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Abstract

Whereas matching in Description Logics is now
relatively well-investigated, there are only very few
formal results on matching under additional side
conditions, though these side conditions were al-
ready present in the original paper by Borgida and
McGuinness introducing matching in DLs. The
present paper closes this gap for the DLALN
and its sublanguages: matching under subsumption
conditions remains polynomial, while strict sub-
sumption conditions increase the complexity to NP.

1 Introduction

The traditional inference problems (like subsumption) in
description logics (DLs) are now well-investigated, which
means that there exist complexity results and algorithms for
a great variety of DLs of differing expressive power[Donini
et al., 1996] as well as optimized implementations of the al-
gorithms for expressive DLs[Horrocks, 1998]. In contrast,
matching concepts against patterns is a relatively new infer-
ence problem in DLs, which has originally been introduced in
[Borgida and McGuinness, 1996; McGuinness, 1996] to help
filter out the unimportant aspects of large concepts appear-
ing in knowledge bases of the CLASSIC system[Brachmann
et al., 1991]. More recently, matching (as well as the more
general problem of unification) has been proposed as a tool
for detecting redundancies in knowledge bases[Baader and
Narendran, 1998] and to support the integration of knowledge
bases by prompting possible interschema assertions[Borgida
and Küsters, 2000].

All three applications have in common that one wants to
search a large knowledge base for concepts having a cer-
tain (not completely specified) form. This “form” can be
expressed with the help of so-calledconcept patterns, i.e.,
concept descriptions containing variables. For example, the
patternD := X u ∀child.(Y u Female) looks for concepts
that restrict thechild role to fillers that areFemale, such as
the conceptC := (≥ 1 child) u ∀child.(Female u Rich). In
fact, applying the substitutionσ := {X 7→ (≥ 1 child), Y 7→
∗This work has been partially supported by the Deutsche For-

schungsgemeinschaft, DFG Project BA 1122/4-1.

Rich} to the patternD yields a concept equivalent toC, i.e.,
σ is a solution (matcher) of the matching problemC ≡? D.

This type of matching problems has been investigated in
detail for sublanguages of the DLsALN andALE in [Baader
et al., 1999] and[Baader and K̈usters, 2000], respectively. In
particular, it was shown that, for sublanguages ofALN , solv-
able matching problems always have a least matcher (w.r.t.
subsumption), which can be computed in polynomial time.
For sublanguages ofALE , deciding solvability of matching
problems modulo equivalence is already NP-complete.

In [Borgida and McGuinness, 1996; McGuinness, 1996],
the expressivity of matching problems was further enhanced
by allowing for additionalside conditionson the variables
(through theas-construct): a (strict) subsumption condition
is of the formX v? E (X @? E) whereX is a variable
andE a pattern, and it restricts the matchers to substitutions
satisfyingσ(X) v σ(E) (σ(X) @ σ(E)). Using a sub-
sumption condition, the matching problem of the above ex-
ample can be written more intuitively asX u ∀child.Z ≡?

(≥ 1 child) u ∀child.(Female u Rich) under the subsump-
tion conditionZ v? Female. One result of this paper is that
also more complex sets of subsumption conditions do not ex-
tend the expressive power of matching problems (see below).
However, they are often more convenient to state. In contrast,
strict subsumption conditions cannot always be simulated by
pure matching problems. They can, e.g., be used to avoid triv-
ial matches. For example, the patternD′ := X u ∀child.Y
matches every concept since∀child.> ≡ > (where the top
concept> stands for the set of all individuals). The addi-
tional strict subsumption conditionY @? > ensures that we
can only match concepts with a real restriction onchild.

The first (rather restricted) formal results on matching un-
der side conditions were given in[Baaderet al., 1999]: it was
shown that matching under strict subsumption conditions in
the small DLFL0 is already NP-hard, and that matching un-
der so-called acyclic subsumption conditions can be reduced
to matching without side conditions. However,[Baaderet
al., 1999] does not give a complexity upper bound for match-
ing under strict subsumption conditions and the reduction for
acyclic subsumption conditions given there is exponential.

