto definealogical system
combiningthe modallogic S5with analreadypro-

posedfuzzy logic approachto reasonaboutprob-
abilities. In particular our fuzzy logic is the logic

LIT1 which puts Lukasievicz and Productlogics
together

1 Intr oduction

Reasoninginderuncertaintyis a key issuein mary areasof
Artificial Intelligence.Fromalogical view point, uncertainty
basicallyconcerndormulas,describinga situation,that can
be eithertrue or false, but their truth valueis unknovn due
to incompletenessf the available information. When this
uncertaintycanbe measuredthenonemay assignto propo-
sitionsthedegreeof beliefof beingtrue. Amongthedifferent
modelsof numericaluncertainty in the senseof belief, that
have beenproposed probability theory is undoubtedlythe
most relevant, however other interestingmodelshave been
alsoproposedrying to remedydifferentshortcoming®f the
pure Bayesianapproaches.In particulay DemsptetShafer
belieffunctions[Shafey 1979 provide amoregeneraframe-
work to assessincertaintyto eventsor propositionsgeneral-
izing not only the probabilisticmodel but alsofor instance
the possibilisticmodel. In this framewvork propositionscan
beattachedwo uncertaintydegrees alowerandanupperes-
timate,andthe lack of evidenceon thetruth of a proposition
doesnot necessarilyinduce evidencefor the falsity of that
proposition.

Onemayfind in theliteraturea numberof uncertaintylog-
ics. As for probability, let us mention[Keisler 1985 for
a deepinvestigationof probabilisticquantifiers(probability
of ¢ is > a, a afixed parameterjand[Fagin et al., 1990;
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Halpern, 1989 for logics to reasonexplicitly aboutproba-
bilities; seealso [Nilsson, 1982; Bacchus,1990 for other
probabilisticlogical formalisms.As for othertypesof belief,
seee.g. [Duboiset al., 1994 for a full overvien on possi-
bilistic logic, and[FaginandHalpern,1991; Safiotti, 1992;
Sossaktal., 1999 for differentproposalf belief function
logics. Anothertype of approacheghatmay be calledcom-
parative, deal with a binary modality &, the formula ¢ > v

meaning‘belief of ¢ is < beliefof ¥”; thiswasadoptece.g.
in [Boutilier, 1992; Bendosa and Hajek, 1993 (possilibity
theory)and[Harmanecand Hajek, 1994 (DempsterShafer
belief). Let usremarkthat, asit is obvious, the above list of

reference®f relevantworksis far from beingexhaustve, it

is only for exemplifying purposes.

It is of worth noticingthatall the abore uncertaintylogics
(andin mary others)arebuilt on the basisthatthe represen-
tationof situationds doneby meanof two-valued(Boolean)
propositions:they canonly be eithertrue or false. However,
whenwe needto dealwith propositiongepresentingradual
notions( e.g. high temperaturelow income)it is naturalto
move from two-valuedclassicalogic to a mary-valuedlog-
ical framewvork wherepropositionamaybe attachednterme-
diatetruth degrees. This is the realmof fuzzy logict, which
is completelydifferentfrom the oneof uncertaintylogics, al-
thoughin both propositionsare usually attachedwith num-
bersbetween0 and 1. It hasbeenrepeatedlystressedhat
truthdegreesin fuzzy logic mustbe carefullyandclearly dis-
tinguishedfrom belief degrees(probabilities,or moregener
ally belief degreesof DempsterShafertheory).Fuzzylogics
arelogics of compaative truth and are mainly understood
astruth-functionat the truth degreeof a compoundformula
(conjunction,disjunction,implication,...) is determinecdby
the truth degreesof its componentwia truth functions. On
the other hand, uncertaintyis basicallyconcernedwith de-
greesof belief that two-valuedpropositionsaretrue. Belief
degreesareobviously nottruth-functional. This doesnot pre-
ventto find proposaldo extendthe variousnotionsof uncer
tainty to fuzzy propositionsandhenceto find in theliterature
alsofuzzybelief logics of variouskinds, for instancelet us
mentionthe paper[Hajek et al., 1994 fuzzifying the com-
parative modality « for possibilisticmeasuresver a finitely

IFuzzylogic hasbeendevelopedasa strictly formal systemin
bothpropositionalandpredicatecalculi, seee.g.[Hajek,1994.
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valuedt.ukasievicz logic).

