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Abstract

Theexisting proof-theoreticandsoftwaretools for
nonmonotonicreasoningcanonly handlefinite do-
mains.In thispaperwe introduceaclassof normal
logic programs,called finitary programs, whose
domain may be infinite, and such that credulous
and skeptical entailmentunder the stablemodel
semanticsare computable. Finitary programs—
that are characterizedby two conditionson their
dependency graph—arecomputationallycomplete
(they cansimulatearbitraryTuringmachines).Fur-
therresultsincludea compactnesstheoremandthe
proof that thetwo conditionsdefiningfinitary pro-
gramsare, in somesense,“minimal”. The exist-
ing methodsfor automatednonmonotonicreason-
ing areeithercompletefor finitary programs,or can
beeasilyextendedto cover them.

1 Intr oduction
There is a complexity gap betweenpropositionaland first-
ordernon-monotonictheories. Finite propositionaltheories
aredecidable(asin first-orderlogic), while theconsequences
of first-ordertheoriesarenot recursively enumerable,in gen-
eral. A computationallycomplete(Turing-equivalent)layer
is missing betweenthe two classesof theories. For this
reason,most of the researchon automatedreasoningand
proof-theoryfor nonmonotoniclogics hasbeenfocussedon
finite propositionaltheoriesor equivalent formalisms,such
as function-free logic programs. In this way, the ability
of reasoningaboutrecursive datastructuresandinfinite do-
mains (such as lists, trees,XML/HTML documents,time,
and so on) is completelylost. This is a strong limitation,
both for standardtasks—suchasreasoningaboutactionand
changewhentime is explicitly represented—andfor emerg-
ing applications—suchas using XML documentbasesas
knowledgebases.

Of course,theremayexist interesting,semi-decidablefrag-
mentsof first-ordernonmonotoniclogics. For example,in
somecases,thesecond-ordercircumscriptionformulacanbe
expressedasafinite first-orderformula.Similarexamplesare
missingsofar for Default Logic andAutoepistemicLogic.

Normal logic programsunderthe stablemodelsemantics
canbe regardedasa fragmentof both logics. In this paper

we introducea Turing-equivalentclassof programs,called
finitary programs,thatopenstheway to effectivedefault and
autoepistemicreasoningabout infinite domains. The main
theoreticalfeaturesof finitary programsarethefollowing:� Their domainmaybeinfinite.� Nonthelessboth credulousandskeptical reasoningare

semi-decidable.Groundqueriesaredecidable.� A form of compactnessholds.� Finitary programsare computationallycomplete, i.e.
eachTuring machinecanbesimulatedby somefinitary
program.� Finitaryprogramsaredefinedby two conditionsontheir
dependency graph,thatareminimal, in thesensethat if
any conditionweredropped,thensemi-decidabilityand
compactnesswould notbeguaranteedanymore.

The paper is organizedas follows: after a few technical
preliminaries(Section2), we characterizethe subprogram
neededto reasonaboutagivengroundformula

�
(Section3).

Then we introducefinitary programs(Section4) andstudy
their theoreticalpropertiesandexpressiveness.In Section5,
the completenessproof for the skeptical resolutioncalcu-
lus introducedin [Bonatti, 1997] (originally formulatedfor
function-freeprograms)is extendedto all finitary programs
anda generalizationthereof(almostfinitary programs). Af-
ter a brief sketchof how existing credulousreasonerscanbe
extendedto finitary programs(Section6), weconcludewith a
discussionof theresultsandrelatedwork. Someof theproofs
areomitteddueto spacelimitations.

2 Preliminaries
We assumethereaderto befamiliar with theclassicaltheory
of logic programming[Lloyd, 1984]. Normallogic programs
(hereaftercalledsimply “programs”)aresetsof rulesof the
form �������
	��
����	���� ( ����� ) suchthat � is a logical atom
andeach��� ( ������	
������� ) is a literal. As usualby “head”and
“body” of sucha rule we mean � and � � 	
�����
	�� � , respec-
tively. A programis positive if it containsno occurrences
of  . The groundinstantiationof a program ! is denoted
by "�#�$&%('*),+-!/. . TheGelfond-Lifschitz transformation!10 of
program ! w.r.t. an Herbrandinterpretation2 (represented,
asusualasa setof groundatoms)is obtainedby removing
from "3#�$&%('4)*+5!/. all the rules containinga negative literal
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 76 suchthat 698�2 , andby removing from the remaining
rules: all negative literals. An interpretation; is a stable
modelof ! if ; is theleastHerbrandmodelof !/< . A for-
mula

�
is credulously(resp.skeptically) entailedby ! if f

�
is satisfiedby some(resp.each)stablemodelof ! .