This paper investigates in detail matching under side con-
ditions in sublanguages ofALN . We will show that match-
ing under subsumption conditions can be reduced in polyno-
mial time to matching without side conditions. In particular,
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this implies that solvable matching problems under subsump-
tion conditions in sublanguages ofALN always have a least
matcher, which can be computed in polynomial time. For
acyclic strict subsumption conditions, matching is shown to
be NP-complete in the sublanguagesFL⊥ andFL¬ of ALN .

2 Description logics
Concept descriptionsare inductively defined with the help of
a set of conceptconstructors, starting with a setNC of con-
cept namesand a setNR of role names. In this paper, we con-
sider concept descriptions built from the constructors shown
in Table 1. In the description logicFL0, concept descriptions
are formed using the constructors top-concept (>), conjunc-
tion (C u D), and value restriction (∀r.C). The description
logic FL⊥ additionally provides us with the bottom concept
(⊥), andFL¬ also allows for primitive negation (¬P ). Fi-
nally, ALN extendsFL¬ with number restrictions (≥ n r)
and (≤ n r) (see Table 1).

As usual, the semantics of concept descriptions is defined
in terms of aninterpretationI = (∆I , ·I). The domain
∆I of I is a non-empty set and the interpretation function
·I maps each concept nameP ∈ NC to a setP I ⊆ ∆I and
each role namer ∈ NR to a binary relationrI ⊆ ∆I×∆I .
The extension of·I to arbitrary concept descriptions is de-
fined inductively, as shown in the second column of Table 1.

One of the most important traditional inference services
provided by DL systems is computing the subsumption hi-
erarchy. The concept descriptionC is subsumedby the de-
scriptionD (C v D) iff CI ⊆ DI holds for all interpreta-
tionsI; C andD areequivalent(C ≡ D) iff they subsume
each other;C is strictly subsumedbyD (C @ D) iff C v D
andC 6≡ D. For all DLs listed in Table 1, subsumption can
be decided in polynomial time using a structural subsumption
algorithm[Borgida and Patel-Schneider, 1994].

Matching in description logics
In order to define concept patterns, we additionally need a
setNX of concept variables, which we assume to be disjoint
from NC ∪ NR. Informally, anALN -concept pattern is an
ALN -concept description over the concept namesNC ∪NX
and the role namesNR, with the only exception that primi-
tive negation must not be applied to variables. More formally,
concept patterns(denotedD,D′) are defined using the fol-
lowing syntax rules:

D,D′ −→ X | C | D uD′ | ∀r.D,

whereX ∈ NX , r ∈ NR, andC is anALN -concept descrip-
tion. For example, ifX,Y are concept variables,r a role
name, andA,B concept names, thenD := AuX u∀r.(B u
Y ) is anALN -concept pattern, but¬X is not. The notion of
a pattern (and also the notions “substitution” and “matching
problem” introduced below) can be restricted to sublanguages
of ALN in the obvious way.

A substitutionσ is a mapping fromNX into the set of all
ALN -concept descriptions. This mapping is extended to con-
cept patterns in the usual way by replacing the occurrences of
the variablesX in the pattern by the corresponding concept
descriptionσ(X). For example, if we apply the substitution
σ := {X 7→ A u B, Y 7→ A} to the patternD from above,

we obtain the descriptionσ(D) = A uA uB u ∀r.(B uA).
The result of applying a substitution to anALN -concept pat-
tern is always anALN -concept description. Note that this
would no longer be the case if negation were allowed in front
of concept variables.

Subsumption can be extended to substitutions as follows:
the substitutionσ is subsumed by the substitutionτ (σ v τ )
iff σ(X) v τ(X) for all variablesX ∈ NX .

Definition 1 Let C be anALN -concept description andD
an ALN -concept pattern. Then,C ≡? D is an ALN -
matching problem. The substitutionσ is asolution(matcher)
ofC ≡? D iff C ≡ σ(D).

In the following, we will abbreviate a matching problem of
the formC ≡? C uD asC v? D. This notation is justified
by the fact thatσ solvesC ≡? C uD iff C v σ(D).

