
A Fuzzy Modal Logic for Belief Functions

Llu ı́sGodo
AI ResearchInstitute

IIIA - CSIC
08193Bellaterra,Spain

godo@iiia.csic.es

Petr Hájek
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Abstract

In this paperwe introducea new logical approach
to reasonexplicitly aboutDempster-Shaferbelief
functions. We adoptthe following view: onejust
startswith Booleanformulas � anda belief func-
tion onthem;thebeliefof � is takento bethetruth
degreeof the (fuzzy) proposition � � standingfor
“ � is believed”. For our completeaxiomatization
(Hylbert-style)we useoneof the possibledefini-
tionsof belief,namelyasprobabilityof (modal)ne-
cessity. This enablesus to definea logical system
combiningthemodallogic S5with analreadypro-
posedfuzzy logic approachto reasonaboutprob-
abilities. In particular, our fuzzy logic is the logic
Ł � �� which puts Lukasiewicz and Productlogics
together.

1 Intr oduction
Reasoningunderuncertaintyis a key issuein many areasof
Artificial Intelligence.Fromalogicalview point,uncertainty
basicallyconcernsformulas,describinga situation,that can
be either true or false,but their truth valueis unknown due
to incompletenessof the available information. When this
uncertaintycanbemeasured,thenonemayassignto propo-
sitionsthedegreeof beliefof beingtrue.Amongthedifferent
modelsof numericaluncertainty, in the senseof belief, that
have beenproposed,probability theory is undoubtedlythe
most relevant, however other interestingmodelshave been
alsoproposedtrying to remedydifferentshortcomingsof the
pure Bayesianapproaches.In particular, Demspter-Shafer
belief functions[Shafer, 1975] provideamoregeneralframe-
work to assessuncertaintyto eventsor propositions,general-
izing not only the probabilisticmodel but also for instance
the possibilisticmodel. In this framework propositionscan
beattachedtwo uncertaintydegrees,a lowerandanupperes-
timate,andthelack of evidenceon thetruth of a proposition
doesnot necessarilyinduceevidencefor the falsity of that
proposition.

Onemayfind in theliteraturea numberof uncertaintylog-
ics. As for probability, let us mention [Keisler, 1985] for
a deepinvestigationof probabilisticquantifiers(probability
of � is ���	�
� a fixed parameter)and [Fagin et al., 1990;

Halpern,1989] for logics to reasonexplicitly aboutproba-
bilities; seealso [Nilsson, 1982; Bacchus,1990] for other
probabilisticlogical formalisms.As for othertypesof belief,
seee.g. [Duboiset al., 1994] for a full overview on possi-
bilistic logic, and[FaginandHalpern,1991;Saffiotti, 1992;
Sossaiet al., 1999] for differentproposalsof belief function
logics. Anothertypeof approaches,thatmaybecalledcom-
parative, deal with a binary modality � , the formula � �
�
meaning“belief of � is � belief of � ”; this wasadoptede.g.
in [Boutilier, 1992; Bendova and Hájek, 1993] (possilibity
theory)and[HarmanecandHájek, 1994] (Dempster-Shafer
belief). Let us remarkthat,asit is obvious, theabove list of
referencesof relevant works is far from beingexhaustive, it
is only for exemplifying purposes.

It is of worth noticingthatall theabove uncertaintylogics
(andin many others)arebuilt on thebasisthat the represen-
tationof situationsis doneby meansof two-valued(Boolean)
propositions:they canonly beeithertrueor false. However,
whenwe needto dealwith propositionsrepresentinggradual
notions( e.g. high temperature,low income)it is naturalto
move from two-valuedclassicallogic to a many-valuedlog-
ical framework wherepropositionsmaybeattachedinterme-
diatetruth degrees.This is the realmof fuzzy logic1, which
is completelydifferentfrom theoneof uncertaintylogics,al-
thoughin both propositionsareusuallyattachedwith num-
bersbetween0 and 1. It hasbeenrepeatedlystressedthat
truthdegreesin fuzzy logic mustbecarefullyandclearlydis-
tinguishedfrom belief degrees(probabilities,or moregener-
ally belief degreesof Dempster–Shafertheory).Fuzzylogics
are logics of comparative truth and are mainly understood
astruth-functional: the truth degreeof a compoundformula
(conjunction,disjunction,implication,.. . ) is determinedby
the truth degreesof its componentsvia truth functions. On
the other hand,uncertaintyis basicallyconcernedwith de-
greesof belief that two-valuedpropositionsaretrue. Belief
degreesareobviouslynot truth-functional.Thisdoesnotpre-
ventto find proposalsto extendthevariousnotionsof uncer-
tainty to fuzzypropositionsandhenceto find in theliterature
also fuzzybelief logics of variouskinds, for instancelet us
mentionthe paper[Hájek et al., 1994] fuzzifying the com-
parative modality � for possibilisticmeasuresover a finitely

