A backbone-search heuristic for efficient solving of hard 3-SAT formulae*

Olivier Duboist and Gilles Dequen?
t LIP6, C.N.R.S.-Unversig Paris 6, 4 placeJussieu75252Paris cedex 05, France.
tLaRIA, Universié dePicardie JulesVerne,C.U.R.1.,5 Ruedu moulin neuf, 80000Amiens,France.
e-mail : Olivier.Dubois@lip6.frdequen@laria.u-picardie.fr

Abstract

Of late,new insightinto thestudyof randomk-SAT
formulaehasbeengainedfrom the introductionof
aconceptinspiredby modelsof physics the ‘back-
bone’ of a SAT formula which correspondso the
variableshaving a fixed truth valuein all assign-
mentssatisfyingthe maximumnumberof clauses.
In the presenipaper we shav thatthis conceptal-
readyinvaluablefrom atheoreticalviewpointin the
studyof thesatisfiabilitytransition,canalsoplay an
importantrole in the designof efficient DPL-type
algorithmsfor solving hardrandomk-SAT formu-
lae andmorespecifically3-SAT formulae. We de-
fineaheuristicsearctfor variablesbelongingto the
backboneof a 3-SAT formulawhich arechoseras
branchnodedfor thetreedevelopedby a DPL-type
procedure We give in additiona simpletechnique
to magnifythe effect of the heuristic. Implementa-
tion yields DPL-typealgorithmswith a significant
performanceémprovementover the bestcurrental-
gorithms,makingit possibleto handleunsatisfiable
hard3-SAT formulaeupto 700variables.

1 Introduction

The Satisfiability Problem,asone of the basicNP-complete
problems[Garey and Johnson, 1979, hasappearedo pos-
sessapropertyof greatinterestwith respecto computational
complity. RandomCNF formulaein which eachclausenhas
a fixed numberk of literals, known as k-SAT formulae,ex-

hibit with respectto satisfiability a so-calledphasetransi-
tion phenomenosuchthatthe SAT formulaeatthetransition
appearin probability the mostdifficult to solve. This prop-
erty, initially describedin [Mitchell et al., 1994 and since
studiedin numerouspapers[Crawford and Auton, 1993;
GentandWalsh, 1994 hasthe following practicalmanifes-
tation. Whenin anexperimentm clauseswith exactly & lit-

erals,k = 2, 3, 4 ... (limited to manageablsizesof formu-

lae),over a setof n booleanvariablesarechosenat random
with a fixedratio c = m/n, the probability of satisfiability
falls abruptlyfrom nearl to near0 asc passesomecritical

value called the threshold. Moreover (leaving aside2-SAT

*This work wassupportedy AdvancedMicro Devicesinc.
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formulae which are well known to be solvable in polyno-
mial time), at the threshold,for & > 3 a peakof difficulty
of solvingis obsenedandthis peakgrows exponentiallyasa
functionof n. This intriguing propertycorrelatingthe satis-
fiability thresholdwith the hardnes®f k-SAT formulae,has
stimulatedmary theoreticalaswell asexperimentalstudies,
eliciting a betterunderstandingf the phasetransitionphe-
nomenorandprogressn solvinghardSAT formulae.
Recentlythesatisfiabilityphasedransitionhasattractednuch
attentionfrom physicists.Sophisticatednodelsof statistical
physicshave beenevolved over the pastfew decadego pre-
dict and analyzecertainphasetransitions,andthesecan be
comparedfrom atheoreticaliewpoint,with thesatisfiability
transition.This hasshednew light onthe question.In partic-
ularin 1999,aninsightful conceptasintroducedthe ‘back-
bone’ of a SAT formula[Monassoretal., 1999. The back-
bonecorrespondso the setof variableshaving a fixed truth
valuein all assignmentsatisfyingthe maximumnumberof
clausesof a k-SAT formula (cf MaxSAT). The relevanceof
this conceptis connectedo the factthatthe numberof solu-
tions(i.e. satisfyingassignmentsdf a satisfiablerandomk-
SAT formulahasbeenprovedto bealmostsurelyexponential
asa function of n up to andat the threshold[Boufkhadand
Dubois, 1999, aresultcorroboratedn its MaxSAT version
by the physicsmodelknown as‘Replica Symmetricansatz’.
This conceptof backboneof a k-SAT formulahasturnedout
to play animportantrole in theoreticalstudies,allowing for
example thescalingwindow of the2-SAT transitionto bede-
termined[Bollobasetal., 200d. We show in this paperthat
the conceptof backbonecan also play animportantrole in
moreefficiently solvinghardk-SAT formulae.We will focus
particularlyon 3-SAT formulaewhich arethe easiest-SAT
formulaeto handle(for ¥ > 3) andthereforeat presentthe
moststudiedin the literature. The hard3-SAT formulaeare
generatedandomlywith aratio c around4.25 whichappears
experimentallyto be closeto thethresholdvalue. In the last
ten years,the best-performingcompletesolving algorithms
(i.e.,thosedefinitelydeterminingwhethera solutionexistsor
not) have beenbasedon the classicalDPL procedurd Davis
etal, 1964. Importantprogresswas achiesed, making it
possibleat presentfor example,to solve 3-SAT hardformu-
lae with 300 variables(and thereforewith 1275 clauses)n
roughlythe samecomputingtime asformulaewith 100 vari-
ables(and425 clauses}enyearsagounderequialentcom-

