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Abstract

We propose
���������

, anextensionof circumscription
by allowing propositionalcombinationsand nest-
ing of circumscriptive theories. As shown, Lifs-
chitz’s nestedabnormalitytheories(NATs, intro-
ducedin AIJ, 1995) are naturally embeddedinto
this language.We analyzethecomplexity of

� �������
andNATs, and in particularthe effect of nesting.
The latter is founda sourceof complexity, asboth
formalisms are proved to be PSPACE-complete.
We identify casesof lower complexity, including
a tractablecase. Our resultsgive insight into the
“cost” of using

���������
resp.NATsasahostlanguage

for expressingotherformalisms,suchasnarratives.

1 Intr oduction

Circumscriptionis a very powerful methodfor knowledge
representationandcommon-sensereasoning,whichhasbeen
usedfor a varietyof tasks,includingtemporalreasoning,di-
agnosis,andreasoningin inheritancenetworks.Thebasicse-
manticalnotion underlyingcircumscriptionis minimization
of the extensionof selectedpredicates. This is especially
usefulwhena predicateis meantto representan abnormal-
ity condition,e.g.,abird which doesnot fly. Circumscription
is appliedto a formula 	 , eitherpropositionalor first-order,
andit is usedto eliminatesomeunintendedmodelsof 	 .

Since the seminaldefinition of circumscriptionin [Mc-
Carthy, 1980], several extensionshave beenproposed(see,
e.g.,Lifschitz’s survey [1994]), all of themretainingtheba-
sic ideaof minimization. In this paper, we propose

�������
�
, a

languagewhichextendspropositionalcircumscriptionin two
importantandrathernaturalways:

1. on onehand,we allow thepropositionalcombinationof
circumscriptivetheories;

2. on theotherhand,weallow nestingof circumscriptions.

As for theformerextension,we claim thatit canbeuseful
in several cases.As an example,whendifferentsourcesof
knowledge����
�����	���� and ����
�����	���� comingfrom two equally
trustableagentswho perform circumscriptionare to be in-
tegrated, it seemsplausible to take their disjunction, i.e.,

����
�����	 � ��������
�����	 � � 1. In
� �������

, all propositionalconnec-
tivesareallowed.

As for the latterextension,the original ideaof nestedab-
normality theories(NATs) hasbeenproposedby Lifschitz
[1995], andits usefulnessfor the formalizationof narratives
hasbeenshown by Baralet al. [1998]. Nestingcircumscrip-
tion is usefulfor themodularizationof aknowledgebase.As
anexampleconcerningdiagnosisof anartifactdesignedin a
modularway, e.g.,acar, apieceof knowledge����
�����	���� may
model the intendedbehavior of a subpart,e.g., the engine.
Analogously, ����
�����	 � � maymodelthe intendedbehavior of
the electricalpart. Furtherunintendedmodelscanbe elimi-
natedby takingthecircumscriptionof asuitablepropositional
combinationof ����
�����	 � � , ����
�����	 � � , and a plain proposi-
tional formulaencodingobservations.

In this paper, we aremainly concernedwith thecomputa-
tional propertiesof

� �������
andNATs andwith their relation-

shipto plain circumscription.In particular, we tacklethefol-
lowing questions:! CanNATsbeembeddedinto

� �������
?! What is the precise complexity of reasoningunder

nestedcircumscription? By reasoning, we meanboth
modelcheckingandformulainferencefrom an

� �������
or

NAT theory.! Is thereasimplerestrictionof NATs(andthusof
� �"�#���

)
for which somerelevant reasoningtasksarefeasiblein
polynomialtime?

We areableto give a satisfactoryanswerto all theseques-
tions. In particular, in Section3,afterproviding aprecisedef-
inition of

���������
, weprovethemainresultsaboutits complex-

ity: modelcheckingandinferenceareshown to bePSPACE-
complete(the latter even for literals); moreover, complexity
is provento increasew.r.t. thenesting.It appearsthatnesting,
andnot propositionalcombination,is responsiblefor the in-
creasein complexity. Similar resultsareprovenfor NATs in
Section4, wherewe alsoprove thatevery NAT canbeeasily
(andpolynomially)translatedinto a formulaof

���������
.

Given the high complexity of nestedcircumscription,we
look for significantfragmentsof thelanguagesin whichcom-
plexity is lower, andfocusonHornNATs: it is provenin Sec-

1We remind that $&%�'�(*),+�-/.102$&%�'�(*),+435.267 $&%�'�(�),+�-809+43:. in
general(take,e.g., +�-1;�<>=@? , +43�;�? ).
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tion 4 thatherenestingcanbe efficiently eliminatedif fixed
variablesA arenotallowed,andbothmodelcheckingandinfer-
encearepolynomial.Section5 compares

���������
andNATs to

other generalizationsof circumscriptionsuchas prioritized
circumscription[Lifschitz, 1985; 1994] and theory curbing
[Eiteretal., 1993;EiterandGottlob,2000].

Our resultsprove that the expressive power that makes� �����
�
andNATsusefultoolsfor themodularizationof knowl-

edgehasindeeda cost,becausethecomplexity of reasoning
in suchlanguagesis higherthanreasoningin a “flat” circum-
scriptiveknowledgebase.AnywaythePSPACEupperbound
of the complexity of reasoning,and the similarity of their
semanticswith that of quantifiedBooleanformulas(QBFs),
makesfastimplementationspossibleby translatingtheminto
a QBF and then using one of the several available solvers,
e.g.,[Rintanen,1999]. This approachcouldbeusedalsofor
implementingmeaningfulfragmentsof NATs,suchastheone
in [Baralet al., 1998], althoughthis mightbeinefficient, like
usingafirst-ordertheoremprover for propositionallogic.