1Fuzzylogic hasbeendevelopedasa strictly formal systemin
bothpropositionalandpredicatecalculi, seee.g.[Hájek,1998].
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valuedŁukasiewicz logic).
In� this paperwe introducea new logical approachto rea-

sonexplicitly aboutDempster-Shaferbelief functionswhich
combinesclassicaluncertaintymeasures(probabilityandbe-
lief functions)with elementsof fuzzy logic: the basicob-
servation is that “uncertainty” or belief is itself a gradual
notion, e.g. a propositionmay be totally, quite, more or
less, or slightly certain (in the senseof probable, possi-
ble, believable, plausible,etc.). Then, one just startswith
Booleanformulas � and a probability on them; the prob-
ability of � is taken to be the truth degree of the fuzzy
proposition � ��� ��� is probable”. This was already
usedin [Hájek et al., 1995] andcontinuedin [Hájek, 1998;
Godoet al., 2000] to definea fuzzy logic theoryfor proba-
bilistic reasoning.Herewe generalizethis approachto deal
with belief functions,i.e. we takethefollowing identity

belief degreeof � = truth degreeof � � ,

asour working assumption,where � � standsfor the fuzzy
proposition“ � is believed”. For gettinga completeaxiom-
atizationof “being (highly) believed” we useoneof possi-
ble definitionsof Dempster-Shaferbelief, namelyasproba-
bility of necessity. This enablesus to combinetheapproach
of [Godoetal., 2000] with themodallogic S5. In particular,
our fuzzy logic is the logic Ł � �� “putting Łukasiewicz and
Productlogic together”,which provides a nice and power-
ful logicalsettingwherearithmeticaloperationsareimplicitly
available.

We are forcedto have extensive preliminaries:Section2
containspreliminarieson belief functionsand modal logic
S5, Section3 preliminarieson the logic Ł � �� anda variant
of it suitableto handleinfinite theories.Section4 is devoted
to thedefinitionof ourfuzzybelief logicFB(Ł � �� ) for regular
belief functionsandmain(completeness)results,while Sec-
tion 5 containsanapproachto handleDempstercombination
rule in our fuzzy logic setting.Finally, Section6 discussesa
generalizationto dealwith generalbelief functions,i.e. belief
functions����� with possibly��������� � positive.Dueto spacelim-
itationproofsarenot includedherebut canbefoundin [Godo
etal., 2001].

2 Preliminaries I
Wesurvey heresomebasicfactsonbelief functions.(Theba-
sic monographis [Shafer, 1975].) We areinterestedin belief
functionson propositionalformulasin finitely or countably
infinitely many propositionalvariables. Starting from the
classicaldefinition of Dempster(usingwhat we call Demp-
sterspaces)we explain a presentationusingKripke models
of modallogic aswell asa definitionusinga superadditivity
condition.All resultsof thissection,exceptthelastoneto the
bestof our knowledge,arealreadyknown modulopossiblya
differentnotation.

Definition 1 A Dempsterspace(or d-space)is a structure! � ��"#��$%��&'�)(*� where ",+� �-+� $%�.& is a mappingof" into the power set /#�0$1� of $ and ( is a finitely addi-
tive probability on an algebra of subsetsof "32 For 4657$%�
put �����98:�;4<� � (>=@?BA>&'�C?D�<5E4GF (if this set is measur-
able). �����98 is the belief functiongivenby D. D is regular if

&H��?D�3+� � for each ?:I then �����98 is a regular belief function�C�����98J���K� �-L ��2
Needlessto say, a function ����� mapping(some)subsetsof$ into M L �ONQP is a belief function if f it is a belief function

given by somed-space. Note that it may be given by var-
ious d-spaces;only propertiesindependentof the choiceof
theunderlyingd-spaceareof interest.

Let Var be a setof propositionalvariablesR.ST�CR � �O2U2O2 and
let �WV>�0$�XZY\[^]T�\_`= L �UNTF (valueof a propositionalvari-
ablein a world). Thepair � ! ���O� (or just �C"#��$%�a&H��('���U� is an
evaluatedd-space.For eachformula � built from our propo-
sitionalvariables� ��?:� � � is thetruth valueof � in ? defined
in theobviousway. Thebelief of � is definedas����� 8cb d � � � � ����� 8 =T?eAf�K�C?:� � � � NTF^2
A function ����� is a belief functionon formulas if for some
evaluatedd-space� ! ���O���a����� � �����Cg 8cb d�h 2 Actually we shall
dealonly with total belief functionson formulas,i.e. with
thosebelief functionsfor which thesetsof worlds =@?jik$lA&H��?D�c5m=@?cnoA^� ��?cn0� � � � NTFKF are ( -measurablefor any for-
mula � . Evidently, if � and � are logically equivalentthen�����Cgqp b d)h � � � � ������grp b d�h �C�'� , i.e. ����� respectslogical equiva-
lence.

