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Abstract

k B-consistenciegorm the classof strongconsis-
tenciesusedin interval constraintprogramming.
We surwy, prove, andgive theoreticalmotivations
to sometechnicalimprovementsto a nave kB-
consisteng algorithm.Our contributionis twofold:
on the one hand, we introduce an optimal 3 B-
consisteng algorithm whosetime-compleity of
O(md?n) improvesthe known boundby a factor
n (m is the numberof constraints,n is the num-
ber of variables,andd is the maximal size of the
intervals of the box). On the otherhand,we prove
that improved boundson time compleity canef-
fectively be reachedor highervaluesof k. These
resultsareobtainedwith very affordableoverheads
in termsof spacecompleity.

Keywords: Strong consistencytechniques, Interval constaint
propagation.

1 Intr oduction

Consisteng algorithmsarepolynomialtechniquesvhichaim
at struggling againstthe combinatorialexplosion of brute-
force searchby reducingthe searchspace. Among them,
strong consistenciedFreuder 197§ denotegenericalgo-
rithms which can be tunedto enforcearbitrary intermedi-
atelevels of consisteng. One of the most(if not the most)
promisingstrongconsisteng techniquess the classof £ B-
consistenciesyherek mayvary from 2 to amaximumvalue
correspondingo global consisteng.

k B-consisteng wasintroducedn [Lhomme,1993 asare-
sponsdo the problemcalledearly quiescencéDavis, 1987:
when appliedto non-trivial, real-valued problemsfiltering
techniguesadaptedfrom arc-consistenc do not reducethe
searchspaceenoughin practice,and strongerconsistencies
arethusneededo limit the sizeof the searchtree. Thebasic
ideais thatgivena solver of level k — 1, eachpossiblevalue
of thevariablescanbeenumeratedf thek — 1 solverproves
the inconsisteng of the problemobtainedwhen variable x
is instantiatedto value v, we know that v is not a possible
value for 2. This methodcan be appliedto both domain
basedsolvers (by suppressingnconsistentvaluesfrom do-
mains)andintervalbasedsolvers(by tighteningbounds).
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The domain-consistencyobtained, called singleton-
consistencyhas been emphasizedas one of the most
efficient techniquesfor hard finite-domain problems[De-
bruyne and Bessere, 1997. This paper deals with the
interval-consistency obtained, called kB-consisteny.
kB-consisteng has been successfullyapplied to difficult
nonlinear problems, such as a challengingtransistor de-
sign application[Pugetand van Hentenryck,199§. The
importantadwantageof kB over path-consistenc[Monta-
nari, 1974 and its variants[Dechterand van Beek, 1996;
Sam-Haroudand Faltings, 1994 is that it doesnot require
theuseof the costlymulti-dimensionatepresentationsf the
constraintsieededn thesemethods.

Let d be the numberof elementsn the widestinitial in-
terval, n bethe numberof variablesandm bethe numberof
constraintstheknown boundof time-compleity for comput-
ing k B-consistengis O(md*'n?x~2)): 2B is computedn
O(md) andeachincreasén thefactork hasacostof O(dn?).
Ouraimis to shaw thatthis compleity is overestimatednd
that the expectedoptimumis actually O (md*~1n*=2). We
shaw that this boundcanbe approachedn the generalcase
andthatit canbeexactly reachedn theespeciallyinteresting
caseof 385.

This resultis obtainedby a cautiousformulationof theal-
gorithm, in which an optimization pointedout by Lhomme
andLebbah[Lebbah,1999 is integrated. Informally speak-
ing, eachtime an interval is reducedthe k — 1 solver per
forms an incompletecomputation. The optimizationis to
storetheresultof this computationsothatsuccessie callsto
thesolverdonotneedo berestartedrom scratch A dynamic
dependeng conditionis usedto determinethat someopera-
tions can be avoided. We then study the costof the cumu-
lation of all theseincompletecomputationgo find improved
boundsontime compleity.

