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Abstract

Of late,new insightinto thestudyof random� -SAT
formulaehasbeengainedfrom the introductionof
aconceptinspiredby modelsof physics,the‘back-
bone’ of a SAT formula which correspondsto the
variableshaving a fixed truth value in all assign-
mentssatisfyingthe maximumnumberof clauses.
In thepresentpaper, we show that this concept,al-
readyinvaluablefrom atheoreticalviewpointin the
studyof thesatisfiabilitytransition,canalsoplayan
importantrole in the designof efficient DPL-type
algorithmsfor solvinghardrandom� -SAT formu-
laeandmorespecifically � -SAT formulae.We de-
fineaheuristicsearchfor variablesbelongingto the
backboneof a � -SAT formulawhich arechosenas
branchnodesfor thetreedevelopedby a DPL-type
procedure.We give in additiona simpletechnique
to magnifytheeffect of theheuristic.Implementa-
tion yieldsDPL-typealgorithmswith a significant
performanceimprovementover thebestcurrental-
gorithms,makingit possibleto handleunsatisfiable
hard3-SAT formulaeup to 700variables.

1 Introduction
The SatisfiabilityProblem,asoneof the basicNP-complete
problems[Garey andJohnson,1979], hasappearedto pos-
sessapropertyof greatinterestwith respectto computational
complexity. RandomCNFformulaein whicheachclausehas
a fixed number � of literals, known as � -SAT formulae,ex-
hibit with respectto satisfiability, a so-calledphasetransi-
tion phenomenonsuchthattheSAT formulaeat thetransition
appearin probability the mostdifficult to solve. This prop-
erty, initially describedin [Mitchell et al., 1992] andsince
studied in numerouspapers[Crawford and Auton, 1993;
GentandWalsh,1994] hasthe following practicalmanifes-
tation. Whenin anexperiment� clauseswith exactly � lit-
erals, ���	� , � , 
 ... (limited to manageablesizesof formu-
lae),over a setof � booleanvariables,arechosenat random
with a fixed ratio �
������� , the probability of satisfiability
falls abruptlyfrom near � to near � as � passessomecritical
valuecalled the threshold. Moreover (leaving aside2-SAT�
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formulae which are well known to be solvable in polyno-
mial time), at the threshold,for ����� a peakof difficulty
of solvingis observedandthispeakgrowsexponentiallyasa
functionof � . This intriguing propertycorrelatingthe satis-
fiability thresholdwith thehardnessof � -SAT formulae,has
stimulatedmany theoreticalaswell asexperimentalstudies,
eliciting a betterunderstandingof the phasetransitionphe-
nomenonandprogressin solvinghardSAT formulae.
Recently, thesatisfiabilityphasetransitionhasattractedmuch
attentionfrom physicists.Sophisticatedmodelsof statistical
physicshave beenevolvedover thepastfew decadesto pre-
dict andanalyzecertainphasetransitions,and thesecanbe
compared,from atheoreticalviewpoint,with thesatisfiability
transition.Thishasshednew light on thequestion.In partic-
ular in 1999,aninsightfulconceptwasintroduced,the‘back-
bone’of a SAT formula [Monassonet al., 1999]. Theback-
bonecorrespondsto thesetof variableshaving a fixed truth
valuein all assignmentssatisfyingthe maximumnumberof
clausesof a � -SAT formula (cf MaxSAT). The relevanceof
this conceptis connectedto thefact that thenumberof solu-
tions (i.e. satisfyingassignments)of a satisfiablerandom � -
SAT formulahasbeenprovedto bealmostsurelyexponential
asa functionof � up to andat the threshold[Boufkhadand
Dubois,1999], a resultcorroboratedin its MaxSAT version
by thephysicsmodelknown as‘ReplicaSymmetricansatz’.
This conceptof backboneof a � -SAT formulahasturnedout
to play an importantrole in theoreticalstudies,allowing for
example,thescalingwindow of the2-SAT transitionto bede-
termined[Bollobáset al., 2000]. We show in this paperthat
the conceptof backbonecanalsoplay an importantrole in
moreefficiently solvinghard � -SAT formulae.We will focus
particularlyon 3-SAT formulaewhich aretheeasiest� -SAT
formulaeto handle(for ����� ) andthereforeat presentthe
moststudiedin the literature. Thehard3-SAT formulaeare
generatedrandomlywith aratio � around
�� ��� whichappears
experimentallyto becloseto the thresholdvalue. In the last
ten years,the best-performingcompletesolving algorithms
(i.e., thosedefinitelydeterminingwhetherasolutionexistsor
not) have beenbasedon theclassicalDPL procedure[Davis
et al., 1962]. Importantprogresswas achieved, making it
possibleat present,for example,to solve � -SAT hardformu-
lae with 300 variables(and thereforewith 1275clauses)in
roughlythesamecomputingtime asformulaewith 100vari-
ables(and425clauses)tenyearsagounderequivalentcom-
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putingconditions.
The DPL-type procedureswhich have led to this progress
were all designedaccordingto a single viewpoint, that of
dealingwith theclauseswhich remainnotsatisfiedatsucces-
sive nodesof the solving tree,trying mainly to reducethem
asmuchaspossiblein numberandin size. Clausesalready
satisfiedin the courseof solving were not considered.By
usingtheconceptof backbonewe changethis viewpoint, fo-
cusingon theclauseswhich canbesatisfiedin thecourseof
solving, andhow. Thus,we first explain in this paperhow
with this new viewpoint, the size of treesdevelopedby a
DPL-typeprocedurecanbeefficiently reduced.Thenwegive
practicallya simplebranchingheuristicbasedon the search
for variablesbelongingto the backboneof a formula, and
we show that it bringsimmediatelyan improvementin per-
formancecomparedwith the bestcurrentheuristic,this im-
provementincreasingwith thenumberof variables.We fur-
therpresenta techniqueto magnifytheeffectof theheuristic.
Combiningthis heuristicand this techniquein a DPL-type
procedure,we obtainsignificantperformanceimprovements
over existing SAT solvers in the literature,solving unsatis-
fiable hard random3-SAT formulaewith 200 to 600 vari-
ablesfrom 1.2to about3 timesfasterthanby thecurrentbest
suitablealgorithms,particularly satz214[Li, 1999]. More-
over, hard3-SAT formulaeup to 700variablesareshown to
besolvableby our procedurein about25 daysof computing
time,which beginsto berelatively acceptable.Theseexperi-
mentalresultsreportedin thepresentpaperbring anup beat
view in contrastto themisgivingsexpressedin [Li andGer-
ard, 2000] aboutthe possibility to obtain further significant
progresswith DPL-typealgorithms,which went asfar asto
suggestthatthebestcurrentalgorithmscouldbecloseto their
limitations.

