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Abstract

Integratingthesplittingrule into asaturation-based
theoremprover may be highly beneficialfor solv-
ing certainclassesof first-orderproblems.Theuse
of splitting in thecontext of saturation-basedtheo-
remproving basedonexplicit caseanalysis(asim-
plementedin SPASS)employsbacktrackingwhich
is difficult to implementasit affectsdesignof the
wholesystem.Herewe presenta “cheap”andeffi-
cienttechniquefor implementingsplittingthatdoes
not usebacktracking.

1 Intr oduction
Caseanalysisin theform of the

�
-rule is thecoreof tableau-

basedtheoremproving methods.If our aim is to refutea set
of clauses�������
	���
 , we canreducethis taskto refuting
two simplersets:��������
 and ��������
 . This is justifiedby the
following argument.To show that � is falsein all themodels
of theformula ��	�� , onecanseparatelyconsidertwo cases:
all the modelsof � and the onesnot necessarilysatisfying� but satisfying� . Thesaturationbasedtheoremproving has
adoptedthecaseanalysisprinciplein theform of splittingthat
canbe formulatedin the propositionalcaseasthe following
inferencerule: �����������
� �"!

�
�
�����#! �����$� �"!
where � is a setof clauses,%'& and %)( areclauses.Unlike
most of the other inferencerules in saturation-basedtheo-
remproving thatonly modify a setof clausesby addingand
removing someclauses,this rule makestwo setsof clauses
out of one. Now, to refute the original set ���*��%'&+	,%)(-
 ,
onemustseparatelyrefutethe two new sets: �.����% & 
 and�,�/��% ( 
 .

In thepropositionalcase,this rule togetherwith unit reso-
lutiongivesacompleteinferencesystem.Findingarefutation
in this systemcanbe organised,for example,asdepth-first
exploring of branches.After finding a refutationon oneof0
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thesplittingbranches,theprocedurebacktracksandproceeds
with thesecondbranch.In what follows,we call this proce-
dureexplicit caseanalysis. A simpleexampleof a proposi-
tionalderivationwhich combinesthesplitting rule with reso-
lution on branchesis shown in Figure1. Thecurrentsearch
stateis depictedasa tree. The nodescontainclausescom-
mon for all thebranchesbelow them. The clauseor clauses
to whichaninferencerulehasbeenappliedis put in ashaded
box. For a moment,ignorethelabelsof theedges,for exam-
ple 1 & .

In thefirst-ordercasethesplittingrulecanbeformulatedin
thesameway asin thepropositionalcasewith anadditional
restriction:theclauses%2& and %)( do not havecommonvari-
ables. This rule canbe combinedwith inferencerules like
resolutionandparamodulation.Combinedwith someresolu-
tion strategies,it givesdecisionproceduresfor fragmentsof
first-orderlogic (seee.g.[Ferm̈uller et al., 2001]).

The cost of naive backtrackingis very high, since the
clauseset � cancontaintensof thousandsof clauses,soaf-
ter severalsplitsa lot of memoryis neededto storebacktrack
points. Therefore,in practice(the SPASS prover [Weiden-
bachet al., 1999]) explicit caseanalysisis implementedby
addingto eachclauseits split history: the setof splits used
to obtain this clause,representedby an array of bits. The
split history also helps to implement intelligent backtrack-
ing: by analyzingthesplit historyonecancheckwhich splits
have actuallybeenusedto obtaina contradictionon thecur-
rentbranch.Clauseswhich do not belongto thecurrentlyex-
ploited branchareput in a specialwaiting list, andpopped
backfrom thewaiting list uponbacktracking.Therearecom-
plicationscausedby simplificationby unit equalitiesbelong-
ing to a branchwhich canbeillustratedby thefollowing ex-
ample.

Example1.1 Considerthesplit on theleft of thispicture:

...3�4 5#6587:9 �
�
587�9 �

...3�4 5#6587�9 ���
5�7:93�4 9;6

�
3�4 5#6

where % and <�=?> have no commonvariables,<�@A> in the
simplificationorderusedin the proof-search,and BDC <$E is a
clausewith anoccurrenceof < . After thesplit theleft branch
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Figure1: A derivationwith splittingandunit resolution

containstwo clauses<
=X> and BDC <$E , so BDC <"E canbesimpli-
fied andreplacedby BDC >YE , but only on the left branch,since
thereis no clause<Z=[> on theright branch.This meansthatBDC <$E shouldstill bekeptontheright branch,sosimplification
by <R=A> shouldbeimplementedaccordingto theright-hand
sideof thepicture.

