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Abstract

Weanalyzethecomputationalcomplexity of causal
relationshipsin Pearl’sstructuralmodels,wherewe
focuson causalitybetweenvariables,eventcausal-
ity, andprobabilisticcausality. In particular, wean-
alyzethecomplexity of thesophisticatednotionsof
weakandactualcausalityby HalpernandPearl.In
thecourseof this,wealsoproveanopenconjecture
by HalpernandPearl,andestablishothersemantic
results. To our knowledge,no complexity aspects
of causalrelationshipshavebeenconsideredsofar,
andour resultsshedlight on this issue.

1 Intr oduction
Representingand reasoningwith causalknowledgehasre-
ceivedmuchattentionin therecentdecade.Theexisting ap-
proachesto causalityin the AI literaturecanbe roughly di-
videdinto thosethathavebeendevelopedasmodalnonmono-
tonic logics(especiallyin thecontext of logic programming)
andthosethatevolvedfrom theareaof Bayesiannetworks.

A representative of the former is Geffner’s modal non-
monotoniclogic for handlingcausalknowledge[1990;1992],
which hasbeeninspiredby default reasoningfrom condi-
tional knowledgebases.Othermorespecializedformalisms
play an important role in dealing with causalknowledge
aboutactionsandchange;seeespeciallythework by Turner
[1999]andthereferencesthereinfor anoverview.

A representativeof thelatteris Pearl’sapproachto model-
ing causalityby structuralequations[Balke andPearl,1994;
GallesandPearl,1997;Pearl,1999;2000], which is central
to a numberof recentresearchefforts. In particular, theeval-
uationof deterministicandprobabilisticcounterfactualshas
beenexplored,which is at thecoreof problemsin fault diag-
nosis,planning,decisionmaking,anddeterminationof liabil-
ity [Balke andPearl,1994].

In a recentpaper, Halpern[2000] gave an axiomatization
of reasoningaboutcausalformulas in the structural-model
approach,andexploredits computationalaspects.

It hasbeenshown that the structural-modelapproachal-
lows a precisemodelingof many importantcausalrelation-
ships,which canespeciallybeusedin naturallanguagepro-
cessing[GallesandPearl,1997]. In particular, it allows an

elegantdefinitionof theimportantnotionsof actualcausation
andexplanation[HalpernandPearl,2000;2001].

Wegiveasimpleexampledueto HalpernandPearl[2000],
which illustratesthestructural-modelapproach.

Example1.1 Supposethattwo arsonistslit matchesin differ-
entpartsof adry forest,andbothcausetreesto startburning.
Assumenow thateithermatchby itself sufficesto burndown
the whole forest. In the structural-modelframework, sucha
scenariomaybemodeledasfollows. We assumetwo binary
backgroundvariables��� and ��� , which determinethemoti-
vation andthe stateof mind of the two arsonists,where ���
hasthevalue1 iff thearsonist	 intendsto starta fire. More-
over, we have threebinary variables
�� , 
�� , and 
 , which
describethe observablesituation,where 
 � hasthe value1
iff thearsonist	 dropsthematch,and 
 hasthevalue1 iff the
whole forestburnsdown. Thecausaldependenciesbetween
thesevariablesare expressedthroughfunctions,which say
that the valueof 
�� is given by the valueof ��� , andthat 

hasthe value � if f either 
 � or 
 � hasthe value1. These
dependenciescanbegraphicallyrepresentedasin Fig. 1.


��� �
��� 
�� 


Figure1: CausalGraph

While the semanticaspectsof causalrelationshipsin the
structural-modelapproachhave beenexploredin depth(see
especiallythework by Pearl[2000]),studiesabouttheircom-
putationalpropertiesaremissingsofar. In this paper, we try
to fill this gapby giving a preciseaccountof thecomplexity
of decidingcausalrelationshipsin structuralmodels.

Note thatHalpern’s work [2000] is orthogonalto ours,as
it focuseson the computationalaspectsof decidingwhether
a given causalformula hasa causalmodel,while our work
in thispaperdealswith thecomplexity of decidingwhethera
givencausalrelationshipholdsin a givencausalmodel.

Themaincontributionscanbesummarizedasfollows:� We analyzethe complexity of decidingcausalrelation-
shipsbetweenvariablesin structuralcausalmodels.We con-
siderthenotionsof causalirrelevance,cause,causein a con-
text, directcause,andindirectcause.It turnsout that testing
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thesenotionshasa complexity among��� , ��� - ��� , and ��� .
Hardness� holdsevenin restrictedcases.� We analyzethe complexity of decidingcausalrelation-
shipsbetweenevents. We considerthe notionsof necessary
andpossiblecausality, andthesophisticatednotionsof weak
andactualcausalityby HalpernandPearl[2000]. In partic-
ular, checkingthelatter is shown to be ���� -completein gen-
eral,and ��� -completein thecaseof binaryvariables.� We prove somesemanticresultsrelatedto thenotionsof
actualandweakcausality. More precisely, we proveanopen
conjectureby HalpernandPearl[2000], andwe give a new
characterizationof weakcausalityfor thebinarycase.� As a representative for probabilisticcausalrelationships,
we finally analyzethe complexity of decidingthe notion of
probabilisticcausalirrelevance,which is shown to be com-
pletefor theclassC� , andthusharderthan ��� - ��� . Notethat
few C� -completeproblems,andnonein AI, areknown.