Now let us introduce some basic conceptsof modal
logic. Formulasof modalpropositionallogic arebuilt form
propositionalvariablesusing connectives and the modalitys

(necessarily);if � is a formula then
s � is a formula. A

Kripke model for the logic tvu (briefly a
s

-Kripke model)
is a structure w � �0$G�axy���O� where x is an equivalence
relation on $ (reflexive, symmetricand transitive) and �
is an evaluation of propositionalvariablesas above. The
truth value of

s � is definedas follows: � ��?J� s � � � N if
for each ?zn , ?Dx{?zn implies � ��?cn|� � � � N 2 A formula � is
an t>u -tautology if � ��?:� � � � N for each

s
-Kripke modelw � �0$G�axy���O� andeach ?}i7$~� � is true in eachworld

of each
s

-Kripke model). Thefollowing areaxiomsof t>uWV
Axiomsof classicalpropositionallogic plus

(K)
s � � _B�'�'_�� s � _ s �'�

(T)
s � _ �

(4)
s � _ sDs �

(B) � _ sz� �
where

� � is read “possibly � ” and stands for � s � � .
Deductionrules are modusponensand necessitation(from� deduce

s � ��2�t>u is completewith respectto the given
semantics;a formulais provablein t>u if f it is a t>u -tautology.

A formulais withoutnestedmodalitiesif no box occursin
thescopeof otherbox(boxis appliedonly to box-freeformu-
las). In t>u�� eachformula is logically equivalentto a formula
withoutnestedmodalities.This,togetherwith theknown nor-
mal form theoremof propositionallogic, givesthefollowing
importantfact.

Fact. If the setVar of propositionalvariablesis finite then
thereis a finite set � of formulassuchthateachformula is,
over t>u�� logically equivalentto a formulafrom � .

A
s

-probabilistic Kripke model is a pair ��wG��(*� , or just
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�0$G�axy���K�)(*� , where w is a
s

-Kripke modeland ( is a prob-
abilistic� (finitely additive) measureon an algebraof subsets
of $%2
��wG�)(*� canbe seenasan evaluatedd-space� ! ���O� ��0$G��$%��&'�)('���O� where &'��?�� � =@?zn�i�$ A:?Dx{?cn9F (thex -classof ?���2 Observe that then ����� g 8cb d�h � � � � ('��=@?�A� ��?:� s � � � NfF@� , or briefly ������� � � � ('� s � � , which tells
usthatthebelief of � is theprobabilityof thenecessityof � .

Note that the belief function given by a
s

-probabilistic
Kripke modelis regular, thanksto reflexivity of x . General
(regular and non-regular) belief functionsmay be obtained
e.g. from probabilistic Kripke modelsof provability logic
GL, see[Hájek, 1995]. We shall comebackto generalbe-
lief functionslaterin Section6.

Now assume$ be finite non-empty. A basic belief as-
signmenton $ is a mapping ��V�/#��$1�{_�M L �ONQP suchthat�	����� ���94�� � NKI�� is regular if ���C�K� ��L 2 The belief
functiongivenby � is definedby�������#�;4<� �6�� �.� ���;����2
This is indeeda belief function; moreover, given an evalua-
tion �JV^$EXzY:[^]D_�= L �UNTF , thecorrespondingbelieffunction
on formulas, �������Db d � � � � �������#��=@?�A:� ��?:� � � � NfF@� , is
regular if f it is given by a

s
-probabilistic Kripke model;

namelyby a model w � �0$�n0����nC�axy�)(*� where

(1) $�n � =��;� ��?D�zAU�-5-$%��?¡ik$mF ,
(2) ��n|�)�9�z��?D���CR�¢C� � � ��?J��R£¢����
(3) �9�z��?D�)x
�Ct>�a?�� if f � � t and
(4) ( is any probabilityon $�n suchthat('�0=^�9�z��?D�zAT?-iW�{F@� � ���9�D��2

This construction is from [Harmanecet al., ]. Con-
versely, eachbelief function ����� on a finite set $ is givenby
a basicbelief assignmentdefinedasfollows[Shafer, 1975]:���9¤\� � �	¥U�.¦ �0§:NO�Q¨ ¦>©.¥ ¨q�����)��ªK��2
Note that if Var (the setof propositionalvariables)is finite
and ����� is a belief function on the formulasbuilt from Var,
thenwe mayassumethat ����� is givenby ad-spacewith $ �«T¬

(thesetof all ­ -tuplesof zerosandones).Thenif regular,����� is givenby afinite
s

-probabilisticKripke model.
Let � ! ���O� be an evaluatedd-space.For each ­ andeach

tupleof formulas� � �O2U2O2)� � ¬ , thebelief function ����� givenby� ! ���O� satisfiestheinequality(see[Shafer, 1975]):������� � �v® 2U2O2 ® � ¬ �	� �¯T°± ¥U��² � b´³´³´³ b ¬�µ �0§:NO�Q¨ ¥ ¨ ¶ � ��������·¢�¸ ¥ � ¢ ���
We shall call it the generalized super-additivity condition,
GSA for short,sinceit reducesto the usualsuper-additivity
condition for ­ � «

and when � � and � � are mutually
exclusive. Moreover, if Y:[^] is finite and ����� is a function
assigningnumbersfrom M L �UN�P to formulassuchthat

(1) ��������¹a]Tº
�U� � N �
(2) ��������»
[ ��¼U�O� ��L �
(3) ����� respectslogical equivalence,and
(4) ����� satisfiestheGSA condition,

then ����� is a regular belief function and the formula

above definesa regularbasicbelief assignmentdefining ������2
Consequently, ����� is givenby a finite

s
-probabilisticKripke

model.
Our lastaim in this sectionis to prove that this resultcan

beextendedto thecaseof Var beingcountable.

