
Impr ovedboundson the complexity of kB-consistency

Lucas Bordeaux,Eric Monfr oy, and Fr édéric Benhamou
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Abstract���
-consistenciesform the classof strongconsis-

tenciesused in interval constraintprogramming.
We survey, prove,andgive theoreticalmotivations
to sometechnical improvementsto a naive

���
-

consistency algorithm.Ourcontributionis twofold:
on the one hand, we introduce an optimal � � -
consistency algorithm whosetime-complexity of���
	���
����

improvesthe known boundby a factor�
(
	

is the numberof constraints,
�

is the num-
ber of variables,and

�
is the maximalsizeof the

intervalsof thebox). On theotherhand,we prove
that improved boundson time complexity canef-
fectively be reachedfor highervaluesof

�
. These

resultsareobtainedwith veryaffordableoverheads
in termsof spacecomplexity.

Keywords: Strong consistencytechniques,Interval constraint
propagation.

1 Intr oduction
Consistency algorithmsarepolynomialtechniqueswhichaim
at struggling againstthe combinatorialexplosion of brute-
force searchby reducingthe searchspace. Among them,
strong consistencies[Freuder, 1978] denotegeneric algo-
rithms which can be tuned to enforcearbitrary intermedi-
ate levels of consistency. Oneof the most(if not the most)
promisingstrongconsistency techniquesis the classof

���
-

consistencies,where
�

mayvary from � to a maximumvalue
correspondingto globalconsistency.���

-consistency wasintroducedin [Lhomme,1993] asare-
sponseto theproblemcalledearlyquiescence[Davis, 1987]:
when appliedto non-trivial, real-valuedproblems,filtering
techniquesadaptedfrom arc-consistency do not reducethe
searchspaceenoughin practice,andstrongerconsistencies
arethusneededto limit thesizeof thesearchtree.Thebasic
ideais thatgivena solver of level

�����
, eachpossiblevalue

of thevariablescanbeenumerated;if the
�����

solverproves
the inconsistency of the problemobtainedwhenvariable �
is instantiatedto value � , we know that � is not a possible
value for � . This methodcan be appliedto both domain-
basedsolvers (by suppressinginconsistentvaluesfrom do-
mains)andinterval-basedsolvers(by tighteningbounds).

The domain-consistencyobtained, called singleton-
consistencyhas been emphasizedas one of the most
efficient techniquesfor hard finite-domain problems[De-
bruyne and Bessìere, 1997]. This paper deals with the
interval-consistency obtained, called

���
-consistency.���

-consistency has been successfullyapplied to difficult
nonlinear problems, such as a challenging transistor de-
sign application [Pugetand van Hentenryck,1998]. The
important advantageof

���
over path-consistency [Monta-

nari, 1974] and its variants[Dechterand van Beek, 1996;
Sam-Haroudand Faltings, 1996] is that it doesnot require
theuseof thecostlymulti-dimensionalrepresentationsof the
constraintsneededin thesemethods.

Let
�

be the numberof elementsin the widest initial in-
terval,

�
bethenumberof variables,and

	
bethenumberof

constraints;theknownboundof time-complexity for comput-
ing

���
-consistency is

���
	������! "�!
�#$���%
'&��
: � � is computedin���
	��(�

andeachincreasein thefactor
�

hasacostof
���)���!
(�

.
Our aim is to show that this complexity is overestimatedand
that the expectedoptimumis actually

���
	��*���+ "�,���%
%�
. We

show that this boundcanbe approachedin the generalcase
andthatit canbeexactly reachedin theespeciallyinteresting
caseof � � .

This resultis obtainedby a cautiousformulationof theal-
gorithm, in which an optimizationpointedout by Lhomme
andLebbah[Lebbah,1999] is integrated.Informally speak-
ing, eachtime an interval is reduced,the

�-�.�
solver per-

forms an incompletecomputation. The optimization is to
storetheresultof thiscomputation,sothatsuccessivecallsto
thesolverdonotneedto berestartedfromscratch.A dynamic
dependency conditionis usedto determinethat someopera-
tions canbe avoided. We thenstudy the costof the cumu-
lation of all theseincompletecomputationsto find improved
boundson time complexity.

