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Abstract

This paperintroduceshow to eliminateredundant
searchspacefor forward chaining theoremprov-
ing asmuchaspossible.We considerhow to keep
on minimal usefulconsequentatomsetsfor neces-
sary branchesin a proof tree. In the most cases,
an unnecessarynon-Hornclauseusedfor forward
chainingwill be split only once. The increaseof
the searchspaceby invoking unnecessaryforward
chainingclauseswill benearlylinear, notexponen-
tial anymore. In a certain sense,we “unsearch”
more thannecessary. We explain the principle of
our method,andprovidean exampleto show that
our approachis powerful for forwardchainingthe-
oremproving.

1 Intr oduction
Automatedreasoningis oneof themostimportanttopicsfor
artificial intelligenceandcomputerscience.Among others,
theoremprovingtechnologiesfor first-orderpredicatecalcu-
lus have beenattractingmuch interesting[Robinson,1965;
Loveland,1968;MantheyandBry, 1988].

It is well-known that if
���

is an unsatisfiablesubsetof a
clauseset

�
, it is generallyeasierto show

� �
unsatisfiable

thanto show
�

unsatisfiable.Obviously, the smallersucha���
is, the shortera proof is. If forward chainingis usedfor

reasoningaboutnon-Hornclauses,it meansthatwe neednot
considerevery violatedclause,but only thosethat canhelp
us to find a refutation. It is obviousthat invoking unneces-
sarynon-Hornclauseswill explodethe searchspaceexpo-
nentially.

SATCHMO (SATisfiability CHeckingby MOdel genera-
tion) [MantheyandBry, 1988] is potentiallyinefficient,since
it usesall violatedclausesto forward chaining. Addressing
to this problem,two strategieshave beendeveloped.Oneis
utilizing an intelligent strategy to only selectthoserelevant-
like non-Horn clausesfor forward chaining, which is pro-
posedin [Ramsay, 1991], refinedin [Lovelandet al., 1995]
(SATCHMORE) and further improved in [He et al., 1998]�
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( � -SATCHMORE). The other method, proposedin [He,
2001] (calledI-SATCHMO) is eliminatingredundantsearch-
ing spaceafterunnecessarynon-Hornclauseshavebeenused
for forwardchainingby intelligentbacktracking.

As indicatedin [He,2001], therearemainly two problems
aboutthe approachto selecta suitablenon-Hornclausefor
forward chaining. One is that it takesmuch overheadcost
to decidewhethera non-Hornclauseis suitableor not. In
general,the stricter the checkingis, the moreexpensive the
overheadcostis. Theotheris that anysuchstrategyis only
effective in a limited rangeandcertainlyfails in somemore
complicatedcases. In fact, a non-Horn clauserecognized
as“relevant” by someadvancedselectingstrategymight be
practicallyunnecessaryto therefutationbeingmade.In other
words,therearealwayssuchirrelevantnon-Hornclausesthat
canpassanyrelevancy test.Theseproblemshave beenillus-
tratedonsomeexamplesin [He,2001].

The principle of the method of eliminating redundant
searchingspaceby intelligent backtrackingis very simple:
If oneof theconsequentatomsof a forwardchainingclause
usedfor forward chainingis found to be uselessto the rea-
soningon backtracking,the useof this clauseis known as
unnecessary, andthe remainingprocessingover the clause’s
consequenceis immediatelyabandoned.It only takesa lit-
tle overheadcost to find irrelevant non-Hornclausesand is
compatiblewith theformerstrategyintroducedabove.

However, markingthoseconsequentatomscontributedto
deriveantecendentsof irrelevantforwardchainingclausesas
usefulandmixing up theusefulconsequentatomsfor differ-
entbranchesin a proof tree,I-SATCHMO might makeredu-
dantsearch.

This paperintroducesa solution for theseproblems. As
we will see,in our improved method,for eachnodein the
proof tree,only thoseindispensableconsequentatomsto de-
rivetherefutationat thenodearemarkedasuseful.Thus,our
methodcanshow a refutationfor a givenunsatisfiableclause
setwithoutUNSEARCHingMOre thannecessary(hencethe
acronymUNSEARCHMO). In other words, our methodis
oneof themostefficientstrategiesfor forwardchainingtheo-
remproving.

2 SATCHMO and I-SATCHMO
Weassumefamiliarity with thedetailsrelatingto SATCHMO
[Manthey and Bry, 1988], SATCHMORE [Lovelandet al.,
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1995] as well as � -SATCHMORE and limit ourselves to
briefly� reviewing the basicmaterialneededfor our presen-
tation.