2 An approach using the concept of backbone
for designing efficient DPL-type procedures.

In this section,we needto generalizethenotionof backbone
of aSAT formula � . Givenasetof clauses� , no longernec-
essarilyof maximumsize,wedefinethebackboneassociated
to � asthesetof literalsof � having thetruthvalueTRUE in
all assignmentssatisfyingtheclausesof � .
Since the overall performanceof a completealgorithm on
randomSAT formulaedependsessentiallyon how it handles
unsatisfiableformulae, in the remainderof this sectionwe
consideronly unsatisfiable3-SAT formulae.Let, then, � be
anunsatisfiable3-SAT formulawith clausesbuilt onaset  of�!� literals,itself derivedfrom aset " of � booleanvariables.
Let # be the so-calledrefutationtreeof � , asdevelopedby
a DPL-typeprocedure.At eachleaf $ of # , aninconsistency
is detected.Let %	&'$)( bethesubsetof clausesof � satisfied
by the *+&'$)( literalssetto TRUE alongthepath ,-&'$)( from the
root of # to theleaf $ . Call ./&0$)( thesetof assignmentssatis-
fying %	&'$)( . Supposethereis a backbone12&'$)( associatedto%	&'$)( . Fromtheabove-mentionedtheoreticalstudy, this can
beexpectedin practiceoftento bethecaseat theleavesof # .
The inconsistency detectedat $ meansthat �436587:9<;>= assign-
mentsarerefutedaspossiblesolutionsof � . We have thein-
equality: �436587:9<;>=@?BA ./&'$)()A . Equalityobtainspreciselywhen

