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Abstract

We proposeL ¢, anextensionof circumscription
by allowing propositionalcombinationsand nest-
ing of circumscriptve theories. As shown, Lifs-
chitz's nestedabnormalitytheories(NATS, intro-
ducedin AlJ, 1995) are naturally embeddednto
this language We analyzethe complexity of £ ciyc
and NATs, andin particularthe effect of nesting.
The latteris found a sourceof compleity, asboth
formalisms are proved to be PSRACE-complete.
We identify casesof lower compleity, including
a tractablecase. Our resultsgive insight into the
“cost” of usingL ¢y resp.NATsasahostlanguage
for expressingptherformalisms suchasnarratives.

1 Intr oduction

Circumscriptionis a very powerful methodfor knowledge
representatioandcommon-senseasoningyhich hasbeen
usedfor a variety of tasks,including temporalreasoninggdi-
agnosisandreasoningn inheritancenetworks. Thebasicse-
mantical notion underlying circumscriptionis minimization
of the extensionof selectedpredicates. This is especially
usefulwhena predicateis meantto represenan abnormal-
ity condition,e.g.,abird which doesnotfly. Circumscription
is appliedto a formula T, eitherpropositionalor first-order
andit is usedto eliminatesomeunintendednodelsof 7'
Since the seminaldefinition of circumscriptionin [Mc-
Carthy 1980, several extensionshave beenproposed(see,
e.g.,Lifschitz's survey [1994)), all of themretainingthe ba-
sic ideaof minimization. In this paper we proposeL girc, @
languagevhich extendspropositionakircumscriptionin two
importantandrathernaturalways:

1. ononehand,we allow the propositionalcombinationof
circumscriptve theories;

2. ontheotherhand,we allow nestingof circumscriptions.

As for theformerextension we claim thatit canbe useful
in several cases.As an example,whendifferentsourcesof
knowledgeCirc(Ty) andCire(Ty) comingfrom two equally
trustableagentswho perform circumscriptionare to be in-
tegrated, it seemsplausibleto take their disjunction, i.e.,
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Circ(Ty) V Circ(T). In L gy, all propositionalconnec-
tivesareallowed.

As for the latter extension,the original ideaof nestedab-
normality theories (NATS) has beenproposedby Lifschitz
[1999, andits usefulnesgor the formalizationof narratives
hasbeenshown by Baraletal. [199§. Nestingcircumscrip-
tion is usefulfor the modularizatiorof a knowledgebase As
anexampleconcerningdiagnosiof anartifactdesignedn a
modularway, e.g.,acar, apieceof knowledgeCirc(Ty) may
modelthe intendedbehaior of a subpart,e.g., the engine.
Analogously Circ(T>) may modelthe intendedbehavior of
the electricalpart. Furtherunintendednodelscanbe elimi-
natedby takingthecircumscriptiorof asuitablepropositional
combinationof Cire(Ty), Circ(T>), and a plain proposi-
tional formulaencodingobsenations.

In this paper we aremainly concernedvith the computa-
tional propertiesof £ ¢i. andNATs andwith their relation-
shipto plain circumscription.In particular we tacklethefol-
lowing questions:

e CanNATsbeembeddednto L gy ?

e What is the precise compleity of reasoningunder
nestedcircumscription? By reasoning we meanboth
modelcheckingandformulainferencefrom an £ ;.. Or
NAT theory

e Isthereasimplerestrictionof NATs (andthusof £ gr.)
for which somerelevantreasoningasksarefeasiblein
polynomialtime?

We areableto give a satistctoryanswerto all theseques-
tions. In particular in Section3, afterproviding aprecisedef-
inition of £ ¢, we provethemainresultsaboutits complex-
ity: modelcheckingandinferenceareshonvn to be PSRACE-
complete(the latter evenfor literals); morewer, complexity
is provento increasew.r.t. thenesting.Ilt appearshatnesting,
andnot propositionalcombination,is responsiblgor the in-
creasdn compleity. Similar resultsareprovenfor NATs in
Section4, wherewe alsoprove thatevery NAT canbeeasily
(andpolynomially) translatednto aformulaof £ giyc.

Given the high compleity of nestedcircumscription,we
look for significantfragmentsf thelanguage# whichcom-

plexity is lower, andfocuson Horn NATS: it is provenin Sec-

We remindthat Circ(T:) V Cire(Tz) # Cire(Ti V Ts) in
generaltake,e.g.. 71 =a A b, T> =b).
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tion 4 thatherenestingcanbe efficiently eliminatedif fixed
variablesarenotallowed,andbothmodelcheckingandinfer-
encearepolynomial. Section5 compares ¢;-. andNATsto
other generalization®f circumscriptionsuchas prioritized
circumscription[Lifschitz, 1985;1994 and theory curbing
[Eiteretal., 1993;Eiter andGottlob,2004.