Theoutlineof this paperis thefollowing: next sectionin-
troducestherequiredmaterialandterminologyonconstraints
andsolvers. Section3 introducesinterval consistency tech-
niquesandin particular

���
-consistency. We thendefineand

prove two improvementsto a naive algorithmfor computing
it (Section4). A theoreticalanalysisof the resultingalgo-
rithm allowsusto statethenew complexity resultsin Section
5, while the endof the paperis concernedwith conclusions
andperspectives.
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2 Constraints and Solvers
We note / the domainof computation. / is supposedto be
finite and totally ordered: it is thuspossibleto computethe
predecessorandthesuccessorof any element� . Thisassump-
tion mayseemveryrestrictive,but it correspondsto theusual
representationof numberswith computers:in practice,/ is
eitherthe setof the canonicalfloating-pointintervals or the
subsetof theintegersencodedon a givennumberof bits.

2.1 Basicterminology
Let 0 be a finite setof variables. A point 1 is definedby a
coordinate1'2 on eachvariable � , i.e., points are mappings
from 0 to / . A constraint 3 is a setof tuples. For readers
morefamiliar with database-theoreticconcepts[Dechterand
van Beek, 1996], variablesmay also be thoughtof as field
names, pointsastuples, andconstraintsasrelationsor tables.
Pointsmayalsobeseenaslogical valuations.

A CSP4 is asetof constraints.Thesetof solutionsto 4 is
theset 576�8 � 4 � of thepointswhichbelongto all its constraints,
i.e., 576�8 � 4 �-9 : 3<;=3<>?47@ . The problemof constraint
satisfactionis to find (one/all)solution(s)to aCSP. It is aNP-
completeproblemin its decisionalform.

Thecut ACBEDGF � 3 � of asetof points 3 is thesetcontainingthe
pointsof 3 whosecoordinateon � is � : A BEDGF � 3 �H9I: 1J>�3K;1 2 9 �L@ . It is alsoreferredto astheselectionor instantiation
operator. Amongotherproperties,thisoperatoris monotonic:3NMO3QP!RSA BTDGF � 3 � MUA BTD�F � 3"P � .

Thoughthesedefinitionsarefully generalanddo not de-
pendonthewayconstraintsareexpressed,somepointsin this
paperareconcernedwith thespecialcaseof systemsof equa-
tionsandinequationsover / . As anexampleof suchsystems,: ��V �XW ��VZY 9\[^] � 9 Y @ definestheCSP4 9\: 3  ] 3 
 @ where3  9_:a` � ] Y ]�[(b ; ��V �cW ��VZY 9_[ @ and 3 
 9?:d` � ] Y ]�[(b ;a� 9Y @ . A solutionis

` � 9 � ] Y 9 � ]�[c9 � b
. Thecut AGe Dgf � 3  �

definestheset
:a` � ] Y ] � b ; ��V �hW ��VZY 9 � @ .

Notations: Throughoutthetext, theconsideredCSPwill
befixedandcalled4 ; consequentlyweshallomit thisparam-
eterin mostdefinitions.

2.2 Inter val-consistency
Wecall search space(i ) thesetof pointsamongwhichsolu-
tionsaresearchedfor. In theinterval-consistency framework
[BenhamouandOlder, 1997], the searchspaceis the carte-
sian productof intervals associatedto every variable. The
successof this representationcomesfrom the fact that it is
a compactandexpressive way to approximatethesolutions.
Wenote 8Ejk2 andlmjk2 thelowerandupperboundsof theinter-
val of possiblevaluesfor variable� . Thesearchspaceis thus
the setcontainingthe points 1 whosecoordinatesare inside
thebounds(n%�o>p0 ] 1'2q>sr$8Ejk2 ] lmjk2*t ). It is calleda box, due
to theobviousgeometricintuition. Whenwereferto aboundj 2 without furtherdetail, it canbe indifferently the lower or
theupperboundof � .

An intuitive way to reasonon boundsis by relatingthem
to the facetsof thebox. Formally, a facetis thesetof points
of thebox whosecoordinateon a givenvariableis fixedto a
bound: it canbe written A BTDgu B � i � for somevariable � and
somebound j 2 of � .

