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Abstract

Integratingthe splitting rule into a saturation-based
theoremprover may be highly beneficialfor solv-
ing certainclasse®f first-orderproblems.The use
of splitting in the context of saturation-basettheo-
remproving basedn explicit caseanalysisasim-
plementedn SFASS)employs backtrackingvhich
is difficult to implementasit affectsdesignof the
whole system.Herewe present “cheap”andeffi-
cienttechnigudor implementingsplittingthatdoes
notusebacktracking.

1 Intr oduction

Caseanalysidgn theform of the -ruleis the coreof tableau-
basedheoremproving methods.If ouraim is to refutea set
of clausesS U {¢ V ¢}, we canreducethis taskto refuting

two simplersets:SU{¢} andSU{¢}. Thisis justifiedby the

following argument.To show that S is falsein all themodels
of theformula ¢ Vv 1, onecanseparatelyonsidertwo cases:
all the modelsof ¢ andthe onesnot necessarilysatisfying
¢ but satisfyingy. Thesaturatiorbasedheorenproving has
adoptedhecaseanalysigrinciplein theform of splittingthat
canbeformulatedin the propositionalcaseasthe following

inferencerule:

SU{C:.V C:}
7\
Su{Ci} SU{C>}

whereS is a setof clauses(C, andC, areclauses.Unlike

most of the other inferencerulesin saturation-basetheo-
rem proving that only modify a setof clausedy addingand
removing someclausesthis rule makestwo setsof clauses
out of one. Now, to refutethe original setS U {Cy V C2},

onemustseparatelyefutethe two new sets: S U {C;} and
SU{Cs}.

In the propositionalcase this rule togethemwith unit reso-
lution givesacompletenferencesystem.Findingarefutation
in this systemcanbe organised for example,as depth-first
exploring of branches.After finding a refutationon one of
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thesplitting branchesthe proceduréacktracksandproceeds
with the secondbranch.In whatfollows, we call this proce-

dureexplicit caseanalysis A simpleexampleof a proposi-

tional derivationwhich combineshe splitting rule with reso-

lution on branchess shown in Figure 1. The currentsearch
stateis depictedasa tree. The nodescontainclausescom-

mon for all the branchedelon them. The clauseor clauses
to which aninferencerule hasbeenappliedis putin ashaded
box. For amoment,gnorethe labelsof the edgesfor exam-

plep:.

In thefirst-ordercasethesplitting rule canbeformulatedn
the sameway asin the propositionalcasewith anadditional
restriction:theclauseg”; andC> do not have commonvari-
ables. This rule canbe combinedwith inferenceruleslike
resolutionandparamodulationCombinedwith someresolu-
tion strat@jies, it givesdecisionproceduredor fragmentsof
first-orderlogic (seee.g.[Fernilller etal., 2001]).

The cost of naive backtrackingis very high, since the
clausesetS cancontaintensof thousand®f clausesso af-
ter severalsplitsalot of memoryis neededo storebacktrack
points. Therefore,in practice(the SFASS prover [Weiden-
bachet al., 1999) explicit caseanalysisis implementedoy
addingto eachclauseits split history. the setof splits used
to obtainthis clause,representedby an array of bits. The
split history also helpsto implementintelligent backtradck-
ing: by analyzingthe split historyonecancheckwhich splits
have actuallybeenusedto obtaina contradictionon the cur-
rentbranch.Clauseahich do not belongto the currentlyex-
ploited branchare put in a specialwaiting list, and popped
backfrom thewaiting list uponbacktracking.Therearecom-
plicationscausedy simplificationby unit equalitiesbelong-
ing to a branchwhich canbeillustratedby the following ex-
ample.

Example 1.1 Considetthesplit ontheleft of this picture:
: :
Dis] s=tvE€
\ s=t C
=t C Dit]

s D[s]

whereC ands = t have nocommonvariables,s > t in the
simplification order usedin the proof-searchand D[s] is a
clausewith anoccurrencef s. After the split theleft branch
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Figurel: A derivationwith splitting andunit resolution

containstwo clausess = t andD[s], so D[s] canbe simpli-
fied andreplacedby D[¢], but only on the left branch,since
thereis no clauses = t ontheright branch.This meanghat
D[s] shouldstill bekeptontheright branch sosimplification
by s = t shouldbeimplementedaccordingto the right-hand
sideof thepicture.