GiventhatQBFscanbepolynomiallyencodedinto NATs,
wecanshow (in thefull paper)thatnestedcircumscriptionis
moresuccinctthanplain (unnested)circumscription,i.e., by
nesting BDCFE/G operators(or NATs), we canexpresssomecir-
cumscriptive theoriesin polynomialspace,while they could
be written in exponentialspaceonly, if nestingwerenot al-
lowed. In this sense,we addnew resultsto thecomparative
linguisticsof knowledgerepresentation[Gogicetal., 1995].

2 Preliminaries
We assumea finite set HJI of propositionalatoms,and let� �KHLIM� (for short,

�
, if HJI doesnot matteror is clear from

the context) be a standardpropositionallanguageover HJI .
For any formula NPO � , we denoteby QSR*T���NU� the set of
its models. Capitals V , W , X etc standfor orderedsetsof
atoms,which we alsoview as lists. If Y[Z]\�^ ��_�`�`�`�_ ^babc
and YedUZf\*^4d� _�`�`�`�_ ^4da c , then YhgiYed denotesthe formulaj akml � ��^ kon ^bdk � .

The extension of a model p on atoms H is denoted
by prq Hts . We denoteby gLuov w the preferencerelation on
modelswhich minimizes V in parallel while X is varying
and all other atomsare fixed; i.e., p g u1v w pid ( p is
moreor equallypreferableto pid ) if f prq V�syxzpid�q V�s andprq W�s{Z|pidKq W�s , where W}Z~HJIt�@V���X and x and Z
are taken componentwise.As usual, p � uov w pid meansp�g uov w pid���p��Z�pid .

Wedenoteby BDCFE/G��KN&�/V��:X�� thesecond-ordercircumscrip-
tion [Lifschitz, 1985] of theformula N wheretheatomsin V
areminimized,theatomsin X float, andall otheratomsare
fixed,which is definedasthefollowing formula:

BDCFE/G���N&�/V��5XJ��ZN>q V��5X>s��{��V d X d �/��N>q V d �5X d s"��V d gSV�� n V�gSV d � ` (1)

Here V�d and XJd arelists of freshatoms(not occurringin N )
correspondingto V and X , respectively. The second-order
formula(1) is a quantifiedBooleanformula(QBF) with free
variables,whosesemanticsis definedin thestandardway. Its
models,i.e., assignmentsto the free variablessuchthat the
resultingsentenceis valid, arethemodelsp of N which are

V��:X -minimal, whereamodel p of N is V��5X -minimal, if no
model pid of N existssuchthat pid�� uov w p .

3 Language �����#�K�
The language

� �������
extendsthe standardpropositionallan-

guage
�

(over a setof atoms HLI ) by circumscriptive atoms.
Formulasof

���������
areinductively built asfollows:

1. ��O � �"�#��� , for every �{O�HLI ;
2. if N , � arein

� �������
, then N���� and �DN arein

� �������
;

3. if N�O � ������� and V _ X aredisjoint lists of atoms,thenBDCFE/G���N&� V��:X�� is in
� �������

(calledcircumscriptiveatom).

FurtherBooleanconnectives( � ,
n

, etc)aredefinedasusual.
Thesemanticsof any formula N from

� �"�#���
is givenin terms

of modelsof a naturallyassociatedQBF ¡¢��NU� , which is in-
ductively definedasfollows:

1. ¡¢�K�"�£Z¤� , if N is anatom �{O�HLI ;
2. ¡¢�KN��9�>��Z¥¡¢�KND�o�{¡¢���&� and ¡¢���DND�&Z��1¡¢�KNU� ;
3. ¡¢��B1CFE G"��N&�/V��5XJ�/��Z¦ )�§1¨ ©�ªM«D¬­.4=�®�©>¯m«�¯K)
) ¦ )�§1¨ ©>¯�ª°«�¯#¬,.±=@©>¯5²�©L.�³´©9²�©>¯m. .
Notethat in 3, thesecond-orderdefinitionof circumscrip-

tion is usedto mapthecircumscriptiveatomto a QBF which
generalizesthecircumscriptionformula in (1). In particular,
if N is an “ordinary” propositionalformula ( NµO � ), then¡¢�¶BDCFE/G��KN£� V��:X��M� coincideswith theformulain (1).

Example1 ConsidertheformulaN�Z·BDCFE/G���BDCFE/G���� ��¸��/�b� ¸¶�¹�ºBDCFE/G��K¸D����� ¸��/���¶�/�b�/��� `
Applying rule 3 to inner circumscriptionswe get ¡¢�KND�»ZBDCFE/G��M��¸t�¼�D�"�£�»���J�¼�U¸��5�/�b� ��� . Applying rule 3 again we
get ¡¢�KND�&Z½���D�����U¸U���������K�D� ��¸¶��Z¤�D� ���K¸D����� .

As usual,we write p ¾ Z¿N if p is a model of N , andNº¾ Z¤� if � is a logical consequenceof N .

Eliminating fixed letters
As shown in [deKleer andKonolige,1989], thefixedletters
canberemovedfrom anordinarycircumscription.Thesame
techniquecan be appliedfor formulasfrom

� �������
as well.