Theorem 1 If Y:[�] is countableand ����� is a functionsatisfy-
ing ��������¹a]Tº
�O� � N ���������C».[ ��¼U�O� �½L � thesuperadditivity con-
dition (SA)and ����� respectslogical equivalencethenthere is
a
s

-probabilisticKripkemodelK defining ����� .
An sketch of the proof goes as follows. Let ¾£¿KÀ �=�R � �CR � �U2U2O2��CR ¬ �U2U2O2 F , andfor each­ , let Á ¬ bethesetof for-
mulasin the variablesR � �O2�2�2���R ¬ . Let ����� ¬ the restrictionof����� to Á ¬ andlet Â ¬ � �0$ ¬ ��� ¬ ��x ¬ �)( ¬ � bethecorrespond-
ing

s
-probabilisticKripke model.Assumethesets$ ¬ to be

pairwisedisjoint anddefinethe structurew � ��$%�a� ��x
�)(*�
asfollows:

1. $ �1Ã ¬ $ ¬ .

2. � ��?J��R£¢�� � � ¬ �C?:�CR�¢0� , if ?ei%$ ¬ and Ä>��­ ;� ��?J��R ¢ � ��L , otherwise.

3. x �1Ã ¬Dx ¬ .

4. for each4�5Å$ , put ('�94�� �½Æ if thereexists ­ S such
that ( ¬ �94EÇÈ$ ¬ � �½Æ for all ­G�Å­ S , otherwisewe let('�;4�� undefined. Observe that trivially ('��� � ��L and('��$1� � N .

Then one can prove that w � ��$%�a� ��x
�)(*� is a
s

-
probabilisticKripke modelsuchthat ('��=@?7AK?½A �DÉ s � FT� �������� � � for eachmodality-freeformula � .

This result is in the samespirit as the oneby Fagin and
Halpern[FaginandHalpern,1991,Theorem3.3] connecting
belief functionsand inner measuresinducedby probability
measureswhenthesetVar of propositionalvariablesis finite.

3 Preliminaries II
Herewesurvey theunderlyingsystemof fuzzylogic weshall
usefor our belief functionlogic.

Ł � �� is a logic “putting Łukasiewicz and Product log-
ics together”, introducedin [Esteva et al., 2000]. Formu-
las arebuilt from propositionalvariablesandthe truth con-
stantsÊL and Ê �� usingconnectives _ Ł ��_ÌË'�aÍ (Łukasiewicz
andGoguenimplication andproductconjunction)with the
following truth functions2:

�K� L � �-L , � � �� � � ��� � � _ Ł �'� = ÎÐÏ�Ñ���N	§k�K� � �*Ò¡�K�C�'���UNO��K� � Í¡�'� = � � � �'ÓU�K�C�'��K� � _ Ë �'� = Ô NK� ÏrÕo� � � �	���K�C�'��K�C�'��Ö �K� � ����×KØ)Ù�Ú�Û)ÜzÏ�Ý)Ú
Evaluationsof propositionalvariables� into [0, 1] which are
extendedto arbitraryformulasusingtheseruleswill becalled
Ł � �� -evaluations.Otherdefinableconnectivesare:

2Note that herewe work only with the standardsemantics,i.e.
oursetof truth degreesis theunit real interval Þ ß à�á�âCã
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� Ł
� is � _ Ł ÊL ,�Wä � is � Ł

� _ Ł � ,�>å � is � Ł ��� Ł
�æä � Ł �H� ,�Gç

Ł � is � � _ Ł �'� å �C�è_ Ł
� � ,�Wé � is �>å � � _ Ł �'� ,� ® � is � Ł ��� Ł

�æé � Ł �'� ,� Ë � is � _ ËkÊL ,ê � is �>Ë>� Ł
� ,

with the following truth functionsassociated(as the reader
easilyverifies):� ��� Ł

� � = N	§È� � � � ,� � �Wä �'� = ÎÐÏ�Ñ.�)NK���K� � �*Òë� ���H���� � �>å �'� = Îíìfî�� L ��� � � �*ÒÌ�K�C�'�>§�NO�� � �kç
Ł �'� = N	§ïA � � � �>§ë� ���'�UA� � �Wé �'� = ÎÐÏ�Ñ.�C�K� � �����K�C�'���� � � ® �'� = Îíìfî���� � � �����K�C�'���� ���oË � � = Ô NK�ðÏrÕo� � � � �-LL �ð× Ø�Ù�Ú�Û)ÜzÏ�Ý�Ú� � ê � � = Ô NK�ðÏrÕo� � � � � NL �ð× Ø�Ù�Ú�Û)ÜzÏ�Ý�Ú