To achieve efficiency, moderntheoremprovers maintain
one or more indexes on terms, literals, or clauses. To im-
plementsplitting, maintainanceand retrieval algorithmson
indexesshouldbe changed Either oneshouldhave common
indexesfor all branchespr elseindexesfor thecurrentbranch
only. In theformercasejndex retrieval algorithmsshouldbe
changedo take into attentionthe splitting history. In thelat-

ter case,index maintainancelgorithmsshouldbe changed.

In eithercase a significantamountof work on indexesis re-
quireduponbacktracking.

In general, backtracking in resolution-basedtheorem
proversrequiresa nontrivial implementation.ln the modern
saturation-basetheoremproversfor first-orderlogic, split-
ting with backtrackingis implementedonly in Spass [Wei-
denbactetal., 1999.

In this report we discussanalternatve to the explicit case
analysiswhich canbeimplementedn resolution-basetheo-
rem proverswithout a significantoverhead.We call it split-
ting withoutbadtradking. Theideaof splitting withoutback-
tracking can be formulatedas follows. Consideragainthe
split of Example 1.1, but let us mark the branchesof the
searchtree by literals as follows. We take a new proposi-
tional symbolp andmarktheleft branchwith p andtheright
branchwith —p:
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Dis]
s=tVv€

AN

s=t P C

If thereare several splits, we introducea new propositional
symbolfor everysplit. Now, insteacbf dealingwith branches,
we simply addto eachclauseon a branchall labelsusedon
thatbranch.Thenthe split canbe describedasthe following
inferencerule which replaces clauseby two new clauses:

SU{D[s],s=tVvC} = SU{D[s],s=tVp,CV —p}.

It is not hardto arguethat sucha splitting preseresthe un-

satisfiability of the setof clauseqwe will prove it formally

belown). Theeffect of splitting is very similar to the effect of

the explicit caseanalysis,but branchesareno moreneeded,
sincewe aresstill dealingwith just one setof clauses. The

following simplificationof D[s] by s = t ontheleft branch
cannow bedescribedn atleasttwo possibleways:

SU{D[s],s=tVp,CV -p}—>
SU{Dl[s],s =tV p,CV -p,D[t]Vp};

SU{D[s],s=tVp,CV -p}—>
SU{s=tVp,CV-p,D[t]V p,D[s] V —p}.

The secondway correspondso the simplification of Exam-
ple 1.1, but we preferthe first way becauset givessimpler
clauses.

We will shaw thatsplitting without backtrackingcansim-
ulate, in somesenseexplicit caseanalysis. Moreover, by
usingvariousselectionfunctionsonecansimulatea parallel
versionof caseanalysis,in which branchesreexploited si-
multaneously Apart from beingeasyto implement,splitting
without backtrackinghas several other advantages:firstly,
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we obtainthe effect of intelligent backtrackingfor free,and
secandly some simplification rules can move clausesbe-
tweenthe brancheghusavoiding repeatedvork on different
branches.

This articleis organizedasfollows. In Section2 we define
somefundamentahotionsof this paper for examplethose
of componentindsplit. We alsorecall somenotionsof the
theoryof resolution.In Section3 we discussseveralversions
of the splitting rule, namelybinary and hyper splitting, with
or without naming In Section4 we shov how onesimulate
differentstrategjiesof splitting by usingappropriatditeral se-
lectionfunctions. In particular we shov how onecansimu-
late explicit caseanalysisby usingso-calledblocking exten-
sion of selectionfunctions. An efficient algorithmfor find-
ing the maximal split of a clauseinto componentss given
in thefull versionof this paper In Section5 we discussthe
clausevarianceproblem checkingif a clauseis a variantof
anotherclause. We shawv that the clausevariantproblemis
polynomial-timeequivalentto the graphisomorphismprob-
lem. Finally, in Section6 we discussexperimentscarriedout
with VAMPIRE overalargecollectionof problems.

