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Abstract

Computing the least common subsumer (Ics) has
proved to be useful in a variety of different appli-
cations. Previous work on the Ics has concentrated
on description logics that either allow for number
restrictions or for existential restrictions. Many ap-
plications, however, require to combine these con-
structors. In this work, we present an Ics algorithm
for the description logic ACEN, which allows for
both constructors, thereby correcting previous al-
gorithms proposed in the literature.

1 Introduction

Computing the least common subsumer (Ics) in description
logics (DLs) is an inference task first introduced by Co-
hen, Borgida, and Hirsh [Cohen et al., 1992] for sublan-
guages of CLASSIC. Since then it has found several appli-
cations: as a key operation in inductive learning algorithms
[Cohen and Hirsh, 1994], as a means to measure the sim-
ilarity of concepts for information retrieval [Mdller ef al.,
19981, and as an operation to support the bottom-up con-
struction of DL-knowledge bases [Baader and Kiisters, 1998;
Baader ef al., 1999]. Roughly speaking, the lcs of a set of
concepts is the most specific concept description (among a
possibly infinite number of concept descriptions) that sub-
sumes all of the input descriptions, and as such allows to
extract the commonalities from given concept descriptions,
a task essential for all the mentioned applications.

The first Ics algorithms proposed in the literature were ap-
plicable to sublanguages of CLASSIC, more precisely, DLs
that in particular allow for number restrictions [Cohen et al.,
1992; Cohen and Hirsh, 1994]. More recently, motivated by
the bottom-up construction of knowledge bases in a chemical
engineering application [Sattler, 1998; von Wedel and Mar-
quardt, 20001, the lcs has been investigated for the DL ALE
[Baader et al., 1999], which allows for existential restrictions
instead of number restrictions. Although first empirical re-
sults are encouraging [Baader and Molitor, 2000], they also
show that this application asks for a more expressive DL, one
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that allows to combine number restrictions and existential re-
strictions. Such a logic can, for example, be used to describe
a reactor with cooling jacket and exactly two inlet valves by
Reactor 11 Jis-coupled-to.Cooling-Jacket M (=2 has-inlet)
M Vhas-inlet.Valve.

In this work, we propose an algorithm for computing the
les of ACEN -concept descriptions. The DL ALEN allows for
conjunction, a restricted form of negation, value restrictions,
existential restrictions, and number restrictions. Similar to
previous approaches [Cohen et al., 1992; Baader and Kiisters,
1998; Baader et al., 1999], our Ics algorithm builds on a struc-
tural characterization of subsumption.

Typically, such a characterization works in two steps. First,
concept descriptions are turned into a structural normal form,
which makes all facts implicitly represented in the description
explicit. Second, the subsumer and the subsumee, given in
structural normal form, are compared syntactically. A sound
and complete characterization then ensures that the structural
normal form indeed contains all implied facts.

Now, given that the structural normal form of concept de-
scriptions can be computed effectively, the Ics of concept de-
scriptions can be obtained by first computing their structural
normal forms and then extracting the “common facts” present
in these normal forms.

For ALEN', however, computing the structural normal form
already requires to (inductively) compute the Ics (see our run-
ning example in Section 3). Consequently, the proof of cor-
rectness of the Ics algorithm needs to be interleaved with the
proof of soundness and completeness of the characterization
of subsumption, making the proofs quite involved. In [Man-
tay, 1999], this approach is in fact pursued. However, in an
attempt to avoid these interleaving proofs, Mantay made un-
proved assumptions concerning the existence and other prop-
erties of the Ics. Moreover, the Ics algorithm presented there
is incorrect in that the computed concept description not nec-
essarily subsumes the input descriptions.

In this work, we devise a more relaxed notion of struc-
tural normal form, which does not involve the Ics computa-
tion and therefore allows to decouple the characterization of
subsumption from the Ics computation. Instead of a single
ALEN -concept description, our normal form consists of a set
of ALEN -concept descriptions, where some of the implicit
facts are not made explicit.