Theoutline of this paperis the following: next sectionin-
troducegherequiredmaterialandterminologyon constraints
andsolwvers. Section3 introducesinterval consisteng tech-
niguesandin particulark B-consisteng. We thendefineand
prove two improvementgo a naive algorithmfor computing
it (Section4). A theoreticalanalysisof the resultingalgo-
rithm allows usto statethenew complexity resultsin Section
5, while the end of the paperis concernedwith conclusions
andperspeciies.
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2 Constraints and Solvers

We noteD the domainof computation.D is supposedo be
finite andtotally ordered it is thuspossibleto computethe
predecessandthesuccessoof ary element. Thisassump-
tion mayseenwveryrestrictve, but it correspondso theusual
representatiolf numberswith computers:in practice,D is
eitherthe setof the canonicalfloating-pointintervals or the
subsebf theintegersencodedn a givennumberof bits.

2.1 Basicterminology

Let V bea finite setof variables A point¢ is definedby a

coordinatet, on eachvariablez, i.e., points are mappings
from V to D. A constaint ¢ is a setof tuples. For readers
morefamiliar with database-theoretmnceptdDechterand
van Beek, 1994, variablesmay also be thoughtof asfield

namespointsastuples andconstraintasrelationsor tables

Pointsmayalsobe seemaslogical valuations

A CSPC is asetof constraintsThesetof solutionsto C is
thesetSol(C) of thepointswhich belongto all its constraints,
i.e, Sol(C) = N{c | ¢ € C}. The problemof constraint
satishctionis to find (one/all)solution(s}to aCSRt is aNP-
completeproblemin its decisionafform.

Thecuto,_, (c) of asetof pointsc is thesetcontainingthe
pointsof ¢ whosecoordinateon z isv: o,_, (c) = {t € ¢ |
t, = v}. Itis alsoreferredto asthe selectionor instantiation
operator Amongotherpropertiesthis operatolis monotonic
cCd=o_()Ca, ()

Thoughthesedefinitionsare fully generalanddo not de-
pendontheway constraintareexpressedsomepointsin this
paperareconcernedvith thespecialcaseof systemsf equa-
tionsandinequation®verD. As anexampleof suchsystems,
{1/x+1/y = z,x = y} definegheCSPC = {c¢1, c2} where
a={{z,y,2) | 1/z+1/y = z} andey = {{z,y,2) | © =
y}. A solutionis (x = 2,y = 2,z = 1). Thecuto__,(c1)
definesheset{(z,y,1) | 1/z+1/y = 1}.

Notations: Throughouthetext, the consideredCSPwiill
befixedandcalledC; consequentlyve shallomit this param-
eterin mostdefinitions.

2.2 Interval-consistency

We call seach space((?) thesetof pointsamongwhich solu-
tionsaresearchedor. In theinterval-consisteng framework
[Benhamouand Older, 1997, the searchspaceis the carte-
sian productof intervals associatedo every variable. The
succes®f this representatiomomesfrom the factthatit is

a compactandexpressve way to approximatethe solutions.
We notelb,, andub, thelowerandupperboundsof theinter-

val of possiblevaluesfor variablex. Thesearchspacds thus
the setcontainingthe pointst whosecoordinatesareinside
thebounds(Vz € V, t, € [lbs, ub,]). It is calledabox due
to theobviousgeometridntuition. Whenwe referto abound
b, without further detail, it canbeindifferentlythe lower or
theupperboundof z.

An intuitive way to reasonon boundsis by relatingthem
to the facetsof the box. Formally, a facetis the setof points
of the box whosecoordinateon a givenvariableis fixedto a
bound: it canbe written o, _, (£2) for somevariablex and
someboundb,, of z.
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Notations: Given a box Q, we note consistent({2) the
propertyQ N Sol(C) # &, which statesthat 2 containsa
solution.

2.3 Solwers

We define(constraint)solves asfunctionswhich verify the
following properties:

Definition 1. [Solver] A solveris a function® onboxessuch
that:

() C O (contractance)
P(2) DN Sal(C) (correctness)
QCQ = o(Q) CP(Q) (monotonicity)
D(P(N2)) =P(Q) (idempotence)

Note that we deliberately exclude the case of non-
idempotentsolvers, which are not relevant here. Solvers
are intendedto reducethe searchspace;the key-point is
that they are usually integratedwithin a branch and prune
algorithm, which is guaranteedo find the solutionsonly
if the solver doesnot remove ary of them, hencewe call
this essentialproperty correctness The opposite property
to correctnesss completenessvhich statesthe implication
—consistent(Q) = ®(2) = @. Completesolversareable
to detectall inconsistencieshut are usuallytoo costly to be
consideregractically