Definition 2
(i) Ł � is the logical systemwhoseaxiomsand rules are as
follows3:

(Ł) Axiomsof Łukasiewiczlogic (for _ Ł � å � ÊL );
( � ) Axiomsfor productlogic (for _ Ë �aÍy� ÊL );
( � ) �>Ë � _ Ł � Ł

�
(
ê

)
ê � � _ Ł �'� ç Ł

ê � � _ Ë �H�
(Ł � 5) � Í-����ñZòv� ç Ł � � Íë�H�*ñ-� � Íëò>�

The deduction rules are modus ponens and necessita-
tion for

ê
: from � infer

ê � .
(ii) Ł � �� is the logic obtainedfrom Ł � by adding a truth

constant
�� togetherwith theaxiom:

�� ç
Ł � Ł

�� .

In this setting,a theory � is just a setof formulas. A Ł � �� -
evaluation � is amodelof � if � � � � � N for each� iW� . The
notionof proof in Ł � �� is asusual.

Theorem 2 Ł � �� is stronglycompletefor finite theorieswith
respectto the given semantics. That is, if � is finite then��ó � iff � � � � � N for anyevaluation � modelof � .

It is interestingto remark that, as shown in [Esteva et al.,
2000], rationaltruth constantsÊ] (for eachrational ]yiëM L �UN�P��
aredefinablein Ł � �� andthelogic provestheir basicproper-
ties.Thusthefollowing definitionis sound.

Definition 3 RationalŁ � logic, RŁ � for short, is the logic
obtainedfromŁ � �� byaddingthefollowing infinitary rule:

from � _ Ë ] , for each ]:ô L , derive � _ Ë L . (IR)

Thenotionof proofin RŁ � is asfollows. If � is atheoryover
RŁ � , thentheset õ	ö�÷ Ë �9�D� of all provableformulasfrom �
is thesmallesttheory � n containing� asa subset,containing
all axiomsof RŁ � andclosedunderall deductionrules.For
simplicity we shall denote� iïõ	ö�÷ Ë �9�D� by �øó�ù � . We
shall keepthe notation �Eó � to denotefinitary deduction,
i.e. deductionunderŁ � �� .

3Theseaxiomsareactuallyasimplifiedformulationof [Estevaet
al., 2000] proposedby P. Cintulain forthcomingpaper.

Theorem 3 (Strongcompleteness)For any theory � over
RŁ � and any formula � , �Eó�ù � iff � is 1-true in all [0,
1]-valuedmodelsof � .

To closethis sectionlet us mentionthat in [Godo et al.,
2000] the logics Ł � �� andRŁ � have beenusedto build the
correspondingfuzzy probability logics FP(Ł� �� ), FP(RŁ� ).
In thenext sectionweshallelaboratethecorrespondingbelief
logicsFB(Ł � �� ), FB(RŁ� ).

4 A logic for belief functions
After all thesepreliminarieswe are preparedto defineour
logic. Wedistinguishtwo kindsof formulas:

(1) Booleanformulas(or S5-formulas)arebuilt from propo-
sitional variables R.ST�CR � �U2U2O2 using connectives _-� ® � é ���
(say)andthe modality

s
asdescribedabove. Modality-free

formulas do not contain
s I a formula is closed if each

propositionalvariableis in the scopeof a modality. Closed
formulaswithout nestedmodalitiesarecallednormal; they
arejust built form formulasof theform

s � � � modalityfree
usingtheconnectivesabove.
(2) P-formulas (or many-valued formulas). Atomic P-
formulashave the form �#���>� , read“probably � ”, where �
is a normal S5-formula. P-formulasare built from atomic
P-formulasusingthe connectivesof Ł � �� , i.e. _ Ł �a_ Ë �aÍ ,

and truth constantsL and
�� . We shall use � � for �#� s � �

where � is a modality-free formula; � � reads“ � is be-
lieved”. Formulasbuilt from theseusing Ł � �� -connectives
andtruth-constantsarecalledbelief formulasor B-formulas;
they areof courseparticularP-formulas.

Examples:�qR éíú �	_6] is a Boolean,modality freeformula,s �qR éWú �'_ s ] is a normalS5-formula,�#� s �qR éWú �'_ s ]T�
is a P-formula,and �3� s �rR éWú ���	_ Ł �#� s ]T� is a B-formula,
equivalentlyexpressedas �#�qR éíú �H_ Ł �#��]T� .
From a knowledgerepresentationpoint of view, we want to
pointout therich expressivity B-formulasprovide with. As a
matterof fact, we canexpressfor instancesimplenumerical
assignmentslike ������� � � � L 2 û and �������C�'� �1L 2 ü by formulasL 2 û{_ ÷ � � and L 2 û ç ÷ � � ; a positivebelief ������� � �	ô L by�>Ë>�>Ëv� � ; comparisonsof beliefslike ������� � �#�ð�����)���'� by
the formula � � _Ì÷ë�:� ; or even morecomplex conditions
like ��������ý^�3� L 2 û
Ó �����)� � �'Ò-�����)�9òv�	ÓK�������C�'� by the formula�)� L 2 ûzÍ¡� � � ä �C�{òíÍ¡�:�H���	_ ÷ �Jý .