SEARCH, SATISFIABILITY, AND CONSTRAINT SATISFACTION PROBLEMS



puting conditions.

The DPL-type procedureswvhich have led to this progress
were all designedaccordingto a single viewpoint, that of

dealingwith the clausesvhich remainnot satisfiedat succes-
sive nodesof the solving tree, trying mainly to reducethem

asmuchaspossiblein numberandin size. Clausesalready
satisfiedin the courseof solving were not considered. By

usingthe conceptof backbonewne changethis viewpoint, fo-

cusingon the clausesvhich can be satisfiedin the courseof

solving, and how. Thus,we first explain in this paperhow

with this new viewpoint, the size of treesdevelopedby a

DPL-typeprocedureanbeefficiently reduced Thenwe give

practicallya simple branchingheuristicbasedon the search
for variablesbelongingto the backboneof a formula, and
we show thatit bringsimmediatelyan improvementin per

formancecomparedwith the bestcurrentheuristic,this im-

provementincreasingwith the numberof variables.We fur-

therpresenttechniquao magnifytheeffectof theheuristic.
Combiningthis heuristicand this techniquein a DPL-type
procedurewe obtainsignificantperformancémprovements
over existing SAT solversin the literature, solving unsatis-
fiable hard random3-SAT formulae with 200 to 600 vari-

ablesfrom 1.2to about3 timesfasterthanby thecurrentbest
suitablealgorithms,particularly satz214[Li, 1999. More-

over, hard3-SAT formulaeup to 700 variablesareshawn to

be solvableby our proceduran about25 daysof computing
time, which beginsto berelatively acceptableTheseexperi-

mentalresultsreportedin the presenpaperbring anup beat
view in contrastto the misgivings expressedn [Li andGer

ard, 2000 aboutthe possibility to obtain further significant
progresswith DPL-typealgorithms,which wentasfar asto

suggesthatthebestcurrentalgorithmscouldbecloseto their

limitations.

2 An approach using the concept of backbone
for designing efficient DPL-type procedures.

In this section,we needto generalizehe notion of backbone
of aSAT formula F'. Givenasetof clauses4, nolongernec-
essarilyof maximumsize,we definethebadkboneassociated
to A asthesetof literalsof F' having thetruthvalueTRUE in
all assignmentsatisfyingthe clauseof A.