Notations: Given a box i , we note 3Z6 �wvkxZv 1�y � 1 � i � the
property i{z�576�8 � 4 ��|9~}

, which statesthat i containsa
solution.

2.3 Solvers
We define(constraint)solvers asfunctionswhich verify the
following properties:

Definition 1. [Solver] A solveris a function � onboxessuch
that: � � i � Moi (contractance)� � i �m� i�zh576�8 � 4 � (correctness)i.M�iNPcR � � i � M�� � iNP � (monotonicity)� � � � i �k�79 � � i � (idempotence)

Note that we deliberately exclude the case of non-
idempotentsolvers, which are not relevant here. Solvers
are intendedto reducethe searchspace; the key-point is
that they are usually integratedwithin a branch and prune
algorithm, which is guaranteedto find the solutionsonly
if the solver doesnot remove any of them, hencewe call
this essentialproperty correctness. The oppositeproperty
to correctnessis completeness, which statesthe implication� 3Z6 �wvkxZv 1�y � 1 � i � R�� � i ��9I}

. Completesolversareable
to detectall inconsistencies,but areusuallytoo costly to be
consideredpractically.

3 kB-consistency
Thesolverswe now considercanbeseenasfunctionswhich
tightentheintervalsby modifying eachboundin turn; weof-
tenreferto thisprocessasfacetreduction, meaningthatfacets
are“pusheddown”. Solversaredefinedvia local consistency
properties,which characterizethe facetsobtainedwhen the
reductionstops.We now define

���
-consistency inductively,

startingwith abasicconsistency techniquefor thecase
� 9 � .

3.1 2B-consistency� � -consistency is also calledhull-consistency by someau-
thors[BenhamouandOlder, 1997]. On finite domains,it is
the coreof someof the main constraintlogic programming
solvers [Van Hentenrycket al., 1998; Codognetand Diaz,
1996], andit is oftenreferredto aspartial lookahead.

Definition 2. [2B-consistency]A box i is 2B-consistentif
for everybound j 2 wehave:

n!3N>-4 ] A BEDgu B � i � zh3 |9s}
The � � -consistencysolveris the function � 
 which mapsa
box i to thegreatest� � -consistentboxincludedin i .

This definition meansthat boundsarereduceduntil each
facetof thebox intersectsevery constraint.It canbeproved
that � 
 is a valid function: thecomputedgreatestbox exists
andis unique;this resultcomesfrom moregeneralproperties
of confluenceof fixpoint computations[Apt, 1999]. Further-
more, � 
 is a valid solver: correctnessholdsbecausea value� is suppressedfrom avariable� if �%3N>q4 ] AGBTD�F � 4 � z�3 9�} ,
sothatwehave � 3Z6 �wvkxZv 1�y � 1 � A BTD�F � 4 �k� , whichprovesthatthe
solver only removes facetswhich do not containsolutions;
idempotenceis straightforwardandmonotonicitycomesfrom
themonotonicityof theselectionoperator.
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� � -consistency can only be computedfor somespecial
constraintscalled primitive, which correspondto the basic
arithmeticrelationsdefinedby thelanguage.SolverslikePro-
log IV decomposearbitraryconstraints(e.g.,

� �KWp� �"� Y 9U[ )
into suchprimitiveconstraints(��W�� 9 �CP ] �CP Y 9 Y P ] Y P 9 � ).

3.2 kB-consistency
The condition that every facetintersectsevery constraintis
a very rough approximationof (global) consistency.

���
-

consistency relies on the observation that ideally, a facet
shouldbe reduceduntil it containsa solution; sincedecid-
ing whethera facetcontainsa solution is itself a constraint
satisfactionproblem,a solver � ���+ cando for this task.

Definition 3. [kB-consistency] A box i is
���

-consistent
(for

��� � ) if for everybound j 2 wehave:

� ���+ � A BTDCu B � i �Q�H|9s}
The

���
consistencysolver is the function � � such that the

box � � � i � is thegreatest
���

-consistentboxincludedin i .