To achieve efficiency, moderntheoremprovers maintain
one or more indexeson terms, literals, or clauses. To im-
plementsplitting, maintainanceand retrieval algorithmson
indexesshouldbechanged.Eitheroneshouldhave common
indexesfor all branches,or elseindexesfor thecurrentbranch
only. In theformercase,index retrieval algorithmsshouldbe
changedto take into attentionthesplitting history. In thelat-
ter case,index maintainancealgorithmsshouldbe changed.
In eithercase,a significantamountof work on indexesis re-
quireduponbacktracking.

In general, backtracking in resolution-basedtheorem
proversrequiresa nontrivial implementation.In themodern
saturation-basedtheoremproversfor first-orderlogic, split-
ting with backtrackingis implementedonly in SPASS [Wei-
denbachet al., 1999].

In this report we discussanalternative to theexplicit case
analysiswhichcanbeimplementedin resolution-basedtheo-
rem proverswithout a significantoverhead.We call it split-
ting withoutbacktracking. Theideaof splittingwithoutback-
tracking can be formulatedas follows. Consideragainthe
split of Example1.1, but let us mark the branchesof the
searchtree by literals as follows. We take a new proposi-
tional symbol1 andmarktheleft branchwith 1 andtheright
branchwith \]1 :

...3�4 5W65�7:9 �
�
587:9 �K H K

If thereareseveral splits, we introducea new propositional
symbolfor everysplit. Now, insteadof dealingwith branches,
we simply addto eachclauseon a branchall labelsusedon
thatbranch.Thenthesplit canbedescribedasthefollowing
inferencerulewhich replacesaclauseby two new clauses:

�,�/�^BDC <$E;_W<�=`>I	,%�
�ab�,�D�^BDC <$E;_W<�=c>�	�1d_#%e	�\]1�
gf
It is not hardto arguethat sucha splitting preservesthe un-
satisfiabilityof the setof clauses(we will prove it formally
below). Theeffect of splitting is very similar to theeffect of
the explicit caseanalysis,but branchesareno moreneeded,
sincewe arestill dealingwith just onesetof clauses.The
following simplificationof BDC <$E by <h=i> on the left branch
cannow bedescribedin at leasttwo possibleways:

���/��BDC <$EY_#<�=c>I	R1d_#%e	,\]1M
�a���/��BDC <$EY_#<�=c>I	R1d_#%e	,\]1�_jB/C >YEk	R1�
-l
���/��BDC <$EY_#<�=c>I	R1d_#%e	,\]1M
�a���/��<�=`>I	�1�_W%*	,\]1�_#BDC >YEm	�1�_#BDC <$En	,\]1�
-f

The secondway correspondsto the simplificationof Exam-
ple 1.1, but we preferthe first way becauseit givessimpler
clauses.

We will show thatsplitting without backtrackingcansim-
ulate, in somesense,explicit caseanalysis. Moreover, by
usingvariousselectionfunctionsonecansimulatea parallel
versionof caseanalysis,in which branchesareexploitedsi-
multaneously. Apart from beingeasyto implement,splitting
without backtrackinghas several other advantages:firstly,
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we obtainthe effect of intelligentbacktrackingfor free,and
secondlyo , some simplification rules can move clausesbe-
tweenthebranchesthusavoiding repeatedwork on different
branches.

Thisarticleis organizedasfollows. In Section2 wedefine
somefundamentalnotionsof this paper, for examplethose
of componentandsplit. We alsorecall somenotionsof the
theoryof resolution.In Section3 wediscussseveralversions
of thesplitting rule, namelybinary andhypersplitting, with
or without naming. In Section4 we show how onesimulate
differentstrategiesof splittingby usingappropriateliteral se-
lection functions. In particular, we show how onecansimu-
lateexplicit caseanalysisby usingso-calledblocking exten-
sion of selectionfunctions. An efficient algorithmfor find-
ing the maximal split of a clauseinto componentsis given
in the full versionof this paper. In Section5 we discussthe
clausevarianceproblem: checkingif a clauseis a variantof
anotherclause. We show that the clausevariantproblemis
polynomial-timeequivalentto the graphisomorphismprob-
lem. Finally, in Section6 we discussexperimentscarriedout
with VAMPIRE overa largecollectionof problems.

2 Preliminaries
We assumea fixed signaturep . By q we denotea count-
ablesetof predicatesymbolsof arity r disjoint from p . El-
ementsof q will be denotedby 1 & _s1 ( _�f$f$f andusedasnew
namesfor clausecomponents,or alternatively, asidentifiers
for branches.