Our resultsprove that the expressve power that makes
L cir. andNATs usefultoolsfor themodularizatiorof knowl-
edgehasindeeda cost,becauseéhe complexity of reasoning
in suchlanguagess higherthanreasoningn a“flat” circum-
scriptive knowledgebase Anyway the PSRACE upperbound
of the compleity of reasoning,and the similarity of their
semanticawith that of quantifiedBooleanformulas(QBFs),
malesfastimplementationgpossibleby translatingtheminto
a QBF andthen using one of the several available solvers,
e.g.,[Rintanen,1999. This approachcould be usedalsofor
implementingmeaningfufragmentof NATSs, suchastheone
in [Baraletal., 1999, althoughthis might be inefficient, like
usingafirst-ordertheoremproverfor propositionalogic.

GiventhatQBFscanbe polynomiallyencodednto NATS,
we canshaw (in thefull paper)thatnestedcircumscriptionis
moresuccinctthanplain (unnestedyircumscription;.e., by
nesting Circ operatorgor NATS), we canexpresssomecir-
cumscriptve theoriesin polynomialspace while they could
be written in exponentialspaceonly, if nestingwerenot al-
lowed. In this sensewe addnew resultsto the compaative
linguisticsof knowledg representatiofGogicetal., 1995.

2 Preliminaries

We assumea finite set At of propositionalatoms,and let
L(At) (for short, £, if At doesnot matteror is clearfrom
the context) be a standardpropositionallanguageover At.
For ary formulay € £, we denoteby mod(p) the set of
its models. CapitalsP, @), Z etc standfor orderedsetsof
atoms,which we alsoview aslists. If X = {z1,..., z,}
andX’ = {z1,..., z,}, thenX < X' denotegheformula
/\?Zl(xi - .'L";)

The extension of a model M on atoms A is denoted
by M[A]. We denoteby <p.; the preferencerelation on
modelswhich minimizes P in parallel while Z is varying
and all other atomsare fixed; i.e., M <p,z M' (M is
more or equally preferableto M) iff M[P] C M'[P] and
M[Q] = M'[Q], where@ = At\ PU Z andC and=
are taken componentwise.As usual, M <p,z M’ means
M <p,z M'AM # M'.

We denoteby Circ(p; P; Z) thesecond-ordecircumscrip-
tion [Lifschitz, 1989 of the formulay wherethe atomsin P
areminimized,the atomsin Z float, andall otheratomsare
fixed,whichis definedasthefollowing formula:

Circ(p; P; Z) =
@lP; ZIANP'Z'((p[P'; Z'| AN\P <P) - P<P'). (1)

Here P’ and Z' arelists of freshatoms(not occurringin ¢)
correspondingo P and Z, respectiely. The second-order
formula (1) is a quantifiedBooleanformula (QBF) with free
variableswhosesemanticss definedin the standardvay. Its
models,i.e., assignmentso the free variablessuchthat the
resultingsentencaes valid, arethe modelsM of ¢ which are
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P; Z-minimal whereamodel M of ¢ is P; Z-minimal,if no
model M’ of ¢ existssuchthat M’ <p,z M.

3 Languagelcir

The languagel ¢;. extendsthe standardpropositionallan-
guage/L (over a setof atomsAt) by circumscriptve atoms.
Formulasof L ¢;,. areinductively built asfollows:

1. a € Lo, fOreverya € At;
2. if @, 9 arein Lgyre, thenp A ¢ and—g arein L oipe;

3. if ¢ € Loy and P, Z aredisjoint lists of atoms,then
Circ(p; P; Z) isin L gire (calledcircumscriptiveatomn).

FurtherBooleanconnectves(v, —, etc)aredefinedasusual.
The semantic®f any formulap from £ ¢, IS givenin terms
of modelsof a naturallyassociatedBF 7(y), which is in-
ductively definedasfollows:

1. 7(a) = a, if pisanatoma € At;

2. 7(p Ap) = 7(p) AT(¢) andr(—p) = -7(p);
3. 7(Circ(p; P; Z)) =
r(plP; Z) AYP'Z (r(g[P'; Z')) A P' <P) - P<P').