3 kB-consistency

Thesolverswe now considercanbe seenasfunctionswhich
tightentheintervalsby modifying eachboundin turn; we of-
tenreferto thisprocesssfacetreduction meaninghatfacets
are“pusheddown”. Solversaredefinedvia local consistency
properties,which characterizeghe facetsobtainedwhen the
reductionstops.We now definek B-consisteng inductively,
startingwith abasicconsisteng techniqudor thecasek = 2.

3.1 2B-consistency

2 B-consisteng is also called hull-consisteng by someau-
thors[BenhamouandOlder, 1997. On finite domainsiit is
the core of someof the main constraintlogic programming
solvers [Van Hentenrycket al., 1998; Codognetand Diaz,
1994, andit is oftenreferredto aspartial lookahead

Definition 2. [2B-consistency]A box €2 is 2B-consistenif
for everyboundb, wehave:

VeeC,o,_, (D)Nc#2

The 2 B-consistencyolveris the function ®, which mapsa
box (2 to thegreatest B-consistenboxincludedin €.

This definition meansthat boundsare reduceduntil each
facetof the box intersectsvery constraint.It canbe proved
that @, is a valid function: the computedgreatesbox exists
andis unique;this resultcomesrom moregeneralproperties
of confluenceof fixpoint computationgApt, 1999. Further
more, P, is avalid solver: correctnes$oldsbecause value
vissuppresseffomavariablexif 3c € C, o,_,(C)Nc = @,
sothatwe have ~consistent(o,_, (C)), whichprovesthatthe
solver only removesfacetswhich do not containsolutions;
idempotencés straightforvardandmonotonicitycomesrom
themonotonicityof the selectionoperator
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2 B-consisteng can only be computedfor somespecial
constraintscalled primitive, which correspondo the basic
arithmeticrelationsdefinedby thelanguage Solverslik e Pro-
log | V decomposarbitraryconstraintge.g., (2 + x).y = z)
into suchprimitiveconstraint§2+z = 2/, 2’y = v/, v’ = x).

3.2 kB-consistency

The conditionthat every facetintersectsavery constraintis

a very rough approximationof (global) consisteng. kB-

consisteng relies on the obsenation that ideally, a facet
shouldbe reduceduntil it containsa solution; since decid-
ing whethera facetcontainsa solutionis itself a constraint
satishctionproblem,asolver ®;_; cando for thistask.

Definition 3. [kB-consistency] A box €2 is kB-consistent
(for k& > 3) if for everyboundb,. wehave:

Qp1(0,_,, () #9

The kB consistencysolveris the function ®;, sud that the
box @, () is thegreatestt B-consistenboxincludedin Q.

Informally speakingboundsare reduceduntil no facetis
rejectecby thesolver &, ;. Thisdefinitionis recursve: 3 B-
consisteng useghe2 B-consisteng solverandcanin turnbe
usedto define4 B-consisteng, andsoon. Propertieof con-
fluence idempotencendmonotonicityhold for ®. Its cor-
rectnesds a consequencef the correctnes®f ®;_: since
Oy 1(0,_,, () = @ implies—consistent(C), theremoved
facetsdo not containary solution. It is easyto provethat ®,,
is “stronger’than®;_1, i.e., that®,(Q) C &,_1(0) (thisis
dueto the monotonicityof ®4_1).

Note that the idea of k£ B-consisteng can be customized
andthatany consisteng techniquecanbeusednsteadf 2 B-
consisteng. Someauthorshave consideredhe useof Box-
consisteng [Pugetandvan Hentenryck,1999 or lazyforms
of arc-consistenc[DebruyneandBessere,1997.

4 Algorithms

We now present the algorithms for computing kB-
consisteng. As far as 2B-consisteng is concerned,we
only sketchthenotionsrequiredto understandhesubsequent
proofs, and the readeris referredto [Benhamouand Older,
1997;Lhomme,1993 for furtherexplanations.