The dependencygraph of a program ! is a labelleddi-
rectedgraphwhoseverticesarethegroundatomsof ! ’s lan-
guage.Moreover, i) thereexistsanedgefrom 6 to � if f there
is a rule =>8?"3#�$&%('4)@+-!/. with � in the headandan occur-
renceof 6 in the body; ii) suchedgeis labelled“negative”
if 6 occursin thescopeof  , and“positive” otherwise.An
atom � dependspositively (resp.negatively) on 6 if thereis
adirectedpathfrom 6 to � in thedependency graphwith an
even(resp.odd)numberof negativeedges.A programis call-
consistentif no atomdependsnegatively on itself. By odd-
cyclewe meana cycle in thedependency graphwith anodd
numberof negative edges. Call-consistency coincideswith
theabsenceof odd-cycles.Everycall-consistentprogramhas
at leastonestablemodel[Dung,1992].

In thecontext of normallogic programs,a splitting setfor
a program ! [Lifschitz andTurner, 1994] is a setof atomsA

containingall theatomsoccurringin thebodyof any rule=�8B"�#�$C%('4),+5!/. whoseheadis in
A

. The setof rules =�8"�#�$&%('*),+-!/. whoseheadis in
A

—calledthe “bottom” of !
w.r.t.

A
—will bedenotedby D
E3+-!/. . By F&E3+5!�	�2G. we denote

the following partial evaluationof ! w.r.t. 2IH A : remove
from "3#�$&%('4)*+5!/. eachrule ���J� � 	����
��	�� � suchthatsome� � containingan atomof

A
is falsein 2 , andremove from

theremainingrulesall the � � containingamemberof
A

. The
following is aspecializationto normalprogramsof aresultin
[Lifschitz andTurner, 1994].

Theorem2.1(Splitting theorem) Let
A

be a splitting set
for a normal logic program ! . An interpretation ; is a sta-
blemodelof ! iff ;K��LIMN2 , where

1. 2 is a stablemodelof D�EO+-!/. , and

2. L is a stablemodelof FCE�+5!QP�D
E3+-!/.R	�2S. .
3 Relevant subprograms
Thissectioncontainsthebasictechnicalresultsneededto in-
vestigatedecidabilityandundecidabilityissues.Theseresults
prove that a certainstrict subsetof "�#�$C%('4),+5!/. suffices to
decidecredulousandskepticalentailment. Intuitively, all is
neededfor inferenceare the rulesaffecting the behavior of
odd-cycles(which may generateinconsistenciesin the form
of instability) andthe definitionsof the predicateson which
thegivengoal

�
depends.

Definition 3.1 [Relevantuniverseandsubprogram]The rel-
evant universe for a groundformula

�
(w.r.t. program ! ),

denotedby TU+-!�	 � . , is the setof all groundatoms � such
thatthedependency graphof ! containsa pathfrom � to an
atomoccurringeitherin

�
or in someodd-cycleof thegraph.

The relevant subprogram for a ground formula
�

(w.r.t
program ! ), denotedby VU+-!�	 � . , is the set of all rules in"�#�$&%('*),+-!/. whoseheadbelongsto TW+5!�	 � . .
Example3.2 Consider the program ! consisting of the
rules:

X +5Y7+[Z>.�.\� X +[Z].^	�_(+[Z>._(+-Z].\�J`S+[Z].a +-b(.\�J a +-b(.c +[Z].d� X +[Z].
andlet

� � X +eY7+-b(.�. . Here

TW+-!�	 � .f� g X +5Y7+5bG.�.R	 X +-b(.^	�_(+-b(.^	�`S+-b(.R	 a +5b(.4hi	
VU+-!�	 � .f� g1+ X +5Y7+-b(.�.\� X +5bG.^	�_(+5bG.�.R	O+-_(+5b(.��J`S+-b(.�.^	

+ a +5b(.\�j a +-b(.�.Rh��

Note that for all rules =]8k"�#�$C%('4)*+-!/. , if the headof = be-
longsto TW+-!�	 � . thenalsoall theotheratomsin = belongtoTW+5!�	 � . . Thenext propositionfollowseasily.