More precisely, let NÀZ]BDCFE/G����J� V��:X�� bea circumscriptive
atom. For eachletter ÁºÂOºVÀ��X , introducea freshletter ÃÁ ,
add Á , ÃÁ to V , andadda conjunct Á�Ä�� ÃÁ to � . Let NDd�ZBDCFE/G����&d�� V�d��5XJ� betheresultingcircumscriptiveatom.Then,
thefollowing holds.

Proposition1 N and N1d are equivalentmodulothesetof all
auxiliary letters ÃÁ .

Using this equivalence,we caneliminateall fixed letters
from aformula Å¼O � �"�#��� , by replacingeachcircumscriptive
atom N in Å with N d , wherethefreshatoms ÃÁ aremadefloat-
ing inside NDd andoutside N . Note that the resultingformulaÅ1d hassizepolynomialin thesizeof Å .

3.1 Complexity results
Let the B1CFE G -nestingdepth(for short,nestingdepth)of NÆO� �����
�

, denotedÇ¢Èb��NU� , be the maximumnumberof circum-
scriptiveatomsalongany pathin theformulatreeof N .
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Theorem1 Modelcheckingfor
� �������

, i.e., decidingwhether
a givenÉ interpretation p is a modelof a givenformula NÊO�������
�

, is PSPACE-complete. If Ç¢Èb��NU��gÌË for a constantË9Í�Î , thentheproblemis completefor Ï u Ð5Ñ � q Ò���Ó­Ô�Õ£Ç���s , i.e.,
polynomialtime with Ò���Ó­Ô�Õ£Ç�� manycalls to an oracle forÖ u Ð , where Ç is theinput size.

Proof: (Sketch)Clearly, any formula N×O � �"�#��� canbeen-
coded,bydefinition,to aQBF ¡¢��NU� (notnecessarilyin prenex
form) in polynomial time. Thus deciding, p ¾ Z}N is in
PSPACE. By an inductive argument,we canseethat for any
circumscriptiveatom NºZØBDCFE/G������/V��5XJ� suchthat Ç¢Èb��NU��gË , deciding p ¾ ZØN is in Ù u Ð . Thusfor any Booleancom-
bination N of atomsandcircumscriptive atoms N ��_�`�`�`�_ N1Ú
suchthat Ç¢Èb��NU����ZÆÛSÜ�Ý Úk­l � Ç¢Èb��N k �M�egÀË , deciding pÞ¾ ZÆN
is possiblein Ï u Ð5Ñ ��ß , i.e.,polynomialtimewith oneroundof
parallel

Ö u Ð oraclecalls. Since Ï u Ð¶Ñ � ß ZàÏ uÐ¶Ñ � q Ò���Ó­Ô�Õ£Ç���s ,
this provesthemembershippartfor Ç¢Èb��NU�>g¥Ë .

PSPACE-hardnessof p ¾ Z¿N for general N follows di-
rectlyfrom thePSPACE-hardnessof modelcheckingfor NAT
theoriesshown below in Theorem4, and from the fact that
NATs canbe polynomial-timeembeddedinto

���������
(Corol-

lary 2). Similarly, from the respective resultson NATs we
obtainthat for circumscriptive atomsN with Ç¢Èb��NU�ágâË the
problemis Ù u Ð -hard(andthus Ù u Ð -complete).

The Ï u Ð5Ñ � q Ò���ÓmÔ�Õ8Ç��
s -hardnesspart for the casewhere N
is a Booleancombinationof formulas N ��_�`�`�`�_ NDÚàO � �������
suchthat Û�Ü�Ý Úkml � Ç¢È4�KN k �ygrË is thenshown by a reduction
from deciding, given ã instances �Kpä� _ N��¶� ,. . . , �Kp a _ N Ú �
of the model checkingproblemfor circumscriptive atoms,
whetherthe numberof yes-instancesamongthem is even.
The Ï u Ð5Ñ � q Ò���Ó­Ô�Õ8Ç��
s -completenessof this problemis an in-
stanceof Wagner’s [1990] generalresultfor all Ù u Ð -complete
problems.Moreover, wemayusethatall instancesareondis-
joint alphabetsandtheassertion[Wagner, 1990] that �Kp k _ N k �
is a yes-instanceonly if ��p k Ñ � _ N k Ñ ��� is a yes-instance,for
all ��O�\�å _�`�`�`5_ ã�æSå�c . Then,wecandefine

N�Z¤ç Ä¿èáé�ê � k ê Ú ë j � kì l éoN ì � j aì l � k Ñ � �DN ì�í
where ç is a freshletter. TheinterpretationpîZÆï Úk­l � p k �\*ç�c is amodelof N if andonly if thenumberof yes-instances
among �Kpä� _ N���� ,. . . , ��p a _ N Ú � is even. Clearly, N and p
canbeconstructedin polynomialtime. ð
Theorem2 Deciding, givenformulas N _ �ÊO � ������� whetherN¤¾ ZÀ� is PSPACE-complete. Hardnessholdsevenif ��O � .
If the nestingdepthof N and � is boundedby the constantË9ñ�Î , thentheproblemis Ù u Ð¶Ñ � -complete.