We thengive an incrementaldescriptionof the algorithm
for k B-consisteng in the generalkcase:startingfrom a naive
algorithm, we successiely describetwo optimizationsused
by the expertsof this techniqueand suggestedn [Lebbah,
1999 (seealso[Delobel,2000). Thetheoreticalinterestof
theseimprovementsshallbe studiedin the next section.

4.1 Computing 2B-consistency

The algorithm for enforcing2B-consisteng is a variant of
the seminalpropagatioralgorithm- AC3. It is a “constraint-
oriented”algorithm,which handlesa setof constraintgo be
consideredgenerallystoredasa queue).lt relieson the fact
that every constraintc relatesa given numberof variables-
we saythatc depend®on this variablez, or alternatvely that
¢ constainsz. Figurel describeghealgorithm.

Two pointsareessentiato the compleity study:
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Q:=¢C
while Q@ # @ do
Q := Q—{c} Warbitrary choice of ¢
for eachvari abl e = constrained by ¢ do
reduce b, while o,_, ()Nc=9g
reduce ub, while o _ , (Q)Nc=9
if [lbs,ub.] has been nodified then
Q = QuU{d eC|c depends on z,c #c}

O~NOO U WNPE

Figurel: Thealgorithmfor 2 B-consisteng

e In the caseof numericconstraints gachconstraintde-
pendson (at most)3 variables;

e Lines 5 and 6 of the algorithm can be performedin
boundedime usinginterval computations.

4.2 Naive algorithm for kB-consistency

Thefiltering of a box 2 by k B-consisteng is computedby
reducingeachof its facetsin turn. In thefollowing algorithm
(Figure2) we usethenotationr educe ... whi | e torepre-
sentthecomputatiorof thenew bound.This notationactually
representaloop: while thespecifiedconditiondoesnothold,
the boundis iteratively reducedo the next (whenreducinga
lower bound)or previous (upperbound)element. This loop
may indeedbe optimized, for instanceby trying to remove
several valuesat once,or even by using recursve splitting.
Unfortunatelytheseheuristicsdo notimprove theworst-case
compleity: atworst,everyvaluehasto beconsideredn turn
to beeffectively reduced.

1 do

2 for eachbound b, do

3 reduce b, while ®5_i(0,_, (2) =92
4 while Q is changed

Figure2: Naive algorithmfor kB-consisteng

The correctnes®f this algorithmis straightforvard since
whenthewhile loop stops all theboundsarek B-consistent.

4.3 Storing information

Themostobviousdravbackof theprecedingalgorithmis that
eachtime afaceto,_, (Q) is reconsideredthe solver &5,
is restartedrom scratchto reducet. A morecleverapproach
is to storethe resultof this reduction,in orderto reuseit in
the next steps(Figure3). The notationnenor i ze is asim-
ple assignmentbut it is intendedto expressthe factthatthe
memorizedbox hasalreadybeencomputedin the previous
line.

1 for eachbound b, domeml[b:] : = Q

2 do

3 for eachbound b, do

4 memlbz] 1= Pr_1(memlby] N Q)

5 if mem[by] = @ then

6 reduce b, while ®x_1(o,_, () =92

7 menorize & 1(o,_, () into memiby]
8 while Q i s changed

Figure3: kB algorithmwith storage
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We usea vector mem® which associateso every bound
the lastnon-emptybox computedwhile reducingit. Whena
boundb,, is reconsideredit is possibleto restartthe solver
from thebox mem/[b,] N Q (cf. Line 4), becausave have:

i 1(0,,, () = Bpi(memlb,] N Q)

Proof. Note that the intersectionmeml[b,] N Q is a way
to rewrite mem[b;] N o,_, () since mem|b,] con-
tains only points with value b, on z. Since memlb,;] =
Pi—1(0,_,, (')) for someQ’ O Q, adirectconsequencef
monotonicityis that 41 (o, _,_(2)) € memlb,]. We also
have ®_1(0,_, () C o,_, (Q) (contractance)andthus
Qp_1(0,_,, () € memlb] N o,_, (2)). Using mono-
tonicity andidempotencave prove that®,_;(o,_, (2)) C
Op_1(membe] N0, _, (Q)) = ®p_1(meml[by] N ). The
otherinclusionD is straightforvard. O