2 Preliminaries

We assumea fixed signatureX. By P we denotea count-
ablesetof predicatesymbolsof arity 0 disjointfrom X. El-
ementsof P will be denotedby p, ps, ... andusedas new
namesfor clausecomponentsor alternatvely, asidentifiers
for branches.

We call aclauseasetof literals. Sometimeglausewill be
written asdisjunctionof their literals. We denoteby var (E)
the set of all variablesoccurringin an expressionE (e.g.
clause).For a clauseC, the universal closure of C, denoted
byVvC,istheformulaVz; ...Vz,C, wherexy, ..., z, areall
variablesof C'.

2.1 Componentsand splits

Definition 2.1 (component) TheclauseC is called a com-
ponentof a clauseC Vv D if C is nonempty var(C) N
var(D) = @ and C containsno predicatesymbolsn P. The
component is called minimal if no propersubsebf C is a
componenin C'v D. ThecomponenC'is calledtrivial if D
is a clauseof thesignatue P or empty

Note that every clause D hasat leastone component:the
subsebf D consistingof theliteralsof the signatureX..

Definition 2.2 (split) AsplitofaclauseD is anyrepresenta-
tionofC asCiV...C,VvD' , whee(Cy,...,C, aredifferent
component®f C'. Thesplitis trivial if n = 1 andC is the
trivial componentf D. Thesplitis maximalif Cy,...,C,

are all theminimalcomponentsf D.

Notethatin themaximalsplit the subclauseD’ only consists
of the literals of the signatureP. Also, it is obviousthatthe
maximalsplit of a clauses unique.

2.2 Resolution

Ourtechniqudor implementingsplittingworksin thecontext
of a saturationprocedurefor the calculusof orderedresolu-
tion. For the purpose®f this paperit is enoughto recallonly
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the nongroundversion of the orderedresolutionrule itself,
for otherrulesandcalculi seee.g.[BachmairandGanzinger
2001. Let = beasimplificationorderon terms,extendedn
the usualway on literals. We assumethat a selectionfunc-
tion selectin every nonemptyclauseeithera negative literal,
or a subsetof positive literals, andif ary positive literal is
selectedthenall maximalw.r.t. > literals are selectedoo.
Thenorderedresolutionis the following rule:

AVC -BVD
(CVD)b

whered is amostgeneralunifier of A and B, theatom A is
selectedn theclauseA v C, theliteral =B is selectedn the
clause-~B Vv D, andthereis noliteral in D@ greaterthan A9
in the usedsimplificationordering.

3 Splitting without backtracking

In this sectionwe formulateseveralversionof splitting with-
outbacktrackingandprove their soundness.

3.1 Binary splitting

Definition 3.1 (binary splitting rule) Let S be a set of
clausesof the signatureX U P, C vV D be a clausewith a
nontrivial componentC, andp € P be an atomnot occur
ring in S U {C Vv D}. Thenthe binary splitting rule is the
following inferencerule:

Su{CvD}—SU{CVp,DV-p}. 1)

We alsosaythatS U {C V p, D V —p} is obtainedfrom S U
{C Vv D} by binary splitting.

Theorem 3.2 Thebinary splitting rule preservesatisfiabil-
ity.

ProoF. Any modelfor SU{C V p, D vV —p} is alsoamodel
for SU {C v D} sinceC Vv D is alogical consequencef
C VvV pandD V —p. In thereversedirection,amodel M’ for
SuU{CVp,DV -p} canbe obtainedfrom a model M for
SU{C v D} byredefiningp sothatM' Ep < =VC. O

It followsfrom theproofof TheorenB3.2thatthenew pred-
icate symbol p introducedby an applicationof the binary
splitting rule (see(1)) canberegardedasa new nameof the
formula—=VC. Thisimplies an optimizationof binary split-
ting which allows oneto reuse¢henew names.Thisoptimiza-
tion canbeformalizedasfollows.