Informally speaking,boundsarereduceduntil no facetis
rejectedby thesolver � �d�! . Thisdefinitionis recursive: � � -
consistency usesthe � � -consistency solverandcanin turnbe
usedto define� � -consistency, andsoon. Propertiesof con-
fluence, idempotenceandmonotonicityhold for � � . Its cor-
rectnessis a consequenceof the correctnessof � ���! : since� ���+ � A BTDCu B � i �Q�w9s} implies � 3�6 �wvQxZv 1�y � 1 � 4 � , theremoved
facetsdo not containany solution.It is easyto provethat � �
is “stronger”than � ���+ , i.e., that � � � i � M?� ���! � i � (this is
dueto themonotonicityof � ���! ).

Note that the idea of
���

-consistency can be customized
andthatany consistency techniquecanbeusedinsteadof � � -
consistency. Someauthorshave consideredthe useof Box-
consistency [PugetandvanHentenryck,1998] or lazy forms
of arc-consistency [DebruyneandBessìere,1997].

4 Algorithms
We now present the algorithms for computing

���
-

consistency. As far as � � -consistency is concerned,we
only sketchthenotionsrequiredto understandthesubsequent
proofs,and the readeris referredto [BenhamouandOlder,
1997;Lhomme,1993] for furtherexplanations.

We thengive an incrementaldescriptionof the algorithm
for

���
-consistency in thegeneralcase:startingfrom a naive

algorithm,we successively describetwo optimizationsused
by the expertsof this techniqueand suggestedin [Lebbah,
1999] (seealso[Delobel,2000]). The theoreticalinterestof
theseimprovementsshallbestudiedin thenext section.

4.1 Computing 2B-consistency
The algorithm for enforcing � � -consistency is a variantof
theseminalpropagationalgorithm- AC3. It is a “constraint-
oriented”algorithm,which handlesa setof constraintsto be
considered(generallystoredasa queue).It relieson thefact
that every constraint3 relatesa given numberof variables-
we saythat 3 dependson this variable� , or alternatively that3 constrains � . Figure1 describesthealgorithm.

Two pointsareessentialto thecomplexity study:

1 � := �
2 while �?��o� do
3 � := �����Q��� % arbitrary choice of �
4 for eachvariable � constrained by � do
5 reduce ����� while �LBTDC�$u B(�) m¡C¢ � �o�
6 reduce £(��� while �LBTDG¤�u B%�) m¡G¢ � �o�
7 if ¥ ��� ��¦ £(� �k§ has been modified then
8 � := �s¨-�"�ª©L«¬�h­Z�ª© depends on � ¦ �ª©7�� ���

Figure1: Thealgorithmfor ®k¯ -consistency

° In the caseof numericconstraints,eachconstraintde-
pendson (at most)� variables;° Lines 5 and 6 of the algorithm can be performedin
boundedtimeusinginterval computations.

4.2 Naive algorithm for kB-consistency
The filtering of a box i by

���
-consistency is computedby

reducingeachof its facetsin turn. In thefollowing algorithm
(Figure2) we usethenotationreduce

�����
while to repre-

sentthecomputationof thenew bound.Thisnotationactually
representsaloop: while thespecifiedconditiondoesnothold,
theboundis iteratively reducedto thenext (whenreducinga
lower bound)or previous(upperbound)element.This loop
may indeedbe optimized,for instanceby trying to remove
several valuesat once,or even by using recursive splitting.
Unfortunately, theseheuristicsdonot improvetheworst-case
complexity: atworst,everyvaluehasto beconsideredin turn
to beeffectively reduced.

1 do
2 for eachbound �*� do
3 reduce �*� while ±7²ª³C´ � �µBEDgu B(�) m¡)¡ �¶�
4 while   is changed

Figure2: Naive algorithmfor ·ª¯ -consistency

The correctnessof this algorithmis straightforwardsince
whenthe ¸J¹,º¼»E½ loopstops,all theboundsare

���
-consistent.

4.3 Storing information
Themostobviousdrawbackof theprecedingalgorithmis that
eachtime a facet A BTDCu B � i � is reconsidered,thesolver � ���! 
is restartedfrom scratchto reduceit. A morecleverapproach
is to storethe resultof this reduction,in orderto reuseit in
thenext steps(Figure3). Thenotationmemorize is a sim-
ple assignment,but it is intendedto expressthe fact that the
memorizedbox hasalreadybeencomputedin the previous
line.