the setof the *+&'$)( literals constitutesthe backbone1C&'$)( of%	&'$)( . Furthermore,the assignmentsrefutedaspossibleso-
lutionsof � atdifferentleavesof # aredistinct(form disjoint
sets),andtheir total numberequals�D3 . Hence,in lowering
thenumberof leavesof # two factorsintervene,namely: (i)
thesizeof thesets./&0$)( mustbeaslargeaspossible,and(ii)
theequality �D3E587:9<;>=F�GA ./&0$)(HA musthold mostof thetime, at
leastapproximately.
The above considerationsextendto all nodesof # . In this
case,at any node I , �D3E587:9KJL= representsthe potentialmaxi-
mumnumberof assignmentsthat canbe refutedaspossible
solutionsof � at the node I . Accordingto the above view-
point, theglobalconditionin orderbestto reducethesizeof# is that, from the root to a nearestnode I , literals be cho-
senwhich constitutea backbonerelative to somesubsetof
clausesof � . Indeed,the nearerthe node I is to the root,
thesmallertheset %	&MI6( of satisfiedclauseswill tendto be.
Now, thecrucialpoint is thatany assignmentgiving thevalue
FALSE to at leastoneliteral of thebackbone,canberefuted
onthebasisof thesubset%	&NI:( of clausesassociatedto 12&NI:( .
If theset %	&MI6( is of smallsize,it is thento beexpectedthat
any refutationderivedfrom %	&NI6( beshort,i.e. that therefu-
tation treefor all suchassignmentsbe of small size. Let us
illustratethis with the following very simpleexample. Sup-
posethatamongall theclausesof � thereare4 of theform:O &QPSRUT2RUV:(XW)&QPYRUT-R V�(XW)&0P�R T2RUZ[(\W)&QP�R T2R Z[(^] . The
backboneof these4 clausesreducesto theliteral P . Accord-
ing to theabove principle,this literal is a preferentialchoice
for a branchstemmingfrom the root. In the branchof the
literal P , refutationsareobtainedby branchingjust twice,ap-
plying thesameprincipleof bringingforwarda backboneat
the nearestpossiblenode,thuseither T or T will be chosen
indifferently. Note that in this examplethe backbonesearch
principle includesin its generalform thenotionof resolvent
without usingit. Theliteral P couldof coursebeinferredby
applyingclassicalresolution.
We next detaila heuristicanda techniquewhich embodythe
foregoing,if only partially.

2.1 A backbone-variables search heuristic
ConsideragenericnodeI of therefutationtree# of � , andlet�-&MI6( bethereducedformulaatnodeI . Theheuristic(Figure
1) describedbelow aimsat selectingliterals thatmaybelong
to a hypotheticalbackboneassociatedto a subsetof clauses
of � of the smallestpossiblesize. The simpleideasustain-
ing this heuristicis to estimatethe numberof ‘possibilities’
for a given literal Z of �-&MI6( to be constrainedto TRUE in
the clausesof �-&NI6( whereit appears.E.g., if �-&MI6( contains
the clause &0Z_Ra`
RabE( , onepossibility for Z to be TRUE is&0`
R�bE(dce�f�g F.ih . If in addition ` and b appearj and k
times,respectively, in clausesof �-&MI6( , thenumberof possi-
bilities for Z to beTRUE canbeestimatedasj8k at thissecond
level by settingto FALSE thenecessaryliteralsin theclauses
where ` and b appear. If however ` and b appearin both
binary andternaryclauses,we mustconsiderthe possibility
to be greaterwhen a binary ratherthan a ternaryclauseis
involved, sincea single literal is requiredto have the value
FALSE insteadof two. To evaluatea ’possibility’, we there-
fore weight the relevant binary andternaryclauses.But for
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Set lnmo� andlet MAX beaninteger.
Proc pq&QZ[(lnmrltsu�
computevw&QZ[(
if l+x MAX then