Since the overall performanceof a completealgorithm on
randomSAT formulaedepend®ssentiallyon how it handles
unsatisfiableformulae, in the remainderof this sectionwe
consideronly unsatisfiable3-SAT formulae. Let, then, F' be
anunsatisfiabl&-SAT formulawith clauseuilt onasetL of
2n literals, itself derivedfrom a setV of n boolearvariables.
Let T be the so-calledrefutationtree of F', asdevelopedby
a DPL-typeprocedure At eachleaf ¢ of T', aninconsisteng
is detected.Let M (¢) bethe subsebf clausef F satisfied
by the u(¢) literalssetto TRUE alongthe path P(¢) from the
rootof T to theleaf £. Call S(¢) thesetof assignmentsatis-
fying M (£). Supposehereis abackboneB(¢) associatedo
M (¢). Fromthe abore-mentionedheoreticalstudy this can
be expectedn practiceoftento bethecaseattheleavesof T'.
The inconsisteng detectedat £ meansthat 2 #(®) assign-
mentsarerefutedaspossiblesolutionsof F'. We have thein-
equality: 2n—#(8) < |S(¢)|. Equality obtainspreciselywhen
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the setof the u(¢) literals constituteghe backboneB(¢) of
M (¢). Furthermorethe assignmentsefutedas possibleso-
lutionsof F' atdifferentleavesof T aredistinct(form disjoint
sets),andtheir total numberequals2™. Hence,in lowering
the numberof leavesof T two factorsintervene,namely: (i)
the sizeof the setsS(¢) mustbe aslarge aspossibleand(ii)
the equality2”~#(®) = |S(¢)| musthold mostof thetime, at
leastapproximately

The above considerationgxtendto all nodesof T'. In this
case,at ary nodej, 27—+ representshe potentialmaxi-
mum numberof assignmentshat canbe refutedaspossible
solutionsof F' atthe nodej. Accordingto the above view-
point, the global conditionin orderbestto reducethe size of
T is that, from theroot to a nearesnodej, literals be cho-
senwhich constitutea backbonerelative to somesubsetof
clausesof F'. Indeed,the nearerthe nodej is to the root,
the smallerthe set M (j) of satisfiedclauseswill tendto be.
Now, thecrucialpointis thatany assignmengiving thevalue
FALSE to atleastoneliteral of the backbonecanberefuted
onthebasisof thesubsetl/ () of clausesassociatetb B(j).
If thesetM (j) is of smallsize,it is thento be expectedthat
ary refutationderivedfrom M (j) beshort,i.e. thattherefu-
tationtreefor all suchassignmentbe of smallsize. Let us
illustratethis with the following very simple example. Sup-
posethatamongall the clausef F' thereare4 of the form:
{zVvyVvza);xzVvyVva;zVvyVvi);vyVvi}. The
backboneof these4 clausegeducedo theliteral z. Accord-
ing to the above principle, this literal is a preferentialchoice
for a branchstemmingfrom the root. In the branchof the
literal z, refutationsareobtainedby branchingusttwice, ap-
plying the sameprinciple of bringing forward a backboneat
the nearesipossiblenode,thuseithery or 7 will be chosen
indifferently. Notethatin this examplethe backbonesearch
principleincludesin its generalform the notion of resolhent
without usingit. Theliteral 2 couldof coursebe inferredby
applyingclassicaresolution.

We next detail a heuristicanda techniquewvhich embodythe
foregoing,if only partially.

2.1 A backbone-variables search heuristic

Consideragenerinodej of therefutationtreeT of F', andlet
F(j) bethereducedormulaatnode;. Theheuristic(Figure
1) describeelon aimsat selectingliteralsthatmay belong
to a hypotheticalbackboneassociatedo a subsetof clauses
of F' of the smallestpossiblesize. The simpleideasustain-
ing this heuristicis to estimatethe numberof ‘possibilities’
for a given literal ¢ of F'(j) to be constrainedo TRUE in
the clausesof F'(j) whereit appears.E.g.,if F(j) contains
the clause(t V u V v), one possibility for ¢ to be TRUE is
(uVwv) = FALSE. If in additionw andv appearp andq
times,respectiely, in clauseof F'(j), the numberof possi-
bilities for ¢t to be TRUE canbeestimatedaspq atthis second
level by settingto FALSE thenecessariiteralsin theclauses
wherew andv appear If however w andw appearin both
binary andternaryclauseswe mustconsiderthe possibility
to be greaterwhen a binary ratherthan a ternary clauseis
involved, sincea singleliteral is requiredto have the value
FALSE insteadof two. To evaluatea'possibility’, we there-
fore weight the relevant binary andternaryclauses.But for
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Seti «+ 0 andlet MAX beaninteger.
Proc h(t)