A matching problem can either be viewed as adecision
problem, where one asks whether the problem is solvable, or
as acomputation problem, where one asks for actual match-
ers of this problem (if any). Although the computation prob-
lem is usually the more interesting one, the decision problem
can serve as a starting point for the complexity analysis. In
general, matching problems may have several (even an infi-
nite number of) solutions, and thus the question arises which
matcher to compute. Following[Borgida and McGuinness,
1996; Baaderet al., 1999] we will here concentrate on the
problem of computing a least matcher (w.r.t. the orderingv
on substitutions).

Instead of a single matching problem, we may also con-
sider finite systems{C1 ≡? D1, . . . , Cm ≡? Dm} of such
problems, which must be solved simultaneously. As shown
in [Baaderet al., 1999], solving such a system can, however,
be reduced to solving the single matching problem

∀r1.C1 u · · · u ∀rm.Cm ≡? ∀r1.D1 u · · · u ∀rm.Dm

where theri are pairwise distinct role names.
The following theorem summarizes the results obtained in

[Baader and Narendran, 1998; Baaderet al., 1999] for match-
ing in (sublanguages of)ALN :

Theorem 2 Let L ∈ {FL0,FL⊥,FL¬,ALN}. Then there
exists a polynomial time matching algorithm that computes
the least matcher of a given system ofL-matching problems,
if this system has a solution, and returns “fail” otherwise.

Obviously, this implies that the existence of a solution can
be decided in polynomial time. In the sequel, letMATCHL
denote an algorithm according to Theorem 2.

Matching under side conditions
In this paper, we focus on more general matching problems,
those that allow for additionalside conditions.

Definition 3 A subsumption conditionis of the formX v? E
whereX is a concept variable andE is a pattern; astrict sub-
sumption conditionis of the formX @ E whereX andE are
as above. Aside conditionis either a subsumption condition
or a strict subsumption condition. The substitutionσ satisfies
the side conditionX ρ E for ρ ∈ {v,@} iff σ(X) ρ σ(E).

A matching problem under side conditionsis a tupleM :=
〈C ≡? D,S〉, whereC ≡? D is a matching problem andS
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Syntax Semantics FL0 FL⊥ FL¬ ALN
> ∆I x x x x
C uD CI ∩DI x x x x
∀r.C {x ∈ ∆I | ∀y : (x, y) ∈ rI → y ∈ CI} x x x x
⊥ ∅ x x x
¬P , P ∈ NC ∆I \ P I x x
(≥ n r), n ∈ N {x ∈ ∆I | #{y | (x, y) ∈ rI} ≥ n} x
(≤ n r), n ∈ N {x ∈ ∆I | #{y | (x, y) ∈ rI} ≤ n} x

Table 1: Syntax and semantics of concept descriptions.

is a finite set of side conditions. If the setS contains only
subsumption conditions, thenM is calledmatching problem
under subsumption conditions. The substitutionσ is a solu-
tion (matcher) ofM iff it is a matcher ofC ≡? D that satisfies
every side condition inS.

In the next section, we will restrict the attention to matching
problems under subsumption conditions. Section 4 then treats
matching problems under acyclic side conditions.

In order to define matching problems under acyclic side
conditions, we say that a variableX directly dependson a
variableY in S iff S contains a side conditionX ρ E such
thatY occurs inE. If there aren ≥ 1 variablesX1, . . . , Xn

such thatXi directly depends onXi+1 in S (1 ≤ i ≤ n− 1),
then we say thatX1 dependson Xn in S. The set of side
conditionsS is cyclic iff there is a variableX that depends on
itself in S; otherwise,S is acyclic.

3 Matching under subsumption conditions
Let L be one of the DLsFL⊥,FL¬,ALN . We present a
polynomial time algorithm that, given anL-matching prob-
lems under subsumption conditions, returns a least matcher
(w.r.t. the orderingv on substitutions) if the problem is solv-
able, and “fail” otherwise. In principle, the algorithm iter-
ates the application ofMATCHL until a fixpoint is reached.
However, the matcher computed in one step is used to mod-
ify the matching problem to be solved in the next step.
Given anL-matching problem under subsumption conditions
M := 〈C ≡? D,S〉 and a substitutionσ, we define

Mσ := {C ≡? D} ∪ {σ(X) v? E | X v? E ∈ S}.
Recall thatσ(X) v? E abbreviates the matching problem
σ(X) ≡? σ(X) u E. ThusMσ is a system ofL-matching
problems without side conditions, to whichMATCHL can be
applied.