Return y
9Mz!{6|\=~}���9��0=

p�& `�([p�& b�(
else

Return y
9Mz!{6|\=~}���9��0=

&��\jt�!& `t(�s�j��4& `�(L(X&��\j��4& bE(qs�j���& bE([(
end if

Figure1: backbonesearchheuristich

theheuristicevaluation,only theratioof theweightingsmat-
ters.As a first apporximation,we take theratio of probabili-
ties in a randomassignment,i.e. simply a ratio of 2. Within
theheuristicfunction,anevaluationlevel is definedfor Z , as
exemplifiedby the above allusion to a second-level evalua-
tion of Z . To beprecise,theevaluationlevel is thenumberof
ternaryclauseswhich mustsuccessively bebroughtinto play
in order to reachthe conclusionthat Z is TRUE, following
theaforementionedprinciple.Fixing anevaluationlevel thus
limits the numberof ternaryclausesto be usedbeforecon-
cludingthat Z is TRUE. Ontheotherhand,thereis noneedto
limit the numberof binary clausesthatcanbe used,with or
withoutternaryones.Sincebinaryclauses,dueto thefactthat
asingleliteral hasto beFALSE, do notgive riseto combina-
tions,their usedoesnot increasethecomputationalcomplex-
ity of theheuristic.At a givennodeof therefutationtree,all
literalsmustbeevaluatedto thesamelevel soasto guarantee
comparableevaluations. The heuristicfunction p in Figure
1 embodiesthesimpleprinciplesjust stated.Theestimation
level equalsthenumberof recursivecallsto p�&0Z[( , namelythe
constantMAX augmentedby 1. For theformal definitionof
theheuristic,thereremainsto introducetwo typesof setsof
clauses. �+&0Z[( denotesthe setof binary or unaryclausesde-
rivedby eliminating Z , from theclausesof �-&MI6( where Z ap-
pears.Let j � &Q`�( andj � &Q`�( bethenumberof unaryandbinary
clausesrespectively in �+&0`t( . vw&0Z[( is thesetof all binarysub-
clausesderivedfrom ternaryclausesof �-&NI6( suchthateachof
thesebinarysubclausessetto FALSE, implies Z TRUE either
directlyor by virtueof certainunaryclauseshaving thevalue
FALSE. Let ustakeanexampleshowing how to computethe
heuristich. Considerthefollowing setof clauses:
&0PdR �gRC�X(���&QPdR2�H(���& �nR2�wR �!(���&��gRC��R �6(t��&��gR��E(��
& �nRS��R���(t�a& ��RC�!( .
Weevaluatepq&QP8( ontheabovesetof clauseswith MAXsetto
1. Wehave vw&QP8(�� O �qR������qR �4] . To carryout theevaluation,
thesets�+& `�( mustbedeterminedfor eachliteral ` appearing
in theclausesof vw&QP8( , in orderto know thevaluesj��!& `8( and
j���& `t( . We thushave: �i&��E(�� O ��R �����8] , �+& �\(�� O �2RS�8] ,
�+& �6(F� O ������RS��] and �+&Q�!(F� O ��] . With regardto �i&��E( , we
have j � &Q�E(+��� becauseof theunaryclause� , andj � &Q�E(_���
owing to �iR � . Proceedingthusfor all variablesin theclauses
of vw&QP8( , thevalueof p�&0P8( is :

&��Xj � &Q�E(\s�j � &Q�E([(H&��Xj � & �X(\s�j � & �X([(\s-&��\j � & �:(\s�j � & �:(L(X&��\j � &Q�!(\sj � &Q�!([(���&��ws �¡(H&���(qs &��wsu��(X&��4(+�£¢ .
We assessedthe performanceof the heuristc p�&0Z[( in a pure
DPL procedure.At eachnodeof the treedevelopedby the
procedure,theproduct p�&0P�([p�& P�( wascomputedfor every as
yetunassignedvariableP . Thechosenbranchingvariablewas
thatcorrespondingto themaximumvalueof p�&0P�([p�& Pt( at the
nodeunderconsideration.Theproduct p�&0P�([p�& Pt( favorsop-
positeliteralswhichmayeachbelongto adifferentbackbone
relative to a separatesubsetof clauses.The performanceof
this heuristicwascomparedto thatof a heuristicof the type
usedin recentalgorithms. We implementedthe heuristicof
thesolver ”satz214” [Li, 1999], appearingcurrentlyto bethe
fastestfor solvingrandom3-SAT formulae.We solvedsam-
plesof 200random3-SAT formulaehaving from 200to 300
variablesin stepsof 25, and a clauses-to-variablesratio of
4.25. For every considerednumberof variables,the mean
ratioof thecomputationtimewith thesatz214heuristiccom-
paredto the computationtime with the heuristicdescribed
above (“h” heuristic),for a level limited to 3, hasbeenplot-
ted on Figure 2. The smoothline connectingthe consecu-
tive pointsshows the evolution of this meanratio from 200
to 300variables.This ratio is seento be markedly above 1,
it increasesfrom 1.2 to 1.3 with acceleratedgrowth. Table1
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Figure2: meantimeratioof satz214heuristicto “h” heuristic
on hardrandom3-SAT unsatisfiableformulae.