1 for eachbound � � do ¾K¿�¾h¥ � �Q§ :=  
2 do
3 for eachbound � � do
4 ¾J¿Z¾c¥ ��� § := ±7²Z³C´ � ¾K¿Z¾c¥ �*� § ¢q m¡
5 if ¾J¿Z¾h¥ ��� § �¶� then
6 reduce � � while ± ²ª³C´ � �µBEDgu B �) m¡)¡ �o�
7 memorize ±7²Z³C´ � �µBEDgu B �) m¡)¡ into ¾K¿�¾h¥ � �Q§
8 while   is changed

Figure3: ·Z¯ algorithmwith storage
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We usea vector
	 y 	 1 which associatesto every bound

the lastÀ non-emptybox computedwhile reducingit. Whena
bound jk2 is reconsidered,it is possibleto restartthe solver
from thebox

	 y 	 rÁjk2*t�zJi (cf. Line 4), becausewehave:

� ���! � A BEDgu B � i �Q�Â9 � ���+ ��	 y 	 r$j 2 t!z-i �
Proof. Note that the intersection

	 y 	 r$j'2*tÃzÄi is a way
to rewrite

	 y 	 rÁj 2 tÅz A BTDgu B � i � since
	 y 	 r$j 2 t con-

tains only points with value j 2 on � . Since
	 y 	 rÁj 2 t 9� ���+ � A BTDCu B � iNP �Q� for someiNP � i , a directconsequenceof

monotonicityis that � �d�! � A BTDgu B � i �k� M 	 y 	 rÁj 2 t . We also
have � ���! � A BEDgu B � i �Q� MIA BTDgu B � i � (contractance),andthus� ���+ � A BTDCu B � i �Q� M 	 y 	 r$jk2�tJzIA BEDgu B � i �k� . Using mono-
tonicity andidempotencewe prove that � ���! � A BEDgu B � i �Q� M� ���+ ��	 y 	 r$jk2�twzsA BTDCu B � i �Q��9 � ���+ ��	 y 	 r$jk2�twzÃi � . The
otherinclusion

�
is straightforward.

4.4 Avoiding computation
The secondoptimizationrelies on the observation that it is
not worth recomputinga bound j 2 if

	 y 	 rÁj 2 t+M�i , because	 y 	 rÁjk2*t=z�i is thenequalto
	 y 	 rÁjk2*t which is alreadya

fixpoint of thesolver � ���+ . In thealgorithmof Figure4, this
condition is checked in a naive fashionbeforeeachbound
reduction:

1 for eachbound �*� do ¾K¿�¾h¥ �*� § :=  
2 do
3 for eachbound � � do
4 if ¾K¿Z¾c¥ �*� § �Æ   then
5 ¾K¿Z¾c¥ �*� § := ±7²ª³C´ � ¾J¿Z¾h¥ ��� § ¢- m¡
6 if ¾J¿Z¾c¥ � �"§ �o� then
7 reduce �*� while ±7²Z³C´ � �µBEDgu B(�) m¡)¡ �o�
8 memorize ±7²Z³C´ � �LBTDgu B(�) m¡)¡ into ¾K¿Z¾c¥ �*� §
9 while   is changed

Figure4: Algorithm with dynamicdependency checkings

Figure5 is an illustrationof theprecedingconsiderations:
in this figure, bound lmj 2 is reducedbut the global box
still contains

	 y 	 rÁ8¼jkÇ�t (= � ���! � AGÈ DG�$u È � iNP �Q� for someboxiNP � i ). There-computationof bound 8Ej 2 canthereforebe
avoided.

5 Complexity analysis
This sectionis concernedwith the theoreticalstudy of the
algorithms,startingwith thespecialcaseof � � -consistency.
We thenstudythecomplexity of thealgorithmsof Section4,
andpoint out little improvementsneededto compute

���
in

near-optimaltime. As a comparison,we first recall theorigi-
nal complexity resultsgivenin [Lhomme,1993]. As usualin
theliterature[MackworthandFreuder, 1985], thecomplexity
of local consistency algorithmsis expressedasa functionof
thefollowing parameters:

1Technically, boundsmay be seenasvariables,it is thus legit-
imateto usetheir value(c.f. �µBTDCu B(�) m¡ ) or to modify them(as in
“reduce � � while”). Our useof the notation ¾K¿�¾h¥ � �Q§ is slightly
abusive, the intendedmeaningis that thestoredvalueis associated
to thebound,not to its currentvalue.