4.4 Avoiding computation

The secondoptimizationrelies on the obsenation thatit is

notworth recomputinga boundb, if mem[b,] C 2, because
mem[b;] N Q is thenequalto mem|[b,] which is alreadya

fixpoint of thesolver ®;,_;. In thealgorithmof Figure4, this

conditionis checled in a naive fashionbefore eachbound

reduction:

1 for eachbound b, domeml[b;] : = Q

2 do

3  for eachbound b, do

4 if mem[bz] Z Q then

5 memlbz] 1= Pp_1(memlby] N Q)

6 if mem[b;] = @ then

7 reduce b, while ®p_1(o,_, (Q)) =2
8
9

x

nmenorize @, _1(o,_, (2)) i nto mem[by]

=

while @ i s changed

Figure4: Algorithm with dynamicdependenccheckings

Figure5 is anillustration of the precedingconsiderations:
in this figure, bound ub, is reducedbut the global box
still containsmem|lby] (= ®x-1(o,_,,, (€')) for somebox
Q' D Q). There-computatiorof boundib, canthereforebe
avoided.

5 Complexity analysis

This sectionis concernedwith the theoreticalstudy of the
algorithms,startingwith the specialcaseof 2 B-consisteng.
We thenstudythe complexity of thealgorithmsof Section4,
andpoint out little improvementsneededo computek B in
nearoptimaltime. As a comparisonyve first recallthe origi-
nal compleity resultsgivenin [Lhomme,1993. As usualin
theliterature[MackworthandFreudey 1985, the complexity
of local consisteng algorithmsis expressedasa function of
thefollowing parameters:

Technically boundsmay be seenas variables,it is thus legit-
imateto usetheir value (c.f. o,_, (£2)) or to modify them(asin
“reduceb, while”). Our useof the notationmem/[b,] is slightly
alusive, the intendedmeaningis thatthe storedvalueis associated
to thebound,notto its currentvalue.
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reduction &———
the facet -~
oy=iv,(£2) !
EEEEREEEEPETE
k-4 I ub,
memlib = <[ "7 1] '
Pra oy, ()L i Ib,
Ib, ub,

Figure5: An illustrationof thealgorithms

e n = |V| thenumberof variables,
e m = |C| thenumberof constraints,

¢ d the numberof elementdn the greatestnterval of the
box.

In general,t is possibleto artificially defineasmary con-
straintsas is wished on a given numberof variables. On
the contrary it is not possibleto have n > 3m (for ternary
constraintsunlessghe absurdcaseof disconnectedonstraint
graphsis acceptedthusn = O(m).

5.1 Complexity of 2B-consistency

The compleity of 2 B-consisteng hasbeendeterminedby
[Lhomme, 1993 using an argumentinspired from [Mack-
worth and Freudey 1985. We recall this resultand give a
simplerproof:

Complexity 1. Thetime-complgity for the algorithm com-
puting 2 B-consistencyseeFigure 1) is O(md).

Proof. Betweenwo insertionof aconstraint into thesetQ,
thereductionof oneof theinternvalsonwhich ¢ dependsnust
have occurred.c dependn a boundedhumberof variables
(3 in our case),andeachinterval may be reducedat mostd
times. Theoverall numberof insertionsof a given constraint
into the queueis henceboundedby O(d), and the number
of insertionsof the m constraintss O(md). Sincelines5
and 6 of the algorithmrequire constanttime, this givesthe
compleity. O

We also recall the best-caseunning time: when no re-
ductionis obtainedthe box s already2 B-Consistent)every
constraints dequeuedh time ©(m).

5.2 Complexity of the original algorithm

The complexity of theoriginal algorithmfor k B-consisteng
presentedn [Lhomme, 1993 is the sameasthe one of the
naive algorithmpresentedn Figure2. To shawv thatthis al-
gorithm runsin time O(md*—'n2*-2)), we just prove the
following result:

Complexity 2. Thenumberof callsto thesolver®,. ; in the
naivek B-consistencylgorithmis O(dn?).
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Proof. The worst caseis obtainedwhen re-computingall
facets(Line 2 of the algorithmof Figure 2) resultsin a min-
imal reduction(removal of one element)of only one of the
bounds:consequentlyO(n) applicationof &, ; areneeded
to remove one element. Sinceone interval is associatedo
eachof then variablesdn elementanay be suppressedne
aftertheotherin the worstcase hencethe overall numberof
applicationsof thesolver @, _; is O(dn?). O

Note that this compleity doesnot seemto be optimal:
sincewe usethe solver ®;,_; to testeachelementof every
variable, we could expectan optimal algorithmto perform
only O(dn) callsto ®;,_,. We shallseehow this presumably
optimalboundcanbereachedn the caseof 3 B-consistenyg.