Definition 3.3 (binary splitting with naming) A naming
functionis ary function N from the setof nonemptyclauses
of the signatureX. to the setP with the following property:
N(C1) = N(Cy) if andonly if C is avariantof Cs.

Let S beasetof clausef thesignaturex UP andC' v D
be a clausewith a nontrivial componenC'. LetalsoN bea
namingfunction. Thenthebinary splitting rule with naming
is thefollowing inferencerule:

Su{CvD}—->SU{CVNC),DVv-N(C)}. (2
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Onecanalsoconsidera modificationof the binary splitting
rule with namingwhereonly thefirst applicationof the split-
ting introducegheclauseC' v N (C), andall furtherapplica-
tions of splitting with the samecomponentC simply replace
C Vv D by oneclauseD v -N(C).

Let us give an examplethat illustratesthe differencebe-
tweenthe binary splittings with andwithout naming. Sup-
posethat we have a setof clausesS U {C'V D;,C Vv D}
suchthat C' is a nontrivial componentn both C v D; and
C'v D,. Usingbinarysplitting, we canperformthefollowing
derivation:

SU{CVDl,CVDQ}—)
SU{CVpi,D1V-p;,CV Dy} =
SU{CVpl,DlVﬁplacVP2aD2V_‘p2}'

Usingbinary splitting with naming,we canperforma differ-
entderivation(assumingV(C) = py).

SU{CVDl,CVDQ}—)
SU{CVpl,DIVﬂpl,CVDz} —
SU{CVpi,D1V-p1,DsV-p}.

Preseration of satisfiabilityin the caseof binary splitting
with namingis moredifficult to formulate.We canonly guar
anteepreseration of satisfiabilityundersomenaturalcondi-
tions.

Theorem 3.4 Let I beaninferencesystenon setsof clauses
with the following properties: every inferencepreserveshe

setof models,.e. for everyinferenceS — S’ in this system,
S and S’ havethe samemodels. Let I’ be the extensionof

I by binary splitting with naming Thenfor every derivation
So = S1 — ...in I' sud that Sy is a setof clausesof the

signatue X andeveryi > 0, the set.S; is satisfiableif and

onlyif sois S;41.

PrROOF. The proof essentiallyrepeatsthe proof of Theo-
rem 3.2. Take ary model M of Sy of the signatureX and
defineits extensionM’ to the signatureX U P asfollows: de-
finein M' eachnew predicatesymbol N(C) € P beequi-
alentto =VC. Thenarguingasin the proof of Theorem3.2
onecanshow that M' is amodelof eachS;.

In the corversedirection, note that every S; is a logical
consequencef S; ;. IndeedwhensS;,, is obtainedrom S;
by applyinganinferenceof the original systemI, this holds
by our assumption.When S, is obtainedfrom S; by ap-
plying binary splitting with naming(2), this is alsoobvious,
sinceS; .1 containgheclauseC' v N(C). O Note

thatthis proof canbe easilyadaptedo the modified version
of splitting. For the modifiedversionin generalit is nottrue
ary morethat S;1 containsthe clauseC' v N(C), but one
canshow thatC v N(C) is alogical consequencef S; ;.
The conditionson the inferencesystem! are naturaland
notrestrictive. For example thestandarcroofsof complete-
nessin the theory of resolution[Bachmairand Ganzingey
2001] useinferencesystemswith two kinds of rule: addition
of aclauseimplied by otherclausesandremoval of a clause
implied by other(smaller)clauseslt is easyto seethatevery
suchinferencesystempreseresmodels.
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3.2 Hyper splitting rule

Similar to the binary splitting, we candefinehypersplitting,
in which we split morethanonecomponentff a clause.

Definition 3.5 (hyper splitting rule) Let S be a set of

clause®f thesignaturesUP andC; V.. .vC, VD beaclause
with nontrvial component<’y,...,C,. Letp,...,p, be
predicatesymbolsin P occurringin neitherthis clausenor S.