Algorithm 4 Let M := 〈C ≡? D,S〉 be an L-matching
problem under subsumption conditions. Then, the algorithm
MATCH

v
L (M) works as follows:

1. σ(X) := ⊥ for all variablesX;

2. If MATCHL(Mσ) returns “fail”, then return “fail”;
else ifσ ≡ MATCHL(Mσ), then returnσ;
elseσ := MATCHL(Mσ); continue with 2.

Let σ0 denote the substitution defined in step1 of the algo-
rithm, andσt (t ≥ 1) the matcher computed in thet-th itera-
tion of Step2. Note thatσt is undefined ifMATCHL returns

“fail” in the t-th iteration or if the algorithm has stopped be-
fore thet-th iteration.

To show that the algorithm is correct, we must show sound-
ness, completeness, and termination, i.e., i) if the algorithm
terminates and returns a substitution, then this substitution in
fact solves the problem; ii) if the algorithm terminates and
returns “fail”, then there indeed is no solution; and iii) the
algorithm halts on every input. The following lemma proves
soundness and completeness of the algorithm. The first two
items establish a loop invariant.
Lemma 5 Let M := 〈C ≡? D,S〉 be anL-matching prob-
lem under subsumption conditions.

1. If σt is defined andτ is a solution ofM , thenσt v τ .

2. If σt, σt+1 are defined, thenσt v σt+1.

3. If MATCH
v
L (M) returns the substitutionσ, thenσ solves

M (soundness).

4. If MATCH
v
L (M) returns “fail”, then M has no solution

(completeness).

PROOF. 1. Obviously, the claim is true forσ0. Assume
thatσt v τ , and thatσt+1 is defined. To proveσt+1 v
τ , it is sufficient to show thatτ solvesMσt sinceσt+1 is
the least solution ofMσt . Sinceτ solvesM , we know
that it solvesC ≡? D and thatτ(X) v τ(E) for all
X v? E ∈ S. The induction assumptionσt v τ implies
σt(X) v τ(X), and thusσt(X) v τ(E), which shows
thatτ solvesMσt .

2. Obviously,σ0 v σ1. Now assume thatσt−1 v σt. To-
gether with the fact thatσt solvesMσt−1 , this implies
thatσt+1 solves the systemMσt−1 . Sinceσt is the least
solution ofMσt−1 , we can concludeσt v σt+1.

3. Assume thatσ = σt. By definition of MATCH
v
L , C ≡

σt(D). It remains to show thatσt solves the side con-
ditions. We know thatσt ≡ σt+1 and σt+1 solves
Mσt . Thus, σt(X) v σt+1(E) ≡ σt(E) for every
X v? E ∈ S.

4. Assume thatMATCH
v
L (M) returns “fail,” and thatσt is

the last substitution computed by the algorithm. Now
assume thatτ solvesM . As in the proof of 1. we can
show thatτ solvesMσt . Consequently,Mσt is solv-
able, and thusMATCH(Mσt) returns the least matcher
of this system, in contradiction to the assumption that
MATCH

v
L (M) returns “fail” in this step of the iteration.
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Proving termination of Algorithm 4 is more involved, and
the exact argument depends on the DLL under considera-
tion. Due to the space limitations, in this paper we sketch the
proof for the DLFL⊥ (see[Baaderet al., 2000] for complete
proofs). The proof depends on the so-called reduced normal
form ofFL⊥-concept descriptions, to be introduced next.