Proposition3.3 TW+5!�	 � . is a splitting set for "�#�$&%('*),+-!/. ,
and VU+-!�	 � . coincideswith D(lnmporq s@tu+-!/. .

Now thebasictechnicalresultscanbeproved.

Lemma 3.4 For all groundformulae
�

, VU+-!�	 � . hasa sta-
ble model ; s iff ! hasa stablemodel ; such that ;vHTW+5!�	 � .\�w; s .

Proof. (“If ” part) Suppose; is a stable model of ! .
By Proposition3.3, TW+-!�	 � . is a splitting set for ! andVU+-!�	 � .w�xD(lnmporq s@tu+-!/. . Then, by the splitting theorem
[Lifschitz andTurner, 1994], thereexist a stablemodel 2 ofVU+-!�	 � . , anda stablemodel L of F*lnmporq s@tR+5!wPyVU+-!�	 � .R	�2S. ,
suchthat ;K��2�MzL . By definition,noatomin TW+5!�	 � . oc-
cursin F*lnmporq s@tR+-!{PnVU+-!�	 � .^	�2G. , thereforeL|H>TW+5!�	 � .\�w} .
It follows that ;~HwTU+-!�	 � .y��2 , andhence;~H�TW+-!�	 � .
is a stablemodelof VU+-!�	 � . .

(“Only if ” part) Suppose VU+5!�	 � . has a stable model; s . By definition, all the atoms occurring in an odd-
cycle belong to TW+-!�	 � . . Consequently, the dependency
graphof F*l�m�o�q s�t�+5!�P4VU+-!�	 � .R	�2G. containsnoodd-cycles,i.e.
F*lnmporq s@tu+-!�POVU+-!�	 � .R	�2S. is call-consistent.Then,by a well-
known resultin [Dung,1992], F*l�m�o�q s�tR+-!{PnVW+5!�	 � .^	�2G. hasa
stablemodel L . Let ;���LUM�; s . By thesplitting theorem,
theinterpretation; is a stablemodelof ! . Moreover, sinceL�H�TW+5!�	 � .���} (cf. point 1), ;�H�TW+-!�	 � .���; s .

Theorem3.5 For all groundformulae
�

,

1. ! credulouslyentails
�

iff VW+5!�	 � . does.

2. ! skepticallyentails
�

iff VW+5!�	 � . does.

Proof. if ! credulouslyentails
�

, then thereexists a sta-
ble model ; of ! such that ; � � �

. By Lemma 3.4,;jH�TW+-!�	 � . is astablemodelof VU+-!�	 � . . Moreover, since
by definition TW+5!�	 � . containsall theatomsoccurringin

�
,�

musthave the sametruth valuein ; and ;�H�TU+-!�	 � . ,
andhence;�H�TU+-!�	 � .�� � � . As a consequenceVU+-!�	 � .
credulouslyentails

�
.

Conversely, supposethat VW+5!�	 � . credulouslyentails
�

.
Then thereexists a stablemodel ; s of VU+-!�	 � . suchthat; s � � �

. By Lemma3.4, ! hasa stablemodel ; such
that ;�H]TU+-!�	 � .\�w; s . Thenthemodels; and ; s must
agreeonthevaluationof

�
(cf. the“only if ” partof theproof)

andhence;�� � � , which meansthat ! credulouslyentails�
. This completestheproof of 1).
To prove2), we demonstratetheequivalentstatement:
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! doesnotskepticallyentail
�

iff VU+5!�	 � . doesnot
skepticallyentail

�
.

This statementis equivalent to: ! credulouslyentails  �
if f VU+-!�	 � . credulouslyentails � , thatfollowsimmediately
from 1).

4 Finitary programs
Now we introducea classof programswhoseconsequences
arerecursively enumerable,althoughtheirdomainmaybein-
finite.

Definition 4.1 [Finitary programs]We say a program ! is
finitary if thefollowing conditionshold:

1. For eachnode � of thedependency graphof ! , theset
of all nodes6 suchthat � depends(eitherpositively or
negatively) on 6 is finite.