É+Ê�ËdÌTÍÁÎ%ÏEÐaÑ ÒÔÓ)ÍTÕ�ÖÁ×T×

Î%ÏEÐaÑ ÒØÓ)ÍÙÕH×

Ú�Û ÏÜ Û'ÝÚ�ÛÞÝ
Ü Û Ï

ßTàQá�â�ãQäTåçæZè

äTé�àwêTëÙãkàQä

ìKíZìhî ÚØÛ ÏTïLð

Figure5: An illustrationof thealgorithms

° �¶9 ; 0¬; thenumberof variables,° 	ñ9 ; 4m; thenumberof constraints,° � the numberof elementsin the greatestinterval of the
box.

In general,it is possibleto artificially defineasmany con-
straintsas is wished on a given numberof variables. On
the contrary, it is not possibleto have

�óò � 	 (for ternary
constraints)unlesstheabsurdcaseof disconnectedconstraint
graphsis accepted,thus

�o9U���
	¶�
.

5.1 Complexity of 2B-consistency

The complexity of � � -consistency hasbeendeterminedby
[Lhomme,1993] using an argumentinspired from [Mack-
worth andFreuder, 1985]. We recall this result andgive a
simplerproof:

Complexity 1. The time-complexity for the algorithm com-
puting � � -consistency(seeFigure1) is

�J��	Â�%�
.

Proof. Betweentwo insertionsof aconstraint3 into theset ô ,
thereductionof oneof theintervalsonwhich 3 dependsmust
have occurred. 3 dependson a boundednumberof variables
(3 in our case),andeachinterval may be reducedat most

�
times.Theoverall numberof insertionsof a givenconstraint
into the queueis henceboundedby

���)�%�
, and the number

of insertionsof the
	

constraintsis
�J��	Â�%�

. SinceLines 5
and6 of the algorithmrequireconstanttime, this gives the
complexity.

We also recall the best-caserunning time: when no re-
ductionis obtained(thebox is already� � -Consistent),every
constraintis dequeuedin time õ ��	o� .
5.2 Complexity of the original algorithm

Thecomplexity of theoriginalalgorithmfor
���

-consistency
presentedin [Lhomme,1993] is the sameas the oneof the
naive algorithmpresentedin Figure2. To show that this al-
gorithm runs in time

���
	��*���+ Ù�!
�#$����
k&��
, we just prove the

following result:

Complexity 2. Thenumberof calls to thesolver � ���+ in the
naive

���
-consistencyalgorithmis

�J�"�Z�!
%�
.
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Proof. The worst caseis obtainedwhen re-computingall
facetsö (Line 2 of thealgorithmof Figure2) resultsin a min-
imal reduction(removal of oneelement)of only oneof the
bounds:consequently,

�J�����
applicationsof � �d�! areneeded

to remove oneelement. Sinceone interval is associatedto
eachof the

�
variables,

���
elementsmaybesuppressedone

aftertheotherin theworstcase,hencetheoverall numberof
applicationsof thesolver � �d�! is

�J�"�Z�!
%�
.

Note that this complexity doesnot seemto be optimal:
sincewe usethe solver � ���! to testeachelementof every
variable,we could expect an optimal algorithm to perform
only

�J�"�Z���
callsto � �d�! . We shallseehow this presumably

optimalboundcanbereachedin thecaseof � � -consistency.

5.3 3B-consistency

Wenow haveall thetheoreticalelementsathandfor acritical
studyof thealgorithmof Figure4. We first restrictourselves
to thecaseof � � -consistency, whoseexpectedoptimalcom-
plexity is

���
	���
����
. Thealgorithmof Figure4 is notoptimal

yet for asimplereason:to suppresssomevalueonagivenin-
terval, it may be neededto apply several � � -consistencies,
eachtime with cost

���
	¶�
. Theproblemis that � � is run on

all constraintsin asystematicway, while only theoneswhich
dependon aboundwhichhasbeenreducedsincethelastrun
shouldbeenqueued.