Wecall aclauseasetof literals.Sometimesclauseswill be
written asdisjunctionof their literals. We denoteby t�u�vkwsxRy
the set of all variablesoccurring in an expression x (e.g.
clause).For a clause% , theuniversal closure of % , denoted
by zM% , is theformula z]{ & f$f�f|z]{]}k% , where{ & _$f$f�f$_j{~} areall
variablesof % .

2.1 Componentsand splits
Definition 2.1(component) Theclause % is called a com-
ponent of a clause %�	[B if % is nonempty, t�u�vkw;%�yR�t�u�v�wsB�y'=?� and % containsno predicatesymbolsin q . The
component% is calledminimal if no propersubsetof % is a
componentin %�	,B . Thecomponent% is called trivial if B
is a clauseof thesignature q or empty.

Note that every clause B hasat leastone component: the
subsetof B consistingof theliteralsof thesignaturep .

Definition 2.2(split) A split of a clauseB is anyrepresenta-
tion of % as %2&�	�f�f$f�% } 	�B�� , where %'&�_$f�f$f�_#% } aredifferent
componentsof % . Thesplit is trivial if �e=�� and % & is the
trivial componentof B . Thesplit is maximal if % & _�f$f$f�_#%)}
areall theminimalcomponentsof B .

Notethatin themaximalsplit thesubclauseB�� only consists
of the literalsof thesignatureq . Also, it is obvious that the
maximalsplit of a clauseis unique.

2.2 Resolution
Ourtechniquefor implementingsplittingworksin thecontext
of a saturationprocedurefor the calculusof orderedresolu-
tion. For thepurposesof this paperit is enoughto recallonly

the nongroundversionof the orderedresolutionrule itself,
for otherrulesandcalculi seee.g.[BachmairandGanzinger,
2001]. Let @ bea simplificationorderon terms,extendedin
the usualway on literals. We assumethat a selectionfunc-
tion selectin every nonemptyclauseeithera negative literal,
or a subsetof positive literals, and if any positive literal is
selected,thenall maximalw.r.t. @ literals areselectedtoo.
Thenorderedresolutionis thefollowing rule:� 	�% \+��	�Bw�%�	�B�y|� _
where � is a mostgeneralunifier of

�
and � , theatom

�
is

selectedin theclause
� 	�% , theliteral \+� is selectedin the

clause\+�[	�B , andthereis no literal in Bh� greaterthan
� �

in theusedsimplificationordering.

3 Splitting without backtracking
In thissectionweformulateseveralversionsof splittingwith-
out backtrackingandprovetheir soundness.

3.1 Binary splitting
Definition 3.1(binary splitting rule) Let � be a set of
clausesof the signaturep���q , %�	�B be a clausewith a
nontrivial component% , and 1X�Aq be an atomnot occur-
ring in ���*��%*	�B,
 . Then the binary splitting rule is the
following inferencerule:

���/��%*	�B,
�ab�,�D��%�	R1�_jB?	�\]1M
nf (1)

We alsosaythat �D�.��%e	�1�_#BA	,\]1�
 is obtainedfrom �D���%e	�B,
 by binary splitting.

Theorem3.2 Thebinary splitting rule preservessatisfiabil-
ity.

PROOF. Any modelfor ������%�	Z1d_jB?	�\]1M
 is alsoamodel
for ���*��%e	�B,
 since %X	�B is a logical consequenceof%`	�1 and B�	�\]1 . In thereversedirection,a model �A� for������%*	�1d_jBX	,\]1M
 canbe obtainedfrom a model � for�,�/��%e	�B�
 by redefining1 sothat �A��� =�1���\�zI% . �

It followsfrom theproofof Theorem3.2thatthenew pred-
icate symbol 1 introducedby an applicationof the binary
splitting rule (see(1)) canberegardedasa new nameof the
formula \�zI% . This implies an optimizationof binary split-
ting whichallowsoneto reusethenew names.Thisoptimiza-
tion canbeformalizedasfollows.

Definition 3.3(binary splitting with naming) A naming
functionis any function � from thesetof nonemptyclauses
of the signaturep to the set q with the following property:��w;%'&�y�=���w�%)(�y if andonly if %2& is avariantof %)( .

Let � beasetof clausesof thesignaturepD�hq and %�	�B
bea clausewith a nontrivial component% . Let also � bea
namingfunction. Thenthebinary splitting rule with naming
is thefollowing inferencerule:

�,�/��%e	�B,
�a��,�D��%*	���w;%�y�_#B?	�\+��w�%�yW
mf (2)
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Onecanalsoconsidera modificationof the binary splitting
rule with� namingwhereonly thefirst applicationof thesplit-
ting introducestheclause%*	���w;%�y , andall furtherapplica-
tionsof splitting with thesamecomponent% simply replace%�	�B by oneclauseBX	,\+��w;%�y .