In thispaper, aproblemfor checkingunsatisfiabilityis rep-
resentedby meansof positive implicationalclauses,eachof
which hasof the form �	��

���
��
����������������
�
����� ( ��
 �"!#
). We refer to the implicit conjunction �	��

�����

���� as the

antecedentof the clause,with each ��$ beingan antecedent
atom. The implicit disjunction � � ���
������� � is referredto as
the consequentof the clause,and each �&% is a consequent
atom. A clausewith an emptyconsequent,i.e., �(' #

, is
calleda negativeclauseandis written as � � 

���
�

 � � �() ,
where ) meansfalse. A clausewith an emptyantecedent,
i.e., �*' #

, is written with consequentpart only if it is a
fact(Horn clause),andotherwisetheantecedentatomtrue is
added.Moreover, a givenclausesetis dividedinto two sub-
sets.Oneis +-, , theBackwardChainingcomponentthat is a
decidableHorn clausesetconsistingof all negative clauses,
factsand any Horn clausesselectedby user. The other is. , , the Forward Chainingcomponentthat containsall the
remainingclauses.

If goal / (a conjunctionof atoms)canbe proven to log-
ically follow the clauseset

�
, we denotethat with

�10 / .
On theotherhand,if 2 is a groundatomsetand � a ground
atom, �4352 indicatesthat atom � is a memberof 2 . Be-
causeweutilizesforwardchainingonnon-Hornclausessame
asSATCHMO, all of clausesmusthold theso-calledrange-
restrictedproperty1 to guaranteethesoundnessfor refutation.

Supposethat +&, be a decidableHorn clausesetand 2 a
groundatomset,thena conjunction(disjunction)of ground
atomsis satisfiablein +-,76�2 if all (some)of its members
canbederivedfrom +-,8692 , andelseunsatisfiable. A ground
clause�:�;, is saidsatisfiablein +-,86<2 if , is satisfiable
or � is unsatisfiablein +&,=6>2 , andelseviolated.

It is well-known that a clauseset
�

is satisfiableif and
only if we canfind a model ? for

�
. If ? is a modelof�

, theneachclauseof
�

is satisfiablein ? . Basedon such
consideration,to checkwhethera givenclauseset

� '@+�,A6. , is satisfiable,SATCHMO goesto constructa modelfor
thisclausesetby trying to satisfyall clausesin

�
.

Thereasoningmadeby SATCHMO to searcha modelfor
agivenclauseset +-,>6 . , canbegraphicallyillustratedin a
ProofTree(abbreviatedto PThereafter)describedasfollows.

For thecurrentnode B (initially theroot node C�+-,=D ), and
thegroundconsequentatomset 2FE (initially empty):

1. If +&,G6H2IE 0 ) , createa leaf node ) below node B .
Theprocessfor thebranchterminates.

2. If +-,J692 ELK0 ) , selectan instantiatedgroundviolated
clause�	��

���
��
����>�4�M�N���
��������� from

. , . If no such
clauseexists,theprocessterminatesto reportthat +-,H6. , is satisfiable.

1A clauseis range-restrictedif f every variablein its consequent
alsooccursin its antecedent.An importantpropertyof suchclauses
is that if its antecedentis satisfiedby a setof groundatoms,then
everyconsequentatomiscertainlyground.As indicatedby Manthey
andBry (1988)andBry andYahya(2000),anyfirst-orderclauseset
canbetransformedinto thesame“meaning”range-restrictedone.

C�O>�PDQQ R RS TU UV UVVWX WXYZ YZ
� � ��))
) ) ))

Figure1: Theproof tree []\ constructedby SATCHMO

3. For eacha consequentatom � $ of theselectedviolated. , clause,createa child node � $ below the current
node.Takingnode� $ asnew currentnode,call thispro-
cedurerecursively in depth-firststrategy with the aug-
mentedgroundconsequentatomset 2I^`_ , where 2F^`_ =2 E 6<C���$aD .

For node B , wherethegroundconsequentatomsetis 2 E ,
if all branchesterminatein a leaf node ) , it meansthatsatis-
fying atom B therewill leadto a refutationanyway. In other
words, +&,b6c2 E cannotbeextendedasa modelof +&,b6 . , .
Suchnodeis saidto be unsatisfiable. Whenthe nodeis the
root node C�+�,dD , then +&,H6 . , is unsatisfiable.Correspond-
ing to creatingnode B in [ce , an atom B is assertedinto
the reasoningdatabase.On theotherhand,whennode B is
provento beunsatisfiable,theatom B will beretractedfrom
thedatabase.Moreover, whenever a nodeis provenunsatis-
fiable,thereasoningprocesswill backtrackto its parentnode
if any.