Notethatin 3, the second-ordedefinition of circumscrip-
tion is usedto mapthe circumscriptve atomto a QBF which
generalizeshe circumscriptionformulain (1). In particular
if ¢ is an“ordinary” propositionalformula (¢ € £), then
7(Circ(ip; P; Z)) coincideswith theformulain (1).

Example 1 Considertheformula

p = Circ(Circ(a V b;a; b) V Circ(bV ¢; b; ¢); a; c).
Applying rule 3 to inner circumscriptionswe get 7(¢) =
Circ((b A —a) V (¢ A =b);a;c). Applyingrule 3 again we
getr(p) = (maA-bAc)V(maAb)=-aA(bVc).

As usual,we write M = ¢ if M is a modelof ¢, and
¢ | 9 if ¢ is alogical consequencef ¢.

Eliminating fixed letters

As shown in [deKleer andKonolige, 1989, thefixed letters
canberemovedfrom anordinarycircumscription.The same
techniquecan be appliedfor formulasfrom L ;.. aswell.
More precisely let ¢ = Clire(y; P; Z) bea circumscriptve
atom. For eachletterq ¢ P U Z, introducea freshletter g,
addq,G to P, andadda conjunctqg < —Gto ). Lety' =
Circ(y'; P'; Z) betheresultingcircumscriptve atom. Then,
thefollowing holds.

Proposition1 ¢ and ' are equivalentmodulothe setof all
auxiliary letters g.

Using this equivalence,we can eliminateall fixed letters
from aformulaa € L¢irc, by replacingeachcircumscriptve
atome in a with ', wherethefreshatomsg are madefloat-
ing inside’ andoutsidep. Notethatthe resultingformula
o' hassizepolynomialin thesizeof a.

3.1 Complexity results

Let the Circ-nestingdepth(for short,nestingdepth)of ¢ €
L cire, denotednd(y), be the maximumnumberof circum-
scriptive atomsalongary pathin theformulatreeof .
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Theorem1 Modelchedkingfor £ g, i.€., decidingwhether
a giveninterpretation M is a modelof a givenformulay €
Lcire, 1S PSRACE-complete If nd(¢) < k for a constant
k > 0, thentheproblemis completefor Af,  [O(logn)], i.e.,
polynomialtime with O(logn) manycalls to an oracle for
P wheen is theinputsize

Proof: (Sketch)Clearly, ary formulay € £ ¢, Canbeen-
coded by definition,toaQBF (i) (notnecessarilyn prene
form) in polynomial time. Thusdeciding, M | ¢ is in
PSRACE. By aninductive agument,we canseethatfor ary
circumscriptve atomy = Circ(y; P; Z) suchthatnd(p) <
k, decidingM = ¢ isin IIf. Thusfor ary Booleancom-
bination ¢ of atomsand circumscriptve atomsey, . .., @,
suchthatnd(y) (= maxj2, nd(y;)) <k, decidingM = ¢
is possiblein Afﬂ ||, i.e.,polynomialtime with oneroundof
parallel =7’ oraclecalls. SinceAf || = Af,;[O(logn)],
this provesthe membershipartfor nd(p) < k.

PSRACE-hardnessf M = ¢ for generaly follows di-
rectlyfrom thePSIACE-hardnessf modelcheckingfor NAT
theoriesshowvn below in Theorem4, andfrom the fact that
NATs canbe polynomial-timeembeddednto £ ;.. (Corol-
lary 2). Similarly, from the respectie resultson NATs we
obtainthatfor circumscriptve atomsy with nd(y) < k the
problemis IIF -hard (andthusII} -complete).

The AL, [O(logn)]-hardnessart for the casewhere ¢
is a Booleancombinationof formulaseys,...,¢om € Lcir
suchthatmax?; nd(y;) < k is thenshavn by areduction
from deciding, given m instances(Mi, ¢1),....(Mn, ©m)
of the model checkingproblemfor circumscriptve atoms,
whetherthe numberof yes-instanceamongthem s even.
The Af,,[O(log n)]-completenessf this problemis anin-
stanceof Wagners[1990 generaresultfor all IIF -complete
problems Moreover, we mayusethatall instancegreondis-
joint alphabetandtheassertiodWagner199Q that(M;, ;)
is ayes-instancenly if (M;y1,p;+1) is ayes-instancefor
alli € {1,...,m—1}. Then,we candefine

21 n
¢ =€+ Vocoicm (/\jz:o @i N Njzait _“Pj)

wheree is afreshletter TheinterpretationM = |J*, M; U
{e} isamodelof ¢ if andonly if thenumberof yes-instances
among(Mi,¥1),..., (My,,vn) is even. Clearly, ¢ and M
canbeconstructedn polynomialtime. O

Theorem 2 Deciding givenformulasy, 1 € L ¢4 Whether
¢ |= ¢ is PSRACE-complete Hardnessholdsevenif ¢ € L.