givesthemeansizeof thetreedevelopedwith eitherheuris-
tic. Theseresultsimmediatelydemonstratetheadvantageof
theapproachbasedon theconceptof backbone.

sizeof formulae “ ¤ ” heuristic satz214heuristic

in #vars mean#nodes mean#nodes

200 1556 1647

225 3165 3363

250 8229 8774

275 18611 20137

300 36994 41259

325 77744 93279

350 178813 252397

Table1: averagesizeof treebuilt by satz214heuristicand
“h” heuristiconhardrandom3-SAT unsatisfiableformulae.
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2.2 Picking backbone variables

Thetechniquedescribedin thissectionaimsat improving the
efficiency of the previous heuristicby detectingeither liter-
als whichmustbelongto somebackbonerelative to someset
of clauses,or clausesthatcannotbeassociatedto literalsbe-
longing to a backbone.Only the principlesof the technique
aregivenin this section,togetherwith illustrativeexamples.
A literal Z hasto belongto a backbonerelative to somesetof
clauses,if amongall possibilitiesleadingto Z beingTRUE, at
leastonewill necessarilyhold. Take the simpleexampleof
thefollowing clauses:
Example 1:&Q��R �X(��a& ��R
p8(���&0P¥R ��R p8(/�&Q��R �H(��a& ��R���(��a& P�R
��RS�t(t�a&0P�R
�nR
�H(
Considertheliteral P . At thefirst level, thepossibilitiesthatit
betrueare & �qR p2c£�f�g F.ihd( and &���Rg�/c£�f�g F.ihd( . At the
secondlevel, thesepossibilitiesbecomesimply ��c£�f�g F.ih
and �Sc¦�f�@ �.ih . Necessarilyoneor theotherwill obtain.
Therefore,P belongsto thebackboneassociatedto thegiven
setof clauses.
Conversely, a literal Z in someclausecannotbelongto aback-
bone,if settingto TRUE, it leadsto an inconsistency. This
principlegeneralizestheclassicallocal treatmentof inconsis-
tency detectionat eachnodeof a solvingtree,suchasimple-
mentedin csat, posit, andsatz214. As an example,take the
following clauses:
Example 2:&0P�R2§¨(��a& P�R �@RS�X(��a& P�RC�)(/�
& P�RC�!(��a&0P�R §2R
�E(t�a& ��R
�E(��a& �iR �@R �X(
Accordingto thecriteriausuallyadoptedby algorithmsin the
literature,only theliteral P or atmostthe2 literals P and P in
theclausesof Example2 will beselectedfor alocal treatment
of inconsistency detection.SettingP to TRUE leadsto anin-
consistency by unit propagation.From the backboneview-
point, P cannot,therefore,belongto a backbone.As men-
tioned,thiscaseis classicallyhandledby existingalgorithms.
Now supposethat,insteadof thesixthclause& �nR¥�E( wehave
the clause & ��R©�¥R�§�( . Unit propagationno longerdetects
aninconsistency. On theotherhand,following our backbone
viewpoint and without changingthe classicalselectioncri-
teria for the local treatmentof inconsistencies(which areof
recognizedefficiency), it is possibleto detectthat the first
clausecontaining P , &0P�RU§�( , cannotcontribute to a set of
clausessuchthat P would belongto a backbonerelative to
this set. Indeed,the only possibility that P be TRUE is that§ be FALSE. An inconsistency now follows, againby unit
propagation.As a consequence,§ is set to TRUE, and the
clause&QP�RS§�( cannotbeassociatedto a backboneincludingP . Thetechniqueinspiredby theprinciplejuststatedis called
pickback.
We briefly mentiontwo otherexampleswhich show thegen-
eralnatureof this principle.
Example 3:& P�RC�E(���&0P¥R�§2R2ª�(t�a& �nR
�@R2ªt(t�a& �+R �!([�
& P�R
�H(��a& ��R2§2R
�H(���& �+R
��RS�t(t�a& �@R2ª�R �t(
Setting P to TRUE doesnot lead to an inconsistency. Yet,
setting &0§�Rfªt( to FALSE by ‘pickback’ leads,via unit propa-
gation,to aninconsistency. Wemaythereforeaddthisclause,

&0§2R2ª�( , which subsumes&0P�R2§�R2ª�( .
Example 4:& P�R
�H(��a&QP�RC§2R�ª�(t�a&'ª�RS�t(t�a& ª¥RC�!(��
& P�RC�E(���& ��R
�gR
�H(©��& �FRC§�(q��& ��R �H(t�a& �¨R
�+R �E(
SettingP to TRUE doesnot leadto aninconsistency. Yetset-
ting § aloneto FALSE in &0§
RCª�( allows to deductthevalue
FALSE for ª , thusvalidatinga strongerpickbackthanin the
previousexample.