Example 2.1 Considerthefollowingpropositionalclauseset� '@+-,b6 . , .

+-,gf T 
 X �h)i� S 
 W �j)c� �1�h)i��G�h)i� W 
�k]�j)c� X 
ml-�h)c�. ,gfnl T�Xpo � S � T � l T�Xpo � X � W �rqs�tku�Flv�l T�Xpo �t�g�F���
Theprooftreegeneratedby SATCHMOis shown in Figure

1. It is obviousthatSATCHMOmadesomeredundantsearch.
In fact,a refutationcanbederivedfrom thesubsetconsisting
of +&, andtheonly

. , clausel T�Xpo �4�w�F� .
By the way, for the given clauseset in this example,ev-

ery violated
. , clauseusedby SATCHMO is recognizedas

“relevant” by eitherSATCHMOREor � -SATCHMORE,the
proof treegeneratedby SATCHMOREor � -SATCHMORE
is thesameasthatshown in Figure1.

Theredundantsearchspacecanbecut down by intelligent
backtrackingpresentedin I-SATCHMO. As we have seen,a
consequentatom B is retractedfrom the reasoningdatabase
only if thenodeB in theproof treehasbeenprovenasunsat-
isfiable. Supposethat �x�y�����
�����
���z� be the violated

. ,
clauseusedfor forwardchainingat node B in theproof tree,
then,node B holds � child nodes�{� , �
�
� , �z� . If somecon-
sequentatom �z$ is foundto beuselessto thereasoningat the
time being retractedfrom the database(hencenode �z$ has
beenproven asunsatisfiable),i.e., it is uselessto construct
the partial proof treebelow node � $ , the samepartial proof
treecanbedirectlyconstructedbelow nodeB , andtherefore,
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Figure2: Thederiving treefor goal ) at node�

at this point, we know that node B canbe proven asunsat-
isfiablejust in thesameway madeat node � $ . Since B has
beenknown asunsatisfiable, theremainingprocessfor show-
ing node B unsatisfiable,i.e., theprocesson theconsequent
atoms� $��=� , ���
� , � � (if any), canberemovedatonce.Onthe
otherhand,theuseof an

. , clause�����M�N�
���
��� ��� is nec-
essaryonly if each�z$ ( �	�@�z$���� ) is usefulto constructing
thepartialtreebelow node �z$ .

Now we introduceI-SATCHMO how to decidewhatcon-
sequentatomis usefulfor the reasoning.Obviously, a con-
sequentatomassertedcanonly be usedto derive goal ) or
antecedentsof violated

. , clauses.Therefore,I-SATCHMO
marksanassertedconsequentatomasusefulwheneverit con-
tributedto derive goal ) or an antecedentof a violated

. ,
clause.

Theusefulconsequentatomsto derivegoal / canbefound
from thederiving treeof goal / [He,2001].

Definition 2.1 Supposethat a give clausesetbe
� 'x+&,�6. , , 2 thecurrentconsequentatomsetestablishedby forward

chaining, / a goalsuchthat +&,�6>2 0 / . Thederiving tree
of goal / with respectto +-,>6�2 , denotedby B�\����u���� , is the
resulttreeconstructedasfollows.

1. Therootnodeis / .

2. Supposethat � � 
 ����

���
��
����`
�� ~� 

���
�

�� ~% is a nodein
thetreebeingconstructed.�����

For each +-, clause Bb��

���
��
 B>�w�r� suchthat����'��	�v� , where � is a mostgeneralunifier of� and � � , createachild nodeB � �I
������

�B � �I
m���
�I
���
��
m� � �8
 � ~� 
����
�

�� ~% .���
�
For eachatom ��3H2 suchthat � '¡�¢�v£ , where £
is agroundsubstitution(since� is agroundatom),
createa child node � � £¤

���
��
m� � £ , � ~� 

�����

�� ~% 
� ~%v�7� , where �&%��7�{'¥� .

3. Repeatthis procedurerecursively until anemptyleaf or
a leafsuchthatall of its atomshold “ � ” is derived.Such
a leaf is calledsuccessfulderivingleaf.

Since+-, is decidableand +-,c6�2 0 / , B9\M���u���� canbefi-
nally constructedwith findinga successfulderiving leaf. The
consequentatomsthat contributedto derive / from +-,�6b2
arethoseatomslistedin thesuccessfulderiving leaf if any.