If the nestingdepthof ¢ and v is boundedby the constant
k > 0, thenthe problemis HkP+1-compIete

Proof: The problemis in PSRACE (resp.,l‘[kp+1): An in-
terpretationd/ suchthatM = ¢ A —) canbe guessednd
verifiedin polynomialspace(resp.,AfH [O(logn)], thusin
polynomialtime with anoraclefor II¥). Hencethe problem
isin NPSRACE = PSRACE (resp.,Hfﬂ). Hardnesdollows
from the polynomial time embeddingof NATSs into £ g
(Corollary2) andTheorem3. O

Corollary 1 Decidingsatisfiability of a givenformulay €
L cire 1S PSACE-complete If the nestingdepthis bounded
by a constantt > 0, thenthe problemis EkPH-complete
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4 NestedAbnormality Theories(NATS)

Lifschitz [1995] proposedhe hierarchicaluseof the circum-
scriptionprinciple,appliedto building blocksof amorecom-
plex theory Thismethodwasusedg.g.,in [Baraletal., 1994
for definingthe formal semantic®f narratives.

We assuméehattheatomsAt includea setof distinguished
atomsAb = {aby, ..., abs} (Whichintuitively representb-
normality properties).Blodks are definedasthe smallestset
suchthatif ¢y, ..., ¢, aredistinctatomsnotin Ab, andeach

of By, ..., B, iseitheraformulain £ orablock,then
B={c,...,¢m : By,...,Bp},
is a block [Lifschitz, 1995, wherecy, .. ., ¢, arecalledde-

scribed by this block. The nestingdepth of B, denoted
nd(B), is 0 if every B; is from £, and1 + max{nd(B;) |
1 <4 < n} otherwise.

A nestedabnormality theory (NAT) [Lifschitz, 1994 is
acollectionT = By,..., B, of blocks; its nestingdepth,
nd(T), is definedasmax{nd(B;) | 1 <i < n}.

The semanticof a NAT T is definedby a mappingo (7))
to a QBF asfollows: o(T) = Agcyo(B), wherefor ary
block B={C: By,...,B,},

o(B) = 3Ab.Circ(\;_, 0(B;); Ab; C)

giventhato (B;) = B; if B; isaformulain L.

Thus, a standardcircumscription Circ(y; P; Z), where
¢ € L, is equivalentto aNAT T = {Z : ¢} whereP
is viewed as the set of abnormalityletters Ab; notice that
nd(T) = 0.

We notethefollowing usefulproposition.

Proposition2 Let7 = By,...,B, beanyNAT. Let 7’ =

Z : By,...,B,} whee Z is any subsetof the atoms(dis-
joint with Ab). Then,7 and 7" havethe samemodels.

Indeed,7" hasvoid minimizationof Ab (makingeachab;
in Abfalse)andfixedandfloatingletterscanhave ary values.

Embedding NATs into £ gire

In thetranslatiorno(7°), theminimizedlettersAb areunderan
existential quantifier and thus “projected” from the models
of theformula Cire(- - -). We can,moduloauxiliary letters,
eliminateexistentialquantifiersasfollows:

1. Renameevery quantifierdAb in o(7T) suchthat every
quantifiedvariableis differentfrom ary othervariable.

2. In every circumscriptve subformula Circ(p; P; Z) of
therenamedormula, addto the floating atomsall vari-
ableswhicharequantifiedin ¢ (includingsubformulas).

3. Dropall quantifiers.

Leto*(7T) betheresultingformula. Notethatits sizeis poly-
nomial (quadratic)n thesizeof o(T).

Example2 LetAB={ab;,abs} andT ={z: T1, ab, & 2z},
where 71 = {z : aby & —abs, aby < z}. Then,

o(T) = Faby,abs.Circ(a(Ty) A (aby ¢ 2); aby, abs; 2),
whee
o(T1) = Faby,abs.Circ((abi ¢ —abs) A (aby > 2);

aby, abs; 2).
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In Stepl, werenameab; andab, in o(7;) to abs and aby,
respectivelyandaddin Step2 abs, ab, to thefloatingletter z
of 7. After droppingquantifieisin Step3, we obtain:

o*(T) = Circ(a*(T1) A (aby < 2); aby, abs; 2, abs, aby),
o*(T1) = Circ((abs <> —aby) A (abs <> 2); abz,aby; 2).