In this paperwe introducea new logical approachto rea-
sonexplicitly aboutDempsterShaferbelief functionswhich
combinesclassicaluncertaintymeasuregprobabilityandbe-
lief functions)with elementsof fuzzy logic: the basicob-
senation is that “uncertainty” or belief is itself a gradual
notion, e.g. a propositionmay be totally, quite, more or
less, or slightly certain (in the senseof probable, possi-
ble, believable, plausible,etc.). Then, one just startswith
Booleanformulas ¢ and a probability on them; the prob-
ability of ¢ is takento be the truth degree of the fuzzy
proposition P = “p is probable”. This was already
usedin [Hajek et al., 1995 andcontinuedin [Hajek, 1998;
Godoet al., 2004 to definea fuzzy logic theoryfor proba-
bilistic reasoning.Here we generalizethis approachto deal
with belieffunctions,i.e. we takethefollowing identity

belief degreeof ¢ = truth degreeof By,

as our working assumptionwhere By standsfor the fuzzy
proposition“ ¢ is believed”. For gettinga completeaxiom-
atizationof “being (highly) believed” we use one of possi-
ble definitionsof DempstetShaferbelief, namelyasproba-
bility of necessity This enablesusto combinethe approach
of [Godoetal., 2004 with the modallogic S5. In particulay
our fuzzy logic is the logic LH% “putting Lukasievicz and
Productlogic together”, which provides a nice and power
ful logical settingwherearithmeticaloperationsareimplicitly
available.

We areforcedto have extensie preliminaries: Section2
containspreliminarieson belief functions and modal logic
S5, Section3 preliminarieson the logic L1131 and a variant
of it suitableto handleinfinite theories.Section4 is devoted
to thedefinitionof ourfuzzy belieflogic FB(LTT1 ) for regular
belief functionsandmain (completenessesults,while Sec-
tion 5 containsanapproacho handleDempsteicombination
rulein our fuzzy logic setting. Finally, Section6 discusses
generalizatioio dealwith generabelieffunctions,i.e. belief
functionsbel with possiblybel(#)) positive. Dueto spacdim-
itation proofsarenotincludedherebut canbefoundin [Godo
etal., 2001].

2 Preliminaries |

We suney heresomebasicfactsonbelieffunctions.(Theba-
sic monograplis [Shafey 1975.) We areinterestedn belief
functionson propositionalformulasin finitely or countably
infinitely mary propositionalvariables. Starting from the
classicaldefinition of Dempster(usingwhat we call Demp-
sterspaces)ve explain a presentatiorusing Kripke models
of modallogic aswell asa definition usinga superadditiity

condition. All resultsof this sectionexceptthelastoneto the
bestof our knowledge,arealreadyknown modulopossiblya
differentnotation.

Definition 1 A Dempsterspace(or d-space)is a structue
D = (E,W,T,u)whee E # 0 # W, T is a mappingof
F into the powersetP (W) of W and y is a finitely addi-
tive probability on an algebma of subsetof £. For X C W,
putbelp(X) = p{w | T(w) C X} (if this setis measur
able). belp is the belieffunctiongivenby D. D is regular if
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T'(w) # 0 for ead w; thenbelp is a regular belieffunction
(belp (0) = 0).

Needlesgo say a function bel mapping(some)subset®of
W into [0, 1] is a belief function iff it is a belief function
given by somed-space. Note thatit may be given by var
ious d-spacespnly propertiesindependenbdf the choiceof
theunderlyingd-spaceareof interest.

Let Var be a setof propositionalvariablespy, p1, . .. and
lete : (W x Var) — {0,1} (valueof a propositionalvari-
ablein aworld). Thepair (D, e) (orjust (F, W, T, u,e)isan
evaluatedd-space For eachformula built from our propo-
sitionalvariables(w, ¢) is thetruth valueof ¢ in w defined
in theobviousway. Thebelief of ¢ is definedas

belp () = belp{w | e(w, p) = 1}.