Semantics.Our languageis interpretedin theobviousway ins
-probabilistic Kripke models w � �0$G�axy���K�)(*��2 For each

Boolean � andeach ?þi�$G�a� ��?J� � � is defined(andis 0 or
1). Moreover, for eachnormalS5-formula�	� theprobability('�C�v� � ('�0=T?
A � ��?:���>� � NfF@� is well-defined;thenthe truth
valueof �#���>� in K is definedasÿ �#�C�>� ÿ�� � (>=T?
A � ��?:���>� � NfF�2
This extendsto otherP-formulasusingtruth connectivesof
Ł � �� I thus

ÿ��{ÿ �
is well definedfor eachP-formula

� 2 In
particular,

ÿ � � ÿ � is definedfor eachmodality free formula� 2
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An obvious alternativesemanticsfor B-formulasis given
by an� � arbitrary regular belief function bel on modality-free
formulas; take

ÿ � � ÿ�� d�� � �����)� � � and extend using truth
functionsof connectives. Sinceeachbelief functionon for-
mulasis givenby a

s
-probabilisticKripke modelthisreduces

to theformercase.
A P-formula

�
is a 1-tautology (or just tautology) of

FB(Ł � �� ) if
ÿ��{ÿ�� � N for each

s
-probabilistic Kripke

model K . It follows using [Hájek, 1998] that the following
formulasaretautologies,for any normalS5-formulas���
	%V

(FP1) �C�#���>� å �#�C�W_�	*�)�'_ Ł �#��	*�
(FP2) �#�C�'�>� ç Ł � Ł �#�C�v�
(FP3) �#�C� ® 	*� ç Ł �C�#���>�>_ Ł �#�C� é 	*���H_ Ł �#�
	*��2

Thesethreeaxiomsaxiomatizethe (fuzzy) notion of being
probable. Axiom (FP1)saysthat if both � and �m_�	 are
probable,then 	 is probableaswell. Axiom (FP2)saysthat� is probableif f �'� is not probable. Finally, it is easyto
check,by meansof the truth function of _ë÷ , that Axiom
(FP3)expressestheconditionthattheprobabilityof � ® 	 is
thesumof theprobabilitiesof � and 	 minustheprobability
of � é 	 .

Definition 4
Axioms of FB(Ł� �� ) andFB(RŁ� ) are thefollowing:

(i) � , for each S5-formula� provablein S5

(ii) �#�C�>� , for each normalS5-formula� provablein S5(call
thisaxiom(FB0))

(iii) Theschemes(FP1)–(FP3)abovefor P-formulas

(iv) Axiomsof Ł � �� for P-formulas.

Deductionrules of FB(Ł� �� ) are thoseof Ł � �� (moduspo-
nensand � -necessitation)anddeductionrules of FB(RŁ� )
are thoseof RŁ� (theaboveplustheinfinitary rule (IR)).

This is a recursive axiom systemsinceprovability in S5 is
decidable.Alternatively onemaytakeaxiomsandrulesof S5
(includingclassicalpropositionallogic) for S5-formulasand
addthe rule “from � infer �#�C�>� ” for a normalS5-formula,
in thiswayonecanobtainasystemwith finitely-many axiom
schemesandrules.

Interestingly, onecan easily checkthat FB(Ł � �� ) proves
thefollowing formulas � � ¢ beingmodalityfreeBoolean):

(1) �#� s � �v® 2U2O2 ® s � ¬ �'_ Ł �3� � �v® 2O2U2 ® � ¬ �
(2) �#� NT�
(3) �'�3� L �

Moreover, if � �a� areBooleanmodalityfree,then� _B�� � _ Ł �:�
is a derived rule in FB(Ł � �� ). The reader may notice
that thesetheoremsand rule correspondto the four prop-
ertiescharacterizingbelief functionson formulas(seeSec-
tion 2), in particular(i) above correspondsto the GSA con-
dition. Indeed,in semanticterms(i) expressesthe inequal-
ity ������� � � ® 2U2O2 ® � ¬ �y� ('� s � ��® 2U2U2 ® s � ¬ � , but by the
inclusion-exclusionrule for probabilitiesthe last term is �� ¯@°± ¥U��² � ³´³´³ ¬�µ �0§:NO� ¨ ¥ ¨ ¶ � ('��� ¢�¸ ¥ s � ¢ � , andsince� ¢C¸ ¥ s � ¢ is

logically equivalentto
s � � ¢�¸T¢ � ¢ � , onehas ('� � ¢C¸ ¥ s � ¢ � ���������� ¢�¸T¢ � ¢0� .