Let us give an examplethat illustratesthe differencebe-
tweenthe binary splittingswith andwithout naming. Sup-
posethat we have a set of clauses������%e	�B�&�_#%�	�B
(�

suchthat % is a nontrivial componentin both %X	�B & and%�	�B ( . Usingbinarysplitting,wecanperformthefollowing
derivation:

�,�/��%e	�B & _#%�	�B ( 
�a�,�/��%e	�1 & _#B & 	�\]1 & _W%e	�B ( 
�a�,�/��%e	�1�&�_#B�&+	�\]1I&�_W%e	�1](�_jB�(�	,\]1~(�
gf
Usingbinarysplitting with naming,we canperforma differ-
entderivation(assuming��w�%�y�=�1�& ).

�,�/��%e	�B & _#%e	�B ( 
�a�,�/��%e	�1�&�_#B�&+	�\]1I&�_W%e	�B�(�
�a�,�/��%e	�1�&�_#B�&+	�\]1I&�_#B
(�	�\]1I&�
-f
Preservationof satisfiabilityin thecaseof binarysplitting

with namingis moredifficult to formulate.Wecanonly guar-
anteepreservationof satisfiabilityundersomenaturalcondi-
tions.

Theorem3.4 Let � bean inferencesystemon setsof clauses
with the following properties: every inferencepreservesthe
setof models,i.e. for every inference��a � � in this system,� and � � havethe samemodels.Let �n� be the extensionof� by binary splitting with naming. Thenfor everyderivation��¡�a¢� & a£f�f$f in �n� such that ��¡ is a setof clausesof the
signature p and every ¤R¥¦r , the set �M§ is satisfiableif and
only if sois �I§©¨ & .
PROOF. The proof essentiallyrepeatsthe proof of Theo-
rem 3.2. Take any model � of �I¡ of the signaturep and
defineits extension�A� to thesignaturep��
q asfollows: de-
fine in �A� eachnew predicatesymbol ��w�%�yR��q beequiv-
alentto \�zI% . Thenarguing asin the proof of Theorem3.2
onecanshow that �A� is amodelof each�I§ .

In the conversedirection, note that every �I§ is a logical
consequenceof � §©¨ & . Indeed,when � §©¨ & is obtainedfrom � §
by applyingan inferenceof theoriginal system� , this holds
by our assumption.When �I§ª¨ & is obtainedfrom �I§ by ap-
plying binarysplitting with naming(2), this is alsoobvious,
since � §©¨ & containstheclause%*	���w;%�y . � Note

that this proof canbeeasilyadaptedto the modifiedversion
of splitting. For themodifiedversionin generalit is not true
any morethat �I§©¨ & containsthe clause%«	:��w�%�y , but one
canshow that %�	���w�%�y is a logical consequenceof � §©¨ & .

The conditionson the inferencesystem� arenaturaland
not restrictive. For example,thestandardproofsof complete-
nessin the theory of resolution[Bachmairand Ganzinger,
2001] useinferencesystemswith two kindsof rule: addition
of a clauseimplied by otherclauses,andremoval of a clause
impliedby other(smaller)clauses.It is easyto seethatevery
suchinferencesystempreservesmodels.

3.2 Hyper splitting rule
Similar to thebinarysplitting, we candefinehypersplitting,
in which we split morethanonecomponentoff a clause.

Definition 3.5(hyper splitting rule) Let � be a set of
clausesof thesignaturep¬��q and %2&�	2f$f�fª	8% } 	�B beaclause
with nontrivial components% & _$f$f�f$_W%�} . Let 1 & _$f�f$f$_�1~} be
predicatesymbolsin q occurringin neitherthisclausenor � .
Thenthehypersplitting rule is thefollowing inferencerule:

�,�/��% & 	.f$f$f�	�%)}�	�B,
�a�,�/��%2&+	�1�&�_�f$f�f$_#% } 	�1 } _jB?	,\]1I&+	/f�f$f�	�\]1 } 
-f (3)

Let also � be a namingfunction. Then the hypersplitting
rule with namingis thefollowing inferencerule:�
�
��������­W­W­��
�+®¬� 3 !'¯�
�
��� � �
°�±s� �³²j´ ­#­�­ ´ � ® �R°�±s� ®m²j´

3 �
HM°�±s��� ² ��­W­W­"�
HM°�±s�+® ² !�­ (4)

Hypersplittingcanbeinterpretedasrepeatedlyappliedbi-
nary splitting. One can prove that hyper splitting (with or
without naming)preservessatisfiability in exactly the same
wayasfor binarysplitting.