Example2.2 Supposethat
� 'x+�,�6 . , be the clauseset

givenin Example2.1. Considertheleftmostnode � in Fig-
ure1, where2 � ':C S 
 X 
 ��D . Thederiving treefor goal ) ,
B9\ ��������¦§ , is shown in Figure2. To derivegoal ) , only � is
useful.

Thealgorithmof I-SATCHMO to constructPT for check-
ing whethera givenclauseset

� '¥+-,A6 . , is unsatisfiable
canbedescribedasfollows.

For thecurrentnode B (initially theroot node C
+-,dD ) and
thecorrespondingconsequentatomset 2 E (initially empty):

1. If +&,J6i2 E 0 ) , createa leaf node ) underthecurrent
node,which meansthatnode B is provenunsatisfiable.
Mark all consequentatomslistedin thesuccessfulderiv-
ing nodein Bb\ �¨�u���u©§ asuseful.

2. If +-,J692IE K0 ) , selectan instantiatedgroundviolated
clausefrom

. , . If no suchclauseexists, the process
terminatesto reportthat +-,b6 . , is not unsatisfiable.

3. For theselectedviolatednon-Hornclause�ª�n� � ; ���
� ;�z� , mark all consequentatomslisted in the success-
ful deriving nodein B�\ �¨����� ©« asuseful. Then,create
a node �z$ below the currentnodefor each ¬ suchthat�­��¬H��� . Taking � $ asthe new currentnode,call
thisprocedurerecursively in depth-firststrategywith the
augmentedconsequentatomset2I^`_ = 2IEg6JC�� $ D . How-
ever, if � $ hasbeenfoundto beuselessonbacktracking,
insteadof eachnode � % suchthat ¬�®°¯J�¡� , a special
leaf node ± is created,where ± meansthat theprocess
from thereis prunedaway. On theotherhand,if all � $
aremarkedasuseful, the useof �L�"��� ; �
��� ; �z� is
known asnecessary. In eithercase,node B is provenas
unsatisfiable.

Example 2.3 Supposethat
� 'x+�,�6 . , be the clauseset

givenin in Example2.1.
In thebranchC
+-,dD�� S � X �1���4) in Figure1, only

atom � is usedin forwardchainingandmarkedasuseful.In
thesameway, in thebranchC
+&,dDM� S � X ���<�t) , only
atom � is usedin forwardchainingandmarkedasuseful.

Sinceboth � and � areprovento beunsatisfiable,its par-
ent node,i.e., X is proven to be unsatisfiable.We backtrack
to nodeX to retractX . At thattime,we know X is notmarked
asusefulin thereasoning.Therefore,it is uselessfor therea-
soningand the useof the violated

. , clausel T�Xpo � X � W
selectedat nodeS is unnecessary. I-SATCHMO prunesaway
theprocessto bemadeon theremainingconsequentatom W
andbacktracksto nodeS atonce.

Now, we know that S is alsonot markedasuseful in the
reasoning,thereforetheviolated

. , clausel T�Xpo � S � T se-
lectedat therootnode C�+-,=D is unnecessary. Accordingly, we
stopto processtheremainingconsequentatom T .

In this way, theproof treeconstructedby I-SATCHMO is
shown in Figure3. As we see,unnecessary

. , clausesare
split only once.

3 UNSEARCHMO
SinceI-SATCHMO marksan assertedconsequentatom as
usefulwhenever it contributesto derive theaantecendentof
a violated

. , clause,thoseconsequentatomscontributedto
unnecessaryviolatedclausesarealsomarkedasuseful.

This problemcanbeeasilysolvedby improvingthemark-
ing work asfollows: anassertedconsequentatomis marked
as useful only when it contributesto derive goal ) or the
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Figure3: Theproof tree []\ constructedby I-SATCHMO in
Example2.3

C�O>�PDQQ R R� �
U UV UVV²o ²oYZ YZYZ YZ

� � WXX W � �
) ) ))) ) ) )

Figure4: Theproof tree []\ constructedby I-SATCHMO for
theclausesetgivenin Example3.1

antecedentof a violated
. , clausethathasbeenverifiedas

necessary.
Moreover, without distinguishingthe useful consequent

atoms for different branchesin proof tree, I-SATCHMO
mightmismarkthoseconsequentatomsthatareusefulfor the
refutationof unnecessarybranchesin a proof tree but use-
lessfor thenecessarybranchesas“useful”. In suchcases,I-
SATCHMO alsopossiblymakessomeredundantsearch.Let
usseethefollowing example.

Example3.1 Considerthefollowingpropositionalclauseset� '@+-,b6 . , .