3 Experimental results
The“h” heuristicandthetechniquejustdescribedin section2
wereimplementedin aDPL procedure.This implementation
is denotedcnfs(shortfor CNF solver). In this sectioncom-
parative performanceresultsaregiven,pitting cnfsagainst4
solverswhich currentlyappearto be the bestperformerson� -SAT or � -SAT randomformulae.Theseare:TABLEAU in
its versionntab[Crawford andAuton,1993], posit[Freeman,
1996], csat [Dubois et al., 1996], and satz2141 [Li, 1999].
In additionwe consider2 strongsolverssato[Zhang,1997],
rel sat [BayardoandSchrag,1996] which aremoredevoted
to structuredformulaethanto randomformulae.We carried
out our experimentationson random3-SAT formulaegener-
atedasper theclassicalgeneratorsin theliterature(i.e. each
clausedrawn independentlyandbuilt by randomlydrawing
3 amonga fixed number � of variables,thennegatingeach
with probability �� ). In order that the impact of the back-
boneapproachusedin cnfsbeshown with asmuchprecision
aspossible,ourexperimentscoveredawiderangeof formula
sizes,goingfrom 200to700variablesanddrawing largesam-
ples.Thehardwareconsistedof AMD Athlon-equipped2 PCs
runningat 1 GHz undera Linux operatingsystem.Thecom-
parativeresultsthusobtainedarenow to begivenin detail.

3.1 Performance comparison results
Comparative results from 200 to 400 variables
Table2 givesthe meansizesof the solving treesdeveloped
by the 7 programsunderscrutiny, sato, rel sat, ntab, csat,
posit, satz214and cnfs, on samplesof 1000 formulaewith
200and300variables,andon samplesof 500formulaewith
400 variables.Meantreesizesareexpressedasnumbersof
branchingnodes,andarelistedseparatelyfor satisfiableand
unsatisfiableformulae.They arefoundto befrom 8 to about
1.5 times smallerfor cnfs than for the 4 solversntab, csat,
posit andsatz214in the caseof unsatisfiableformulae,and
from 9 to 1.6 timessmallerfor satisfiableformulae;thesera-
tios dependon bothsolver andformulasize. It is important
to observethat thecomputetime ratio of cnfswith respectto
eachof theother6 solversincreaseswith formulasize.Table
3 showshow improvedtreesizesobtainedwith cnfstranslate
into computationtimes.Computetime ratiosof cnfswith re-
spectto ntab, csat,posit andsatz214areseento vary from
26 to 1.3 in theunsatisfiable,andfrom 29 to 1.75in thesat-
isfiable case. Tree size improvementsthus carry over into
equivalentcomputationtime gains. Thesefirst resultsshow,
therefore,that cnfsprovides, in the rangeof formulaefrom

1Thenew satz215has,from ourfirst experiments,similarperfor-
mancesonRandom3-SAT formulaeassatz214

2AdvancedMicro DevicesInc. (http://www.amd.com)
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SAT
Solvers

unsat(N) 200V 850C 300V 1275C 400V 1700C

& (482N) (518Y) (456N) (534Y) (245N) (255Y)

sat(Y)
mean#nodes

(stddev.)
mean#nodes

(stddev.)
mean#nodesin

millions (stddev.)