2. Only a finite numberof nodesof thedependency graph
of ! occursin anodd-cycle.

For example,mostclassicalprogramsonrecursivedatastruc-
turessuchas lists and trees(e.g. predicatesmember, ap-
pend, reverse) satisfy the first condition. In thesepro-
grams,thetermsoccurringin thebodyof a rule occuralsoin
thehead,typically asstrictsubtermsof thehead’sarguments.
ThispropertyclearlyentailsCondition1.

The secondcondition is satisfiedby most of the pro-
gramsusedfor embeddingNP-hardproblemsinto logic pro-
grams[Cholewiński et al., 1995; Eiter and Gottlob, 1993;
Gottlob,1992]. Suchprogramscanbe(re)formulatedby us-
ing a singleodd cycle involving oneatom X anddefinedby
simplerulessuchas X �K X and X �KY4	� X (if X doesnot
occurelsewhere,then Y canbe usedasthe logical constant
falsein therestof theprogram).

An exampleof finitary programwithout odd-cyclesis il-
lustratedin Figure 1. It credulouslyentailsa groundgoal� +[��. if f � encodesa satisfiableformula. By adding rule� �� � +p�4.^	r � we obtain anotherfinitary programwith
one odd-cycle, suchthat � +-��. is skeptically entailedif f the
formulaencodedby � is a logical consequenceof theoneen-
codedby Y .

The following propositionfollows straightforwardly from
thedefinitionsof TU+-!�	��/. , VU+-!�	��/. andfinitary programs.It
will beneededto provecomputabilityresults.

Proposition4.2 If ! is finitary then,for all groundgoals � ,TW+5!�	��/. and VU+-!�	��/. arefinite.

4.1 Compactness
In classicalfirst-orderlogic, an infinite setof formulaeis in-
consistentif f it containsaninconsistentfinite subset.A simi-
lar property—thatin generaldoesnotapplyto nonmonotonic
logics—isenjoyedby finitary programs,too.

Definition 4.3 An unstablekernel for a program! is a sub-
set � of "�#�$&%('*),+-!/. with thefollowing properties:

1. � is downward closed, that is, for eachatom � occur-
ring in � , � containsall the rules =�8j"�#�$C%('4),+5!/.
whoseheadis � .

2. � hasnostablemodels.

Theorem4.4(Compactness)A finitary program ! has no
stablemodelsiff it hasa finite unstablekernel.

Proof. Let � beany groundatomin thelanguageof ! . From
Lemma3.4,it followsthat ! hasnostablemodelsif f VU+-!�	��/.
hasno stablemodels.Clearly, VW+5!�	��/. is downwardclosed
by definition. Moreover, by Proposition4.2, VU+5!�	��/. is fi-
nite. Therefore! hasno stablemodelsif f VW+5!�	��/. is afinite
unstablekernelof ! .

4.2 Decidability and semi-decidability of inference
Hereafterwe focuson thecomplexity of inferencewithin the
classof finitary programs.This subsectiondealswith upper
bounds. We start with the proof that, for all groundgoals,
bothcredulousandskepticalinferencearedecidable.

Theorem4.5 For all finitary programs ! andgroundgoals� , both the problemof decidingwhether � is a credulous
consequenceof ! andtheproblemof decidingwhether� is
a skepticalconsequenceof ! are decidable.

Proof. By Theorem3.5, � is a credulous(resp.skeptical)
consequenceof ! if f � is acredulous(resp.skeptical)conse-
quenceof VU+-!�	��/. . Moreover, by Proposition4.2, VU+-!�	��/.
is finite, so the setof its stablemodelscanbe computedin
finite time. It follows that the inferenceproblemsfor ! and� arebothdecidable.

It follows easilythat existentially quantifiedgoalsaresemi-
decidable.

Theorem4.6 For all finitary programs ! and all goals � ,
boththeproblemof decidingwhether�(� is a credulouscon-
sequenceof ! and theproblemof decidingwhether�(� is a
skepticalconsequenceof ! aresemi-decidable.

Proof. The formula ��� is credulously(res.skeptically) en-
tailedby ! if f thereexistsagroundingsubstitution� suchthat��� is credulously(res.skeptically)entailedby ! . Thelatter
problemis decidable(by Theorem4.5), andall grounding�
for � canberecursivelyenumerated,soexistentialentailment
canbereducedto a potentiallyinfinite recursivesequenceof
decidabletests,that terminatesif andonly if some��� is en-
tailed.