The outline of our paper is as follows: In Section 2, we

219



| Construct name | Syntax | Semantics
top-concept T Az
bottom-concept 1 0
concept name P € N¢ P PTCAs
primitive negation, P € N¢ -P Az \ P?
conjunction cnbD ctnD?
existential restrictions forr € Ng | Ir.C | {x € Az |Jy: (z,y) erf Ay € CT}
value restrictions for r € Ng Vr.C | {z €Az |Vy: (z,y) €rt = yeCT}
number restrictions (> nr) {zeAr | #{y: (z,y) €rt} >n}
forr € Ng,n € N (< nr) {z € Az | #{y: (v,y) € rT} < n}

Table 1: Syntax and semantics of ALEN -concept descriptions.

formally introduce the language ACEN and the Ics operation.
Section 3 contains a running example and a discussion of the
main difficulties that occur when computing the Ics. In sub-
sequent sections, this example is used to illustrate the notions
introduced. Section 4 then covers the characterization of sub-
sumption and Section 5 the lcs algorithm. Finally, in Sec-
tion 6, we briefly discuss the results obtained. Due to space
limitations, we cannot give all technical details. These de-
tails as well as complete proofs can be found in [Kiisters and
Molitor, 2000].

2 Preliminaries

Concept descriptions are inductively defined with the help of
a set of constructors, starting with a set N¢ of concept names
and a set Ng of role names. In this work, we consider the
DL ALEN, i.e., concept descriptions built from the construc-
tors shown in Table 1, subsequently called ALEN -concept de-
scriptions.

The semantics of a concept description is defined in terms
of an interpretation T = (Arz,-7). The domain Az of 7 is
a non-empty set of individuals and the interpretation function
L maps each concept name P € N¢ to a set P2 C Az
and each role name r € Ng to a binary relation 77 C Az x
Az. The extension of - to arbitrary concept descriptions is
inductively defined, as shown in the third column of Table 1.

One of the most important traditional inference services
provided by DL systems is computing the subsumption hier-
archy. The concept description C' is subsumed by the descrip-
tion D (C T D) iff C* C D7 holds for all interpretations Z.
The concept descriptions C' and D are equivalent (C' = D)
iff they subsume each other.

In this paper, we are interested in the computation of least
common subsumers.

Definition 1 Given ALEN -concept descriptions C1, . .., Ch,
n > 2, the ACEN -concept description C' is the least com-
mon subsumer (lcs) of Cy, ...,Cy (C = lcs(Cy,...,Cy) for
short) iff (i) C; C C for all 1 < i < n, and (ii) C is the
least concept description with this property, i.e., if C' satis-
fies C; C C' foralll <i<n,thenC C C".

Depending on the DL under consideration, the Ics of two or
more descriptions need not always exist, but if it exists, then
it is unique up to equivalence. The main contribution of this
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paper is to show that in ACEN the Ics always exists and that
it can be computed effectively.

For the sake of simplicity, we consider ALEN -concept de-
scriptions over a set N¢ of concept names and assume Np
to be the singleton {r}. However, all definitions and results
can easily be generalized to arbitrary sets of role names. Fur-
thermore, w.l.o.g., we assume all ACEN -concept descriptions
to be in the following normal form: Each conjunction in an
ALEN -concept description contains
r)

1. at most one number restriction of the form (> n
=(>nr)if

(this is w.l.o.g. dueto (> m )M (> nr)
n > m);

2. at most one number restriction of the form (< n r)
(thisis wlo.g.dueto (K mr)N(<nr)=(<nr)if
n < m);

3. at most one value restriction of the form Vr.C
(this is w.Lo.g. due to Vr.C M Vr.D = Vr.(C 1 D).

3 Running example

In order to highlight the main problems to be solved in the
structural characterization of subsumption and the computa-
tion of the lcs in ACEN, we will use the following ACEN -
concept descriptions:

Cew = E'T(P 1 Al) 1 ET(P I Az) [l 37“.(_|P 1 Al) 1
I (QMAs)NIr.(-Q M A3) N (<2r), and
Dez = (23T)|_|VT.(A1 |—]A2|_|A3).

The key point in the characterization of subsumption and the
Ics computation is to describe the “non-trivial” concept de-
scriptions, say C', subsuming a given concept description,
say C, where “non-trivial” means that C’ does not occur as a
conjunct on the top-level of C'. Subsequently, these concept
descriptions are called induced. It suffices to only consider
induced concept descriptions that are minimal w.r.t. subsump-
tion.