sato
unsat 14076 (5225) 443313 (109694) -

sat 4229 (4754) 151728(157102) -

rel sat
unsat 1319 (535) 56064 (26136) 2.2 (0.9)

sat 478 (452) 18009(19217) 0.82(0.88)

ntab
unsat 973 (764) 78042 (33222) 3.0 (1.4)

sat 756 (673) 27117(27790) 1.1(1.2)

csat
unsat 2553 (997) 90616 (37729) 3.6 (1.7)

sat 733 (763) 26439 (31224) 1.8 (2.4)

posit
unsat 1992 (754) 82572 (35364) 3.4 (1.7)

sat 789 (694) 34016 (31669) 1.5 (1.4)

satz214
unsat 623 (206) 18480 (7050) 0.56 (0.23)

sat 237 (216) 6304 (6541) 0.21 (0.21)

cnfs
unsat 470 (156) 12739 (4753) 0.37 (0.15)

sat 149 (154) 3607 (4089) 0.12 (0.13)

Table2: averagesizeof treeonhardrandom3-SAT formulae
from 200 to 400variablesfor sato, rel sat, TABLEAU, csat,
POSIT, satz214& cnfssolvers

200 to 400 variables,significantperformanceimprovements
that increasewith formula size,in termsof treesizeaswell
ascomputationtime.

Further performance comparisons with satz214
Pursuingthis line of experimentation,we now offer perfor-
mancecomparisonresultson formulaefrom 400to 600vari-
ableswith the satz214solver, which performsbestof the 6
againstwhichcnfs wasmeasuredup to now.
Wefirst solvedsamplesof 100formulaefrom 400to 600vari-
ablesin incrementsof 20.

Figure 3 shows the meancomputationtime curves (plot-
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Figure3: meancomputationtimeof satz214& cnfson3-SAT
hardrandomunsatisfiableformulaefrom 400to 600variables

ted in thesameway asfor theFigure2) of satz214andcnfs
for theunsatisfiableformulaewithin thesolvedsamples.In-
deed,themostsignificantperformancefigurefor a complete
algorithmis on unsatisfiableformulae. The gain previously
observedbetween200and400variablesis seenfurtherto in-
creasefrom 400to 600.cnfsis 1.85timesfasterthansatz214
for 500variables,and2.78timesfasterfor 600.

SAT
Solvers

unsat(N) 200V 850C 300V 1275C 400V 1700C

& (482N) (518Y) (456N) (534Y) (245N) (255Y)

sat(Y)
meantime
(stddev.)

meantime
(stddev.)

meantime
(stddev.)

sato
unsat 89.2s(84.6s) 18h27m(7h) -

sat 13.2s(38s) 4h (6h40m) -

rel sat
unsat 4.5s(1.9s) 343s(169s) 6h 29m(2h47m)

sat 1.6s(1.6s) 114.3s(123s) 2h 30m(2h40m)

ntab
unsat 0.81s(0.30s) 48.0s(20.6s) 48m15s(23m21s)

sat 0.38s(0.28s) 16.6s(16.8s) 18m5s(19m16s)

csat
unsat 0.47s(0.20s) 29.6s(13.3s) 29m1s(14m36s)

sat 0.15s(0.15s) 9.0s(10.7s) 7m 47s(10m1s)

posit
unsat 0.28s(0.1s) 15.1s(6.6s) 13m7s(6m35s)

sat 0.11s(0.1s) 6.3s(5.9s) 5m 56s(5m36s)

satz214
unsat 0.17s(0.05s) 4.9s(1.8s) 2m 44s(1m09s)

sat 0.07s(0.05s) 1.7s(1.7s) 1m 05s(1m03s)

cnfs
unsat 0.13s(0.04s) 3.7s(1.3s) 1m 50s(0m43s)

sat 0.04s(0.04s) 1.1s(1.2s) 0m 37s(0m40s)

Table3: meancomputationtime on hardrandom3-SAT for-
mulaefrom 200to 400variablesfor sato, rel sat, TABLEAU,
csat, POSIT, satz214& cnfssolvers

Table4 containsprecisecomparedmeanvaluesof treesize

#Vars
#Clauses

unsat(N)
sat(Y)

mean#nodesin
millions (stddev.)

meantime (stddev.)

cnfs satz214 cnfs satz214

500V «~¬ N 8 (3.3) 16.6 (7.2) 49m10s(19s) 91m02s(39s)

2125C ­�® Y 2.5 (3.8) 6.5 (7.2) 15m24s(23s) 36m21s(40s)

600V ¯>¬ N 178 (71) 857 (373) 23h18m(9h) 64h32m(28h)

2550C «>® Y 37.8 (50) 233 (315) 4h54m(6.5h) 18h20m(24h)