4 Literal selectionand simulation of explicit
caseanalysis

Sofarweonly consideredsplittingasaninferencerule. Here
we will considersplitting aspartof an inferencesystem.As
the inferencesystemwe considerbinary resolutionwith su-
perpositionand negative selection. We assumea simplifi-
cation orderingin which every literal of the signaturep is
greaterthanany atomin the signatureq . In orderto define
the inferencesystemwe have to definea selectionfunction
on clauses.We will definetwo kindsof selectionfunctions:
blockingandparallel.Both will beobtainedby extendingan
arbitraryselectionfunctionon theclausesof thesignaturep
to theclausesof theextendedsignaturep.��q .

4.1 Blocking extensionof a selectionfunction
Definition 4.1(blocking extension) Let < be any selection
functionon theclausesof thesignaturep . Theblocking ex-
tensionof < is the selectionfunction on the clausesof the
signaturep���q definedas follows. (a) Let B be a clause
containinga negative literal \]1 of the signatureq , thenthe
maximaloneamongsuchliterals is selectedin B . (b) Let B
be a clausecontaininga positive literal 1 of the signatureq
andno negative literals in this signature.Thenthis literal is
selectedonly when1 is themaximalliteral in B . Notethatin
thiscaseB solelyconsistsof positive literalsof thesignatureq .

It is not difficult to prove that we indeedobtaina selection
function,sinceall literalsof thesignatureq arelessthanall
literalsof thesignaturep . Sincewewill usuallyassumesome
selectionfunctionon theclausesof p , we will simply speak
abouttheblocking selectionfunctioninsteadof theblocking
extensionof theselectionfunction.

Now assumethat we areusinga blocking selectionfunc-
tion. Let usalsoassumethateachtime weapplythesplitting
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rule, the newly introducedatom 1 is greaterthanany atom
previouslyµ introducedby splitting. Let us show that the re-
sulting inferencesystemsimulates,to someextent, explicit
caseanalysis.

Considera sequenceof splitsandapplicationsof nonsim-
plifying inferencerules. Let uscall the label of a branchthe
setof all positive literals thatmarkedgesof this branch.We
transformclausesusedin a derivation with splitting as fol-
lows. To eachclause % that appearson a branchwe add
the label ¶ of this branch,obtainingthe clause%[	.¶ . We
canshow thateachnonsimplifyinginferencethatcanbeper-
formedonabranch,canalsobeperformedonthetransformed
clauses.For simplicity, we only considertheresolutionrule.

Let
� & 	.B & and \ � ( 	.B ( be two clausesin which

� &
and \ � ( areselected,� bea mostgeneralunifier of

� & and� ( , andno literal in B & � is greaterthan
� & � . Thenwe can

applya resolutioninferenceasfollows.� & 	�B & \ � ( 	�B (B�&���	�B�("� f
Let ¶ & and ¶ ( bethe labelsof thebranchesof

� & 	�B & and\ � (�	�B�( respectively. Thenthecorrespondingtransformed
clauseswill be

� &)	DB�&)	D¶ & and \ � (2	/B
(2	/¶d( . By our
definitionof a blockingselectionfunctionandtheorder @ it
is not hardto arguethat

� & and \ � ( will be selectedin the
transformedclausesandthatnoliteral in B�&��I	�¶ &"� is greater
than

� & � . Therefore,wecanapplytherule� & 	�B & 	�¶ & \ � ( 	�B ( 	�¶ (B & ��	�B ( �¬	�¶ & 	�¶ ( f
It is nothardto arguethat ¶ & 	�¶ ( is thelabelof thecommon
branchfor

� & 	�B & and \ � ( 	�B ( .
It is interestingto observe what happensto the literals

which do not belong to the currently investigatedbranch.
Suppose,for, simplicity, that we areworking with the left-
mostbranchlabelledby 1 & 	�f$f�f·	'1~} . Thenall clauseswhich
arenot on thecurrentbranchcontaina negative literal of the
signatureq , which by our choiceof the selectionfunction,
will beselected.Takeany suchclause,for example,\]1~}+	�B .
Theonly inferencerule we canapplyto this clauseis resolu-
tion with aclause1 } 	�¶ , where1 } is greaterthanany literal
of ¶ . But we canobtainsucha clauseonly whentheempty
clauseis obtainedon theleftmostbranchlabelledby 1]}�	�¶ ,
so \]1~}]	 B will beblockedfor inferencesuntil acontradiction
on theleftmostbranchis obtained.As soonassucha contra-
diction is obtained,wecan“unblock” theclause\]1~}¸	�B by
resolvingit against1]}�	�¶ andobtainingB?	�¶ .