After this preparationwe canimmediatelystateandprove
two completenesstheoremsfor belieftheories, i.e. setsof B-
formulas.Recallthat

s
-probabilisticKripke modelsthatare

modelsof abelieftheory� arein theobviouscorrespondence
with regular belief functionsbel that are modelsof � � i.e.
suchthat

ÿ��{ÿ � d�� � N for eachaxiom
� ií�z2

Theorem 4 (Completeness)

(1) Strongcompletenessof FB(RŁ� ). Let � beabelief the-
ory and

�
a belief formula. � ó�ù �

(i.e. � proves�
over x��>�\� if f

ÿ��{ÿ�� d�� � N for eachbelief function
bel which is a modelof � (if f

ÿ��{ÿ�� � N for each
s

-
probabilisticKripke modelof �D��2

(2) Strongfinitecompletenessof FB(Ł � �� ). Let � beafinite
belief theoryand

�
a belief formula. �mó � �9� proves�

overŁ � �� � if f
ÿ��{ÿ � d�� � N for eachbelief functionbel

which is a modelof �z2
5 About Dempster’s rule

In this sectionwe shall give somehints abouthow our logi-
cal framework is powerful enoughto enablethemodellingof
regular belief functionscombinationby meansof the well-
known Dempster’s rule, althoughin a bit cumbersomeway
andprovidedwe work with a finite set ¾�¿ À � =�R � �O2U2O2)��R ¬ F
of propositionalvariables.

Let usbriefly recall that if � � and � � aretwo regularba-
sic belief assignmentson a finite $ , thenthe (regular)basic
belief assignment� ��� � � correspondingto the Dempster
rule combinationof � � and � � is definedfor �k+� 4657$
as ��� ��� � � ���;4<� ��� © � Ó �� b ��� ��� � ± � � � �9�
�HÓ�� � � �����
where � � � � b ��� �!� � ± ¯ � � �;�
�WÓ'� � � ��� , and �C� � �� � �����K� �-L .

Thekey point is that,in a sucha finite framework, givena
belief functionon formulas,we canaccessto its correspond-
ing massdistribution.Similarly to thefact thatthebelief of a
Booleanmodality-freeformula � canbeobtainedastheprob-
ability of themodalformula

s � , thecorrespondingmassas-
signmentfor � canbeobtainedastheprobabilityof another
relatedmodalformula "s � . Indeed,let w � �0$%��� �axy�)(*� be
a
s

-probabilisticKripke modeland let ����� É be its induced
belieffunction,i.e. ����� É � � � � ÿ � s � ÿ É . Call � É its corre-
spondingmassdistribution.Assume� to bedecomposedin a
disjunctionof maximallyelementaryconjunctions(mec’s for
short),thatis, �Gç ®!# ¸%$'&)( ý , whereeachý is of theform

� ·¢C¸ ¥ R ¢ � é � ·* ¸ ² � b´³´³´³ b ¬�µ,+ ¥ � R * �
for someªy5-=�N �O2U2U2���­ F . Noticethatsincewehave ­ propo-
sitional variables,we have

«T¬
mec’s, call them ý � �U2O2U2��aý ��- .

Thenonecanprove thefollowing lemma.
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Lemma 1 For each modalityfreeBooleanformula � , let "s �
stand. for � s � � é � ·# ¸%$'&)( � s � �Ðé �'ý^����2
Then

ÿ �/"s � ÿ É � � É � � � .
Now, since we are able to identify massdistributions,

andsinceDempster’s rule definesa new mass�/0 from two
masses� � and � � with productsandsums(availablein the
Ł � andRŁ � logics),therestis easy, althougha bit cumber-
someasalreadymentioned.Onehasto introducethreepairs
of modalities �*¢)� s ¢ , for Ä � N � « �21 , andconstructformulas
in the obvious way. Belief formulasnow will be built from
atomicbelief formulasof the form � ¢ s ¢ � , called �c¢ � , us-
ing connectivesandtruth-constantsfrom Ł � �� . Analogously
to thesimplecase,we canrestrictourselvesto belief Kripke
modelsof the form Â � �0$%��� �a����� � ������� � �a�����'0T� , wherethe����� ¢ ’s arebelief functionson