Table4: averagesizeof treeandmeancomputationtime on
hardrandom3-SAT formulaefrom 500and600variables

and computationtime on formulaewith 500 and 600 vari-
ables,listing thesatisfiableandunsatisfiablecasesseparately.
Treesizegainincreaseof cnfsversussatz214maybenoticed
notto carryoverentirelyinto computationtimegainincrease.
Indeed,thegainfactorfor cnfsonunsatisfiableformulaegoes
from 2 for 500variablesto 4.8for 600.Thisprobablyreflects
thehigh costof thebackbone-variablesearchheuristic.One
canthereforehopethat technicalimprovementsof the latter
will leadto yet greatercomputationtime performancegains.
Finally, Figure 4 sumsup, on the whole range200 to 600
variables,theevolutionof thegainratio of cnfsvs satz214in
computationtime andtreesize.Thesecurvesclearlydemon-
stratea complexity functiongainof cnfsover sat214on ran-
dom3-SAT formulae.

Solving hard 3-SAT formulae up to 700 variables
For the reader’s information, Table 5 shows how cnfs per-
formsin computationtimeandnumberof nodeson two sam-
plesof 30 formulaewith 650and700variables,respectively.
Formulaewith 700variables,regardedasquitelargefor com-
pletesolving methods[Selmanet al., 1997] arenow within
reach,and this in approximately600 machinehours on a
single-processor‘domestic’PC.Let usalsoindicatethat for
randomformulaewith 700variables,irrespectiveof theirsat-
isfiability, themeansolvingtimewith cnfsis about300hours.

252 SEARCH, SATISFIABILITY, AND CONSTRAINT SATISFACTION PROBLEMS



time(satz214)
time(cnfs)

size(satz214)
size(cnfs)

si
ze

(s
at

z2
14

)/
si

ze
(c

nf
s)

tim
e(

sa
tz

21
4)

/ti
m

e(
cn

fs
)

size of hard random unsatisfiable problem (in #variables)

600550500450400350300250200

1.5

2

2.5

3

3.5

4

4.5

5

600550500450400350300250200
1.2
1.4
1.6

2
2.2
2.4
2.6
2.8

1.8

Figure 4: progressionof �0°N±�²^9N³�´^�0µ �\�>¶ =�0°M±/²�9N·~3�¸¡³�= and ³>°Mµ\²�9¹³�´^�0µ �^��¶ =³>°Nµ\²�9N·~34¸�³>= on
unsatisfiableformulaefrom 200to 600variables

#Vars unsat(N) mean#nodesin

millions (stddev.)
meantime (stddev.)

#Clauses sat(Y)

650V ºQ» N 1140 (587) 5 days21h (71h)

2762C º�¼ Y 241 (399) 1 day6h (50h)

700V º�® N 4573(1703) 26days4h (228h)

2975C ºQ¬ Y 653(922) 3 days19h (129h)

Table5: meancomputationtime andaveragesizeof treeof
cnfson largehard3-SAT formulaesup to 700variables

4 Conclusion
In the courseof the last decade,algorithmsbasedon the
DPL procedurefor solvingpropositionalformulaehave seen
a performanceimprovementthatwasquitereal,if muchless
spectacularthanin the caseof stochasticalgorithms. It was
recentlysuggestedthat the performanceof DPL-type algo-
rithmsmightbecloseto their limitations,giving riseto a fear
that subsequentprogressmight be very difficult to achieve
and that large unsatisfiableformulae (e.g., 700 variables)
might remainbeyondreach.We have presenteda DPL-type
algorithm incorporatingmainly a new and simple heuristic
using the backboneconceptrecentlyintroducedfrom mod-
elsof physics.This concepthaschangedtheviewpoint from
whichclassicalheuristicsweredeveloped.Wewerethusable
to improve the currentbestsolving performancefor hard3-
SAT formulaeby a ratio increasingwith formulasize(equal
to 3 for 600variables),andwehaveshown thatsolvingunsat-
isfiableformulaewith 700variableswasfeasible.An impor-
tantlessoncanbedrawn from ourresults.In orderto improve
theperformanceof DPL-typealgorithmssignificantlyandto
enhancethe stateof the art in completesolving, it appears
thata deepunderstandingof thestructureof thesolutionsof
a SAT formula is paramount.This is why experimental,as
well astheoreticalstudiesaimingto furthersuchcomprehen-
sionareessential.
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