A function bel is a belief function on formulasif for some
evaluatedd-space(D, ¢), bel = bel(p ). Actually we shall
deal only with total belief functionson formulas,i.e. with
thosebelieffunctionsfor which the setsof worlds {w € W |
I'(w) C {w' | e(w’,¢) = 1}} areu-measurabléor ary for-
mula . Evidently, if ¢ andi arelogically equivalentthen
bel(p,ey(¢) = bel(p (1), i.e. bel respectdogical equiva-
lence.

Now let us introduce some basic conceptsof modal
logic. Formulasof modal propositionallogic are built form
propositionalvariablesusing connectves and the modality
O (necessarily)jf ¢ is a formulathenO¢ is aformula. A
Kripke model for the logic S5 (briefly a O-Kripke model)
is a structureK = (W, R, e) where R is an equivalence
relationon W (reflexive, symmetricand transitive) and e
is an evaluation of propositionalvariablesas abore. The
truth value of O¢ is definedasfollows: e(w,O¢) = 1 if
for eachw’, wRw' implies e(w’,¢) = 1. A formula ¢ is
an Sh-tautologyif e(w,¢) = 1 for eachO-Kripke model
K = (W, R,e¢) andeachw € W (¢ is truein eachworld
of eachO-Kripke model). Thefollowing areaxiomsof S5 :
Axioms of classicalpropositionalogic plus

(K) O(p =) —
) Op — ¢

(4 Op—00p
(B) e — 00

where ¢y is read “possibly ¢” and standsfor —O-p.
Deductionrules are modusponensand necessitatior(from
¢ deduceOyp). S5 is completewith respectto the given
semanticsaformulais provablein S5 iff it is a S5-tautology

A formulais withoutnestedmodalitiesif no box occursin
thescopeof otherbox (boxis appliedonly to box-freeformu-
las). In S5, eachformulais logically equivalentto a formula
withoutnestednodalities.This, togethewith theknown nor-
mal form theoremof propositionalogic, givesthe following
importantfact.

(Op — OY)

Fact. If the setVar of propositionalvariablesis finite then
thereis a finite set® of formulassuchthateachformulais,
over S5, logically equivalentto aformulafrom ©.

A O-probabilistic Kripke modelis a pair (K, p), or just
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(W, R, e, p), whereK is aO-Kripke modelandy is a prob-
abilistic (finitely additive) measureon an algebraof subsets
of W. (K, p) canbe seenasan evaluatedd-space(D, ¢) =
(W, W, T, u,e) whereT'(w) = {v € W | wRuw'} (the
R-classof w). Obsere thatthen bel(p )(¢) = p({w |
e(w,Op) = 1}), or briefly bel(p) = u(de), which tells
usthatthebelief of ¢ is the probability of the necessityof .

Note that the belief function given by a O-probabilistic
Kripke modelis regular, thanksto reflexivity of R. General
(regular and non-regular) belief functions may be obtained
e.g. from probabilistic Kripke modelsof provability logic
GL, see[Hajek, 1995. We shallcomebackto generalbe-
lief functionslaterin Section6.

Now assumé# be finite non-empty A basic belief as-
signmenton W is a mappingm : P(W) — [0, 1] suchthat
EYxcwm(X) = 1; mis regular if m(#) = 0. The belief
functiongivenby m is definedby

belm (X) = Y m(Y).

YCX

This is indeeda belief function; morewer, given an evalua-
tione : WxVar — {0, 1}, thecorrespondinpelieffunction
on formulas, bel,, . (p) = bely,({w | e(w,¢) = 1}), is
regular iff it is given by a O-probabilistic Kripke model;
namelyby amodelK = (W’, ¢/, R, ) where

(1) W ={(T,w)|TCWweW},

() ' ((T,w),pi) = e(w,pi),

() (T, w)R(S,w)iff T = S and

(4) pisary probabilityon W’ suchthat

n({(T,w) | w € T}) = m(T).

This constructionis from [Harmanecet al., ]. Con-
versely eachbelieffunctionbel onafinite setl is givenby
abasicbelief assignmentlefinedasfollows [Shafey 1979:

m(A) = Srca (—1)Abel(1).