Proof: The problemis in PSPACE (resp., Ù u Ð5Ñ � ): An in-
terpretationp suchthat p ¾ ZfNe���1� canbe guessedand
verified in polynomialspace(resp., Ï u Ð5Ñ � q Ò���ÓmÔ�Õ8Ç��
s , thusin
polynomialtime with anoraclefor Ù u Ð ). Hencetheproblem
is in NPSPACE = PSPACE (resp., Ù u Ð5Ñ � ). Hardnessfollows
from the polynomial time embeddingof NATs into

���������
(Corollary2) andTheorem3. ð
Corollary 1 Decidingsatisfiabilityof a given formula N·O� �����
�

is PSPACE-complete. If the nestingdepthis bounded
bya constantË{ñ»Î , thentheproblemis

Ö u Ð5Ñ � -complete.

4 NestedAbnormality Theories(NATs)
Lifschitz [1995]proposedthehierarchicaluseof thecircum-
scriptionprinciple,appliedto building blocksof amorecom-
plex theory. Thismethodwasused,e.g.,in [Baraletal., 1998]
for definingtheformal semanticsof narratives.

WeassumethattheatomsHLI includeasetof distinguished
atomsH�¸�Z·\*��¸ ��_�`�`�`¶_ ��¸ Ð c (which intuitively representab-
normality properties).Blocksaredefinedasthe smallestset
suchthatif �*� _�`�`�`¶_ � Ú aredistinctatomsnot in H�¸ , andeach
of ò ��_�`�`�`�_ ò�a is eithera formulain

�
or a block, then

òâZÆ\*��� _�`�`�`¶_ � ÚÆó ò�� _�`�`�`¶_ ò a c _
is a block [Lifschitz, 1995], where ��� _�`�`�`�_ � Ú arecalledde-
scribed by this block. The nestingdepth of ò , denotedÇ¢Èb��ò@� , is 0 if every ò k is from

�
, and å�ô�ÛSÜ�Ýb\�Ç¢Èb��ò k ��¾å�gä�£gºÇDc otherwise.

A nestedabnormality theory (NAT) [Lifschitz, 1995] is
a collection õhZöò ��_�`�`�`�_ ò�a of blocks; its nestingdepth,Ç¢Èb��õ@� , is definedas ÛSÜ�Ý4\*Ç¢È4�Kò k �t¾"å�gä�£gºÇDc .

Thesemanticsof a NAT õ is definedby a mapping÷U��õy�
to a QBF asfollows: ÷U��õ@�SZ jyø�ù�ú ÷U�Kò@� , wherefor any
block òâZÆ\�� ó ò � _�`�`�`�_ ò a c ,

÷U�Kò@�&Z¤û�H�¸ ` BDCFE/G�� j ak­l � ÷U��ò k �¶�/H�¸�� ���
giventhat ÷U�Kò k ��Z¤ò k if ò k is a formulain

�
.

Thus, a standardcircumscription BDCFE/G��KN£� V��:X�� , whereN¿O �
, is equivalent to a NAT õ[Zü\�X ó N£c where V

is viewed as the set of abnormalityletters H�¸ ; notice thatÇ¢Èb��õ@��Z�Î .
We notethefollowing usefulproposition.

Proposition2 Let õàZýò�� _�`�`�`¶_ ò a be any NAT. Let õád&Z\�X ó ò ��_�`�`�`¶_ ò�abc where X is any subsetof the atoms(dis-
joint with H�¸ ). Then,õ and õ�d havethesamemodels.

Indeed,õád hasvoid minimizationof H�¸ (makingeach��¸ ì
in H�¸ false),andfixedandfloatingletterscanhaveany values.

EmbeddingNATs into
���������

In thetranslation÷U��õy� , theminimizedlettersH�¸ areunderan
existentialquantifier, and thus“projected” from the models
of the formula BDCFE/G��°þ�þ�þ � . We can,moduloauxiliary letters,
eliminateexistentialquantifiersasfollows:

1. Renameevery quantifier û�H�¸ in ÷U�Kõ@� suchthat every
quantifiedvariableis differentfrom any othervariable.

2. In every circumscriptive subformula B1CFE G��KN&�/V��:X�� of
therenamedformula,addto thefloatingatomsall vari-
ableswhicharequantifiedin N (includingsubformulas).

3. Dropall quantifiers.

Let ÷¹ÿ"��õ@� betheresultingformula.Notethatits sizeis poly-
nomial(quadratic)in thesizeof ÷U��õy� .
Example2 Let H�ò�Z \*��¸�� _ ��¸5��c and õeZ \ � ó õ±� _ ��¸��±Ä � c ,
where õ � ZÆ\ � ó ��¸ � Ä¿�D�"¸ ��_ ��¸ � Ä � c . Then,

÷U�Kõ@�iZ]û���¸�� _ ��¸5� ` BDCFE/G���÷U��õ±���¢������¸��±Ä � �5�/��¸�� _ ��¸5��� � � _
where÷U�Kõ � �iZ]û���¸ ��_ ��¸ ��` BDCFE/G��M����¸ � Ä¿�D�"¸ � �¢������¸ � Ä � �¶���¸�� _ ��¸5��� � � `
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In Step1, we rename�"¸ � and ��¸ � in ÷U�Kõ � � to �"¸�� and ��¸�� ,
respectively� , andaddin Step2 ��¸�� _ ��¸�� to thefloatingletter �
of õ . After droppingquantifiers in Step3, weobtain:

÷ ÿ ��õ@��Z B1CFE G��K÷ ÿ ��õ±�¶�����K��¸��tÄ � �5����¸�� _ ��¸5��� � _ �"¸ � _ ��¸ � � _÷ ÿ ��õ±����Z B1CFE G��/����¸ � Ä]�D��¸ � �¢������¸ � Ä � �5����¸ � _ ��¸ � � � � `
Let H � �Kõ@� bethesetof atomsfrom Step3 of theembedding÷¹ÿ���õá� . Thefollowing result,which canbeprovenby induc-
tion on thenestingdepthof õ , statesthecorrectnessof ÷¹ÿ .
Proposition3 For any NAT õ , the formulas ÷U�Kõ@� and÷¹ÿ���õá� are equivalentmodulo H � ��õy� .
Corollary 2 Moduloauxiliary letters,NAT is (semantically)
a fragmentof

� �"�#���
, andpolynomial-timeembeddedvia ÷¹ÿ .