Thus, we obtain a nearly completecorrespondencebe-
tweensearchstatesof the explicit caseanalysisandthesys-
tem with the binary splitting without backtracking.It is not
anexactcorrespondencefor several reasons.Firstly, simpli-
fication rules behave in a slightly differentway. Secondly,
splitsdoneby splittingwithoutbacktrackingoftendonot be-
long to particularbranches,but are“shared”acrossdifferent
branches.To explainthiseffect,weshow in Figure2 aderiva-
tion usingbinary splitting anda blocking selectionfunction
whichcorrespondsto thederivationof Figure1. We preserve
thesameenumerationof inferencesasin thatfigure. If a lit-
eralin thenew signatureq is selected,weput it in front of the

clause,for example \]1 & 	�� meansthat \]1 & is selected.For
simplicity, we removesubsumedclausesandpureliterals.

After inference7 of thederivationusingexplicit caseanal-
ysis,we have a copy of theclause\ � 	/\+� which wasput
on theright branch,afterwe performeda split on this clause
ontheleft branch.In thederivationusingbinarysplitting, the
split of \ � 	�\+� into \ � 	
1 ( and \]1 ( 	�\+� remainseven
whenwefinishworking on theleft branch.

4.2 Parallel extensionof a selectionfunction
Definition 4.2(parallel extension) Let < be any selection
function on the clausesof the signaturep . The parallel ex-
tensionof < is a selectionfunction <^� on the clausesof the
signaturep���q definedasfollows. Let B bea clauseof the
form B��#	�¶ , whereB�� is aclauseof thesignaturep and ¶ is
a clauseof thesignatureq . If B�� is not empty, then <^� selects
in B��n	,¶ exactly thesameliteralsas < selectsin B�� . WhenB�� is empty, themaximalliteral from ¶ is selected.

In otherwords,theparallelextensionalwaysmakestheselec-
tion in a clauseB ignoringtheliteralsof B�� of thesignatureq .

Again, it is not difficult to prove that we indeedobtain
a selectionfunction, sinceall literals of the signatureq are
lessthanall literalsof thesignaturep . We will simply speak
abouta parallel selectionfunctioninsteadof theparallelex-
tensionof aselectionfunction.

A parallelselectionfunctionignoresthesplittinghistoryof
clausecompletely, andthusgivestheeffectof parallelsearch
on all branches.

4.3 Subsumptionresolutionand splitting
Oneof theseriousadvantagesof splittingwithout backtrack-
ing is that it can be productively combinedwith the sim-
plification rule calledsubsumptionresolution[Bachmairand
Ganzinger, 2001]. Essentially, subsumptionresolutionis a
specialcaseof binary resolutionthat guaranteesthat the re-
solvent subsumesoneof the parents. We say that a clauseB�& subsumesaclauseB
( if thereexistsasubstitution¹ such
that B & ¹�º«B ( . It is known thatclausessubsumedby other
clausescanberemovedfrom thesearchspace.

Subsumptionresolutionis the following inferencerule on
setsof clauses:

�,�/� � & 	�B & _W\ � ( 	�B ( 
�ab���/� � & 	�B & _jB ( 
�,�/��\ � &�	�B�&�_ � (�	�B�(�
�ab���/��\ � & 	�B�&^_jB�(�

wherethereexistsa substitution¹ suchthat

� &�¹*= � ( andB�&�¹iº»B
( . The rule is calledsubsumptionresolutionbe-
causeof its resemblanceto subsumption:this rule is applica-
bleif andonly if

� & 	�B & subsumes
� ( 	�B ( . Thussubsump-

tion algorithmscanbemodifiedfor findingpairsof clausesto
which subsumptionresolutionis applicable.

Sincesubsumptionresolutionis a simplificationrule (the
clause\ � (�	�B�( or

� (8	�B�( is replacedby a smallerclauseB ( ), it canbeappliedindependentlyof theselectionfunction
or orderon literals.

Subsumptionresolutioncombinedwith splitting cangive
the following effect: literals canbe moved acrossdifferent
branches.For example,considertwo clauses%�	
1 and B�	
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F �RGF ��HIGH F �RGH F ��HMG J
F �
HIGH F ��GH F �
HIGF � K �H K � �RG

L
F �
HIGH F �RGF � K �H K � ��GH F � K �H K � ��HIG

N

F ��HMGH F ��GF � K �H K ���RGH F � K �H K �M��HIG
K ��� K �

P
F �
HIGH F ��G
F � K �H K � ��GH F � K �H K �M��HIGK � � K �HIG�� K �

Q

F ��HIGH F �RGF � K �H K � ��GH F � K �H K �M��HIGK ��� K �HIG�� K �G�� K �
S

F �
HIGH F ��GH K � �RGH F � K �H K ���
HMGK �
T F �
HIGH F � K �H K � ��HIGG U VWVWV

Figure2: A derivationusingbinarysplittingandblockingselection

\]1 suchthat % subsumesB . In explicit caseanalysis,these
clauseswouldbelongto two differentbranches,because%
	�1
shouldbeon the left branchof splitting on 1 , while Bi	/\]1
on the right branch. If we usesubsumptionresolution,we
canreplaceB¼	�\]1 by the clauseB , which correspondsto
moving B from theright branchto thetop.