It is easy to see that anyFL⊥-concept description can
be transformed into an equivalent description that is either
> or a (nonempty) conjunction of descriptions of the form
∀r1. · · · ∀rm.A, wherer1, . . . , rm arem ≥ 0 (not necessar-
ily distinct) roles, andA is the bottom concept⊥ or a con-
cept name. We abbreviate∀r1. · · · ∀rm.A by ∀r1 . . . rm.A,
wherer1 . . . rm is viewed as a word over the alphabetNR
of all role names. Ifm = 0, then this is the empty word
ε, and thus∀ε.A is our “abbreviation” forA. In addi-
tion, instead of∀w1.A u . . . u ∀w`.A we write∀L.A where
L := {w1, . . . , w`} is a finite set of words overNR; we de-
fine∀∅.A ≡ >. Using these abbreviations, anyFL⊥-concept
descriptionC containing only concept names in the finite set
C ⊆ NC can be written as

C ≡ ∀U⊥.⊥ u u
A∈C
∀UA.A,

whereUH for H ∈ C ∪ {⊥} are finite sets of words over
NR (called role languages). This representation ofC will
subsequently be called itsU -labeled normal form.

As an example, consider theFL⊥-concept description
Cex := ∀r.(⊥ u ∀r.⊥) u ∀r.∀s.A u ∀s.A. Its FL0-normal
formC ′ex is ∀{r, rr}.⊥ u ∀{rs, s}.A.

The role languages may contain redundant words, i.e.,
words that, when removed, yield equivalent concept descrip-
tions: i) since∀w.⊥ v ∀wv.⊥ for everyw, v ∈ N∗R, we
can requireU⊥ to be prefix-free, i.e.,w,wv ∈ U⊥ im-
plies v = ε; and ii) since∀w.⊥ v ∀wv.A, we can require
UA ∩ (U⊥ ·N∗R) = ∅. A normal form satisfying these condi-
tions is calledreduced normal form.

Obviously, anyFL⊥-concept description can be turned
into such a reduced normal form (in polynomial time). In
our example, the reduced normal form ofCex is ∀{r}.⊥ u
∀{s}.A, which is obtained fromC ′ex by removingrr from
U⊥ = {r, rr} and rs from UA = {rs, s}. Reduced nor-
mal forms can be used to characterize equivalence ofFL⊥-
concept descriptions:

Lemma 6 Assume that theFL⊥-concept descriptionsC,D
are given in theirU - andV -labeled reduced normal forms,
respectively. ThenC ≡ D iff UH = VH for all H ∈ C∪{⊥}.

Termination of Algorithm 4 for L = FL⊥L = FL⊥L = FL⊥
Let the substitutionsσt be defined as above. We assume that
everyσt(X) is given inU t,X -labeled reduced normal form,
and thatC (as defined in Algorithm 4) is inU -labeled reduced
normal form. Then, termination follows from the fact that ev-
ery solvable matching problem under subsumption conditions
has a matcher that only uses concept names already contained
in the matching problemM , denoted by the setC ⊆ NC , and
the following three properties of the languagesU t,XH andUH
for H ∈ C ∪ {⊥}. In the formulation of these properties we
implicitly assume that the substitutionσt is defined whenever
we talk about one of the languagesU t,XH .

1. For every variableX and everyH ∈ C ∪ {⊥}, the set
U t,XH contains only suffixes ofUH .

2. For every wordw, if w ∈ U t,XH \ U t+1,X
H , thenw 6∈

U t
′,X
H for anyt′ > t.

3. If σt andσt+1 are defined andσt 6≡ σt+1, then there
exists anH ∈ C∪{⊥}, a variableX, and a wordw such
thatw ∈ U t,XH \ U t+1,X

H .

A complete proof of these properties can be found in[Baader
et al., 2000]. It also depends on details of the algorithm
MATCHL, which we have here introduced only as a black box.
Note that these properties would not hold if we did not usere-
ducednormal forms.

Given these properties, it is now easy to show that the al-
gorithm halts after a polynomial number of steps. In fact,
Property 1 yields a polynomial upper bound on the size of the
role languagesU t,XH . Property 3 shows that in every step of
the iteration at least one word is removed from one of these
languages, and Property 2 ensures that words that have been
removed cannot reappear.