14 1+1

computeZ(t)

if i < MAX then

Return Z

(uvv)€eZ(t)

h(@)h(v)

else

Return Z

(uVvv)€EZL(t)
end if

(2p1(@) + p2(@)) (2p1 (0) + p2(7))

Figurel: backbonesearchheuristich

theheuristicevaluation,only theratio of theweightingsmat-
ters. As afirst apporximationwe take theratio of probabili-
tiesin arandomassignmenti.e. simply a ratio of 2. Within
the heuristicfunction, an evaluationlevel is definedfor ¢, as
exemplified by the above allusionto a second-lgel evalua-
tion of t. To be precise the evaluationlevel is the numberof
ternaryclausesvhich mustsuccessiely be broughtinto play
in orderto reachthe conclusionthat ¢ is TRUE, following
theaforementionegbrinciple. Fixing anevaluationlevel thus
limits the numberof ternaryclausego be usedbeforecon-
cludingthatt is TRUE. Ontheotherhand thereis noneedto
limit the numberof binary clauseghatcanbe used,with or
withoutternaryones.Sincebinaryclausesdueto thefactthat
asingleliteral hasto be FALSE, do not give riseto combina-
tions,their usedoesnotincreasdhe computationatomplec-
ity of the heuristic. At a givennodeof the refutationtree,all
literalsmustbe evaluatedo the samelevel soasto guarantee
comparablevaluations. The heuristicfunction k in Figure
1 embodieghe simple principlesjust stated. The estimation
level equalsthe numberof recursve callsto h(t), namelythe
constantMAX augmentedy 1. For the formal definition of
the heuristic,thereremainsto introducetwo typesof setsof
clauses.C(t) denoteghe setof binary or unary clausesde-
rived by eliminating¢, from the clausesf F'(j) wheret ap-
pears.Letp; (u) andps(u) bethenumberof unaryandbinary
clausegespectiely in C(u). Z(¢) is the setof all binary sub-
clauseglerivedfrom ternaryclause®f F'(j) suchthateachof
thesebinary subclausesetto FALSE, impliest TRUE either
directly or by virtue of certainunaryclausesaving thevalue
FALSE. Let ustake anexampleshawving how to computethe
heuristich. Considetthefollowing setof clauses:
(zvavb)A(zVe)AevdVve)A(aV fVvd)A(aVg)A
bVvfivg A(dVe).

We evaluateh(z) ontheabove setof clausesvith MAX setto
1. WehaveZ(z) = {aVvb,dVe}. Tocarryouttheevaluation,
the setsC (u) mustbedeterminedor eachliteral » appearing
in the clauseof Z(x), in orderto know the valuesp, (u) and
p2(w). We thushave: C(a) = {f vd, g}, C(b) = {f V g},
C(d) = {e,aV f} andC(e) = {d}. With regardto C(a), we
have p; (a) = 1 becaus®f theunaryclauseg, andps (a) = 1
owingto fVvd. Proceedinghusfor all variablesn theclauses
of Z(z), thevalueof h(z) is:

250

(2p1(a)+p2(a)) (2p1 (b) +p2 (b)) +(2p1 (d) +p2(d)) (21 (€) +
p2(e) =2+ 1)(1)+(2+1)(2)=09.

We assessethe performanceof the heuristch(t) in a pure
DPL procedure.At eachnodeof the tree developedby the
procedurethe producth(z)h(Z) wascomputedor every as
yetunassignedariablex. Thechoserbranchingvariablewas
thatcorrespondingo the maximumvalueof h(z)h(Z) atthe
nodeunderconsideration.The producth(x)h(Z) favors op-
positeliteralswhich mayeachbelongto a differentbackbone
relative to a separatesubsetf clauses.The performanceof
this heuristicwascomparedo that of a heuristicof the type
usedin recentalgorithms. We implementedhe heuristicof
thesolver”satz214 [Li, 1999, appearingurrentlyto bethe
fastesfor solvingrandom3-SAT formulae. We solved sam-
plesof 200random3-SAT formulaehaving from 200to 300
variablesin stepsof 25, and a clauses-to-ariablesratio of
4.25. For every considerechumberof variables,the mean
ratio of the computatiortime with the satz214heuristiccom-
paredto the computationtime with the heuristicdescribed
above (“h” heuristic),for a level limited to 3, hasbeenplot-
ted on Figure 2. The smoothline connectingthe consecu-
tive points shaws the evolution of this meanratio from 200
to 300 variables. This ratio is seento be markedly above 1,
it increasedrom 1.2to 1.3 with acceleratedjrowth. Tablel