Theeffectof subsumptionresolutionis evenstrongerwhen% is avariantof B or coincideswith B . Thenwe obtaintwo
clauses%�	�1 and %*	,\]1 , which by subsumptionresolution
followedby subsumptionwill bereplacedby % . Thishasthe
effectof notingthat % belongsto two differentbranches,and
putting it on top and can save a lot of resourcescompared
to explicit caseanalysis. Splitting with backtrackingwould
repeatinferenceswith % on differentbranches.

Let usshow thatsubsumptionresolutionandsplitting can,
in somecases,give the effect of condensinga clause.Con-
densingis definedin [Joyner, Jr., 1976]. A clauseB�� is saidto
beobtainedfrom a clauseB by condensingif B�� is a proper
subsetof B and B subsumesB�� .
Example4.3 Let %�C¾½{¿E bea clausewith variablesin ½{ and ½À
be a sequenceof variablesdisjoint from ½{ . Then %�C�½À E is a
variantof %�Cs½{¿E . Considertheclause%�C¾½{~E^	
%�Cs½À E . Thisclause
canbecondensedinto %�C¾½{~E . Binarysplittingwill replacethis
clauseby two clauses%�Cs½{¿E�	¬1 and %�C�½À E^	
\]1�f Application
of subsumptionresolutionto theseclausesyields the clause%�Cs½{¿E which subsumeseachof theseclauses. Thus, binary
splitting andsubsumptionresolutionin this examplegive the
effectof condensing.

5 Complexity of splitting with naming
To implementsplitting with naming,it is requiredto check
whethera componentis a variantof anothercomponent.In
thissectionweprovethatthecomplexity of checkingwhether
one clauseis a variant of anotherone is polynomial-time
equivalentto thegraphisomorphismproblem.

Definition 5.1(clausevarianceproblem) Clause variance
is thefollowing decisionproblem.An instanceof this prob-
lem is a pair of clausesw;%'&�_#%)(�y . Theansweris “yes” if %'&
is a variantof % ( .

Theorem5.2 The clausevariance problem is polynomial-
timeequivalentto thegraphisomorphismproblem.

Theproof is givenin thefull versionof this paper.
More generally, in practicewe have to checkwhethera

given component% is a variantof a componentin a setof
components� . In VAMPIRE we implementthis many-to-one
clausevariancecheckusingthecodetreeindexing described
in [Voronkov, 1995;Riazanov andVoronkov, 2000b]. Code
treesareusedin theimplementationof many-to-oneforward
subsumption,it is not hardto modify themto implementthe
many-to-oneclausevariance.

6 Experimental results
We implementedseveralversionssplittingwith backtracking
in the new versionof VAMPIRE [Riazanov and Voronkov,
2001]. In this sectionwe presentexperimentalresultsover
4658nonunitclauseform problems.Of theseproblems,2820
problemscomefrom theTPTPlibrary [Sutcliffe andSuttner,
1998] and1838problemsfrom the experimentsin list soft-
warereusedescribedin [SchumannandFischer, 1997]. Of
the4658problems3300containequality. For problemswith
equality, in additionto splitting without backtrackingwe im-
plementedthebranch rewriting rule which replacesa clause%�C <�¹]E�	�¶ by a clause %�C >·¹]E�	�¶ , if a clause <�=Á>8	�¶��
with ¶���ºc¶ is present.Theeffect of this simplificationrule
is similar to theeffect of simplificationby unit equalitieson
a splitting branchin an explicit caseanalysisprocedure.To
supportour viewpoint thatwe describea “cheap”implemen-
tationof rewriting, we notethatbranchrewriting wasimple-
mentedin lessthan3 hours.