To sum up, we have shown the following theorem.

Theorem 7 Let L ∈ {FL⊥,FL¬,ALN}. The algorithm
MATCH

v
L is a polynomial time algorithm that, given anL-

matching problem with subsumption conditions, returns a
least matcher of this problem if it is solvable, and “fail” oth-
erwise.

It should be noted that the algorithmMATCH
v
L does not

work forL = FL0 since this language does not allow for the
bottom concept, and thus the initialization step (Step 1) is not
possible. However, instead of starting withσ(X) := ⊥, the
algorithm can also start from the least matcher ofC ≡? D. In
case the side conditions do not introduce new variables (i.e.,
variables not contained inD), this modification works and
yields a polynomial time matching algorithm. In contrast,
if new variables are introduced, then we can show[Baader
et al., 2000] that the size of the least matcher may grow
exponentially in the size of the matching problem, and that
there exists an exponential time algorithm for computing such
matchers. Nevertheless, the size of the substitutions for vari-
ables inD can still be bounded polynomially, and if one is
only interested in substitutions for these variables, then these
can still be computed in polynomial time.

4 Matching under acyclic side conditions
Matching under acyclic side conditions (i.e., strict and non-
strict acyclic subsumption conditions) is more complex than
matching under subsumption conditions for two reasons.

First, as already shown in[Baaderet al., 1999], deciding
the solvability of anFL0-matching problem under strict (and
acyclic) subsumption conditions is NP-hard. It is easy to see
that the same reduction works for the DLsFL⊥, FL¬, and
ALN . Thus, assuming that P6= NP, there cannot exist a
polynomial time algorithm computing matchers of matching
problems under general side conditions.

Second, as shown by the following example, solvable
matching problems under strict subsumption conditions no
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longer need to have aleastmatcher (but rather finitely many
minimalmatchers).

Example 8 Consider theFL⊥-matching problemA1 u . . .u
An ≡? X1 u . . . u Xn under the strict acyclic subsumption
conditions{Xi+1 @? Xi | 1 ≤ i ≤ n− 1} ∪ {X1 @? >}.

The pure matching problem enforces that eachXi must
be replaced by a (possibly empty) conjunction of concept
names from{A1, . . . , An}. Thus, the strict subsumption con-
ditions can only be satisfied ifX1 is replaced by one of these
names,X2 by a conjunction of this name with an additional
one, etc. From this it is easy to derive that the matchers of
the problem are of the following form: given a permutation
P := (p1, . . . , pn) of (1, . . . , n), the substitutionσP is de-
fined byσP (Xi) := Ap1 u . . .uApi (1 ≤ i ≤ n). Thus, there
aren! non-equivalent matchers, and it is easy to see that each
of them is minimal.

The new contribution of this section is a (non-
deterministic) algorithm,MATCH@L , that computes match-
ers of L-matching problems under acyclic side conditions
for L ∈ {FL⊥,FL¬}. This non-deterministic algorithm
matches the lower complexity bound (NP-hard) for the de-
cision problem in the following sense. The length of every
computation path of this algorithm is polynomially bounded
in the size of the given matching problem. In case the prob-
lem is not solvable, every computation returns “fail”. Oth-
erwise, the successful computation paths yield all minimal
matchers.

The algorithm handling acyclic side conditions
In the following, letM = 〈C ≡? D,S〉 be anL-matching
problem (L ∈ {FL⊥,FL¬}) under acyclic side conditions.
We assume thatS = {X1 ρ

?
1 E1, . . . , X` ρ

?
` E`} for distinct

variablesX1, . . . , X` and patternsE1, . . . , E` such thatEi
does not contain the variablesXi, . . . , X`. (The case where
not all the left-hand side variables are distinct can be treated
similarly.) We denote bySv the set of side conditions ob-
tained fromS by replacing everyρi byv.

Applied to inputM , the algorithmMATCH@L first calls
MATCH

v
L (〈C ≡? D,Sv〉). If this yields “fail”, thenM is also

unsolvable. Otherwise, the computed substitutionσ solves
C ≡? D, but may still violate some of the strict subsumption
conditions. Starting with the violated side condition with the
largest index, the algorithm tries to modifyσ such that this
side condition is satisfied.