Oi�³fn�1�h)c�n�G�h)i� X �h)c� W �h)i�´ �³fnl T�Xpo � � � � ��l T�Xpo � o � ² � � 
 o �4�g�F���� 
 o �4�w�F���4l T�Xpo � X � W �
Theproof treegeneratedby I-SATCHMO is shown in Fig-

ure4.
Considerthe leftmost node labeledwith o , where 2Iµ�'C � 
 o D , theclause

� 
 o �¶�w�I� becomesviolatedandis used
to forwardchaining. Sinceboth � and � areuseful for de-
riving ) , theuseof theclauseis foundto benecessaryto the
refutation,

�
and o aremarkedasuseful.In thisway, thepro-

cessfor theconsequentatom
²

(thesibling atomof o ) and
�

(thesibling atomof
�
) aremade,respectively.

Obviously, theprocessfor node
�

in theabove exampleis
unnecessary. Although the consequentatom

�
is useful for

eachbranchfrom node o , it is uselessfor any branchfrom
node

²
. It meansthat the refutationat node

²
canbe made

without theconsequentatom
�
, that is, that canbemadeon

therootnodeC
+&,dD in thesameway. Therefore,theredundant
processfor theconsequentatom

�
canbeeliminated.

Although the processmadeat the leftmostnode o is also
unnecessaryin a strict meaning,it is unavoidableunlesswe

�³�t� � �
���
�
��� �� EBVVVV · ·
U U U U

�M� ���
� ��$ ���
� ���� ^p¸ � ^ _ � ^ ¦
Figure5: Finding the usefulconsequentatomsetfor parent
nodefrom thoseof its childrennodes

selectatom
²

first to processat node
�

or we first selectthe
last non-Hornclausefor forward chaining. It is the well-
known nondeterminationproblemfor theoremproving.

Now, we considerhow to distinguishandmanagetheuse-
ful consequentatomsfor differentbranchesin a proof tree.
Without thelossof generality, shown asin Figure5, suppose
that �ª�n� � ; ���
� ; � � betheviolatedclauseselectedatnodeB and

� ^ _ be the usefulconsequentatomsetrelative to ��$
for all ¬ suchthat �i�@¬��¹� . Weconsiderhow to derive the
usefulconsequentatomset

� E relative to node B .
Sinceour reasoningprocedureis depth-firstone, � $��7� is

not takeninto processinguntil node� $ hasbeenprovento be
unsatisfiable.Moreover, only whensomeof � $ is foundto be
uselessor all node �z$ � �i�¹¬��@� �

areprovento beunsatis-
fiable,theirparentnode B is provento beunsatisfiable.

As we will know from thealgorithmof UNSEARCHMO,
whennode �z$ is provento beunsatisfiable,theusefulconse-
quentatomset

� ^ _ for deriving therefutationat node � $ has
alreadybeenestablished.Theusefulconsequentatomset

� E
for node B is constructedaccordingto theway how node B
is provenasunsatisfiable.

If nodeB is provenasunsatisfiablein thewaythatall of � $� �9��¬]�s� �
areprovenasunsatisfiable,thentheuseof the

clause�º��� � ; ���
� ; � � is foundto benecessary. In orderto
completetherefutationat node B , theclauseshouldbeably
foundto beviolatedthere.Therefore,theusefulconsequent
atomsto derive the antecedent� areuseful for our refuta-
tion. Moreover, in orderto completethe refutationmadeat
eachnode �z$ , eachusefulconsequentatomfor therefutation
madeatnode��$ , except��$ itself (sinceit canbeobtainedby
splitting �³�¶��� ; ����� ; �z� at node B ), is alsoneeded.Con-
cludingly, in thiscase,theusefulconsequentatomset

� E can
bederivedasfollows.

� E '�C � ^»¸-¼ C����ND�D�6G½�½�½�6<C � ^ ¦ ¼ C����iD�D�6 � « (1)

where
� « is theusefulconsequentatomsetfor deriving the

antecedent� .
On theotherhand,if node B is provenasunsatisfiablein

theway thatsomeof � $ � �P�¥¬z�¥� �
is foundto beuseless,

thentheuseof theclause�s�1�M� ; ����� ; �z� is foundto beun-
necessaryfor therefutationmadeon node � $ , i.e., � ${K3 � ^ _ .
In otherwords,the refutationfound at node � $ canalsobe
madeat node B without usingthe clause�*�¾� � ; ����� ; � � .
Thus,theusefulconsequentatomset

� E for deriving a refu-
tationatnode B is exactlythesameas

� ^ _ , i.e.,

� E ' � ^ _ (2)
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In anycase,when
� E is derived,all of

� ^�_ � �b��¬]��� �
areremov¿ edfrom database.