Noticethatis not possibleto addin Step2 of theembedding÷¹ÿ���õá� thequantifiedvariablesin N to thefixedatoms.

Example3 Reconsiderthe NAT õ in Ex. 2. Note that
	

is
the uniquemodelof ÷U�Kõ@� . The formula ÷¹ÿ���õ � � has, if we
disregard ��¸ ��_ ��¸ � (which are fixedin it), the modelsp � Z\*��¸�� _ � c and p � Zr\*��¸���c . They giverise to thetwo models
 �tZÆ\*��¸�� _ � _ ��¸ � c and


 �JZÊ\��"¸ � c of ÷¹ÿ���õ±���±�2�K��¸��tÄ � � ,
of which


 � is ��¸ ��_ �"¸ � �/��¸�� _ ��¸�� _ � -minimal.
However, if ��¸�� , ��¸�� were fixed in ÷¹ÿ"��õ@� , thenboth


 �
and


 � would be modelsof ÷¹ÿ��Kõá� , as they are �"¸�� _ ��¸5��� � -
minimal.Therefore, Proposition3 wouldfail.

Eliminating fixed letters
Every fixedletter Á canberemovedfrom a NAT õ similarly
asfrom a formula N O � ������� . However, we musttake into
accountthata fixed letter Á maynot besimply declaredasa
minimizedletter in the rewriting, sincethereis a specialsetH�¸ of minimizedletterwhich hasrestricteduses.We surpass
this by introducingtwo specialabnormalityletters �"¸�� and��¸�� in H�¸ , andby addingthe formula �KÁ�Äü��¸��¶�D�×�K��¸��yÄ� ��¸���� asa new block to õ , a well as ��¸���Äî� ��¸�� in every
otherblock of õ . Theletter Á is declaredfloatingin õ .

4.1 Complexity of NATs
Ordinarycircumscriptioncanexpressa QBF sentence
·Z�bY�û�� � (where�¥O � ) asfollows. Let � beafreshvariable.

Lemma 1 (cf. [Eiter and Gottlob, 1993]) 
 is true if and
only if BDCFE/G���N&���1���y�t¾ Z���� , where N�Z¥�e��� .

Thiscircumscriptioncanbeeasilystatedasa NAT. Set

õ � ZÆ\�� _ � ó N _ ��Äö��¸*c `
ThenLemma1 implies that õ � ¾ Z´��� if f 
 is true. In fact,
denotefor any interpretationp andsetof atoms� by I������8�
theassignmentto � asgivenby p . Then,everymodel p ofõ � mustbe,if wefix theatomsin Y to I � ��Y�� , a modelof N
suchthat p ¾ Z�� if andonly if ��q Y{Â�I��e��Y���s is unsatisfiable.

Startingfrom this result, we prove PSPACE-hardnessof
inference õî¾ Z N from a NAT theory õ . The basictech-
niqueis to introducefurther variablesasparameters � into
theformula 
 from Lemma1, which arekeptfixedat thein-
ner levels. At a new outermostlevel to beadded,theletter �
is usedfor evaluatingtheformulaat a certainlevel. We must
in alternationminimizeandmaximizethevalueof � .

Considerthecaseof aQBF 
ºZ»�bY�û�� ��q � s , where� are
free variablesin it, consideredas“parameters”.We nest õ �
into thefollowing theory õ�� :õ � ZÊ\�Yf��� _ � ó õ ��_ ��Ä]�D��¸*c
Thisamountsto thefollowing circumscription:÷U��õ����8Z�û���¸"BDCFE/G���û���¸"BDCFE/G���N������>Ä½��¸¶�5� �"¸���� _ ���M����tÄ½�D��¸¶�5�b��¸���Y·��� _ ��� `
Theoutercircumscriptionminimizes ��¸ andthusmaximizes� . ÷U��õ � � is, by Proposition3, equivalentto theformula÷ ÿ ��õ � �[Z B1CFE G��K÷ ÿ �Kõ � ���e���>Ä½�D� � �5� � � �MYf��� _ � _ � � � _÷ ÿ ��õ � �[Z B1CFE G��KN������tÄÆ� � �5�/� � ��� _ ���
modulotheatoms��� and ��� . Thefollowing canbeshown:

Lemma 2 õ � ¾ Z � if and only if for every assignment� ���@� , the QBF û"Y�� ���1��q �&Â � ���y��s is true (i.e., 
�q �&Â � ���y��s
is false).

It follows from the lemmathat deciding,givena NAT õ �
of nestingdepth1 and �¥O � , whetherõ��á¾ Z¥� is Ù u� -hard.

We generalizethis patternto encodethe evaluationof a
QBF


�ZÀW�a�Y�a�W�a"! � Y�a�! � þ�þ�þ
�¹Y � û"Y � � _ Ç�ñÀå _ (2)

wherethequantifiersW k alternate,into inferenceõ·¾ Z¥� from
a NAT theory õ asfollows.