Note thatif Var (the setof propositionalvariables)is finite
andbel is a belief function on the formulasbuilt from Var,
thenwe mayassumehatbel is givenby ad-spacewith W =
2" (thesetof all n-tuplesof zerosandones).Thenif regular,
bel is givenby afinite O-probabilisticKripke model.

Let (D, e) be anevaluatedd-space.For eachn andeach
tupleof formulasey, . . ., ¢,, thebelieffunctionbel givenby
(D, ¢) satisfiesheinequality(seé¢Shafer 1975):

bel(pr V... Ven) > > (=) el (A @),
PAIC{1,...,n} iel
We shall call it the genealized superadditivity condition,
GSA for short,sinceit reducego the usualsuperadditivity
condition for n = 2 and when ¢, and ¢ are mutually
exclusive. Moreover, if Var is finite andbel is a function
assigningnumbersrom [0, 1] to formulassuchthat

(1) bel(true) =1,

(2) bel(false) =0,

(3) bel respectdogical equivalenceand
(4) bel satisfiegthe GSA condition,

then bel is a regular belief function and the formula
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above definesa regular basicbelief assignmendefiningbel.
Consequentlybel is givenby a finite O-probabilisticKripke
model.

Our lastaim in this sectionis to prove that this resultcan
be extendedto the caseof Var beingcountable.

Theorem1 If Var is countableandbel is a functionsatisfy-
ing bel(true) = 1, bel(false) = 0, the supemdditivity con-
dition (SA)andbel respectdogical equivalenceghenthereis
a O-probabilistic Kripke modelK definingbel.

An sketch of the proof goes as follows. Let Var =

{p1,p2,---,pPn,-- -}, andfor eachn, let F,, bethesetof for-

mulasin the variablesps, ..., p,. Let bel,, the restrictionof

bel to F,, andlet K,, = (W, en, Ry, un) bethecorrespond-
ing O-probabilisticKripke model. Assumethe setsiV,, to be

pairwisedisjoint and definethe structureK = (W, e, R, i)

asfollows:

1L wW=, W

2. e(w,p;) = en(w, p;), If w e W, andi < n;
e(w, p;) = 0, otherwise.

3. R=J, Ra.

4. for eachX C W, putu(X) = cif thereexists ny such
thatu, (X N W,) = c¢for all n > ng, otherwisewe let
p(X) undefined. Obsere that trivially x(#) = 0 and

Then one can prove that K = (W,e, R, pu) is a O-
probabilisticKripke modelsuchthat u({w | w Ex Op}) =
bel () for eachmodality-freeformula.

This resultis in the samespirit asthe one by Fagin and
Halpern[FaginandHalpern,1991, Theorem3.3 connecting
belief functionsandinner measuresnducedby probability
measuresvhenthe setVar of propositionalvariabless finite.

3 Preliminaries Il

Herewe suney theunderlyingsystemof fuzzylogic we shall
usefor our belief functionlogic.

LTT1 is a logic “putting tukasievicz and Productlog-
ics together”,introducedin [Esteva et al., 2000. Formu-
las are built from propositionalvariablesandthe truth con-
stants and% using connectves —y , —, ® (Lukasievicz
and Goguenimplication and productconjunction)with the
following truth functiong:

=0 , e(})=1
elp - ¥) = min(l—e(9) + (), 1)
ou = delew
1, if e(p) < e(y
e(¢ —m ) { e()/e(p), othfefwise

Evaluationsof propositionalariablese into [0, 1] whichare
extendedo arbitraryformulasusingtheseruleswill becalled
L 111-evaluations.Otherdefinableconnectvesare:

2Note that herewe work only with the standardsemanticsj.e.
our setof truth degreess theunit realintenal [0, 1].
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A iS 2] —)'I-_ 0,

@Y IS oy oy 1,

&y s~ (tLe @ ),
e=p v s (o V)& =y @),
eANYis k(e =y ¥,

VY s oy (tpe A ),
e is ¢—mn0,

Ap IS g,

with the following truth functionsassociatedas the reader
easilyverifies):

e(me ) = 1—elp),

e(p@y) = min(l e(g) +e(y))

elpley) = max(0,e(p) +e(v) — 1)

efe=pv) = 1—le(p) —e(¥)

e(p Ag) = minfe(p),e(y))

efpvy) = maX(e(ﬁlf), «(¢))