13
1.28-

time(satz214 heuristic)
1.26F time(h) - -
1.24

1.22

1.2

ratio of computation time

L1860 225 250 275 300 325 350

size of hard random unsatisfiable problem (in #variable

Figure2: meantimeratio of satz214heuristicto “h” heuristic
on hardrandom3-SAT unsatisfiabldormulae.

givesthe meansizeof the treedevelopedwith eitherheuris-
tic. Theseresultsimmediatelydemonstratéhe advantageof
theapproactbasedon the conceptof backbone.

sizeof formulae | “h” heuristic  satz214heuristic
in #vars meant#nodes mean#nodes

200 1556 1647

225 3165 3363

250 8229 8774

275 18611 20137

300 36994 41259

325 77744 93279

350 178813 252397

Table 1: averagesize of tree built by satz214heuristicand
“h” heuristicon hardrandom3-SAT unsatisfiabldormulae.
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2.2 Picking backbone variables

Thetechniquedescribedn this sectionaimsatimproving the
efficiency of the previous heuristicby detectingeither liter-
als which mustbelongto somebackboneelative to someset
of clausespr clauseghatcannotbe associatedo literalsbe-
longing to a backbone.Only the principlesof the technique
aregivenin this section togethemwith illustrative examples.
A literal t hasto belongto a backboneelative to somesetof
clausesif amongall possibilitieseadingto ¢ beingTRUE, at
leastonewill necessarilyhold. Take the simple exampleof
thefollowing clauses:

Example 1: _
(avbyAN(@Vh)A(xVGVh)A

(aveyA(@vg) AN(TVeVf)A(zVbVc)
Considetheliteral z. At thefirstlevel, thepossibilitiesthatit
betrueare(gvh = FALSE) and(bVc = FALSE). At the
secondevel, thesepossibilitieshbecomesimplya = FALSE
anda = FALSE. Necessarilyoneor the otherwill obtain.
Thereforez belongsto the backboneassociatedo the given
setof clauses.

Corverselyaliteral t in someclausecannotbelongto aback-
bone,if settingto TRUE, it leadsto an inconsisteng. This
principlegeneralizesheclassicalocal treatmenof inconsis-
teng detectionat eachnodeof a solvingtree,suchasimple-
mentedin csat posit andsatz214 As anexample,take the
following clauses:

Example 2:

(xvB)A@VEAVb) A(TVc)A

(zVe) A(xVBVa)A(eVa)A(EVaVb)

Accordingto thecriteriausuallyadoptedy algorithmsin the
literature,only theliteral Z or atmostthe 2 literalsz andz in
theclauseof Example2 will beselectedor alocaltreatment
of inconsisteng detection.Settingz to TRUE leadsto anin-
consisteng by unit propagation. From the backboneview-
point, z cannot,therefore,belongto a backbone.As men-
tioned,this casds classicallyhandledby existing algorithms.
Now supposéhat,insteadof the sixth clause(e v a) we have
the clause(e vV a v ). Unit propagatiomo longerdetects
aninconsisteng. Ontheotherhand,following our backbone
viewpoint and without changingthe classicalselectioncri-
teriafor the local treatmentof inconsistenciegwhich are of
recognizedefficiengy), it is possibleto detectthat the first
clausecontainingz, (z v ), cannotcontritute to a set of
clausessuchthat z would belongto a backbonerelative to
this set. Indeed,the only possibility that z be TRUE is that
B be FALSE. An inconsisteng now follows, againby unit
propagation.As a consequencej is setto TRUE, andthe
clause(z Vv ) cannotbe associatedo a backbonencluding
z. Thetechniqudnspiredby theprinciplejuststateds called
pickbad.