We presentthe results for problems with and without
equalityseparately. For all problemswe usedthe sameal-
gorithmbasedonthelimited resourcestrategy [Riazanov and
Voronkov, 2000a] andthesameselectionfunction.Thisalgo-
rithm andselectionfunctionwerechosenbecausethey exper-
imentally proved to be superiorto otheralgorithmsandse-
lectionfunctionswhensplittingwasnot used.Whenrunning
VAMPIRE with splitting,we usedthefollowing parameters:

1. Hypersplitting with a Parallelselectionfunction(P) vs.
binarysplittingwith no selection.
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no 166:11220:7227:12256:6 280:4 300:1 359:3 388:3
PNR 94:3675:15125:30130:9 153:9215:14241:11
NR 71:69 43:6 121:58127:41147:4 175:3
PN 95:60111:50104:20180:39198:28
N 98:72101:52115:9 143:8
PR 68:45118:38144:35
P 110:53130:44
R 37:8

PNR NR PN N PR P R

Figure3: Resultson problemswith equality

PN 65:3 74:11 76:0 80:1
N 14:13 16:2 18:1
no 19:6 21:5
P 10:7

N no P

Figure4: Resultson problemswithout equality

2. Naming(N) vs.nonaming.

3. BranchRewriting (R) vs.no branchrewriting.

We will usecombinationsof the threelettersP, N, R, to de-
notedifferentstrategiesusedin the experiments.For exam-
ple,PRmeansthattheParallelversionwith branchRewriting
but no namingwasused.We use“no” to denotethestrategy
thatusesno splittingat all, and Â thestrategy thatusessplit-
ting without P,R, and N, i.e. simple binary splitting with a
blockingselectionfunction.

We used a Linux-running PC with 256M RAM and a
400MHz Intel III processor. For all problemswe usedthe
time limit of 1 minute.Thechosenstrategy without splitting
solves3091problems.Thetotal numberof problemssolved
with or without splitting is 3189. So with splitting, VAM-
PIRE couldsolve 98 problemsthatcouldnot besolvedwith-
out splitting. Of these98 problems,77 arewithout equality
and21 with equality. Figures3 and4 show thecomparative
behavior of variousstrategiesdependingonthesettingsof the
parametersP, N, R onproblemswith andwithoutequality, re-
spectively. The pair �d&�Ã��M( in a row labelledby a strategy� & andthecolumnlabelledby a strategy � ( meansthatthere
were � & problemssolvedby � & but not solvedby � ( and � (
problemssolved by � ( but not solved by � & . For example
NR (Naming+ branchRewriting) could solve 71 problems
with equalitynotsolvedby PN(Parallelselection+ Naming),
while PNcouldsolve69problemswith equalitynotsolvedby
NR.

The following conclusioncan be derived from thesere-
sults:

1. On problemswith equality, VAMPIRE with any version
of splitting is on the averageweaker than VAMPIRE
without splitting, while on problemswithout equalityit
is on theaveragestronger.

2. Eachof the following settings: naming,parallel split-
ting, andbranchrewriting improvetheresults,by far the
strongestoneis naming.

We believe thattheperformanceof splittingwithout back-
trackingcanbeconsiderablyimproved,but optimizedimple-
mentation,moreexperiments,andinsightsin thebehavior of
splittingarerequired.
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de Guzḿan, G. Brewka, and L.M. Pereira,editors, Logics in
Artificial Intelligence. EuropeanWorkshop,JELIA 2000, volume
1919of Lecture Notesin Artificial Intelligence, pages209–223,
Málaga,Spain,2000.SpringerVerlag.

[Riazanov andVoronkov, 2001] A. Riazanov and A. Voronkov.
Vampire1.1 (systemdescription). Siena,Italy, June2001. Ac-
ceptedto IJCAR2001.

[SchumannandFischer, 1997] J. Schumann and B. Fischer.
NORA/HAMMR: Making deduction-basedsoftwarecomponent
retrieval practical. In Proc. AutomatedSoftware Engineering
(ASE-97), pages246–254,Lake Tahoe,November1997. IEEE
ComputerSocietyPress.

[Sutcliffe andSuttner, 1998] G.Sutcliffe andC. Suttner. TheTPTP
problemlibrary — CNF releasev. 1.2.1. Journal of Automated
Reasoning, 21(2),1998.

[Voronkov, 1995] A. Voronkov. The anatomyof Vampire: Imple-
mentingbottom-upprocedureswith codetrees.Journal of Auto-
matedReasoning, 15(2):237–265,1995.

[Weidenbachet al., 1999] C.Weidenbach,B. Afshordel,U. Brahm,
C. Cohrs,T. Engel,E. Keen,C. Theobalt,andD. Topic. System
description:SPASS version1.0.0. In H. Ganzinger, editor, Auto-
matedDeduction—CADE-16.16th InternationalConferenceon
AutomatedDeduction, volume1632of LectureNotesin Artificial
Intelligence, pages378–382,Trento,Italy, July1999.

617LOGIC PROGRAMMING AND THEOREM PROVING