“Crne) = {0 ot

ae = {p s
Definition 2

(i) LIT is the logical systemwhoseaxiomsand rules are as
follows™: _

(£) Axiomsof tukasieviczlogic (for —y , &, 0);

(I)  Axiomsfor productlogic (for =, ®, 0);

() me =y pe

(A)  Alp = ¥) =t Alp = ¢)

(M5) 2O W OX) = (pO¥)O(pOX)

The deduction rules are modus ponens and necessita-
tion for A: frome infer Aep.
(i) £113 is the logic obtainedfrom LIT by addinga truth

constantg togethemwith theaxiom:g = 1.
In this setting,atheory T is just a setof formulas. A LH%-
evaluatione isamodelof T' if e(¢) = 1 for eachy € T'. The

notionof proofin £ 14 is asusual.

Theorem 2 LH% is strongly completéfor finite theorieswith
respectto the given semantics. Thatis, if T is finite then
T + ¢ iff e(¢) = 1 for anyevaluatione modelof T..

It is interestingto remarkthat, as shawvn in [Esteva et al.,
2004, rationaltruth constants: (for eachrationalr € [0, 1])
aredefinablein LH% andthelogic provestheir basicproper
ties. Thusthefollowing definitionis sound.

Definition 3 RationaltIT logic, RLIT for short, is the logic
obtainedfrom+IT4 by addingthefollowinginfinitary rule:

fromy — 7, for ea » > 0, derive —11 0. (IR)

Thenotionof proofin RLIT is asfollows. If T"is atheoryover
RLII, thenthesetCrr(T') of all provableformulasfrom 7'
is the smallestheoryT” containing?” asa subsetgcontaining
all axiomsof RLIT andclosedunderall deductionrules. For
simplicity we shalldenotey € Crru(T) by T F*° ¢. We
shall keepthe notationT" ¢ to denotefinitary deduction,
i.e. deductiorundert. 1.

3Theseaxiomsareactuallya simplifiedformulationof [Esteva et
al., 2004 proposedy P. Cintulain forthcomingpaper
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Theorem 3 (Strong completeness)For any theory T' over
RLIT andany formulay, T' F*° ¢ iff ¢ is 1-truein all [0,
1]-valuedmodelsof T'.

To closethis sectionlet us mentionthatin [Godoet al.,
2000 thelogicstIT1 andRLIT have beenusedto build the
correspondinduzzy probability logics FP(LIT3), FP(RHT).
In thenext sectionwe shallelaboratehecorrespondindpelief
logicsFB(LIT), FB(RLIT).

4 A logic for belief functions

After all thesepreliminarieswe are preparedto define our
logic. We distinguishtwo kinds of formulas

(1) Booleanformulas(or S5-formulas)rebuilt from propo-
sitional variables pg, p1, ... using connectves —, Vv, A, =
(say)andthe modality O asdescribedabore. Modality-free
formulas do not contain O; a formula is closedif each
propositionalvariableis in the scopeof a modality Closed
formulaswithout nestedmodalitiesare called normal; they
arejust built form formulasof theform Oy, ¢ modalityfree
usingthe connectvesabore.

(2) P-formulas (or mary-valued formulas). Atomic P-
formulashave the form P(a), read“probably a”, wherea
is a normal S5-formula. P-formulasare built from atomic
P-formulasusingthe connectvesof LTTL, i.e. =}, —1, ®,

andtruth constants) and 3. We shalluse B¢ for P(O¢)
where ¢ is a modality-freeformula; By reads“y is be-
lieved”. Formulasbuilt from theseusing LH%-connecN/es
andtruth-constantare calledbeliefformulasor B-formulas;
they areof courseparticularP-formulas.

Examples:(p A q) — r is a Booleanmodality freeformula,
O(p A q) — Or isanormalS5-formula,P(3(p A ¢) — Or)
is aP-formula,and P(O(p A q)) —¢ P(Or) is aB-formula,
equialentlyexpresseds B(p A ¢) —4 B(r).