Let us makea comparisonof I-SATCHMO’s methodand
our new strategy. When node B is proven as unsatisfiable
in theway thatall of �z$ areprovenasunsatisfiable,the two
methodsareexactlysimilar, the usefulconsequentatomset� E is obtainedaccordingto theformula(1). However, when
node B is proven as unsatisfiablein the way that node �z$
is found to be useless,the useful consequentatom set

� E
derivedby I-SATCHMO is asfollows.

� E°'�C � ^ ¸�¼ C�� � D�D-6<½
½�½
6JC � ^¤_ÁÀ ¸�¼ C�� $ÃÂI� D�D-6 � ^¤_ (3)

Obviously, althoughthe consequentatomscontainedinC � ^ ¸ ¼ C��{�ND�D , �
��� , C � ^�_ÄÀ ¸ ¼ C��z$ÃÂI�ND�D are useful for the
branchesbeginning from ��� , ½
½�½ , ��$ÃÂI� , but uselessfor the
refutationmadeat node � $ , and thereforeis alsouselessto
prove B unsatisfiable.

Aswehaveseen,if aconsequentatom,exceptthelastatom
of the consequence,of a violated

. , clauseis found to be
useful,thenits nextsibling atomwill be takeninto process-
ing. Therefore,thefewertheusefulconsequentatomsare,the
moreefficient a refutationis. It is quiteclearthat theuseful
consequentatomsetfor any nodederived by our new strat-
egy cannotbe reducedany further, i.e., it is a minimal one.
Sincewe cankeepa minimal usefulconsequentatomsetfor
a refutation,our new strategyis oneof themostefficient ap-
proachesfor forwardchainingtheoremproving.

Thealgorithmof ourproverUNSEARCHMOto construct
PT for checkingwhethera givenclauseset

� 's+&,A6 . , is
unsatisfiablecanbedescribedasfollows.

For thecurrentnode B (initially theroot node C
+-,dD ) and
its correspondingconsequentatomset2IE (initially empty):

1. If +&,G6H2IE 0 ) , createa leaf node ) below node B ,
whichmeansnodeB is provenunsatisfiable.Theuseful
consequentatom set for node B ,

� E , that consistsof
thoseconsequentatomslistedin thesuccessfulderiving
leaf in B�\ ���u��� ©§ , is established.

2. If +-,J692IE K0 ) , selectan instantiatedgroundviolated
clause�>�5� � �
�����
��� � from

. , . If no suchclauseex-
ists, +&,H6 . , is satisfiable.

3. For theselectedviolatednon-Hornclause�ª�n� � ; ���
� ;�z� , createanode��$ for all ¬ suchthat �	��¬-��� . Tak-
ing � $ asthe new currentnode,call this procedurere-
cursively in depth-firststrategywith theaugmentedcon-
sequentatom set 2I^`_<'Å28Es6�C�� $ D . However, if � $
is found to be uselesson backtracking,insteadof each
node � % suchthat ¬<®�¯���� , createa specialnode± . The usefulconsequentatomsetfor node B ,

� E , is
establishedaccordingto the formula (2). On the other
hand,if every � $ for �H�ª¬	�ª� is foundto beuseful,
theusefulconsequentatomset

� E is establishedaccord-
ing to theformula(1). In eithercase,node B is proven
unsatisfiable.

Example3.2 Supposethat
� 'x+�,�6 . , be the clauseset

givenin in Example2.1. Theproof treeconstructedby UN-
SEARCHMOis shown in Figure6. Redundantsearchspace
hasbeeneliminated.

The proof of the correctnessof our UNSEARCHMO is
not difficult. SinceUNSEARCHMO just cuts down some
branchesin the proof tree constructedby SATCHMO, if
SATCHMO canshow a given clausesetunsatisfiable,then
UNSEARCHMO can certainly show the samething. This
shows thecompletenessof UNSEARCHMO.

Ontheotherhand,aswehave indicatedabove,anasserted
consequentatom B is found uselessat the time being re-
tractedfrom thereasoningdatabase,its parentnodeis ableto
be provenasunsatisfiable.Therefore,all remainingprocess
to show its parentnodeunsatisfiablecanberemovedwithout
thelossof thesoundness.Thefurtherdetailsareomittedhere
sincethelack of space.

It is easyto implementUNSEARCHMOby Prolog. The
codeis omittedherealsobecauseof thelack of space.