We briefly mentiontwo otherexampleswhich showv thegen-
eralnatureof this principle.

Example 3: B
ZVaA(zVEVY)ADBVAVY)A(EVEA

(Vb)) A(@VvpBVe)A@VeV fYAAVyV )

Settingz to TRUE doesnot leadto an inconsisteng. Yet,
setting( Vv v) to FALSE by ‘pickback’ leads via unit propa-
gation,to aninconsisteng. We maythereforeaddthis clause,
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(8 V 7y), whichsubsumegz v 3 V 7).

Example 4:

@VD) A@VBVY)A(YVH)NGTVeEA
@Vva)A@vdve) ANeVBA(fVEA(DVevd)
Settingz to TRUE doesnotleadto aninconsisteng. Yetset-
ting 8 aloneto FALSE in (8 V 7) allows to deductthe value
FALSE for ~, thusvalidatinga strongermickbackthanin the
previousexample.

3 Experimental results

The"h” heuristicandthetechniqugustdescribedn section?

wereimplementedn aDPL procedureThisimplementation
is denotedcnfs (shortfor CNF solver). In this sectioncom-

parative performanceesultsaregiven, pitting cnfsagainst4

solverswhich currentlyappearto be the bestperformerson

k-SAT or 3-SAT randomformulae.Theseare: TABLEAU in

its versionntab[Crawford andAuton, 1993, posit[Freeman,
1994, csat[Duboiset al., 1996, and satz214 [Li, 1999.

In additionwe consider2 strongsolverssato[Zhang,1997,

rel_sat[Bayardoand Schrag,1996 which aremoredevoted
to structuredormulaethanto randomformulae. We carried
out our experimentation®n random3-SAT formulaegener

atedasperthe classicalgeneratorsn theliterature(i.e. each
clausedravn independentlyand built by randomlydrawing

3 amonga fixed numbern of variables,thennegatingeach
with probability %). In order that the impact of the back-
boneapproachusedin cnfsbe shavn with asmuchprecision
aspossible pur experimentoveredawide rangeof formula
sizesgoingfrom 200to 700variablesanddrawing largesam-
ples. Thehardwareconsistedf AMD Athlon-equipped PCs
runningat 1 GHz undera Linux operatingsystem.Thecom-

paratie resultsthusobtainedarenow to begivenin detail.

3.1 Performance comparison results

Comparative results from 200 to 400 variables

Table 2 givesthe meansizesof the solving treesdeveloped
by the 7 programsunderscrutiry, sato, rel_sat, ntab, csat,
posit, satz214and cnfs on samplesof 1000 formulaewith
200and300variablesandon samplesof 500 formulaewith
400 variables. Meantree sizesare expressedas numbersof
branchingnodesandarelisted separatelyfor satisfiableand
unsatisfiabldormulae. They arefoundto befrom 8 to about
1.5times smallerfor cnfsthanfor the 4 solversntab, csat,
positandsatz214in the caseof unsatisfiabléormulae,and
from 9 to 1.6timessmallerfor satisfiableformulae;thesera-
tios dependon both solver andformulasize. It is important
to obsene thatthe computetime ratio of cnfswith respecto
eachof the other6 solversincreasesvith formulasize.Table
3 shavs how improvedtreesizesobtainedwith cnfstranslate
into computatiortimes. Computetime ratiosof cnfswith re-
spectto ntab, csat, posit and satz214are seento vary from
26 to 1.3in the unsatisfiableandfrom 29 to 1.75in the sat-
isfiable case. Tree size improvementsthus carry over into
equialentcomputationtime gains. Thesefirst resultsshow,
therefore,that cnfs provides, in the rangeof formulaefrom