In what follows, we describe the concept descriptions in-
duced by C¢, and D.,. It turns out that some of the concept
descriptions induced by C., correspond to the lcs of certain
subdescriptions in C¢;. As we will see, given the induced
concept descriptions of C,, and D.,, it is easy to determine
the Ics of C.,, and D,. We start with the concept descriptions
induced by C, .
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Number restrictions: Because of the existential restrictions
on the top-level of Cy,, e.g. Ir.(P M Ay) and Ir.(-P M 4y),
we know C,, C (>27),i.e., (>27r)is induced by C¢,. Con-
versely, there is no induced <-restriction, i.e., the most spe-
cific <-restriction subsuming C., is the <-restriction explic-
itly present on the top-level of C.

Existential restrictions: Due to the <-restriction (<27)
on the top-level of C¢,, each instance of C,, has at most
two r-successors. Consequently, some existential restrictions
have to be “merged” to a single existential restriction, where
“merging” means conjoining the concept descriptions occur-
ring in the existential restrictions. For C.,, there are several
ways to merge the five existential restrictions on the top-level
of C¢, into two existential restrictions. The merging process
gives rise to new (derived) concept descriptions, where the
only consistent ones are:

Cl, = FIr(PNQMNA NMAyMA3) N
3T.(‘|P|—]—IQ|_|A1|_|A3)|_|(S2T), and

C2, = Ir(PN-QMNA NAMNA3) M
3T.(‘|P|_|Q|_|A1|_|A3)|_|(S2T).

It is clear that C., = C, U C?,. The existential restrictions
HT.(PﬂAl |_|A2 |—]A3), 3T.(‘|P|_|A1 |—]A3), HT.(QﬂAl |_|A3),
and 3r.(=Q M A; M A3) subsume both C, and CZ,. From
this it can be concluded that these restrictions are induced by
Cey.

As we will see, the induced existential restrictions can be
obtained by picking one existential restriction from each of
the (consistent) derived concept descriptions and applying the
Ics operation to them. In our example, we have, for instance,
P|_|A1 |_|A2 |_|A3 = lcs(PI‘IQI‘IAl |_|A2 |_|A3, P|_|_|Q|_|A1 I
As M A3). However, as explained below, our characterization
of subsumption avoids to explicitly use the Ics by employing
the fact that

les(Ch, . ..

Value restrictions: In view of C., = C}, U C?, it not
only follows that every instance of C,, has exactly two r-
successors but that these r-successors must satisfy the exis-
tential restrictions given in C, and C?,. In either case, all
r-successors belong to A; M Az, and thus, the value restric-
tion Vr.(A; M As) is induced by C.,.

There are two things that should be pointed out here: First,
note that there is an induced value restriction only if the num-
ber of successors induced by existential restrictions coincides
with the number in the <-restriction, because only in this
case, we have “full” information about all r-successors of an
instance of C'. For example, if we consider the concept de-
scription B, := (< 2r) M 3r.(A; M Ap) M 3r.(4; 1 A3z), no
value restriction is induced.

Second, if Vr.C' is the most specific value restriction in-
duced by C, then C” corresponds to the Ics of all concept de-
scriptions occurring in the merged existential restrictions. In

,CR) CDiff C;C Dforalll <i<n. (1)

!The structural subsumption algorithm introduced in [Mantay,
19991, however, computes Vr.A; as a value restriction induced by
E., and thus, is incorrect. For the same reason, the lcs-algorithm
presented in [Mantay, 1999] is incorrect: although the Ics of E.,
and Vr.A; is T, the algorithm returns Vr.A;.
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the example, A1 MAs = les(PMEQMA;NAMN Az, ~PN-QnM
AMAM Az, PO-QMA MAM Az, ~PAQMA; MA;MA3).
Again, using the equivalence (1), we avoid to explicitly com-
pute the Ics in the characterization of subsumption.

It is easy to see that the only (minimal) concept description
induced by Dy, is Ir.(4; M Az M A3).