Assume thatXk @? Ek is this side condition. Sinceσ
solvesXk v? Ek, we know thatσ(Xk) ≡ σ(Ek). Thus,
we must either makeσ(Xk) more specific orσ(Ek) more
general. SinceMATCH

v
L computes the least solution, the first

option cannot lead to a solution of the overall system. Hence,
we must try the second one. The idea (which will be ex-
plained in more detail later) is that we consider the reduced
normal form ofσ(Ek). We try to makeσ(Ek) more general
by (non-deterministically) choosing one word from one of its
role languages and by removing this word by appropriately
modifying the role languages of the variables occurring in
Ek. Since we want to compute minimal matchers, we make
as little changes as possible in order to keep the substitution
as specific as possible.

The new substitutionσ′ obtained this way solvesXk @?

Ek, and since we only modified variables occurring inEk,
the side conditions with larger index are still satisfied. How-
ever, the side conditions with smaller index (even the non-
strict ones) as well as the matching problem need no longer be
solved byσ′. To overcome this problem,MATCH

v
L is used to

compute the least substitution that (i) solves〈C ≡? D,Sv〉,
and (ii) subsumesσ′. It can be shown that the second condi-
tion (which can be expressed by a system of matching prob-
lems) makes sure that the computed substitution still solves
the strict subsumption conditions from indexk to `. We can
now continue the modification process with this substitution.

Algorithm 9 Let M = 〈C ≡? D,S〉 be anL-matching
problem under acyclic side conditions. Then,MATCH@L works
as follows:

1. If MATCH
v
L (〈C ≡? D,Sv〉) returns “fail”,

then return “fail”;

2. k := `; σ := MATCH
v
L 〈{C ≡? D}, Sv〉;

3. If k = 0, then returnσ;
If σ(Xk) ρk σ(Ek), then continue with 5.

4. Guess modificationσ′ of σ for Xk @? Ek;
If σ′(Ek) ≡ σ(Ek), then return “fail”;
M ′ := 〈{C ≡? D}∪{σ′(Xj) v? Xj |1 ≤ j ≤ `}, Sv〉;
If MATCH

v
L (M ′) returns “fail”, then return “fail”;

σ := MATCH
v
L (M ′)

5. k := k − 1; continue with 3.

How to guess modifications
Here we sketch the modifications forFL⊥. (A formal defini-
tion forFL⊥ andFL¬ can be found in[Baaderet al., 2000].)
Recall that the goal is to makeσ(Ek) more general by (non-
deterministically) choosing one wordw from one of its role
languages and by removing this word by appropriately modi-
fying the role languages of the variables occurring inEk.

We call this aC-modificationif w is picked from a role lan-
guage corresponding to some atomic conceptA. In this case,
removing certain words from role languages of the variables
in E suffices to obtain a minimal modification.

In case of a⊥-modification, wherew is picked from the
role language corresponding to the⊥-concept, the removal
of some wordv in the role language of a variable implicitly
removes every continuationvv′ of v. To correct this effect,
every word in{v}·NR is put back whenever somev is re-
moved. In addition, sincev is also implicitly removed from
role languages corresponding to atomic concepts, it is also
transferred to such role languages. This ensures that the com-
puted substitution is as specific as possible. This is vital both
for the proof of correctness and to obtain all minimal solu-
tions.

The following example illustrates in more detail how the
modifications work.

Example 10 Consider theFL⊥-matching problemA u
∀{r, s}.⊥ ≡? X1 u∀r.X2 u∀r.X3 under the strict subsump-
tion conditionsX2 @? X1, X3 @? X2.
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Executing the above algorithm, we obtain in Step 2 as ini-
tial solutionσ the following substitution:

{X1 7→ ∀{r, s}.⊥u ∀{ε}.A,X2 7→ ∀{ε}.⊥, X3 7→ ∀{ε}.⊥}.
The iteration begins in Step 3 by checking the second side

condition, which is violated. Choosing a⊥-modification in
Step 4, we must choose a word from the role language{ε}
corresponding to⊥ in σ(X2) = σ(X3). In this case, we can
only pick ε. To keep the change minimal, we do not simply
remove it, but rather replace it by{r, s} in the role language
corresponding to⊥ in σ(X2). In addition, we transferε to
the role language corresponding toA. This yieldsσ′(X2) =
∀{r, s}.⊥ u ∀{ε}.A. The other variables remain unchanged.