« �
. For eachnon-modalfor-

mula � , let usdenoteby �
3� � � 3� � � � , thefollowing (cumber-
some)formula:4

¥ b 5 � � � "s ��6¢C¸ ¥ ý ¢ ��Í¡� � � "s ��6* ¸ 5 ý * ���
where ª£�87 5 =�N �O2U2U2�� «T¬ F are such that � 9 ¢C¸ ¥ ýf¢|� é� 9 * ¸ 5 ý * � ç1� . Noticethat,dueto Lemma1, thetruth value

of �
3� � � 3� � � � in themodel w � ��$%�a� ������� � ������� � ������� 0 � isÿ �
3� � � 3� � � � ÿ É � �� b � ��� � � � � ±;: &)<>= � � �94��	Ó�� � �9�#��2
Thenlet FB0 (Ł � �� ) belike FB(Ł � �� ) but repeatingFB(Ł � �� )
axiomsfor eachpairof modalitiesandhaving� 0 "s 0 � 9 ¢C¸ ¥ ýT¢C� ç Ł � Ł � � � b � � L ���>_ÌË � � b � � ® ¢C¸ ¥ ýf¢|� (DR1)

for eachnon-emptyªy5-=�N �O2U2O2�� «T¬ F and� 0 "s 0 � L � ç Ł
L (DR2)

as additional axioms; analogouslywith FB0 (RŁ �\� and
FB(RŁ� ).

Corollary 1 Let � bea belieftheoryoverFB0 (RŁ �\� andlet�
bebeliefformula.Then,�èó�ù �

iff
ÿ��{ÿ g � d��'?�b � d��>@)b � d��>A�h � N

for each triple of belieffunctions�C����� � �a����� � �a�����'0O� modelof �
andwith �����'0 � ����� ��� ����� � . In particular,�¡ó�ù ]{_ Ł � 0 � iff ������� � � ����� � ��� � �	��] ,
for each triple ������� � �a����� � ������� � � ����� � � modelof � .

6 Final Remarks
In this final sectionwe like to briefly commentabouttheex-
tensionof theapproachdevelopedin thepreviius sectionsto
deal with “general” belief functions. By generalwe mean
regular as well as singular, i.e. belief functions ����� such
that �������C�K� canbe positive. A B -spaceasdefinedin Defini-
tion 1 yieldsgeneralbelief functions;if ����� is singular(non-
regular),its regularizationis definedas����� n �94�� � ���������;4<�o§ë�����)���K�)��Ö£��N	§ë��������� ����2

Thereis no roomfor full detailssowe shallonly sketchhow
anextensionof our approachcoveringthis canbedone.

Themain point is thatwhendealingwith modal logic we
have to allow possibleworlds satisfying

s ÊL (where ÊL is the
truthconstantfor falsity), i.e. to allow for worlds ? suchthat?�x\?cn for no ?zn . Thereareseveral logics admittingthis but
to be ableto generalizedirectly our proofswe have to keep
thelogic asnearto S5aspossible.Our proposalis motivated
semantically:call w � �0$%��xy�a� �)(*� a

s n -probabilityKripke
modelwhere $%��� ��( areasabove and x is a symmetrictran-
sitive relation, not necessarilyreflexive. The modal logic
whosemodelsarestructuresof the form �0$%��xy�a�U� , where x
is symmetricandtransitive,is known asKB4, aweakerlogic
thanS5(whereaxiomT is dropped).

So swichting our basemodal logic from S5 to KB4, the
readermay go throughSections2 and 4 generalizingfrom
S5to KB4 andfrom regularbelief functionsto generalbelief
functions. Thendefinethe logics FBn (Ł � �� � andFBn (RŁ �{�
modifying the definitionsof FB-logics as follows: axioms
sub(i) areall KB4-tautologiesandsub(ii) all formulas �#���>�
where � is any normal KB4-tautology. Finally, the com-
pletenessTheorem4 generalizesin the obvious way by re-
placingFB by FBn anddeletingall occurrencesof the word
“regular”). It is important to observe that our generalized
fuzzy logic of belief functions can expressthe regulariza-
tion of a singularbelief function,namelyonecancheckthat�{n ��� �#� � Ê N��'_ Ë ���3� � Ê N�� å �3� s � �)� expressestheregular-
izedbelief of � .

Finally let uscommenthow thisgeneralapproachalsocov-
ersgeneralbelief functionscombinationby meansof Dem-
spter’s rule, actually in a simplified way. In sucha setting,
the(non-normalized)Dempster’scombinationof two masses� � and � � is definedfor any 4}51$ as�C� ��� n � � ���;4<� � �� b ��� ��� � ± � � � �9�
�HÓ�� � � �D���
whereobviouslynow ��� � � nQ� � ����� � maybepositive,evenif� � and � � wereregular. Thenonecanjust follow thesame
approachasin Section5 anddefinethelogicsFBn0 (Ł � �� ) and
FBn0 (RŁ �\� asFB0 (Ł � �� ) andFB0 (RŁ �\� respectively but re-
placingaxioms(DR1) and(DR2) justby thisone��0 "s 0^� 9 ¢C¸ ¥ ý ¢ � ç Ł � 3� �C� 3� � ��� 9 ¢C¸ ¥ ý ¢ � , (DR1’)

for eachªæ5Å=^NK�U2O2U2�� «T¬ F , with theconventionthat if ª � � ,
then 9 ¢C¸ ¥ ýT¢ is takenasthetruth constantÊL . Finally onecan
show that Corollary 2 still remainsvalid if we replacethere
normalizedDemsptercombination� by thenon-normalized
version� n .
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