Now, given the concept descriptions induced by C., and
D, itis not hard to verify that the Ics of C¢, and D,, can be
stated as

(Z 27’) 1 VT.(Al 1 A3) 1 E'T'.(Al I A2 1 A3)

4 Structural characterization of subsumption

In what follows, let C, D be ALEN -concept descriptions in
the normal form introduced in Section 2. Since both C' = L
and D = T trivially imply C' C D, our characterization
of subsumption explicitly checks these equivalences. Oth-
erwise, roughly speaking, each conjunct in D, i.e., each
(negated) concept name, number restriction, existential re-
striction, and value restriction occurring on the top-level of
D, is compared with the corresponding conjuncts in C. For
the existential restrictions and value restrictions, however, it
will be necessary to resort to the concept descriptions derived
from C' by merging existential restrictions (C, and C?, in
the example). If all the comparisons have succeeded, it fol-
lows C' C D. In the remainder of this section, the structural
comparison between C' and D is further explained. Finally,
Theorem 2 establishes the complete characterization of sub-
sumption.

We first need some notation to access the different parts of
the concept descriptions:

e prim(C') denotes the set of all (negated) concept names
occurring on the top-level of C

e min,.(C) :=max{k |CC (Zkr)}

e max,(C) :=min{k | CC (<kr)};

e if there exists a value restriction of the form Vr.C’ on
the top-level of C, then val,.(C) := C'; otherwise,
val,.(C) :=T;

e exr,.(C) := {C" | there exists Ir.C’ on the top-level of
C}l.

Note that min,.(C) is always finite, whereas max, (C) may
be oo, namely if there exists no positive integer k such that
C C (<kr). Although these values need not be explic-
itly present in number restrictions of C, they can be com-
puted in polynomial time in the size of C using an oracle
for subsumption of ACEN -concept descriptions [Kiisters and
Molitor, 2000]. In our example, we get min,.(Ce,) = 2,
max; (Cez) = 2, min.(De,) = 3, and max,.(D.;) = oc.

The structural comparison between the different parts of C'
and D can now be stated as follows (assuming C' # L and
D#£T):

(Negated) concept names and number restrictions:
(cf. Theorem 2, 1.-3.) In order for C' C D to hold, it is
obvious that the following conditions need to be satisfied:
prim(D) C prim(C), max,(C) < max,(D), min.(C) >
min,.(D). Otherwise, it is easy to construct a counter-model
for C C D.
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Existential restrictions: (cf. Theorem 2, 4.) Given D' €
exr,(D), then for C' C D to hold one at first might expect that
there need to exist a C' € exr,.(C) with val,.(C) N C' E D'.
Although this works for ALE -concept descriptions, it fails for
ALCEN, as Cep T Ar.(P M A; M Ay M A3) shows (see Sec-
tion 3). The reason is that in ACEN" <-restrictions may re-
quire to merge existential restrictions, yielding new (implicit)
existential restrictions. To deal with this phenomenon, sets of
derived concept descriptions are considered with certain ex-
istential restrictions merged (see C, and C?, in our running
example).

The result of merging existential restrictions is described
by so-called existential mappings

: {]_7 . _7n} — 2{17...,m},

where n := min{max,(C), |exr,(C)|} and m := |exr,(C)|.
We require « to obey the following conditions:

1. a(i) #Qforall1 <i<mn;

2. Urcicn@(i) ={1,...,m} and a(i) N a(j) = 0 for all

1<i<j<n.
3. Il ¢jnval.(C)# Lforalll <i<n.
j€a(i)

Although the first two conditions are not essential for sound-
ness and completeness of the characterization of subsump-
tion, they reduce the number of existential mappings that need
to be considered.

Given exr.(C) = {Ci,...,Cn}, a yields an ALEN-
concept description C'“ obtained from C' by substituting all
existential restrictions on the top-level of C' with

dr. [—l Cj.

1<isn jea(i)
The set of all existential mappings on C satisfying the con-
ditions (1)—(3) is denoted by I',.(C), where I',.(C) := 0 if
exr,.(C) = 0. It is in fact sufficient to consider I',.(C') mod-
ulo permutations, i.e., modulo the equivalence

a=a' iff there exists a permutation 7 on {1,...,n}
s.t.a(i) =a/(w(i)) forall 1 <14 < n.
In the sequel, for the sake of simplicity, we stay with o €
[, (C) instead of [a]., € ['(C)/~, though.