5.3 3B-consistency

We now have all thetheoreticaklementsathandfor acritical
studyof thealgorithmof Figure4. We first restrictourselhes
to the caseof 3 B-consistenyg, whoseexpectedoptimalcom-
plexity is O(md?n). Thealgorithmof Figure4 is notoptimal
yetfor asimplereasonto suppressomevalueonagivenin-
tenal, it may be neededo apply several 2 B-consistencies,
eachtime with costO(m). The problemis that2B is runon
all constraintsn a systematiavay, while only theoneswhich
dependbn a boundwhich hasbeenreducedsincethelastrun
shouldbeenqueued.

This situationmay be avoidedwith a finer storageof the
queuesusedby 2B-consisteng (Figure 6): a queueq[b,]
is attachedo eachfacetb,,, and eachtime the reductionof
a facetstops,the correspondingjueueis empty Only the
constraintsvhich effectively have to bereconsideredreen-
gueued(Line 12). In the following the expressionusi ng
meanghat ®, is runwith ¢[b,] asaninitial queueinsteadof
thequeuecontainingall the constraintaisedin Figure1:

1 for eachbound b, domemlbs] := Q

2 qlbz] 1= C

3 do

4 for eachbound b, do

5 mem[bz] : = ®2(mem[bz]) using q[bs]

6 if mem[b:] = @ then

7 reduce b, while ®3(0,_, () =2

8 menorize ®x(o,_, () into mem[b;]
9 for eachbound b, do

10 if meml[by] Z 2 then

11 memlby] 1= mem[b,] N

12 qlby] = qlby]U{c|c depends on b}
13 whileQ i s changed

Figure6: Optimizedhandlingof thequeuesn 3B

Notethatthisalgorithmis essentiallthesameastheoneof
Figure4 wherethetestfor inclusionin Line 10 andtheinter
sectionin Line 11areappliedin anoptimizedway. Thesewo
operationscan be especiallyeasily computedsinceonly the
interval for thevariablez which haseffectively beenchanged
hasto be checledor reduced.

Complexity 3. The algorithm of Figure 6 is optimal
(O(md?n)).
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Proof. Severalcallsto thesolver ®; mayberequiredto sup-
pressavaluev from agivenvariable. Throughouthesecalls,
eachconstraintis taken into accountonly if one of the vari-
ablesonwhichit dependfiasbeenreducedeitherduringthe
currentcomputatiorof 2 B-consisteng or betweerthe previ-
ouscomputatiorandthecurrentone). Thecumulatechumber
of constraininsertionsinto the queuefor all the callsrelated
to value v is thenboundedby O(md). SinceO(dn) such
valuesmaybe suppressedheglobalcostis O(md*n). O

This boundis correctbecausehe numberof testsof in-
tenval inclusionshasbeenoptimized:in the algorithm,O(n)
interval inclusionsare checled every time one of the O(dn)
elementss effectively removed,andthe costof thesetestsis
thenO(dn?). Sincen is O(m), this compleity is lessthan
O(md?n).

5.4 Complexity of kB-consistency

We refinethe analysisof the compleity of k B-consisteng.
Figure7 shavsthesaringsobtainecby thememorizatiorpre-
sentedbefore. ; is a facetof somebox. It is reducedby
(k —1)B-consisteng in orderto shav thatthecorresponding
valuew is inconsistentThe valuessuppressebtly (k — 2) B-
consisteng appearastiles on thefigure. The secondpart of
the figure shawvs a casewherethe searchspace?’ hasbeen
reducedandthe re-computatiorof (£ — 1) B-consisteng is
needed.

! U mem[b] = )

0= N (I
Tab, (12) | Lo !
memlb,| = 3 | 3 3 \\\ |

D1 (1) ! P ‘i |

| T |

1 2L ST N SR - S ‘

Figure7: Successie reductionsof afaceto,_, (Q2).