1 Thenew satz21%as from ourfirst experimentssimilar perfor
mance®n Random3-SAT formulaeassatz214
2AdvancedMicro Deviceslinc. (http://www.amd.com)
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unsat(N) 200V 850C 300V 1275C 400V 1700C
Sif;rs & (482N) (518Y) (456N) (534Y) (245N) (255Y)
mear#nodes mear#nodes mean#nodesn
sat(v) (stdder) (stddev) millions (stddev)
sato unsat 14076 (5225 443313 (109699
sat 4229 (4759 151728157102
rel.sat unsat 1319 (5395 56064 (26139 2.2 (09
sat 478 (452 18009(19217 0.82(0.89
ntab unsat 973 (764 78042 (332229 3.0 (19
sat 756 (673 27117(27799 1.1(1.2
csat unsat 2553 (997 90616 (37729 3.6 (1.7
sat 733 (763 26439 (31229 1.8 (29
posit unsat 1992 (7549 82572 (35369 34 (1
sat 789 (694 34016 (31669 1519
unsat 623 (206 18480 (7050 0.56 (0.23
satz214
sat 237 (216 6304 (6541 0.21 (0.23)
enfs unsat 470 (156) 12739 (4753 0.37 (0.19
sat 149 (154 3607 (4089 0.12 (0.13

Table2: averagesizeof treeon hardrandom3-SAT formulae
from 200to 400 variablesfor satq rel_sat, TABLEAU, csat
POSIT, satz214& cnfssolvers

200to 400 variables significantperformancémprovements
thatincreasewith formulasize,in termsof treesizeaswell
ascomputatiortime.

Further performance comparisons with satz214
Pursuingthis line of experimentationwe now offer perfor
mancecomparisorresultson formulaefrom 400to 600 vari-
ableswith the satz214solver, which performsbestof the 6
againstwhich cnfs wasmeasuredip to now.
Wefirst solvedsampleof 100formulaefrom 400to 600vari-
ablesin incrementsf 20.

Figure 3 shavs the meancomputationtime curves (plot-

250000

200000 500
4000
1500001 : 300

200

1000001 1009

50000

average computation time (in seconds)

5 e ¢ =" 4 | 1 1 1

400 420 440 460 480 500 520 540 560 580 600
size of hard random unsatisfiable problem (in #variables)

Figure3: meancomputatiortime of satz214& cnfson3-SAT
hardrandomunsatisfiabléormulaefrom 400to 600variables

tedin the sameway asfor the Figure2) of satz214andcnfs
for the unsatisfiabldormulaewithin the solved samples.In-
deed,the mostsignificantperformancdigure for acomplete
algorithmis on unsatisfiabldormulae. The gain previously
obseredbetweer?00and400variabless seerfurtherto in-
creasdrom 400to 600. cnfsis 1.85timesfasterthansatz214
for 500variablesand?2.78timesfasterfor 600.
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unsat(N) 200V 850C 300V 1275C 400V 1700C
Sif;rs & (482N) (518Y)  (456N) (534Y) (245N) (255Y)
sat(Y) meantime meantime meantime
(stddev.) (stddev.) (stddev.)
unsat 89.25(84.69 18h27m(7h)
sato
sat 13.2s(389 4h (6h40m
Lsat unsat 4.55(1.99 343s(1699 6h29m(2h47m)
rel_sa
sat 1.6s(1.69 114.35(1239 2h 30m(2h40m
tab unsat 0.815(0.309 48.0s(20.69 48m15s(23m21g
ntal
sat 0.38s(0.289 16.65(16.89 18m5s(19m169
" unsat 0.47s(0.209 29.65(13.33 29m1s(14m369
csa
sat 0.15s(0.159 9.0s(10.79 7m47s(10mly
it unsat 0.28s(0.19 15.1s(6.69 13m7s(6m359
0Si
P sat 0.11s(0.19 6.35(5.99 5m 56s(5m369
unsat 0.17s(0.059 4.95(1.89 2m44s(1m099
satz214
sat 0.07s(0.059 1.7s(1.79 1mO05s(1m039
‘ unsat 0.13s(0.049 3.7s5(1.39 1m50s(0m439
cnfs
sat 0.045(0.049 1.1s(1.29 0m 37s(0m409

Table3: meancomputatiortime on hardrandom3-SAT for-
mulaefrom 200to 400variablesfor satq rel_sat TABLEAU,
csat POSIT, satz214& cnfssolvers