Thenthe hypersplitting rule is thefollowing inferencerule:

Su{Cyv...vC,V D} - 3)
SU{Ci1Vp1,-- ', CoVpr,DVop V... V-py}.

Let also N be a namingfunction. Thenthe hyper splitting
rule with namingis thefollowing inferencerule:

SU{CiV...VvC,V D} —
SuU{CiV N(C1),...,Cp VN(Cp), 4)
DVﬂN(Cl)V...V—lN(Cn)}-

Hypersplitting canbeinterpretedasrepeatedlyappliedbi-
nary splitting. One can prove that hyper splitting (with or
without naming) preseres satisfiabilityin exactly the same
way asfor binary splitting.

4 Literal selectionand simulation of explicit
caseanalysis

Sofarwe only consideredplitting asaninferencerule. Here
we will considersplitting aspartof aninferencesystem.As
the inferencesystemwe considerbinary resolutionwith su-
perpositionand negative selection. We assumea simplifi-
cation orderingin which every literal of the signatureX is
greaterthanarny atomin the signatureP. In orderto define
the inferencesystemwe have to definea selectionfunction
on clauses.We will definetwo kinds of selectionfunctions:
blockingandparallel. Both will be obtainedby extendingan
arbitraryselectionfunction on the clausef the signature:
to the clausef the extendedsignature® U P.

4.1 Blocking extensionof a selectionfunction

Definition 4.1 (blocking extension) Let s be ary selection
function on the clausef the signatureX.. The blocking ex-

tensionof s is the selectionfunction on the clausesof the
signatureX U P definedasfollows. (a) Let D be a clause
containinga negative literal —p of the signatureP, thenthe
maximaloneamongsuchliteralsis selectedn D. (b) Let D

be a clausecontaininga positive literal p of the signatureP

andno negative literals in this signature. Thenthis literal is

selectednly whenp is themaximalliteral in D. Notethatin

this caseD solelyconsistof positive literalsof the signature
P.

It is not difficult to prove that we indeedobtaina selection
function, sinceall literals of the signatureP arelessthanall
literalsof thesignaturex. Sincewewill usuallyassumeome
selectionfunction on the clauseof X, we will simply speak
aboutthe blocking selectionfunctioninsteadof the blocking
extensionof the selectionfunction.

Now assumehatwe are usinga blocking selectionfunc-
tion. Let usalsoassumehateachtime we applythe splitting
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rule, the newly introducedatom p is greaterthanary atom
previously introducedby splitting. Let us shaw that the re-
sulting inferencesystemsimulatesto someextent, explicit
caseanalysis.

Considera sequencef splits andapplicationsof nonsim-
plifying inferencerules. Let uscall thelabel of a branchthe
setof all positive literalsthatmark edgesof this branch.We
transformclausesusedin a derivation with splitting asfol-
lows. To eachclauseC' that appearson a branchwe add
the label P of this branch,obtainingthe clauseC v P. We
canshow thateachnonsimplifyinginferencethatcanbe per
formedonabranchcanalsobeperformednthetransformed
clausesFor simplicity, we only considertheresolutionrule.

Let A; V D; and—A, vV Dy betwo clausesn which 4,
and—A, areselectedf be a mostgeneralunifier of A; and
A,, andno literal in D16 is greaterthan 4;6. Thenwe can
applyaresolutioninferenceasfollows.

A1 \% D1 —|A2 V D2 .
D6V D»0

Let P, and P, bethelabelsof thebranchesf 4; v D; and
—As V D, respectiely. Thenthe correspondingransformed
clauseswill be A; v D, vV P, and—A, vV Dy V P,. By our

definitionof a blocking selectionfunctionandthe order it

is not hardto arguethat A; and—A4, will be selectedn the
transformedlausesandthatnoliteralin D16V P; @ is greater
thanA4,6. Thereforewe canapplytherule

A1VD1VP1 _|A2VD2VP2_
D10VD20VP1VP2

It is nothardto arguethat P, v P, is thelabelof thecommon
branchfor A; vV D; and—A, V Ds.