From a knowledgerepresentatiopoint of view, we wantto
pointouttherich expressiity B-formulasprovide with. As a
matterof fact, we canexpressfor instancesimple numerical
assignmentbke bel () > 0.4 andbel(v) = 0.6 by formulas
0.4 —1, By and0.4 =;, By; apositive beliefbel(¢) > 0 by
- By; comparison®f beliefslike bel(¢) < bel(y) by
theformula By —; B; or even morecomple conditions
like bel(n) > 0.4 - bel(y) + bel(x) - bel(y) by the formula
((0.40 By) @ (Bx @ BY)) —1 B.

SemanticsOur languagés interpretedn the obviousway in
O-probabilistc Kripke modelsK = (W, R, e, p1). For each
Booleany andeachw € W, e(w, ¢) is defined(andis O or
1). Moreover, for eachnormal S5-formulaa, the probability
u(a) = p({wle(w, a) = 1}) is well-defined;thenthe truth
valueof P(a) in K is definedas

1P (a)llx = pfwle(w, o) = 1}.

This extendsto other P-formulasusing truth connectves of
LIT1; thus||®||x is well definedfor eachP-formula®. In
particular || By||x is definedfor eachmodality free formula

P.
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An obvious alternativesemanticdor B-formulasis given
by an arbitrary regular belief function bel on modality-free
formulas; take || Be|lser = bel(¢) and extend using truth
functionsof connectves. Sinceeachbelief function on for-
mulasis givenby aO-probabilisticKripke modelthisreduces
to theformercase.

A P-formula ® is a 1-tautolagy (or just tautology) of
FB(LIIL) if ||®||x = 1 for eachO-probabilistic Kripke
modelK. It follows using [Hajek, 1999 that the following
formulasaretautologiesfor ary normalS5-formulasy, 3 :

(FPL) (P(a)&P(a — ) —¢ P(B)
(FPZ) P(—|a) EL —|LP((1)
(FP3) P(aVp) = (P(a) =y PlaAp)) =y P(B).

Thesethreeaxioms axiomatizethe (fuzzy) notion of being
probable Axiom (FP1)saysthatif botha anda — g are
probablethen 3 is probableaswell. Axiom (FP2)saysthat
a is probableiff -« is not probable. Finally, it is easyto
check, by meansof the truth function of —, that Axiom
(FP3)expresseshe conditionthatthe probabilityof « v 3 is
thesumof the probabilitiesof o and# minusthe probability
of a A S.

Definition 4
Axioms of FB(LH%) and FB(RHIT) are thefollowing:

() «,for eath S5-formulan provablein S5

(i) P(«),for ead normalS5-formulax provablein S5(call
thisaxiom(FBO0))

(i) TheschemeqFP1)—(FP3)abovefor P-formulas
(iv) Axiomsof LH% for P-formulas.

Deductionrules of FB(LIT1) are thoseof tI11 (moduspo-
nensand A-necessitationand deductionrules of FB(RHT)
are thoseof RHI (theaboveplustheinfinitary rule (IR)).

This is a recursve axiom systemsince provability in S5is
decidable Alternatively onemaytakeaxiomsandrulesof S5
(including classicalpropositionalogic) for S5-formulasand
addthe rule “from « infer P(«)” for a normal S5-formula,
in thisway onecanobtaina systemwith finitely-mary axiom
schemesindrules.
Interestingly one can easily checkthat FB(LH%) proves

thefollowing formulas(y; beingmodality free Boolean):

(l) P(_Dgpl\/...VDgon)—>LB(gpl\/...\/gon)

(2 B(1)

3) -B(0) _
Moreover, if ¢, ¢ areBooleanmodalityfree,then
_eov
By —y By

is a derived rule in FB(LH%). The reader may notice
that thesetheoremsand rule correspondto the four prop-
ertiescharacterizingbelief functionson formulas(see Sec-
tion 2), in particular(i) above correspondso the GSA con-
dition. Indeed,in semanticterms(i) expressegshe inequal-
ity bel(p1 V ...V n) > pu(Opr V...V Op,), but by the
inclusion-exclusionrule for probabilitiesthe last term is >

Z@#Ig{l...n}(_1)|I|+1N(/\i61 D;), andsince/\; . ; Dyp; is
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logically equivalentto O(A;¢; i), onehasu(A;c; Op:) =
bd(/\iei ®i).