Let A*(T) bethesetof atomsfrom Step3 of theembedding
a*(T). Thefollowing result,which canbe provenby induc-
tion onthenestingdepthof 7T, stateghe correctnessf o*.

Proposition3 For any NAT 7, the formulas o(7) and
o*(T) are equivalentmoduloA* (7).

Corollary 2 Moduloauxiliary letters, NAT is (semantically)
a fragmentof £ ¢;,., and polynomial-timeembeddedia o*.

Noticethatis not possibleto addin Step2 of theembedding
o*(T) thequantifiedvariablesin ¢ to thefixedatoms.

Example 3 Reconsidethe NAT 7 in Ex. 2. Notethat 0 is
the uniquemodelof ¢(7). Theformulaoc*(7;) has,if we
disregard aby, aby (Which are fixedin it), the modelsiM; =
{abs, z} and My = {abs}. They giverise to thetwo models
N; = {aby, z,abs} and Ny = {abs} of 6*(T1) A (aby > 2),
of which N5 is aby, aby; abs, aby, z-minimal.
However, if abs, aby were fixedin o*(T), thenboth Ny

and N> would be modelsof o*(T), asthey are aby, abs; z-
minimal. Theefore, Proposition3 wouldfail.

Eliminating fixed letters

Every fixedletterq canberemovedfrom a NAT 7 similarly

asfrom aformulay € Lg;.. However, we musttake into

accountthata fixed letter ¢ may not be simply declaredasa

minimizedletterin the rewriting, sincethereis a specialset
Ab of minimizedletterwhich hasrestricteduses.We surpass
this by introducingtwo specialabnormalitylettersab, and

ab, in Ab, andby addingthe formula (g < ab,) A (ab, <

-ab,) asanew blockto 7, awell asab, > —ab, in every
otherblock of 7. Theletterq is declaredloatingin 7.

4.1 Complexity of NATs

Ordinary circumscriptioncan expressa QBF sentenced =
VX 3Yy (wherey € L) asfollows. Letu beafreshvariable.

Lemma 1 (cf. [Eiter and Gottlob, 1993) & is true if and
onlyif Circ(p;u;Y) = —u, wheep = V u.

This circumscriptioncanbe easilystatedasa NAT. Set
Ti ={Y,u:p,u < ab}.

ThenLemmal impliesthat7; | —w iff ® is true. In fact,
denotefor ary interpretation) andsetof atomsS by ¢,,(.S)
theassignmento S asgivenby M. Then,everymodel M of
71 mustbe, if wefix theatomsin X to ¢, (X), amodelof ¢
suchthatM k= w if andonly if ¢[ X/t (X)] is unsatisfiable.

Starting from this result, we prove PSRACE-hardnes®f
inferenceT = ¢ from a NAT theory 7. The basictech-
nigueis to introducefurther variablesasparametes V' into
theformula® from Lemmal, which arekeptfixedatthein-
nerlevels. At a new outermostevel to beaddedthe letteru
is usedfor evaluatingthe formulaat a certainlevel. We must
in alternationrminimize andmaximizethe valueof w.
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Considetthecaseof aQBF & = VX3Yy[V], whereV are
free variablesin it, consideredas“parameters”.We nest7;
into thefollowing theory7s:

To={XUY,u:T1,u < —ab}
This amountgo thefollowing circumscription:
o(T2) = JabCirc(FabCirc(p A (urab); ab; Y, u)A

(u>—ab); ab; X UY,u).

The outercircumscriptionminimizesab andthusmaximizes
u. o(T2) is, by Proposition3, equivalentto theformula
a*(Tz) Circ(a*(T1) A (ur—az);a2; X UY, u,a1),
c*(T1) = Circ(pA(uerar);ar;Y,u)
modulothe atomsa; anda,. Thefollowing canbe shown:
Lemma2 7; = wu if and only if for every assignment
s(V), the QBF 3XVYY-¢[V/s(V)] is true (i.e., ®[V/s(V)]
is false).

It follows from the lemmathat deciding,givena NAT 72
of nestingdepthl andy € £, whetherT; = v is I -hard.