It is interestingto obsene what happensto the literals
which do not belongto the currently investigatedbranch.
Supposefor, simplicity, that we are working with the left-
mostbranchlabelledby p; V...V p,. Thenall clausesvhich
arenot on the currentbranchcontaina negative literal of the
signaturelP, which by our choiceof the selectionfunction,
will beselectedTake ary suchclausefor example,~p, vV D.
Theonly inferencerule we canapplyto this clauseis resolu-
tion with aclausep,, vV P, wherep,, is greatetthanary literal
of P. But we canobtainsucha clauseonly whenthe empty
clauses obtainedon theleftmostbranchlabelledby p,, v P,
so—p,, VD will beblockedfor inferencesuntil acontradiction
ontheleftmostbranchis obtained.As soonassucha contra-
dictionis obtainedwe can“unblock” theclause-p,, V D by
resolvingit against,, vV P andobtainingD Vv P.

Thus, we obtain a nearly complete correspondencée-
tweensearchstatesof the explicit caseanalysisandthe sys-
temwith the binary splitting without backtracking.lt is not
anexactcorrespondenctor severalreasonsFirstly, simpli-
fication rules behare in a slightly differentway. Secondly
splitsdoneby splitting without backtrackingoftendo not be-
long to particularbranchesbut are“shared”acrosddifferent
branchesTo explainthis effect,weshav in Figure2 aderiva-
tion usingbinary splitting and a blocking selectionfunction
which correspondso thederivationof Figurel. We presere
the sameenumeratiorof inferencesasin thatfigure. If alit-
eralin thenew signaturdP is selectedyve putit in front of the
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clausefor example—p; V B meanghat—p, is selectedFor
simplicity, we remove subsumedlausesandpureliterals.

After inference7 of thederivationusingexplicit caseanal-
ysis, we have a copy of the clause—A v =B which wasput
ontheright branch afterwe performeda split on this clause
ontheleft branch.In thederivationusingbinarysplitting, the
splitof A vV =B into —=A V p; and—p, V =B remainseven
whenwe finish working on theleft branch.

4.2 Parallel extensionof a selectionfunction

Definition 4.2 (parallel extension) Let s be ary selection
function on the clausesof the signatureX. The parallel ex-

tensionof s is a selectionfunction s’ on the clausesof the

signatureX U P definedasfollows. Let D be a clauseof the

form D'V P, whereD' is aclauseof thesignatureX andP is

aclauseof thesignatureP. If D' is notempty thens’ selects
in D' v P exactly the sameliteralsass selectsn D'. When
D' is empty themaximalliteral from P is selected.

In otherwords,theparallelextensionalwaysmakestheselec-
tion in aclauseD ignoringtheliteralsof D' of the signature
P.

Again, it is not difficult to prove that we indeedobtain
a selectionfunction, sinceall literals of the signaturelP are
lessthanall literals of the signatureX. We will simply speak
abouta parallel selectionfunctioninsteadof the parallelex-
tensionof a selectionfunction.

A parallelselectiorfunctionignoresthe splitting history of
clausecompletely andthusgivesthe effect of parallelsearch
onall branches.

4.3 Subsumptionresolutionand splitting

Oneof the seriousadvantage®f splitting without backtrack-
ing is that it can be productively combinedwith the sim-
plification rule calledsubsumptiomesolution[Bachmairand
Ganzingey 2001]. Essentially subsumptiorresolutionis a
specialcaseof binary resolutionthat guaranteeshatthe re-
solvent subsume®ne of the parents. We say that a clause
D, subsumea clauseD; if thereexistsa substitutions such
that Do C Ds. It is known thatclausesubsumedby other
clausexanberemovedfrom thesearchspace.