Weshallseein thefollowingsectionthatthisis astrictbound,
i.e. existential entailmentcan be undecidable(cf. Corol-
lary 4.11).

4.3 Minimality and expressiveness
Next wefocusonlowerboundsto thecomplexity of inference
for theclassof finitary programsandrelaxationsthereof.The
next two resultsshow that both of the conditionsin Defini-
tion 4.1arenecessaryfor semi-decidability, i.e.Definition4.1
is in somesenseminimal.

Proposition4.7 Credulousand skeptical inferenceare not
semi-decidablefor the classof all programssatisfyingCon-
dition 2 of Definition4.1.

Proof. Note that locally stratifiedprogramstrivially satisfy
Condition2 of Definition4.1while someof themmayviolate
Condition1. For locally stratifiedprograms,credulousand
skeptical inferencecoincidewith the well-foundedseman-
tics [GelfondandLifschitz, 1988] andarenotsemi-decidable
[Schlipf,1990], sothepropositionimmediatelyfollows.
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� +e���(�*+-�4	���.�.d� � +[��.R	 � +[��.� +e� �*+-�*	���.�.d� � +-�(.� +e� �*+-�*	���.�.d� � +-�(.� +[����¡,+-�(.�.\�x � +-��.

� +-¢(.d�¤£*¥¦£�§�¥��,+-¢4	
¨ ©,	�ªr	��*	 �¦« .^	S n� � +[¢�.
� � +[¢�.d�¤£*¥¦£�§�¥ �,+[¢*	
¨ ©,	�ª4	��4	 �¦« .^	  � +[¢�.
£*¥¦£�§�¥��,+-¢4	
¨ ¢@� ¬ « .
£*¥¦£�§�¥��,+-¢4	
¨ ­�� ¬ « .��¤£*¥
£�§�¥ �,+[¢*	�¬(.

Figure1: A finitary programfor SAT

The other lower-boundresultsarebasedon positive pro-
gramsthatdecidewhetheragivenTuringmachineterminates
usingafixedportionof its tape.

Let ® be an arbitrary Turing machine;let ¯ and ° be® ’ssetof statesandvocabulary, respectively. Recallthatthe
actionsof ® aredefinedby 5-tuples ±�` 	�²4	�²G³e	�`
³5	�´¶µ , where` and ² are the currentstateandsymbol, respectively, ²G³ is
thesymbolto beoverwrittenon ² , `
³ is thenext state,and ´
specifies® ’s headmovement.

Considerthepositiveprogram!�· in Figure2. Thereader
mayeasilyverify that ¡,+¹¸�	�¬4	�º*	�»(. is entailedby ! · if f there
exists a finite computationof ® , startingfrom a configura-
tion with statè andtapedescribedby ¬4	�º*	�» , andusingonly
thefinite portionof tapecorrespondingto ¬4	�º*	�» . Here ¬ is a
list representingafinite portionof thetapeon theleft of ® ’s
head,in reverseorder; º is the currentsymbol; » is a (non
reversed)finite portionof thetapeon theright of ® ’s head.

Program ! · satisfiesCondition1 of Definition 4.1. To
provethis,notethattherecursivecallsto predicate¡ preserve
thelength ¼ of theportionof tapeencodedin thehead.There-
fore, for eachgroundatom ¡,+5` 	�½¹	�²4	�=C. , thenumberof atoms¡,+5`
³5	�½-³5	�²G³5	�=&³¾. connectedto ¡,+e`�	�½¹	�²r	�=&. by a directedpathin
thedependency graphis boundedby � ¯y�¦¿ � °À� Á .

The next two resultsare basedon ! · andprove that if
Condition2 in Definition 4.1 weredropped,then inference
would not be semi-decidableanymore. More precisely, the
theoremssay that someinferenceswould be ascomplex as
decidingtheterminationof anarbitraryTuringmachine.

Theorem4.8 For each Turing machine ® with initial state` andtape Â with non-blankportion ±�²&Ã�	�² � 	��
����	�² � µ , a pro-
gram ! �· anda goal � canberecursivelyconstructed,such
that ! �· satisfiesonlyCondition1 in Definition4.1,and ! �·
skepticallyentails � iff ® terminates.