We generalizethis patternto encodethe evaluationof a
QBF

® = Qanananfl . 'VXQHXI’L/}; n Z ]-7 (2)
wherethequantifiersy); alternateinto inference] |= ¢ from

aNAT theoryT asfollows.
Lety = 9 Vu, whereu is afreshatom.Defineinductively

Il

Tt = {Xi,u:p,u <+ ab},
T = {X1,...,Xok,u: Tag—1,u ¢ —ab},
Tok+1 = {X1,..., Xogy1,u: Tog, u <> abl,

for all 2k,2k + 1 € {2,...,n}, andlet 7y = { : ¢}. Note
that 7o is equivalentto ¢, andthatnd(7;) = ¢ — 1, for all
i € {1,...,n} while nd(75) = 0. We obtainthefollowing.
Lemma 3 For everyn > 1, 7,—1 hassomemodel,and

e if nisodd,thenT, ; | uiff ® isfalse i.e., - ® istrue;

e if niseventhenT,_; | —wu iff ® istrue.

This statementanbe provedby inductiononn > 1.

Lemma4 Model chedking for NATSs, i.e., decidingwhether
a giveninterpretation M is a modelof a givenNAT 7, isin
PSFACE.If nd(T) < k for constant; > 0, thenit isin IT} , .

Proof: For k = 0, the problemamountdo modelchecking
for ordinarycircumscriptionwhichis in coNP. For k > 0,
we cantestrecursvely for eachblock B of T whetherM isa
modelof eachblock By, ...,B, in B={C: By,...,Bp},
andthatnomodelN of By, . .., B, existssuchthatN < 43,c
M. Therecursiondepthis linear, andthe procedureunsin
quadraticspace Moreover, if nd(T) is boundedy aconstant
k, thenthe checkfor M andthe existenceof N witnessing
that M is not modelof B, canbe donein nondeterministic
polynomialtime with anoraclefor I1f . Thus,the problemis
in PSRACE (resp.,inIIf, ). O

The constructionin Lemma2 shavs how it is possible
to polynomially embedQBF evaluationinto inferencewrt a
NAT. In turn, Proposition3 shavs thata NAT canbe polyno-
mially embeddednto an L ¢;,. formula. The following the-
oremhighlightsthe consequencesf suchrelationson com-
plexity of inferencewrt a NAT.
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Theorem 3 Deciding givena NAT theory7 anda proposi-
tional formula ¢, whether7 = ¢ is PSRACE-complete If
nd(T) < k for constantt > 0, thenit is I}, ,-complete

Proof: Thehardnesgpartfollowsfrom Lemma3 above. As
for the membershipart,amodel M of T suchthat M £ ¢
canbe guesseandverifiedin PSRACE (resp.,with the help
of aIl;, ,-oracle). Thusthe problemis in co-NPSRCE =

PSRACE (resp. 11}, ,). O

The next theoremshaws that the upperboundson model
checkingfor NATs have matchinglower bounds (Thisis ex-
pectedfrom Theorem3: if modelcheckingwerein the Poly-
nomialHierarchy(PH), thenalsoinferencewould bein PH.)

Theorem4 Givena NAT theory7 andaninterpretationM,
decidingwhetherM = T is PSRACE-complete If nd(T") <
k for a constantk > 0, thenthe problemis Hfﬂ—complete

Proof: (Sketch)By Lemma4, it remainsto shav the hard-
nessarts.Notethatfor & = 0, thisis immediatefrom results
in [EiterandGottlob,1993. We canslightly adaptthe above
encodingof QBFsinto NATs. Givena QBF @ asin Eq. (2),
letthe NATs 7y, ..., T, beasthere,with the only difference
thaty = v Vv u is replacedoy

¢ = (WVuV (X, Av))A(XpAv) = X U---UX,_1Uey),

wheree,, = {u} if n is oddande,, = {-u} otherwise.Here
v is anew letter, defined(i.e., floating) in 7,, andfixedelse-
where; X, resp.X;U- - -UX,,_; Ue, is viewedasconjunction
of itsformulas.Let 7y, ..., 7, betheresultingNATs.

DefineM = U, X; U {v,u} if nisoddand M =
Ui, X; U {v} if nis even. Notethat M |= ¢’ and M is,
modulowu, theonly candidatdor amodelof 7} in which X,
andv aretrue: ary suchmodelmustsatisfyy', andif X, Av
aretrue,thenall otheratomshave a uniquetruth value.