Let N�Z¤���#� , where� is a freshatom.Defineinductivelyõ � Z \�Y �*_ � ó N _ ��Äö��¸*c _õ � Ð Z \�Y �*_�`�`�`�_ Y � Ð _ � ó õ � Ð ! ��_ ��Ä]�D��¸*c _õ � Ð5Ñ � Z \�Y �*_�`�`�`�_ Y � Ð5Ñ ��_ � ó õ � Ð _ ��Äö��¸*c _
for all $�Ë _ $�ËáôÀå{O»\%$ _�`�`�`�_ ÇDc , andlet õ é Z·\ ó N£c . Note
that õ é is equivalentto N , and that Ç¢Èb��õ k ��Zz�8æiå , for all�8O�\�å _�`�`�`¶_ ÇDc while Ç¢Èb��õ é ��Z¤Î . We obtainthefollowing.
Lemma 3 For every Ç�ñ�å , õ�a"! � hassomemodel,and! if Ç is odd,then õ a�! � ¾ Z&� iff 
 is false, i.e., �'
 is true;! if Ç is even,then õ�a"! � ¾ Z���� iff 
 is true.

Thisstatementcanbeprovedby inductionon Ç�ñÀå .
Lemma 4 Model checking for NATs, i.e., decidingwhether
a giveninterpretation p is a modelof a givenNAT õ , is in
PSPACE.If Ç¢Èb��õ@�&g¥Ë for constantË9ñ�Î , thenit is in Ù u Ð5Ñ � .

Proof: For ËSZ¤Î , theproblemamountsto modelchecking
for ordinarycircumscription,which is in (¶Ô*),+ . For Ë¼Í Î ,
wecantestrecursively for eachblock ò of õ whetherp is a
modelof eachblock ò ��_�`�`�`¶_ ò�a in òfZâ\�� ó ò ��_�`�`�`�_ ò�abc ,
andthatnomodel



of ò ��_�`�`�`�_ ò�a existssuchthat


 �.-0/ v 1p . The recursiondepthis linear, andthe procedurerunsin
quadraticspace.Moreover, if Ç¢Èb��õy� isboundedbyaconstantË , thenthe checkfor p andthe existenceof



witnessing

that p is not modelof ò , canbe donein nondeterministic
polynomialtime with anoraclefor Ù u Ð . Thus,theproblemis
in PSPACE (resp.,in Ù u Ð5Ñ � ). ð

The constructionin Lemma 2 shows how it is possible
to polynomiallyembedQBF evaluationinto inferencewrt a
NAT. In turn,Proposition3 shows thata NAT canbepolyno-
mially embeddedinto an

���������
formula. Thefollowing the-

oremhighlightsthe consequencesof suchrelationson com-
plexity of inferencewrt a NAT.
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Theorem3 Deciding, givena NAT theory õ anda proposi-
tional2 formula N , whether õ~¾ ZzN is PSPACE-complete. IfÇ¢Èb��õ@�&g¥Ë for constantË9ñ»Î , thenit is Ù u Ð5Ñ � -complete.

Proof: Thehardnesspartfollowsfrom Lemma3 above.As
for themembershippart,a model p of õ suchthat p �¾ ZÆN
canbeguessedandverified in PSPACE (resp.,with thehelp
of a Ù u Ð5Ñ � -oracle). Thus the problemis in co-NPSPACE =
PSPACE (resp.,Ù u Ð5Ñ � ). ð

The next theoremshows that the upperboundson model
checkingfor NATs havematchinglowerbounds.(This is ex-
pectedfrom Theorem3: if modelcheckingwerein thePoly-
nomialHierarchy(PH), thenalsoinferencewould bein PH.)

Theorem4 Givena NAT theory õ andan interpretation p ,
decidingwhetherp ¾ ZÀõ is PSPACE-complete. If Ç¢Èb��õy�>gË for a constantË9ñºÎ , thentheproblemis Ù u Ð5Ñ � -complete.

Proof: (Sketch)By Lemma4, it remainsto show thehard-
nessparts.Notethatfor Ë�Z¤Î , this is immediatefrom results
in [EiterandGottlob,1993]. We canslightly adapttheabove
encodingof QBFsinto NATs. Givena QBF 
 asin Eq. (2),
let theNATs õ é , . . . , õ a beasthere,with theonly difference
that N¼Z»����� is replacedby

N d Z½�����3�U� ��Y a �34"�/��� �M��Y a �34�� n Y�����þ�þ�þF�&Y a"! ���65 a � _
where 5:a9Z \���c if Ç is oddand 5:a9Zâ\�����c otherwise.Here4 is a new letter, defined(i.e., floating) in õ a andfixedelse-
where;Y a resp.Y����Lþ�þ�þ ��Y a"! �*�'5 a is viewedasconjunction
of its formulas.Let õ dé _�`�`�`¶_ õ da betheresultingNATs.

Define p Z ï akml � Y k ��\74 _ �oc if Ç is odd and p Zï akml � Y k �×\744c if Ç is even. Note that p ¾ Z NDd and p is,
modulo � , theonly candidatefor a modelof õ�da in which Y a
and 4 aretrue: any suchmodelmustsatisfy N d , andif YSa>�84
aretrue,thenall otheratomshavea uniquetruthvalue.