Proof. (Sketch)Let ! �· consistof the programdefinedin
Figure2 plustherules

Ä +5¬4	�»�.d�Å§rÆ ���(Ç Æ�È � ¡,+-¬(.R	S§rÆS�C�(Ç Æ�È � ¡,+[»�.R	
¡,+É¸ 	�¬4	�Ê¦Ë(	
¨pÊ¦Ì�	��
���
	�Ê^ÍÎ�¦» « .^	� Ä +-¬4	�»(.^�

§�ÆS���(Ç Æ�È � ¡*+�¨ « .u�
§�ÆS���(Ç Æ�È � ¡*+�¨�Ï1�C¬ « .\�Å§rÆS���GÇ Æ�È � ¡,+-¬(.u�

where D representsthe blank symbol. ! �· satisfiesCondi-
tion 1 of Definition 4.1 (cf. the argumentfor !�· ). Condi-
tion 2 of Definition 4.1 is violated, as thereexist infinitely
many odd-cycles,onefor eachgroundatom Ä +[Ðn	�Ñ�. . Clearly,
for any groundingsubstitution� , thegoalÒÔÓ�Õ¦Ö^×
Ø Õ¦Ù¦Ú�ÛGÒÔÜ�Ý�Þ4Ó�Õ¦Ö�×
Ø Õ&Ù¦Ú^ÛGÒÔß�Ý�Þ*ÛSÒáà
ÞÉÜGÞRâ^ã&ÞRäåâ^æ&Þuçuç�çRÞuâ�èêéRß¦ë�Ý¹Ýáì

canbederivedfrom thesubprogram!n· andtheclausesfor
blank list if f ® terminatesusingtheportionof Â repre-
sentedby ¬ ��	�Ê Ë 	
¨pÊ Ì 	��
���^	
Ê Í �¦»G� « . At thesametime, ! �· has
astablemodelif f theabovegoalcannotbederivedfrom ! · ,
becauseof theodd-cyclecontainingÄ +-»*	�¬(.á� . It follows that
for all � consistingof a propositionalsymbolnot occurring
in ! �· , ! �· skepticallyentails � if f ® terminates.

Theorem4.9 For each Turing machine ® with initial state` andtape Â with non-blankportion ±�² Ã 	�² �&	��
����	�²C�Oµ , a pro-
gram !1í· anda goal � canberecursivelyconstructed,such
that ! í· satisfiesonlyCondition1 in Definition4.1,and ! í·
credulouslyentails � iff ® terminates.

Proof. Let ! í· ��! �· Mzg X h , whereX is anew propositional
symbolnot occurringin ! �· , and let �j� X . Clearly ! í·
credulouslyentails � if f ! í· hasa stablemodel. Since ! í·
hasa stablemodelif f ® terminates(cf. thepreviousproof),
thetheoremimmediatelyfollows.

Thenext resultis basedonamodificationof ! · thatkeeps
trackof theresultof thecomputation.Themodifiedprogram!1î· hasone extra argumentto return the final stateof the
tape. The theoremprovesthat the classof finitary programs
is computationallycompleteby showing how any Turingma-
chinecanbesimulatedby a suitablefinitary program.

Theorem4.10 For each Turing machine ® with initial state` andtape Â with non-blankportion ±C²&Ã�	�² � 	��
���^	�² � µ , a (pos-
itive) finitary program !1î· and a goal ©,+5¬4	�»*	���. can be re-
cursivelyconstructed,in such a way that for all grounding
substitutions� , !1î· � �?©@+5¬r	�»*	���.á� iff ® terminatesand �G�
encodesthefinal tapeof thecomputation.

Corollary 4.11 Theproblemsof decidingwhethera finitary
program ! credulously/skeptically entails an existentially
quantifiedgoal �(� are not decidable.

5 Resolutioncalculus
Here the resultsof the previous sectionsare appliedto the
resolutioncalculusfor skepticalstablemodelsemanticsintro-
ducedin [Bonatti,1997]. In theoriginalpaper, theresolution
calculuswas proved completew.r.t. function-freeprograms
(soundnessholdsfor all programs).In thissection,weextend
thecompletenessresultto all finitary programs.