After this preparationwe canimmediatelystateand prove
two completenestheoremdor belieftheoriesi.e. setsof B-
formulas. RecallthatO-probabilisticKripke modelsthatare
modelsof abelieftheoryT arein theohviouscorrespondence
with regular belief functionsbel that are modelsof 7 i.e.
suchthat||®||,e; = 1 for eachaxiom® & 7.

Theorem 4 (Completeness)

(1) Stongcompletenessf FB(RLIT). Let 7" beabeliefthe-
ory and ® a belief formula. 7' F*° & (i.e. T proves
® over RLII) iff ||®||,es = 1 for eachbelief function
bel which is a modelof T (iff ||®||lx = 1 for eachO-
probabilisticKripke modelof 77).

(2) StrongfinitecompletenessfFB(LH%). Let 7" beafinite
belieftheoryand® abeliefformula. T+ ® (T proves
® overtT11) iff ||®||,.; = 1 for eachbelieffunctionbel
whichis amodelof T

5 About Dempstersrule

In this sectionwe shall give somehints abouthow our logi-
calframework is powerful enoughto enablethe modellingof
regular belief functions combinationby meansof the well-
known Dempsters rule, althoughin a bit cumbersomevay
andprovided we work with a finite set Var = {p1,...,pn}
of propositionalariables.

Let usbriefly recallthatif m; andm- aretwo regularba-
sic beliefassignmentsn a finite 1/, thenthe (regular) basic
belief assignmenin; @ ms correspondingo the Dempster
rule combinationof m; andms is definedfor ) # X C W

as

Y,Z:YEO:Z:X
where k= ZY,Z:YnZ:(Z) m (Y)
ms)(0) = 0.

Thekey pointis that,in a sucha finite framewvork, givena
belief functionon formulas,we canaccesgo its correspond-
ing masddistribution. Similarly to thefactthatthebelief of a
Boolearmodality-freeformulay canbeobtainedasthe prob-
ability of themodalformulaO¢, thecorrespondingnassas-
signmentfor ¢ canbe gbtainedasthe probability of another
relatedmodalformulaOe. Indeedlet K = (W, e, R, u) be
a O-probabilisticKripke modelandlet el be its induced
belieffunction,i.e. belk (¢) = ||PO¢||x. Call mk its corre-
spondingnasdistribution. Assumep to bedecomposeih a
disjunctionof maximallyelementaryconjunctiongdmecs for
short) thatis, ¢ = V,¢,1n, Wwhereeachy is of theform

ApdAC A

iel JE{L,n NI

(m1 @ma)(X) =k~ my (V) -ma(Z),

- my(Z), and (my ®

—p;)

forsomel C {1,...,n}. Noticethatsincewe have n propo-
sitional variables,we have 2” mecs, call them, ..., 7on.
Thenonecanprove thefollowing lemma.
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Lemmal For eath modalityfreeBooleanformulay, |etE|go
standfor

@) A A D A-m)).

ne[e]
Then||POg||x = mx ().

Now, since we are able to identify massdistributions,
andsinceDempsters rule definesa new massmg from two
massesn; andms with productsandsums(availablein the
LTT andRLIT logics), therestis easy althougha bit cumber
someasalreadymentioned.Onehasto introducethreepairs
of modalitiesP;, 0;, for 7 = 1,2, 3, andconstructformulas
in the obviousway. Belief formulasnow will be built from
atomic belief formulasof the form P;0;¢, called B; ¢, us-
ing connectvesandtruth-constantérom LH%. Analogously
to the simplecase we canrestrictoursehesto belief Kripke
modelsof the form K = (W, e, bely, bels, bels), wherethe
bel;'s are belief functions/gn 21‘:. For eachnon-modalfor-
mulay, let usdenoteby (B; ® Bs)¢, thefollowing (cumber
some)formula:

@Pl O \/ ) © P82 \/ m5),
iel JjEJT
where I,J C {1,...,2"} are such that (\/,.;m) A
(V;esm) = . Noticethat,dueto Lemmal, thetruth value
of (J/B\1®]§;)go in themodelK = (W, e, bely, bels, bels) is
I(B1@B2)e¢|lk = >

XY CW:XNY =[¢]x

Thenlet FB(L113) belike FB(LITL) butrepeating=B(LI11)
axiomsfor eachpair of modalitiesandhaving
Pa0s(Vigr 1) =t ~4(©1,2(0) =11 @12(Viern:) (DR)
for eachnon-empty’/ C {1,...,2"} and

Ps03(0) =, 0 (DR2)
as additional axioms; analogouslywith FBsz(RLIT) and
FB(RLIT).