Table4 containsprecisecomparedneanvaluesof treesize

mean#nodesn R
#ars |unsatN)| mjilfions (stddev.) meantime (stddev.)
fClauses sat(v) cnfs [ satz214 cnfs | satz214
500V | 58N | 833 | 16.6(72 | 49m10s(199 | 91m02s(399
2125C 62Y 2.5(3.9 6.5 (7.2 15m24s(239 | 36m21s(409
600V | 48N | 178(71) | 857 (373 | 23h18m(oh) | 64h32m(28h
2550C 52Y | 37.8(50) | 233(315 | 4h54m(6.5H | 18h20m(24h)

Table4: averagesizeof treeand meancomputatiortime on
hardrandom3-SAT formulaefrom 500and600variables

and computationtime on formulaewith 500 and 600 vari-
ables|isting the satisfiableandunsatisfiableaseseparately
Treesizegainincreasef cnfsversussatz214maybenoticed
notto carryoverentirelyinto computatiortime gainincrease.
Indeedthegainfactorfor cnfsonunsatisfiabléormulaegoes
from 2 for 500variablesto 4.8for 600. This probablyreflects
the high costof the backbone-ariablesearchheuristic. One
canthereforehopethattechnicalimprovementsof the latter
will leadto yet greatercomputatiortime performancegains.
Finally, Figure 4 sumsup, on the whole range200 to 600
variablesthe evolution of the gainratio of cnfsvs satz214n
computatiortime andtreesize. Thesecurvesclearlydemon-
stratea complexity function gainof cnfsover sat214on ran-
dom3-SAT formulae.

Solving hard 3-SAT formulae up to 700 variables

For the readers information, Table 5 shovs how cnfs per

formsin computatiortime andnumberof nodesontwo sam-
plesof 30 formulaewith 650and700variablesrespectiely.

Formulaewith 700variablesyegardedasquitelargefor com-
plete solving methodsSelmanet al., 1997 are now within

reach, and this in approximately600 machinehourson a
single-processodomestic’ PC. Let us alsoindicatethatfor

randomformulaewith 700variablesjrrespectve of their sat-
isfiability, themeansolvingtime with cnfsis about300hours.
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Figure 4: progressiorof Fime(en]s) and size(ongs)” ON

unsatisfiabldormulaefrom 200to 600variables

#Vars unsat(N) mean#nodesn i
. meantime (stddev,)
#Clauses| sat(Y) millions (stddev.)
650V 13N 1140 (587) 5 days21h(71h
2762C 7Y 241 (399 1 day6h (s0h)
700V 12N 4573(1703 26 days4h (2288
2975C 18Y 653(922 3 days19h(129n

Table5: meancomputationtime and averagesize of tree of
cnfsonlargehard3-SAT formulaesup to 700variables

4 Conclusion

In the courseof the last decade,algorithmsbasedon the
DPL procedurdor solving propositionaformulaehave seen
a performancemprovementthatwasquitereal,if muchless
spectaculathanin the caseof stochastialgorithms. It was
recently suggestedhat the performanceof DPL-type algo-
rithmsmightbecloseto their limitations, giving riseto afear
that subsequenprogressmight be very difficult to achieve
and that large unsatisfiableformulae (e.g., 700 variables)
might remainbeyondreach. We have presentec DPL-type
algorithmincorporatingmainly a nev and simple heuristic
using the backboneconceptrecentlyintroducedfrom mod-
elsof physics.This concepthaschangedhe viewpoint from
which classicaheuristicasveredeveloped.We werethusable
to improve the currentbestsolving performanceor hard 3-
SAT formulaeby a ratio increasingwith formulasize (equal
to 3 for 600variables) andwe have showvn thatsolvingunsat-
isfiableformulaewith 700variableswasfeasible.An impor-
tantlessorcanbedravn from our results.In orderto improve
the performancenf DPL-typealgorithmssignificantlyandto
enhancehe stateof the art in completesolving, it appears
thata deepunderstandin@f the structureof the solutionsof
a SAT formulais paramount.This is why experimental,as
well astheoreticaktudiesaimingto furthersuchcomprehen-
sionareessential.
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