Theorem5.1 Let ! bea finitary program,andlet +áïñðJòï �/.áó be a ground skeptical consequenceof ! , where ð
and � are sequencesof literals. Thentheskepticalgoal +5�?�ð{. hasa successfulskepticalderivationfrom ! with answer
substitution� more general than ó .
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¡,+É¸�	�¬4	�Ê�	
¨ º��¦» « .\�ô¡,+¹¸
³-	
¨õÊS³��C¬ « 	�º*	�»�. for all 5-tuples ±�` 	�²4	�²G³e	�`
³-	��*È
öS÷(¡�µ
¡,+É¸�	
¨ º��C¬ « 	
Ê�	�»(.d�ô¡,+¹¸
³-	�¬4	�º*	
¨pÊ ³@�C» « . for all 5-tuples ±�` 	�²4	�²G³e	�`
³-	RÆS¥ øS¡�µ
¡,+É¸�	�¬4	�Ê�	�»�. if thereexistsno tuplefor ` and ² .

Figure2: A programdecidingterminationof a Turingmachinewith boundedtape

Proof. Let
� �ù+áïúðûò ïü�/.áó . Since

�
is a ground

skepticalconsequenceof ! , then
�

is alsoa skepticalcon-
sequenceof ý�+-!�	 � . (by Theorem3.5). Moreover, ý�+-!�	 � .
is finite (by Proposition4.2). Then,by theoriginalcomplete-
nessresult[Bonatti,1997], +5�þ�Gð{.Éó hasa groundskeptical
derivation from ýU+5!�	 � .zÿ�"�#�$C%('4)*+5!/. . By standardlift-
ing techniques(cf. [Lloyd, 1984]), a correspondingskeptical
derivation of +-�f� ð{. from ! with answersubstitution �
moregeneralthan ó caneasilybeobtained.
Example5.2 Consideragaintheprogram! of Example3.2.
Thisfinitary programhasnostablemodel,becauseof its third
rule. Figure3 shows a successfulskepticalderivationfor the
skeptical conclusionX +[Z]. , with empty answersubstitution
(whichmeansthat

� Z{� X +[Z]. is askepticalconsequenceof ! ).
TheRestrictedSplit of typeII introducestwo subgoals,each
with a new hypothesis( a +5b(. and  a +5bG. , respectively), ob-
tainedfrom anatomoccurringin someodd-cycle. TheCon-
tradictionrule replacesthe left-handsideof a goal with the
negationof somehypothesis.Intuitively, the goal is proved
by showing that the hypotheseson the right handsidecan-
not besatisfied.TheFailurerule rewritesa goalwith oneof
its counter-supports. In this examplethe counter-supportofa +-b(. is a +5bG. itself (obtainedby negatingthe uniquesupportg¦ a +-b(.Rh of a +5bG. ). Resolutioncanbeperformedeitherwith a
programrule or with oneof thehypotheses(treatedasfacts).
Finally, theSuccessruleremovesgoalswherethereis nothing
left to prove. As usual,the emptygoal sequenceis denoted
by � .

With the help of the resolutioncalculusit canbe shown
thata classof normalprogramslargerthanfinitary programs
is Turing equivalent.Theextendedclass—calledalmostfini-
tary—admitsthe kind of rulestypically usedto generatein-
consistencies,without therestrictionsof Definition4.1.
Definition 5.3 [Almost finitary programs] A normal pro-
gram ! is almostfinitary if f it can be partitionedinto two
(disjoint) subsets,!d� and ! í , suchthat !7� is finitary, and ! í
consistsof rulesof theform ��� 61�&	
���
�^	�6 �*	� 7���
Notethatthereis norestrictionon ! í ’srulevariables.Givena
groundinstance+5���J6 � 	
������	�6 � 	� 7�|.¹� of a rule in ! í , � �
maydependon infinitely many groundatoms6 (i.e.,Condi-
tion 1 of Definition 4.1canbeviolated).
Theorem5.4 The skeptical resolutioncalculusis complete
(in thesenseof Theorem5.1)for all almostfinitary programs.

Corollary 5.5 Thesetof skepticalconsequencesof theform�,+ ï ð ò ï �/. , where ð and � aresequencesof literals, is
semi-decidablefor almostfinitary programs.
Remark 5.6 For almostfinitary programs,groundcredulous
inferenceis notsemi-decidable.Thismeansthatskepticalin-
ferencefromalmostfinitary programscannotbeimplemented

throughcredulousinference. Only directapproachessuchas
theresolutioncalculusarepossible.