In our running example, let exr,.(Ce;) =
{C€$717 ey CE$75} Wlth C€$71 = P [l Al, Cew,z = P [l AQ,
etc. Then, I',.(C. ) consists of the two mappings

{1—={1,2,4},2 {3,5}};
{1~ {1,2,5},2+— {3,4}},
and itis C% = C!

te> ! = 1,2 (see Section 3).
For the characterization of subsumption, we will use the
following notation:

exr (C)*:={ [l C;j|1<i<n}
jeali)

a1 =

Qy =

Now, in case exr,.(C) # 0, C C D implies that for each
D' € exr.(D) the following holds: for each « € T',.(C),
there exists C, € exr,(C)® such that C!, Mval,.(C) C D'.
This is what is stated in Theorem 2, 4. Note that, using the
equivalence (1), and provided that the Ics of ALEN -concept
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descriptions always exists, this condition could be rewritten
as: there exists a set M := {C}, € exr.(C)* | a € T',(C)}
with les({C' Mval,.(C) | C' € M}) E D'. However, since
the existence of the Ics is not guaranteed a priori, the Ics can-
not be used in the structural characterization of subsumption,
unless the characterization and the lcs computation are inter-
leaved.

If exr,.(C') = 0, then for all D’ € exr,(D) it must hold,
min,(C) > 1andval,.(C) C D'.

In our running example, C., C Jr.(P M Ay M Ay M Aj)
illustrates the case where exr,.(C) #  and D, C Ir.(4; N
Ao 1 A3) illustrates exr,.(C') = 0.

Value restrictions: (cf. Theorem 2, 5.) Value restrictions
can only be induced for two reasons. First, if max,.(C) = 0,
then C' C Vr.L, and thus, C' C Vr.C" for all concept descrip-
tions C".

Second, the merging of existential restrictions may in-
duce value restrictions. In contrast to induced existential
restrictions, however, one further needs to take care of >-
restrictions induced by “incompatible” existential restric-
tions:

kr(C) = min, (Yrval, (C) NI e cexr, (o) Ir.C").

If exr,.(C) = 0, we define ,(C) := 0. In our example,
Kr(Cez) = 2, kp(Dez) =0, and k. (E,;) = 1.

Now, only if ,(C') = max,(C), value restrictions can be
induced, since only then we “know” all the r-successors of
instances of C'. In our example, . (Cey;) = max,(Cez) = 2,
which accounts for C,, C Vr.(A; M As). Conversely, E.,
Vr.A; since 1 = k,.(E,;) < max, (Ee,) =2

To formally state the comparison between value restric-
tions of C' and D, we use the following notation:

exr,(C)* := U exr,(C)%.
a€el's (C)

One can show that C T D implies val.(C) E val.(D)
provided that x,(C) < max,(C). Incase 0 < x(C) =
max,.(C), however, it suffices if the value restriction of D
satisfies val,.(C) M C' C val,.(D) for all C' € exr,.(C)*.
Again, using the equivalence (1), and provided that the Ics of
ALEN -concept descriptions always exists, this condition can
be restated as val,(C) M lcs(exr,(C)*) C D'. For reasons
already mentioned, we have not employed this variant.

We are now ready to state the structural characterization of
subsumption in ACEN .

Theorem 2 [Kiisters and Molitor, 2000] Let C,D be two
ALEN -concept descriptions with exr,.(C') = {C,...,Cp}.
Then C C D iff C = L, D =T, or the following holds:

1. prim(D) C prim(C);
2. max,(C) < max,(D);
3. min,.(C) > min,(D);
4. forall D' € exr,.(D) it holds that
(a) exr,.(C) =0, min,.(C) > 1, andval,.(C) C D'; or