4 An Example
Example 4.1 Let

�
bethefollowing clauseset,anextension

of thebenchmarkproblemSYN009-1givenin TPTPproblem
library [Sutcliffe andSuttner, 2000].

+-,gf S �ÇÆ 
 È-
�É � 
 � �ÇÆ 
�È&
�É � �h)i�Ê �ÇÆ 
 È�
�É � 
 � �ÇÆ 
 È�
�É � �h)i�T �ÇÆ 
 È�
�É � 
m� �ÃÆ 
 È�
�É � �j)c�� �ÇË 
 Ë 
 ËN� �h)i�k ����� � k ����� � k ��ËN� �. ,gf;k �ÇÆw� 
�k � È � 
�k � É �
� S �ÃÆ 
�È�
vÉ � � Ê �ÇÆ 
 È�
vÉ � � T �ÃÆ 
 È�
�É � �k �ÃÆ�� 
 k � È � 
�k � É � �4� �ÇÆ 
�È&
�É � �m� �ÇÆ 
mÈ�
vÉ � �

The first
. , clause will be fully split by any of

SATCHMO, SATCHMORE and � -SATCHMORE. That
meansmorethan Ì ��Í caseswill beconsidered.As aresult,we
gave up theour testson SATCHMO, SATCHMOREand � -
SATCHMOREwith a run of threedayswithout termination
on anIntel PentiumIII/650MHZworkstation,respectively.

Now, we see how I-SATCHMO and UNSEARCHMO
work. Initially, thefirst

. , clauseis usedfor forwardchain-
ing with eachsubstitutionsuchthat its antecedentbecomes
satisfiable. In this way, a branch C�+&,=D­� S ��� 
 � 
 ��� �S ��� 
 � 
 ��� � S �Ç� 
 � 
 ËN� �t½�½
½u� S ��Ë 
 Ë 
 ËN� is generated.

At node S �ÇË 
 Ë 
 ËN� , the second
. , clausewith the substi-

tution C Æ ' �
, È"' �

, Ét' � D , i.e., k ���¤� 
�k ����� 
�k �Ç��� �� ��� 
 � 
 ��� ��� ��� 
 � 
 ��� , is first split. For node � �Ç� 
 � 
 �¤� , )
canbe derived andthe usefulconsequentatomset is estab-
lishedas C S ��� 
 � 
 �¤� , � �Ç� 
 � 
 �¤� D . At node � ��� 
 � 
 ��� , ) can

C�O>�PDQQ R R� ±U UV ²o YZ YZ
� � X W
) ) ) )

Figure6: Theprooftree[	\ constructedby UNSEARCHMO
for theclausesetgivenin Example3.1
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not be derived, and the second
. , clausewith the substi-

tution C Æ ' �
, ÈÎ' �

, É¶' � D , i.e., k ����� 
�k �Ç��� 
�k ���
� �� �Ç� 
 � 
 ��� ; � ��� 
 � 
 �
� , is split. At node � �Ç� 
 � 
 ��� , similar as
node� ��� 
 � 
 ��� , ) is derivedandtheusefulconsequentatom
setis C S �Ç� 
 � 
 �
� , � �Ç� 
 � 
 �
� D . For node � ��� 
 � 
 ��� , similar as
node� ��� 
 � 
 ��� , no refutationcanbederived,thenthesecond
non-Hornclausewill besplit with thesubstitutionC Æ ' �

,È³' �
, É¥' Ë D , andsoon.

The secondnon-Horn clausewill be further split untilk ��ËN� 
�k ��ËN� 
�k ��ËN� �Ï� ��Ë 
 Ë 
 ËN� �Ð� ��Ë 
 Ë 
 ËN� is used for forward
chaining at node � ��� 
 Ë 
 Ë�� . Then, at last a refutation can
be derived from eachof node � ��� 
 Ë 
 ËN� ’s child nodesimul-
taneously. Theusefulconsequentatomsetfor therefutation
at node � ��Ë 
 Ë 
 ËN� is C S ��Ë 
 Ë 
 ËN� 
Ð� ��Ë 
 Ë 
 ËN� D andthat at node� ��Ë 
 Ë 
 ËN� is just C�� ��Ë 
 Ë 
 ËN� D . Accordingto theformula(1), the
usefulconsequentatomsetfor node � ��� 
 Ë 
 Ë�� is constructed
as C S ��Ë 
 Ë 
 ËN� D .