It holds that p is a model of õ�da if f the QBF 
 is false
(resp., true). It follows that model checking is PSPACE-
hardand Ù u Ð5Ñ � -hardif Ç¢È4�Kõ@�@g�Ë for constantË ; notethatÇ¢Èb��õáda ��Z¤Ç9æ�å . ð
4.2 A polynomial-time fragment
Wecall ablock \�� ó ò ��_�`�`�`�_ ò�abc Horn, if eachò k is aHorn
CNFif ò k O � , andrecursively ò k is Hornotherwise.A NATõ is Horn, if eachof its blocksis Horn.

In [CadoliandLenzerini,1994], it wasshown thatdecidingBDCFE/G���N&�/V�� 	 �S¾ Z·��� , where N is a propositionalHorn CNF
and � is an atom, is (¶Ô9):+ -complete. That is, alreadyfor
Horn NATs õ without nesting(i.e., Ç¢Èb��õy�&ZiÎ ) inferenceis
intractable,andnestingmayfurtheraddon complexity.

Horn NATs without fixed letters
The techniqueof removing fixed lettersfrom a Horn NAT
doesnot work, sinceit usesnon-Hornclauses.Thus,Horn
NATs without fixed lettersdo not immediatelyinherit com-
plexity, in particularintractability, from generalHorn NATs.

In fact, for this classwe obtainpositive results.Note that
herestill minimization of atoms Á is possiblevia auxiliary
atoms��¸ � O�H�¸ andHornaxioms Á n ��¸ � , ��¸ � n Á in õ .

Call any V��:X -minimal modelof a NAT õ suchthat V·ZHLI��&H�¸ and X¤Z 	
aminimalmodelof õ .

Theorem5 Let õ bea Horn NAT withoutfixedletters. Then,
(1) õ hasa least(i.e., a uniqueminimal) model,and (2) õ
is equivalentto a Horn CNF N>��õy� . Furthermore, both N>��õy�
and pr��õ@� arecomputablein polynomialtime.

Proof: (Sketch)Let, for any HornCNF � andmodel pîxHLI , be � � theHorn CNF resultingfrom � aftersubstituting
each �"¸ ì O»H�¸ by ; (true) if p ¾ Z·��¸ ì andby < (false)ifp ¾ ZÀ�D��¸ ì andsubsequentstandardsimplifications.

Let õ be a singleblock ò¿ZÌ\�X ó ò�� _�`�`�`¶_ ò a c , whereX¤Z¤HLI��&H�¸ . DefinetheHornCNF N>��òy� recursively by

N>�Kò@� ó Z j ø>=°ù@? ò �,Ak � j ø>=�Bù@? N>��ò k � _
where p é Z�p é ��òy� is theleastmodelof theHornCNF

���Kò@� ó Z j@ø = ù@? ò k � j@ø = BùC? N&�Kò k � _
and pr�Kò@� ó Z�p é q HLI��&H�¸ s{��Z�p é q Xts�� `
Then,by inductionon Ç¢È4�Kò@�"ñSÎ , wecanshow that(1) pr��òy�
is theleastmodelof ò , and(2) N>�Kò@� is equivalentto ò .

Let, for any formula Å , block ò , NAT õ etc denote ß Å ß ,ß ò ß , ß õ ß etctherepresentationsizeof therespectiveobject.
Obviously, we can compute N>��òy� inductively. For the

Horn CNFs ���Kò@� and N>��òy� , we have ß ���Kò@� ß g ß ò ß andß N>�Kò@� ß g ß ò ß . Of the model p é , we only needits re-
striction p é q Hts to the atoms H occurring in ò (all other
atomsare irrelevant for computing N>��ò@� ). We can com-
pute p é q HLs from ����òy� in Ò�� ß ò ß � time (recall that theleast
modelof a Horn CNF Å is computablein Ò�� ß Å ß � time),andj@ø = ù@? ò �:Ak from p é q Hts in Ò�� ß ò ß � time. Overall, it fol-
lowsthatfor õâZ¤ò , wecancomputeboth N>��õ@� andits least
model pr��õá� in time Ò��ED@¸���õ@� ß õ ß � , where Dy¸���õ@� is the
numberof (recursive)blocksin õ , thusin polynomialtime.

By Prop.2, we canreplacea multiple block õ ZÀò�� _�`�`�`�_ò a by õád�Z]\*HJI£� H�¸ ó ò � _�`�`�`�_ ò a c , which is Horn and
withoutfixedletters,andobtainanalogousresults. ð

Using sophisticateddatastructures,the (relevantpartsof)
modelsp é ��ò@� abovecanbecomputedincrementally, where
eachclausein N>�Kò@� is firedat mostonce.Overall, N>��õ@� andpr��õ@� arecomputablein Ò�� ß õ ß � time. We thushave:

Theorem6 (Flat Normal Form) EveryHorn NAT õ with-
out fixedletters canberewritten to an equivalentHorn NAT\�X ó N8c withoutfixedletters,where NäO � is a Horn CNF, inÒ�� ß õ ß � time(i.e., in linear time).

Thus,nestingin Horn NATs without fixedlettersdoesnot
increasetheexpressiveness,andcanbeefficiently eliminated.

We notesomeeasycorollariesof thepreviousresult.

Corollary 3 Decidingsatisfiabilityof a givenHorn NAT õ
withoutfixedletters is polynomial.

Corollary 4 Modelchecking for a givenHorn NAT õ with-
out fixedletters andmodel p is polynomial.

For theinferenceproblem,weobtainthefollowing result.