(b) exr,.(C) # 0 and for each a € T',.(C), there exists
C' € exr,.(C)* such that C' Mval,.(C) C D’; and
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Let C, D be two ALEN -concept descriptions.
If C C D, then c-lcs(C, D) := D, and if D C C, then c-lcs(C, D) := C.
Otherwise, let I (C) = {af’,...,a{ )} and T,(D) = {af, ..., af p)}, and define for £ € {C, D}
{c-les({Ey Nval,.(E),...,E, g Nval.(E)}) | E; € exr, (E)* |1 <i < n(E)}, L (E) #0,
C.(E) = {val.(E)}, ['(E)=0Amin.(E) > 1,
0, min,(E) = 0;
val, (E), 0 < kr(E) < max,(E),
E: = { 1, max,(E) = 0,
c-les({val,(E) M E" | E' € exr,(E)*}), 0 < £,(E) = max,(E)
Define
C'lCS(C, D) = [_IQEprim(C)ﬂprim(D) Q I
(< maz{max,(C), max,(D)} r) N (> min{min,(C), min.(D)} r) M
Meree,(o),prec,(p) Ir-cles(C!, D') 1
Vr.c-les(Cr, Dy),
where
e (< maz{max,(C), max,(D)} r) is omitted if max,(C') = oo or max, (D) = oo, and
[ HC’GCT(CLD’GCT(D) 3T.C-|CS(C,,DI) =T 1fCT(C) =0 or CT(D) = 0.

Figure 1: The recursive computation of the lcs in ACEN.

5. ifval.(D) # T, then
(a) max,(C) =0;or
(b) k.(C) < max,.(C) and val,.(C) C val,.(D); or

(¢c) 0 < K:-(C) = max,(C) and val,.(C) N C" C
val,. (D) for all C' € exr.(C)*.

As known from the literature, [Hemaspaandra, 1999], test-
ing subsumption of ALEN -concept descriptions is PSPACE-
complete. However, our characterization is not intended to
serve as a basis for a polynomial-space subsumption algo-
rithm. It rather yields the formal basis for the Ics algorithm
presented in the next section.

5 Computing the lcs in ACEN

The recursive algorithm computing the lcs of two ALEN -
concept descriptions C' and D is depicted in Figure 1.
For a set C of ALEN-concept descriptions, c-lcs(C)
is computed by iteratively applying the binary c-lcs-
operation, i.e., c-lcs({C1,...,Cyp}) := c-les(C1, c-les(Cy,
o, c-les(Cp—1,Cy) -+ ) forn > 2.

Since the role depth of C' and D is finite, the recursive
computation of c-lcs(C, D) always terminates. The follow-
ing theorem states correctness of the Ics algorithm depicted in
Figure 1. As an immediate consequence, we obtain that the
Ics of two ALEN -concept descriptions always exists. The the-
orem is proved by induction on the role depth of c-lcs(C, D)
and makes heavy use of the structural characterization of sub-
sumption given in Theorem 2.

Theorem 3 [Kiisters and Molitor, 2000] Let C, D be ALEN -
concept descriptions. Then, c-lcs(C, D) = lcs(C, D).
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In the remainder of this section, we illustrate the definition
of c-lcs(C, D) in case that C £ D and D [Z C (since the
special cases C C D, D C C are trivial), using our running
example introduced in Section 3. The conjuncts occurring on
the top-level of c-lcs(C, D) can, as before, be divided into
three parts, namely (1) (negated) concept names and number
restrictions, (2) the existential restrictions, and (3) the value
restriction. These conjuncts are defined in such a way that

(a) the conditions 1.-5. in Theorem 2 for C' C c-lcs(C, D)
and D C c-lcs(C, D) are satisfied, and

(b) c-lcs(C, D) is the least concept description (w.r.t. )
satisfying (a).

For the conditions 1.-3., this is quite obvious, since, for E €
{C, D}, we obtain

e prim(c-lcs(C, D)) = prim(C) N prim(D) C prim(E),
e min,(c-lcs(C, D)) man{min,(C), min.(D)}

IA I

min,(E), and
e max,(c-lcs(C, D)) = maz{max,(C), max,(D)}
> max,(E).

In our running example, prim(c-lcs(Cey, Des)) = 0,
min,.(c-Ics(Cey, Dez)) = 2, and max,.(c-Ics(Cey, Dey)) =
0.