Corollary 1 LetT beabelieftheoryoverFB;(RLIT) andlet
@ bebeliefformula. Then, T F°° @ iff ||®|| per, et bets) = 1
for each triple of belieffunctions(bel; , bels, bels) modelof T
andwith bels = bel; ® bels. In particular,

T F° 7 =y Bapiff (bely @ bels)(p) > r,
for ead triple (bely, bely, bel; @ bels) modelof T

6 Final Remarks

In thisfinal sectionwe like to briefly commentaboutthe ex-
tensionof the approactdevelopedin the previius sectiongo
dealwith “general” belief functions. By generalwe mean
regular as well as singular i.e. belief functions bel such
thatbel(f) canbe positive. A d-spaceasdefinedin Defini-
tion 1 yields generabelief functions;if bel is singular(non-
regular),its regularizationis definedas

bel'(X) = (bel(X) — bel(D))/(1 — bel(B)).
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Thereis noroomfor full detailssowe shallonly sketchhow
anextensionof our approactcoveringthis canbedone.

The main point is that whendealingwith modallogic we
have to allow possibleworlds satisfyingd0 (where0 is the
truth constanfor falsity), i.e. to allow for worldsw suchthat
wRw’ for now’. Thereareseverallogics admittingthis but
to be ableto generalizedirectly our proofswe have to keep
thelogic asnearto S5aspossible.Our proposals motivated
semantically:call K = (W, R, e, u) a0’-probability Kripke
modelwherelV, e, u areasabove and R is a symmetrictran-
sitive relation, not necessarilyreflexive. The modal logic
whosemodelsare structuresof the form (W, R, ¢), whereR
is symmetricandtransitive,is known askB4, aweakerogic
thanS5 (whereaxiomT is dropped).

So swichting our basemodal logic from S5 to KB4, the
readermay go through Sections2 and 4 generalizingfrom
S5to KB4 andfrom regularbelief functionsto generabelief
functions. Thendefinethe logics FB' (L TT 1) and FB’(RLH)
modifying the definitions of FB-logics as follows: axioms
sub(i) areall KB4-tautologiesandsub(ii) all formulasP(«)
where « is ary normal KB4-tautology Finally, the com-
pletenessTheorem4 generalizesn the obvious way by re-
placingFB by FB’ anddeletingall occurrencesf the word
“regular”). It is importantto obsere that our generalized
fuzzy logic of belief functions can expressthe regulariza-
tion of a singularbelief function,namelyone cancheckthat
B'o = P(O1) = (P(C1)&P(Oyp)) expressesheregular
izedbeliefof .

Finally letuscommentow thisgenerabpproachalsocov-
ersgeneralbelief functionscombinationby meansof Dem-
sptersrule, actuallyin a simplified way. In sucha setting,
the (non-normalizedpempsters combinationof two masses
my andms is definedfor ary X C W as

(m @' ma)(X) = )

Y, Z2:YnZ=X

ml(Y) . mg(Z),

whereobviously now (m; @’ m»)(#) maybepositive, evenif

m, andmsy wereregular. Thenonecanjust follow the same
approactasin Sections anddefinethelogics FB;(LTT1) and
FB4(RLIT) asFBs(LI11) andFBs(RLIT) respectiely but re-
placingaxioms(DR1) and(DR2) justby this one

P363(Viel ni) =t (é\l ®§;)(Vi61 ), (DRYY)

for eachl C {1,...,2"}, with the conventionthatif 7 = @,

thenV/,; 7; is takenasthetruth constan®. Finally onecan
show that Corollary 2 still remainsvalid if we replacethere
normalizedDemsptercombination® by the non-normalized
versiong®’.
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