It holdsthat M is a modelof 7, iff the QBF & is false
(resp.,true). It follows that model checkingis PSRACE-
hardandIIy, ,-hardif nd(T) < k for constantk; notethat
nd(7T))=n-1.0

4.2 A polynomial-time fragment

We callablock{C : By, ..., B,} Horn, if eachB; isaHorn
CNFif B; € £, andrecursvely B; is Hornotherwise A NAT
T is Horn, if eachof its blocksis Horn.

In [CadoliandLenzerini, 1994, it wasshowvn thatdeciding
Circ(p; P;0) = —u, wherey is a propositionalHorn CNF
and v is an atom, is coNP-complete. That s, alreadyfor
Horn NATs 7 without nesting(i.e., nd(7) = 0) inferenceis
intractable andnestingmay furtheraddon complexity.

Horn NATs without fixed letters
The techniqueof remaoving fixed lettersfrom a Horn NAT
doesnot work, sinceit usesnon-Hornclauses.Thus,Horn
NATs without fixed lettersdo not immediatelyinherit com-
plexity, in particularintractability, from generaHorn NATs.
In fact, for this classwe obtainpositive results. Note that
herestill minimization of atomsgq is possiblevia auxiliary
atomsab, € AbandHornaxiomsq — ab,, ab, — ¢ginT.
Call ary P; Z-minimal modelof a NAT T suchthatP =
At \ AbandZ = ( aminimalmodelof 7.
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Theorem5 Let7 beaHorn NAT withoutfixedletters. Then,
(1) 7 hasa least(i.e., a uniqueminimal) model,and (2) T
is equivalento a Horn CNF (7). Furthermoee, both(7)
and M (7") are computablén polynomialtime

Proof: (Sketch)Let, for any Horn CNF 4 andmodelM C
At, beyy™ the Horn CNF resultingfrom ¢ aftersubstituting
eachab; € Ab by T (true)if M |= ab; andby L (false)if
M = —ab; andsubsequergtandardsimplifications.

Let 7 beasingleblock B = {Z : By,...,B,}, where
Z = At \ Ab. DefinetheHorn CNF ¢(B) recursvely by

¢(B) :== /\B,-EL BzMO A /\Bi-g[; o(B;),
whereM, = My(B) is theleastmodelof theHorn CNF

¢(B) = /\BieL B; A /\B,-¢£ SD(Bi):

and
M(B) := Mo[At \ Ab] (= My[Z]).

Then,byinductiononnd(B) >0, wecanshaw that(1) M (B)
is theleastmodelof B, and(2) ¢(B) is equialentto B.

Let, for any formulaa, block B, NAT T etc denote||«||,
| B|l, || T etctherepresentatiosizeof therespectie object.

Obviously, we can computep(B) inductvely. For the
Horn CNFs+(B) andy(B), we have || (B)|| < ||B|| and
le(B)|| < ||BJ|- Of the model My, we only needits re-
striction My[A] to the atoms A occurringin B (all other
atomsare irrelevant for computing(B)). We can com-
pute My[A] from ¢(B) in O(||B||) time (recallthatthe least
modelof aHorn CNF « is computablén O(||«||) time), and
Ap, e B from Mo[A] in O(|| B|) time. Overall, it fol-
lowsthatfor 7 = B, we cancomputebothy(7) andits least
model M (7)) in time O(#b(T)||T1|), where#b(T) is the
numberof (recursve)blocksin 7, thusin polynomialtime.

By Prop.2, we canreplacea multiple block 7 = By, ...,
B, by T'" = {At\ Ab : By,...,B,}, whichis Horn and
withoutfixedletters,andobtainanalogousesults.O

Using sophisticatedlatastructuresthe (relevant partsof)
modelsM, (B) abore canbe computedncrementallywhere
eachclausein ¢(B) is fired atmostonce.Overall, o(7) and
M(T) arecomputablén O(||T|) time. We thushave:

Theorem 6 (Flat Normal Form) EveryHorn NAT 7 with-
out fixedletters can be rewritten to an equivalentHorn NAT
{Z : ¢} withoutfixedletters,where ¢ € L isaHorn CNFin
O(||T])) time(i.e., in linear time).

Thus, nestingin Horn NATs without fixed lettersdoesnot
increaseéheexpressvenessandcanbeefficiently eliminated.
We notesomeeasycorollariesof the previousresult.

Corollary 3 Decidingsatisfiability of a givenHorn NAT T
withoutfixedletters is polynomial.

Corollary 4 Modelcheding for a givenHorn NAT 7 with-
outfixedlettersandmodelM is polynomial.

For theinferenceproblem,we obtainthefollowing result.