Subsumptiomesolutionis the following inferencerule on
setsof clauses:

SuU {Al VD17—|A2 VDQ} - SuU {Al VDl,DQ}
SuU {“Al VDl,AQ VDQ} - SuU {—|A1 VDI’DZ}

wherethereexists a substitutions suchthat 4,0 = A, and
Dio C D,. Therule is called subsumptiorresolutionbe-
causeof its resemblancéo subsumptionthisruleis applica-
bleif andonlyif A; vV D; subsumesgl, Vv D,. Thussubsump-
tion algorithmscanbe modifiedfor finding pairsof clausego
which subsumptionesolutionis applicable.

Sincesubsumptiorresolutionis a simplificationrule (the
clause-A, vV D5 or A; V D, is replacedoy a smallerclause
D,), it canbeappliedindependentlypf the selectiorfunction
or orderonliterals.

Subsumptiorresolutioncombinedwith splitting cangive
the following effect: literals canbe moved acrossdifferent
branchesFor example,considertwo clause' v p andD Vv
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Figure2: A derivationusingbinary splitting andblocking selection

—p suchthatC' subsumed. In explicit caseanalysisthese
clausesvould belongto two differentbrancheshecaus&’vyp

shouldbe on the left branchof splitting on p, while D v —p

on the right branch. If we usesubsumptiorresolution,we

canreplaceD Vv —p by the clauseD, which correspondso

moving D from theright branchto thetop.

Theeffectof subsumptiomesolutionis evenstrongemwhen
C is avariantof D or coincideswith D. Thenwe obtaintwo
clauses” v p andC' v —p, which by subsumptionmesolution
followedby subsumptiowill bereplacedoy C. This hasthe
effectof notingthatC' belongsto two differentbranchesand
putting it on top and cansave a lot of resourcesompared
to explicit caseanalysis. Splitting with backtrackingwould
repeatinferenceswith C' on differentbranches.

Let usshow thatsubsumptiomesolutionandsplitting can,
in somecasesgive the effect of condensinga clause.Con-
densings definedn [Joyner, Jr., 1974. A clauseD’ is saidto
be obtainedfrom a clauseD by condensingf D’ is aproper
subsebf D andD subsumed)’.

Example 4.3 Let C[z] bea clausewith variablesin z andy

be a sequencef variablesdisjoint from z. ThenC[y] is a
variantof C[Z]. ConsidettheclauseC[z] V C[g]. Thisclause
canbecondensethto C[z]. Binary splittingwill replacethis

clauseby two clauseC[z] Vp and Cly]V —p. Application
of subsumptiorresolutionto theseclausesyields the clause
C[z] which subsumesachof theseclauses. Thus, binary
splitting andsubsumptiomesolutionin this examplegive the
effect of condensing.

5 Complexity of splitting with naming

To implementsplitting with naming, it is requiredto check
whethera componentis a variantof anothercomponent.in
this sectionwe provethatthecomplexity of checkingwhether
one clauseis a variant of anotherone is polynomial-time
equivalentto thegraphisomorphisnproblem.

Definition 5.1 (clausevariance problem) Clause variance
is the following decisionproblem. An instanceof this prob-
lem is a pair of clauseqCy, C>). Theanswers “yes” if Cy

is avariantof Cs.
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Theorem5.2 The clausevariance problemis polynomial-
time equivalento the graphisomorphisnproblem.

Theproofis givenin thefull versionof this paper

More generally in practicewe have to checkwhethera
given componentC' is a variantof a componenin a setof
componentsS. In VAMPIRE we implementthis many-to-one
clausevariancecheckusingthe codetreeindexing described
in [Voronkov, 1995; Riazane andVoronkov, 20004. Code
treesareusedin theimplementatiorof mary-to-oneforward
subsumptionit is not hardto modify themto implementthe
mary-to-oneclausevariance.