This situationmay be avoidedwith a finer storageof the
queuesusedby � � -consistency (Figure 6): a queue ÷drÁjk2�t
is attachedto eachfacet j 2 , andeachtime the reductionof
a facetstops,the correspondingqueueis empty. Only the
constraintswhich effectively have to bereconsideredareen-
queued(Line 12). In the following the expressionusing
meansthat � 
 is run with ÷dr$j 2 t asaninitial queueinsteadof
thequeuecontainingall theconstraintsusedin Figure1:

1 for eachbound � � do ¾K¿Z¾c¥ � �k§ :=  
2 øa¥ �*� § := �
3 do
4 for eachbound �*� do
5 ¾J¿Z¾h¥ ��� § := ±7ù � ¾J¿Z¾h¥ ��� § ¡ using øa¥ �*� §
6 if ¾J¿Z¾h¥ � �Q§ �¶� then
7 reduce �*� while ±7ù � �µBTDCu B(�) m¡)¡ �o�
8 memorize ±7ù � �µBEDgu B(�) m¡)¡ into ¾J¿Z¾h¥ ��� §
9 for eachbound ��ú do
10 if ¾K¿Z¾c¥ � ú § �Æ   then
11 ¾K¿�¾h¥ � ú § := ¾K¿Z¾c¥ � ú § ¢X 
12 øa¥ ��ú § := øa¥ ��ú § ¨J�"��­�� depends on � � �
13 while   is changed

Figure6: Optimizedhandlingof thequeuesin ûk¯
Notethatthisalgorithmisessentiallythesameastheoneof

Figure4 wherethetestfor inclusionin Line 10andtheinter-
sectionin Line 11areappliedin anoptimizedway. Thesetwo
operationscanbe especiallyeasilycomputedsinceonly the
interval for thevariable� whichhaseffectively beenchanged
hasto becheckedor reduced.

Complexity 3. The algorithm of Figure 6 is optimal
(
�J��	Â��
Z���

).

Proof. Severalcallsto thesolver � 
 mayberequiredto sup-
pressavalue� from agivenvariable.Throughoutthesecalls,
eachconstraintis taken into accountonly if oneof the vari-
ablesonwhichit dependshasbeenreduced(eitherduringthe
currentcomputationof � � -consistency or betweentheprevi-
ouscomputationandthecurrentone).Thecumulatednumber
of constraintinsertionsinto thequeuefor all thecallsrelated
to value � is then boundedby

���
	��%�
. Since

���)�����
such

valuesmaybesuppressed,theglobalcostis
���
	�� 
 ���

.

This boundis correctbecausethe numberof testsof in-
terval inclusionshasbeenoptimized:in thealgorithm,

���
���
interval inclusionsarecheckedevery time oneof the

�J�"�Z���
elementsis effectively removed,andthecostof thesetestsis
then

�J�"�Z�!
%�
. Since

�
is
���
	¶�

, this complexity is lessthan���
	���
����
.

5.4 Complexity of kB-consistency
We refinethe analysisof the complexity of

���
-consistency.

Figure7 showsthesavingsobtainedby thememorizationpre-
sentedbefore. i  is a facetof somebox. It is reducedby� �ü��� � �

-consistency in orderto show thatthecorresponding
value � is inconsistent.Thevaluessuppressedby

� �X� � � � -
consistency appearastiles on thefigure. Thesecondpartof
the figure shows a casewherethe searchspaceiNP hasbeen
reducedandthe re-computationof

� ����� � �
-consistency is

needed.

ý7þ)ýHÿ �������
� � 	


 ����
��������
ý7þ)ýHÿ �������
 ����
 ������� ������

����� � ��� � �

� �

����� � ��� � �

���

Figure7: Successive reductionsof a facet� BTDGF �) m¡ .
To determinethecomplexity of

���
-consistency, webound

the numberof filterings by
� �h� � � � -consistency (i.e. the

tiles). Thekeypoint is that thealgorithmstoresthe suppres-
sionsobtainedby

� ��� � � � , andavoidscomputingthemsev-
eraltimes.We have thefollowing result:

Complexity 4. Whencomputing
���

-consistency, the num-
berof computationsof

� ��� � � � -consistencyis
�J�"��
��"!^�

.