For existential and value restrictions things are more
complicated.  Let us first consider the definition of
exr.(c-lcs(C, D)), i.e., the existential restrictions obtained
from the sets C,(C) and C.(D). Roughly speaking, if
T'.(E) # 0, then C,.(E) contains all (minimal) concept de-
scriptions occurring in an existential restriction induced by E
for E € {C, D}. Each such concept description is obtained
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as the recursively computed Ics of a set of concept descrip-
tions consisting of one concept description from exr,.(E)*
(conjoined with val,.(E)) for each o € T',.(E). In our run-
ning example, each pair of concept descriptions occurring
in the existential restrictions on the top-level of C!  and
C?2,, respectively, yields such an Ics, and thus C,(Ce,) =
{PMA;MA2NA;, QMAIMNAs, ~QMA; MAs, ~PMA; MAs}
(see Section 3).

If min.(E) = 1 and ['(E) = 0, we set C.(E) =
{val,.(E)} since then exr.(E) = (), and Jr.val,.(E) is the
unique minimal existential restriction induced by E. This
case is illustrated by D., in our running example, where
min,(De;) = 3, exr,.(Dez) = 0, and Cp.(Dep) = {A1 1M
Ay Az},

Finally, if min,.(E) = 0, i.e., there exists no existential re-
striction subsuming F, then obviously, no existential restric-
tion can occur on the top-level of a common subsumer of C'
and D. Therefore, we set C,.(E) := ().

Given C,.(C) and C, (D), the lcs of each pair C' € C,.(C)
and D' € C,.(D) gives rise to an existential restriction on the
top-level of the Ics of C' and D. In our example, we obtain
eXFr(C'ICS(Cex,Dex)) = {Al M As M A3,A1 [l Ag}, giV-
ing rise to the existential restrictions 3r.(A; M A2 M A3) and
3r.(A; N A3) (where the latter one can be omitted).

It remains to comment on Vr.c-lcs(C), D). Intuitively,
Vr.EY is the most specific value restriction subsuming E for
E € {C,D}. (Thus, Vr.c-lcs(C}, D¥) is the most specific
value restriction subsuming both C' and D.) If E has no in-
duced value restriction, E* coincides with val,.(E). This is
the case for D.,, where (D, )x = val,.(D¢y) = A1MA2MAs3.
If max,(E) = 0, the fact that E C Vr.L is made explicit by
defining E¥ := L. Finally, if 0 < &,(E) = max,(E), then
the induced value restriction is again made explicit by recur-
sively computing the Ics of the merged existential restrictions
(each conjoined with val,.(E)). In our running example, this
case is illustrated by C¢,: there, val,.(C¢,) = T, but since
Kr(Ceg) = max,(Cey) = 2, we obtain (Cep)r = A1 M A
which is the recursively computed Ics of exr,.(Cey)* =
exr,(CL,) Uexr,.(C?,) (see Section 3).

6 Conclusion and future work

We have presented an algorithm for computing the Ilcs in
ALEN . Tts proof of correctness is based on the structural char-
acterization of subsumption introduced in Section 4. In this
characterization, we avoided to explicitly use the Ics in order
to be able to decouple the characterization of subsumption
and the lcs computation. Interleaving these two tasks caused
previous work on the lcs in ACEN to be incorrect.

Due to the interaction between number restrictions and ex-
istential restrictions the characterization of subsumption and
the lcs computation became much more involved than for the
sublanguages ALE [Baader et al., 1999] and ACN [Cohen
and Hirsh, 1994; Baader and Kisters, 1998]. As an imme-
diate consequence of results shown in [Baader et al., 1999]
for ACE, we obtain an exponential lower bound for the size
of the Ics of two ALEN -concept descriptions. It is, however,
not known whether this bound is tight. The Ics algorithm pre-
sented in Section 5 takes double exponential time [Kiisters
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and Molitor, 2000]. Nevertheless, since a prototype imple-
mentation of the exponential-time Ics algorithm for ALE be-
haves quite well in the chemical process engineering appli-
cation [Baader and Molitor, 2000], the hope is that the lcs
algorithm for ACEN proposed here will also work in realistic
application situations. For evaluation, continuing the work
on ALE, a prototype of the algorithm for ACEN will be im-
plemented using the DL-system FaCT [Horrocks, 1998] for
deciding subsumption in ALEN, which then is to be applied
to the chemical engineering knowledge base.
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