Theorem7 Givena Horn NAT õ without fixed letters andN½O � , deciding õ¿¾ Z´N is (�Ô9):+ -complete. If N is a CNF,
thentheproblemis polynomial.
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Proof: Sincemodelcheckingis polynomial, the problem
is clearlyF in (�Ô9),+ . The (�Ô9):+ -hardnesspart follows from(¶Ô*),+ -completenessof validity checkingfor a given N O �
(askwhether\�X ó ;ácá¾ Z¤N , where X containsall letters).

We can reduceõ}¾ ZÌ� to N>��õá��¾ Zµ� in Ò�� ß õ ß � time,
where N>��õ@� is a Horn CNF. If �PZ j Úk­l � Å k is a CNF of
clausesÅ k , thelattercanbecheckedin Ò���ã ß N>��õ@� ß ô ß � ß �
time,thusin Ò���ã ß õ ß ô ß � ß � time(checkN&�Kõ@�L¾ Z¤Å k , which
is Ò�� ß N>��õy� ß ô ß Å k ß � time, for all �£Oe\�å _�`�`�`¶` ã�c ). ð
5 Other Generalizationsof Cir cumscription
As we have discussedabove, fixed letterscan be removed
from

� �"�#���
andNAT theories,respectively. Usingthesetech-

niques,the hardnessresultsof Sections3.1 and 4.1 can be
sharpenedto theorieswithout fixedletters.

Prioritized circumscription generalizescircumscriptionBDCFE/G���N&�/V��5XJ� by partitioningthelettersV into priority levelsV � ÍLV � ÍÀþ�þ�þ�Í�V1a , andinformally pruningall modelsof N
whicharenotminimalon V k , while X{��V k Ñ � �@þ�þ�þ���Voa floats
and V � ��þ�þ�þ*��V k ! � is fixed,for ��Zâå _�`�`�`�_ Ç (cf. [Lifschitz,
1994]). This canbe readilyexpressedasthe nestedcircum-
scription BDCFE/G��°þ�þ�þ�B1CFE G���B1CFE G��KN&�/V � �5XJ�DV � ��þ�þ�þ��DV1a±�5� V � �:X��V����Lþ�þ�þ#��V1a±�¹þ�þ�þ � . Thisgeneralizationdiffersfrom

� �������
and

NATs: The complexity doesnot increase,as inferenceand
model checkingremain Ù u� -completeand (¶Ô*),+ -complete,
respectively. Intuitively, the reasonis that prioritization al-
lowsonly for arestrictedchangeof theroleof thesameletter
in iterations(floating to minimizedandminimizedto fixed)
andforbidsreconsideringminimizedletters.

Curbing is yet anotherextensionof circumscription[Eiter
etal., 1993;EiterandGottlob,2000]. Ratherthanthe(hierar-
chical)useof circumscriptionappliedto blocks,curbingaims
at softeningminimization,andallows for inclusive interpre-
tation of disjunctionwhereordinarycircumscriptionreturns
exclusivedisjunction.Semantically, BHG�E�I���N&�/V��5XJ� for afor-
mula NäO � is thesmallestset J xÊQSR�T��KNU� whichcontains
all modelsof BDCFE/G���N&�/V��5XJ� andis closedunderminimal up-
per boundsin Q�R*T¢�KND� . A minimal upperbound(mub) of a
set Jzd of modelsin QSR�T��KNU� is a model pÞO�Q�R*T��KND� such
that(1) pidDgLu1v w¼p , for every pidDOKJzd , and(2) thereex-
istsno


 O�QSR*T¢��NU� satisfyingitem1 suchthat

 �Luov w pid .

For example, NrZµ�S�¼¸ hastwo minimal models,if all
lettersareminimized( VrZÆHLItZ�\�� _ ¸*c ): \��±c and \�¸*c . The
model \�� _ ¸*c is notaminimalmodelof N , but is acurbmodel
of N . Thus, BHG�E�I����{�×¸¶�MLö�{�×¸ . On the other hand,ifHLI£Z½\�� _ ¸ _ ��c , then BHG�E�I�������¸¶�NL ��� �2¸¶�¢���D� is different
from ��� ¸ ; theunsupportedletter � is setto false.NotethatBDCFE/G�������¸��'L½�K�yÄ]�U¸¶����� is differentfrom BHG�E�I���� ��¸�� .

Like for
� �������

andNATs, inferenceandmodelchecking
for B�G�E�I���N&� V��:X�� are PSPACE-complete[Eiter and Gott-
lob, 2000]. However, in the first-ordercase,the formalisms
have differentexpressiveness.Let us considertheoriesin a
function-freelanguageunderdomainclosure (DC) and the
uniquenamesassumption(UNA), i.e., the (finite) “datalog”
case.In this case,curbingcanexpresssomeproblemswhich�������
�

andNATs cannot. We can,e.g.,write a (fixed) inter-
preter 	>O in this languagefor curbingvarying propositional
3CNFformulas N , input asgroundfacts PS�KND� , suchthat the

curbmodelsof 	>O>�QPS��NU� and N arein 1-1 correspondence.
Noticethatcurbingsuch3CNFsN is PSPACE-complete,and
thus,by well-knownresultsin complexity, this is notexpress-
ible by a fixed

� �������
or NAT theory(unlessPH=PSPACE).

Furtherrelationshipsbetween
� �������

resp.NATs andcurb-
ing, aswell asotherexpressive KR formalisms[Baralet al.,
2000;PollettandRemmel,1997], remainto beexplored.
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