To determinghe compleity of k£ B-consisteng, we bound
the numberof filterings by (k — 2)B-consisteng (i.e. the
tiles). The keypointis thatthe algorithmstoresthe suppres-
sionsobtainedby (k — 2) B, andavoids computingthemsev-
eraltimes.We have thefollowing result:

Complexity 4. Whencomputingk B-consistencythe num-
ber of computation®f (k — 2) B-consistencys O(d*n?).

Proof. Considerthe computationneededto suppresssome
value v associatedo a variablexz (v may be thoughtof as
the boundb,, of the box). O(dn) suchvaluesexist. Dueto
the memorizationjt is neededo re-computethe (k — 1) B-
consisteng onthefacets___ () only in thecasewhereone
of thevaluesof thecorrespondingnemorizedbox (mem|b,])
hasbeenremoved. In the worst case,it may happenthat
no computationof (k — 1) B-consisteng reduceshe mem-
ory; up to O(dn) suchcomputationscan thus occur, since
O(dn) suppressionsf asinglevalueof thememorymayoc-
cur. Eachtime, the numberof (k — 2) B-consistencieshat
arechecledis O(n) (oneis run on eachfacetof o___(Q2)).
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Theoverallnumberof (k — 2) B-consistencieis boundedby
O(d*n?). O

Since the original bound on the numberof (k — 2)B-
consistenciess O(d?*n*), we have shavn an improvement
of the worst-casebehaiour. We summarizethe resultsfor
2B, 3B, andstrongerconsistencie¢k’ > 1):

(2k)B
(2K + 1)B

O(md.(d>n3)¥ —1)
O(md2n.(d?>n3)F —1)

6 Conclusion

Investigatingseveral improvementsto a basicalgorithm for
computingk B-consisteng, we have designedan optimalal-
gorithmfor 3 B-consistenyg, andshavn thatimprovedbounds
arereachedor highervaluesof k. Note thatthe algorithms
presentedherearevery affordablein termsof spacecomplex-
ity: the storageof theboxesneededy the algorithmsof Fig-
ures4 and 6 requiresspaceO(kn?) (n? spaceis neededo
storea box for eachfacetat eachlevel andno two applica-
tionsof somesolverfor thesamdevel of £ maycoexist). The
handlingof the queuesn the algorithmof Figure 6 requires
O(nm) additionalspace.

In terms of algorithms, our main contribution was to
overview andjustify theoreticallysomeimprovementsased
on somememorizatiorof computation Thoughour purpose
wasnotto discusghe practicalrelevanceof thistechniquejt
actuallyprovesto be effective on our implementationsince
it allows saving somepercentof the computationof facets.
Typical benchmarksshowv that 5% to 60% of the facetre-
duction may be avoided while computing3 B-consisteng.
It might be possibleto generalizethesememorizationtech-
niguesto eachlevel of k B-consisteng, andhenceto improve
the theoreticaltime-compleity - to the detrimentof space-
compleity.

Our study of the compleity of interval consisteng tech-
nigues may be regardedas complementaryto the qualita-
tive resultswhich comparehefiltering obtainedby thealgo-
rithms. Forinstanceit is well-known that3 B-consisteng al-
lows to computemoreprecisantervalsthanBox-consisteng
[Collavizzaetal., 1999, but thatit is alsoa morecostlytech-
nigue. Sincethe efficiengy of constraintsolving dependsn
the compromisebetweenthe pruning obtainedandthe time
requiredto achieve it, an interestingperspectie is to study
the differencebetweenthe two algorithmsin termsof theo-
reticalcosts.

Notethatour studywasrestrictedo the original definition
of kB-consisteng, and that the alternatve definition based
on Box-consisteng introducedin [Pugetand van Henten-
ryck, 1994 hasnot beenconsidered SinceBox-consisteng
is computedin a very similar way to 2B, it seemshowever
that little customizationof our algorithmis neededio han-
dlethis case A morechallengingaskwould beto determine
whethersimilar optimizationgo theonespresentedéh thispa-
permay be helpful in the combinatoriakcase wheredomains
areconsiderednsteadof intervals
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