6 Experimental results

We implementedseveralversionssplitting with backtracking
in the new versionof VAMPIRE [Riazan@ and Voronkov,

2001]. In this sectionwe presentexperimentalresultsover
4658nonunitclauseform problems.Of theseproblems 2820
problemscomefrom the TPTPlibrary [Sutcliffe andSuttnery
1994 and 1838 problemsfrom the experimentsin list soft-

ware reusedescribedn [Schumanrand Fischer 1997. Of

the 4658 problems3300containequality For problemswith

equality in additionto splitting without backtrackingve im-

plementedhe branch rewriting rule which replacesa clause
Clso] V P by aclauseClto] V P, if aclauses = ¢tV P’

with P’ C P is present.Theeffect of this simplificationrule

is similar to the effect of simplificationby unit equalitieson

a splitting branchin an explicit caseanalysisprocedure.To

supportour viewpoint thatwe describea “cheap”implemen-
tation of rewriting, we notethatbranchrewriting wasimple-

mentedn lessthan3 hours.

We presentthe results for problemswith and without
equality separately For all problemswe usedthe sameal-
gorithmbasednthelimited resourcestratgy [Riazane and
Voronkov, 20004 andthesameselectiorfunction. Thisalgo-
rithm andselectiorfunctionwerechoserbecausé¢hey exper
imentally proved to be superiorto otheralgorithmsand se-
lectionfunctionswhensplitting wasnot used.Whenrunning
VAMPIRE with splitting, we usedthefollowing parameters:

1. Hypersplitting with a Parallel selectionfunction(P) vs.
binary splitting with no selection.
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no 166:11220:7227:12256:6 280:4] 300:1] 359:3] 388:3
PNR 94:3675:15[125:30130:9| 153:9215:1241:11
NR 71:69| 43:6 [121:58127:41147:4[175:3
PN 95:60[111:5(104:2 )180:313198:23
N 98:72(101:52115:9/143:8
PR 68:45(118:38144:3%
P 110:58130:44
R [37:8

| [PNRINRTPN] N JPR] P ] R |

Figure3: Resultson problemswith equality

PN [| 65:3| 74:11| 76:0 | 80:1
N 14:13 | 16:2 | 18:1
no 19:6 | 215
P 10:7

[ I N[ no P ] |

Figure4: Resultson problemswithout equality

2. Naming(N) vs.nonaming.
3. BranchRewriting (R) vs.no branchrewriting.

We will usecombinationf the threelettersP, N, R, to de-
note differentstratgiesusedin the experiments.For exam-
ple, PRmeanghatthe Parallelversionwith branchRewriting
but no namingwasused.We use“no” to denotethe strateyy
thatusesno splitting atall, and— the strateyy thatusessplit-
ting without BR, and N, i.e. simple binary splitting with a
blockingselectionfunction.

We useda Linux-running PC with 256M RAM and a
400MHz Intel 1l processar For all problemswe usedthe
time limit of 1 minute. The choserstrategy without splitting
solves3091problems.Thetotal numberof problemssolved
with or without splitting is 3189. So with splitting, VAM-
PIRE could solve 98 problemsthat could not be solved with-
out splitting. Of these98 problems,77 arewithout equality
and21 with equality Figures3 and4 shaov the comparatie
behaior of variousstratgiesdependingnthesettingsof the
parameter®, N, R on problemswith andwithoutequality re-
spectvely. The pairn; : ns in arow labelledby a strateyy
S; andthe columnlabelledby a stratgly S» meanghatthere
weren; problemssolvedby S; but not solvedby S, andns
problemssolved by S, but not solved by S;. For example
NR (Naming+ branchRewriting) could solve 71 problems
with equalitynotsolvedby PN (Parallelselection+ Naming),
while PN couldsolve 69 problemswith equalitynotsolvedby
NR.

The following conclusioncan be derived from thesere-
sults:

1. On problemswith equality VAMPIRE with ary version
of splitting is on the averagewealer than VAMPIRE
without splitting, while on problemswithout equalityit
is ontheaveragestronger

2. Eachof the following settings: naming, parallel split-
ting, andbranchrewriting improvetheresults by farthe
strongesbneis naming.

LOGIC PROGRAMMING AND THEOREM PROVING

We believe thatthe performancef splitting without back-
trackingcanbe considerablymproved,but optimizedimple-
mentationmoreexperimentsandinsightsin the behavior of
splitting arerequired.
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