6 Credulousautomatedreasoners
For function-freeprograms,thereexist powerful automated
reasonersbased upon stable model generation, such as
SMODELS [Niemel̈aandSimons,1997] andDLV [Eiteretal.,
1997]. Internally, theseenginesoperateon groundprograms;
for this reasonthey embodysmartprograminstantiationrou-
tines.Suchroutinesareappliedbeforeany otherform of rea-
soning. It seemsnot difficult to extendthe instantiationrou-
tinesto dealwith all finitary programs,sothatgivenaground
goal � 1, only the relevant (groundandfinite) subprogramý�+-!�	��/. (or anequivalentsubsetthereof)2 is generated.The
restof the engineneedsno modification. By Theorem3.5,
soundnessandcompletenessarepreserved. In this way, our
resultscanbe usedto extendthe applicability rangeof this
classof automatedreasoners,with nomodificationto thecore
of their reasoningmechanisms.3

7 Summary and relatedwork
For the first time, semi-decidablefragmentsof the stable
model semanticshave beenexplored in depth,and related
to the numberof atomsinvolved in odd-cycles. The main
contributionsof this papercan be summarizedby recalling
that finitary programs(Def. 4.1) are computationallycom-
plete (Theorem4.10), candeal with function symbols,and
enjoy a compactnessresult (Theorem4.4) that guarantees
semi-decidabilityof inference(Theorem4.6). Finitary pro-
gramsare characterizedby two conditionson their depen-
dency graph that are minimal, in the sensethat if any of
themweredropped,theninferencewouldnotalwaysbesemi-
decidable(Theorems4.7, 4.8 and4.9). We proved that the
skeptical resolutioncalculusis completefor finitary andal-
mostfinitary programs(Theorems5.1and5.4),andsketched
how other enginesfor nonmonotonicreasoningcan be ex-
tendedto deal with finitary programs(Section6). We are
currentlyextendingour resultsto largerclassesof programs,
andto partialstablemodels.4

The work on finitary programscontributes to provid-
ing nonmonotoniclogics with classicalproof- and model-

1Theseenginescanonly dealwith groundqueries
2The smart instantiationroutinesremove somenon-applicable

rule instances.
3As notedby ananonymousreferee,thesameideacanbeapplied

to function-freeprograms,in order to reducethe costof program
instantiation.

4The latter idea and evidenceto its feasibility have beensug-
gestedby ananonymousreferee.
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+ X +[Z].O�|. (Initial goal)+ X +[Z].O� a +5bG.�. + X +[Z].O�� a +5bG.�. RestrictedSplit of typeII+e a +5bG.O� a +5bG.�. + X +[Z].O�� a +5bG.�. Contradictionrule+ a +5bG.O� a +5bG.�. + X +[Z].O�� a +5bG.�. Failurerule+���� a +5bG.�. + X +[Z].O�� a +5bG.�. Resolutionwith hypothesis+ X +[Z].O�� a +5bG.�. Successrule+ a +-b(.O�C a +-b(.�. Contradictionrule+5 a +-b(.O�C a +-b(.�. Resolutionwith a +5bG.\�j a +5bG.+����� a +5bG.�. Resolutionwith hypothesis
� Successrule

Figure3: A skepticalderivation

theoretictoolsandresults.Work in a similar directioncom-
prisessomeprettystandardaxiomatizationsbasedonHilbert-
stylesystems[Levesque,1990]5 andsequentcalculi [Olivetti,
1992;BonattiandOlivetti, 1997]. Theseaxiomatizationsfor
Default andAutoepistemiclogic shouldbeextendedto first-
ordertheories,perhapsadaptingthetechniquesintroducedin
this paper. An infinitary proof-theorycanbe found in [Mil-
nikel, 1999]. In [Rosati,1999], issuesrelatedto decidable
nomonotonicreasoningin MKNF areinvestigated. In [Cen-
zeret al., 1999], sufficient conditionsfor theexistenceof re-
cursively enumerablestablemodelsare identified. They do
notensurethatall stablemodelsarer.e.,soskepticalandcred-
ulousreasoningarenot semi-decidable.
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