If we do not distinguishthe usefulconsequentatomsfor
differentbranches,asI-SATCHMO does,wewill find thatallS -factshave beenmarkedasuseful. Then,thesameprocess
madeon eachS -fact S �ÇÑ 
mÒ»
�Ó � , whereeachof

Ñ
, Ò and Ó is

oneof
�
,
�

and
Ë
, would be repeatedfor the correspondingÊ -fact Ê �ÇÑ 
ÐÒ»
�Ó � (alsofor thecorrespondingT -fact T �ÇÑ 
ÐÒ»
�Ó � ).

Similarto otherexistingstrategies,noanswercanbeobtained
within a reasonabletime.

However, at node � ��� 
 Ë 
 ËN� , wherethe usefulconsequent
atom set is C S ��Ë 
 Ë 
 ËN� D , UNSEARCHMO finds � ��� 
 Ë 
 Ë��
uselessfor the refutation, i.e., the clause k ����� 
�k ��ËN� 
�k �ÇËN��Ô� ��� 
 Ë 
 ËN� �m� ��� 
 Ë 
 ËN� selectedat node � ��� 
 Ë 
 Ë�� ’s parent� ��� 
 Ë 
 ËN� is not necessary. According to the formula (1),
the useful consequentatom set derived at its sibling node� ��� 
 Ë 
 ËN� , i.e., C S ��� 
 Ë 
 ËN� 
m� ��� 
 Ë 
 Ë�� D , is abandoned,and
the useful consequentatom set for node � ��� 
 Ë 
 ËN� is stillC S ��Ë 
 Ë 
 ËN� D .

Similar backtracking repeatedly continues to nodeS ��Ë 
 Ë 
 ËN� , wherethe useful consequentatomsetestablished
by UNSEARCHMO is still C S �ÇË 
 Ë 
 Ë�� D . The sameprocess
madeon node S ��Ë 
 Ë 
 ËN� will be also made on its sibling
node Ê ��Ë 
 Ë 
 ËN� and node T ��Ë 
 Ë 
 ËN� , and the corresponding
usefulconsequentatomsetare found to be C Ê ��Ë 
 Ë 
 ËN� D andC T ��Ë 
 Ë 
 ËN� D , respectively. Theviolatedclausek ��ËN� 
�k �ÇË�� 
�k ��ËN�� S ��Ë 
 Ë 
 ËN� � Ê ��Ë 
 Ë 
 ËN� � T �ÇË 
 Ë 
 ËN� selectedat node S ��� 
 Ë 
 ËN� is
foundto benecessary.

Now, let us see what happenswhen UNSEARCHMO
backtracksto S ��Ë 
 Ë 
 ËN� ’s parentnode S ��� 
 Ë 
 ËN� , where, ac-
cordingto theformula(1), usefulconsequentatomsetis sur-
prisedlyfoundto beempty!nootherconsequentatomis use-
ful for our refutation!UNSEARCHMOsimply backtracksto
the root node C�+-,=D to concludethat the given clauseset is
unsatisfiable.

With the help of distinguishing the useful consequent
atomsfor different branches,UNSEARCHMO only takes
0.002 secondsto find its solution on an Intel Pentiu-
mIII/650MHZ workstation.

5 Conclusion
In thispaper, we have introducedhow to eliminateredundant
searchspaceon backtrackingfor forward chainingtheorem

provingasmuchaspossible.Theredundantsearchbranches
are immediatelyprunedaway when unnecessaryonesare
found on backtracking. At any reasoningpoint, only those
necessaryviolated clausesare completelysplit for forward
chaining. Repeatedsearchby invoking unnecessarynon-
Horn clausescanbe effectively eliminated.The experimen-
tal resulthasshown thatour methodis powerful for forward
chainingtheoremproving.

Since our strategy prunes away unnecessaryproof
branchesafter unnecessarynon-Horn clausesare usedfor
forwardchaining,theviolatednon-Hornclausesfor forward
chainingcan be usedin any orderdecidedby any advance
checkingstrategy. That is, we canincorporatetherelevancy
checkingproposedin SATCHMOREandtheavailability test-
ing introducedin � -SATCHMOREinto our strategiesto im-
prove theperformancefurther.

It is obviousthat our methodcan be appliedto disjunc-
tion logic programming(database). The principle of our
methodto eliminateredundantsearchspacein forwardchain-
ing basedprover canalso be appliedto reasonaboutother
logicswheneverforwardchainingstrategyis used.Thisgives
our methoda wide applicationin automatedreasoningfield.

As futureworks,wewill useourproverto testthosebench-
markproblemsprovidedin TPTPlibrary [Sutcliffe andSut-
tner, 2000], to clearwhich classof problemswill be helped
by ourapproach.
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