In this case, the substitutionσ′ itself solves the matching
problemM ′ considered in Step 4, and thusMATCH

v
FL⊥(M ′)

returnsσ′.
In the second iteration, we find in Step 3 that the first side

conditionX2 @? X1 no longer holds. In Step 4, we again
choose a⊥-modification, and choose the wordr from the
role language{r, s} corresponding to⊥ in σ(X1). The mod-
ification replacesr by rr, rs and addsr to the role language
corresponding toA. This yieldsσ′(X1) := ∀{rr, rs, s}.⊥ u
∀{ε, r}.A. Again, this substitution solvesM ′, and thus the
new value ofσ is σ′.

In the next iteration we havek = 0, ending the itera-
tion in Step 3. The algorithm finally returns the substitu-
tion {X1 7→ ∀{rr, rs, s}.⊥ u ∀{ε, r}.A,X2 7→ ∀{r, s}.⊥ u
∀{ε}.A,X3 7→ ∀{ε}.⊥}.

Note that, in the first iteration step, it was not possible to
apply aC-modification since the role language corresponding
to A was empty. In the second step, we could have applied
a C-modification, removingε from the role language corre-
sponding toA in σ(X1). Then, however, the systemM ′ ob-
tained this way would not have been solvable. In fact, it is
easy to see that the two matching problemsAu∀{r, s}.⊥ ≡?

X1 u ∀r.X2 u ∀r.X3 and∀{r, s}.⊥ v? X1 occurring inM ′

cannot be solved simultaneously.

Soundness and completeness forFL⊥ andFL¬ is proved
in [Baaderet al., 2000]. It is easy to see that the length of
each computation branch of the nondeterminstic algorithm
MATCH@L is polynomially bounded. Because matching un-
der strict acyclic subsumption conditions inFL⊥ andFL¬ is
known to be NP-hard, we obtain the following theorem.

Theorem 11 LetL ∈ {FL⊥,FL¬}. Deciding the solvability
of L-matching problems under acyclic side conditions is an
NP-complete problem.

The algorithm described above not only decides solvabil-
ity of matching problems under acyclic side conditions. It
also computes matchers in case the problem is solvable. To
be more precise, all minimal matchers (w.r.t. subsumption of
substitutions) are computed.

5 Future work
In contrast to the algorithm for matching under subsumption
conditions, the algorithmMATCH@L presently is restricted to
(i) L ∈ {FL⊥,FL¬} and (ii) acyclic side conditions. Natu-
rally, the next step is to overcome the first restriction by ex-
tending the result for acyclic side conditions toALN . We

strongly conjecture that an algorithm similar toMATCH@L can
be devised for this purpose.

In [Baaderet al., 1999], FL0-matching problems with
cyclic subsumption conditions are transformed into equiv-
alent ones with acyclic subsumption conditions. Unfortu-
nately, this approach cannot be extended toFL⊥ in a straight-
forward way. Instead, in order to overcome the second re-
striction, one might try to adapt the general idea of the algo-
rithm MATCH@L to cyclic side conditions. Hence, one would
first compute the solution to the analogous non-strict match-
ing problem and then proceed by iteratively modifying the
solution to satisfy the strict side conditions. Proving termina-
tion of this approach appears to be the main problem.

Apart from ALN and its sublanguages, it also seems
promising to consider matching problems under side condi-
tions inALE , which extendsFL¬ by existential restrictions.
Since the algorithmMATCH

v
L proposed here is defined on top

of an existing algorithm for pure matching problems (with
certain properties), one might similarly take advantage of the
matching algorithm proposed in[Baader and K̈usters, 2000]
for ALE-matching problems.
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