Proof. Considerthe computationneededto suppresssome
value � associatedto a variable � (� may be thoughtof as
the bound j 2 of the box).

���)�����
suchvaluesexist. Due to

the memorization,it is neededto re-computethe
� ���O� � �

-
consistency on thefacet ACBEDGF � i � only in thecasewhereone
of thevaluesof thecorrespondingmemorizedbox(

	 y 	 rÁjk2�t )
hasbeenremoved. In the worst case,it may happenthat
no computationof

� ���.� � �
-consistency reducesthe mem-

ory; up to
���)�����

suchcomputationscan thus occur, since���)�����
suppressionsof asinglevalueof thememorymayoc-

cur. Eachtime, the numberof
� �q� � � � -consistenciesthat

arechecked is
���
���

(oneis run on eachfacetof A BTD�F � i � ).
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Theoverallnumberof
� ��� � � � -consistenciesis boundedby���)��
Z�"!(�

.

Since the original bound on the numberof
� �Â� � � � -

consistenciesis
���)��
��"#(�

, we have shown an improvement
of the worst-casebehaviour. We summarizethe resultsfor� � , � � , andstrongerconsistencies(

� P �.� ):
(� � P )B ���
	��a�Ø�)��
Z�"!(�¼�%$T�+ ��
(� � P�W � )B ���
	���
��w���"��
Z�"!^�E�%$T�! ��

6 Conclusion
Investigatingseveral improvementsto a basicalgorithmfor
computing

���
-consistency, we have designedanoptimalal-

gorithmfor � � -consistency,andshownthatimprovedbounds
arereachedfor highervaluesof

�
. Note that the algorithms

presentedhereareveryaffordablein termsof spacecomplex-
ity: thestorageof theboxesneededby thealgorithmsof Fig-
ures4 and6 requiresspace

�J� � �!
(�
(
�!


spaceis neededto
storea box for eachfacetat eachlevel andno two applica-
tionsof somesolverfor thesamelevel of

�
maycoexist). The

handlingof thequeuesin thealgorithmof Figure6 requires���
�L	¶�
additionalspace.

In terms of algorithms, our main contribution was to
overview andjustify theoreticallysomeimprovementsbased
on somememorizationof computation. Thoughour purpose
wasnot to discussthepracticalrelevanceof this technique,it
actuallyprovesto be effective on our implementation,since
it allows saving somepercentsof thecomputationsof facets.
Typical benchmarksshow that 5% to 60% of the facetre-
duction may be avoided while computing � � -consistency.
It might be possibleto generalizethesememorizationtech-
niquesto eachlevel of

���
-consistency, andhenceto improve

the theoreticaltime-complexity - to the detrimentof space-
complexity.

Our studyof the complexity of interval consistency tech-
niquesmay be regardedas complementaryto the qualita-
tive resultswhich comparethefiltering obtainedby thealgo-
rithms.For instance,it is well-known that � � -consistency al-
lowsto computemorepreciseintervalsthanBox-consistency
[Collavizzaetal., 1999], but thatit is alsoamorecostlytech-
nique. Sincethe efficiency of constraintsolving dependson
the compromisebetweenthe pruningobtainedandthe time
requiredto achieve it, an interestingperspective is to study
the differencebetweenthe two algorithmsin termsof theo-
reticalcosts.

Notethatour studywasrestrictedto theoriginaldefinition
of
���

-consistency, and that the alternative definition based
on Box-consistency introducedin [Pugetand van Henten-
ryck, 1998] hasnot beenconsidered.SinceBox-consistency
is computedin a very similar way to � � , it seemshowever
that little customizationof our algorithm is neededto han-
dle thiscase.A morechallengingtaskwouldbeto determine
whethersimilaroptimizationsto theonespresentedin thispa-
permaybehelpful in thecombinatorialcase,wheredomains
areconsideredinsteadof intervals.
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