Theorem7 Givena Horn NAT 7 without fixed letters and
¢ € L, decidingT kE ¢ is coNP-complete If  is a CNR
thenthe problemis polynomial.
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Proof: Sincemodelcheckingis polynomial,the problem
is clearly in coNP. The coNP-hardnesgart follows from
coNP-completenessf validity checkingfor agiveny € L
(askwhether{Z : T} |= ¢, whereZ containsall letters).

We canreduceT = ¢ to o(T) E zp in O(||'T]]) time,
wherep(T) isaHorn CNF. If ¥ = AL, «; is a CNF of
clausesy;, thelattercanbe checledin O (m||o(T)|| + [[¥|)
time, thusin O (m||T||+|]¢||) time (checky(T) E «;, which
is O(||le(T)]| + |lasl]) time,foralli € {1,....m}). O

5 Other Generalizationsof Circumscription

As we have discussedabove, fixed letters can be removed
from £ ¢, andNAT theoriesrespectiely. Usingthesetech-
nigues,the hardnesgesultsof Sections3.1 and 4.1 canbe
sharpenedo theorieswithout fixedletters.

Prioritized circumscription generalizescircumscription
Circ(p; P; Z) by partitioningthelettersP into priority levels
P, >P, > --- > P,, andinformally pruningall modelsof ¢

whicharenotminimalon P;, while ZU P, U- - -U P, floats
andP, U---U P;_; isfixed,fori = 1,...,n (cf. [Lifschitz,

1994)). This canbe readily expressedasthe nestedcircum-
scriptionCire(- - - Cire(Cire(p; P1; ZUPU - -UR,,); P2; ZU

P;U---UPR,)---). Thisgeneralizationiffersfrom £ ¢;. and
NATs: The compleity doesnot increase asinferenceand
model checkingremainIIZ -completeand coNP-complete,
respectiely. Intuitively, the reasonis that prioritization al-

lows only for arestrictedchangeof therole of the samdetter
in iterations(floating to minimized and minimizedto fixed)
andforbidsreconsideringninimizedletters.

Curbing is yet anotherextensionof circumscription Eiter
etal., 1993;EiterandGottlob,200d. Ratherthanthe (hierar
chical)useof circumscriptiorappliedto blocks,curbingaims
at softeningminimization,andallows for inclusive interpre-
tation of disjunctionwhereordinary circumscriptionreturns
exclusivedisjunction.Semantically Curb(p; P; Z) for afor-
mulay € L isthesmallessetM C mod(y) whichcontains
all modelsof Circ(p; P; Z) andis closedunderminimal up-
perboundsin mod(¢). A minimal upperbound(mub) of a
set M’ of modelsin mod(y) is amodelM € mod(p) such
that(1) M' <p,z M, for every M’ € M', and(2) thereex-
istsnoN € mod(y) satisfyingitem 1 suchthatN <p., M'.
For example, = a Vv b hastwo minimal models,if all
lettersareminimized(P = At = {a,b}): {a} and{b}. The
model{a, b} is notaminimal modelof , butis acurbmodel
of ¢. Thus, Curb(a V b) = a V b. On the otherhand, if
At = {a,b,c}, thenCurb(a V b) = (a V b) A —c is different
from a V b; the unsupportedetter ¢ is setto false. Note that
Circ(a V b) = (a + —b) A cis differentfrom Curb(a V b).
Like for £¢i-. andNATSs, inferenceand model checking
for Curb(p; P; Z) are PSRACE-complete[Eiter and Gott-
lob, 200d. However, in the first-ordercase the formalisms
have differentexpressieness.Let us considertheoriesin a
function-freelanguageunderdomainclosure (DC) and the
uniguenamesassumptior(UNA), i.e., the (finite) “datalog”
case.In this case curbingcanexpresssomeproblemswhich
L cire andNATSs cannot. We can, e.g.,write a (fixed) inter
preterT7 in this languagefor curbingvarying propositional
3CNFformulasy, inputasgroundfactsF'(y), suchthatthe
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curbmodelsof 77 U F(y) andy arein 1-1 correspondence.
Noticethatcurbingsuch3CNFsy is PSRACE-completeand
thus,by well-known resultsin compleity, thisis notexpress-
ible by afixed £ gi,. or NAT theory(unlessPH=PSRCE).
Furtherrelationshipdetweenl ¢;,. resp.NATs andcurb-
ing, aswell asotherexpressie KR formalisms[Baraletal.,
2000;PollettandRemmel, 1997, remainto be explored.
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