Our resultsdraw aclearpictureof thecomplexity of struc-
tural causality, andgive useful insight for exploiting it, e.g.,
in counterfactualreasoning(seeSection6).

For spacereasons,we give only proof sketchesof some
results.Proofsof all resultsaregiven in the extendedpaper
[EiterandLukasiewicz, 2001].

2 Preliminaries
We assumea finite setof random variables. Eachvariable� � maytake on values from a finite domain � � � �"! . A value
for a set of variables

� #%$&� �('&)�)�)&' �+*-, is a mapping.0/ �21 � � � ��!�354�4&4637� � �8* ! suchthat . � � � !:9;� � � � !
(wheretheemptymapping< is theuniquevaluefor

�=# < ).
The domain of

�
, denoted�>� � ! , is the set of all values

for
�

. For ?A@ � and . 9;� � � ! , denoteby .CB ? the re-
striction of . to ? . For setsof variables

� 'D? and values. 9;� � � ! and E�9;� �F?G! , weuse. E to denotetheunionof .
and E . As usual,we often identify singletons

$&� � , with
� � ,

andtheir values. with . � � � ! .
2.1 Causaland Probabilistic CausalModels
A causal model H is a triple �I�J'LKM'D
N! , where � is a finite
set of exogenous variables, K is a finite set of endogenous
variablessuchthat �7OGK # < , and 
 #7$ 
QP B � 9RK , is aset
of functions 
 P / � �"SUT P ! 1 � � � ! that assigna valueto�

for eachvalueof theparents SUT P @V�53WKYX $&�Z, of
�

.
We focus hereon the principal classof recursive causal

models H # �I�J'LKM'D
N! (as argued in [Halpern and Pearl,
2000], wedonotlosemuchgeneralitybyconcentratingonre-
cursivecausalmodels)in whichatotalordering[ on K exists
suchthat ?\9]SUT^P implies ?A[ � , for all

� 'D?A9;K . In such
models,every assignmentto the exogenousvariables� #`_
determinesauniquevalue E for everysetof endogenousvari-
ables?A@aK , denoted?:bc� _ ! (or simply ?d� _ ! ). In thesequel,H is reservedfor denotinga recursivecausalmodel.

For causalmodelsH # �I�J'LKM'D
N! , � @ K , and . 9;� � � ! ,
the causalmodel H P �fe # �I�J'LKM'D
 P �fe ! , where 
 P �fe #$ 
hg B ?V9NK]X �Z, 3 $ 
QP^i # . � �>j ! B �>j 9 �k, , is a submodel
of H . Intuitively,

�
is setto . by an“externalaction”. We

abbreviate H P �le and 
 P �fe by H e and 
 e , respectively.
For ?+@�K , we abbreviate ? b�m � _ ! by ? e � _ ! .

A probabilistic causal model �nHo'pSq! consistsof a causal
model H # �I�J'LKM'D
N! andaprobabilityfunction S on � �I�;! .
Example2.1 In our introductoryexample,thecausalmodelH # �"�^'rK�'L
N! is givenby � #Z$ ���s'p��� , , K #Z$ 
��t'D
��t'L
 , ,
and 
 #k$ 
Culv('D
CuUwt'L
Qx , , where 
Qulv # � � , 
QuUw # � � , and
Cx # � if f 
 � # � or 
 � # � (Fig.1 showstheparentrelation-
ship betweenthe variables).In a probabilisticcausalmodel�nHo'pSq! , wemayusetheuniformdistribution S over � �I�N! .
2.2 Model Representationfor Computation
We assumethe following representationof causalmodelsH # �"�^'rK�'L
N! andprobabilisticcausalmodels �nHo'rSq! (see
thefull paperfor a discussionof theseassumptions):� Thedomain� � � ! of eachvariable

� 9R�y3GK isexplicit,
i.e., � � � ! #z$&{ � '�)&)�)|' {~}6, is enumerated.� Eachfunction 
CP / �>�ISUTJPq! 1 � � � ! , � 9RK , is com-
putablein polynomialtime.� S is givenby apair �n�-'r�|! , where� / � �I�;! 1�$(� '���' ��'&)&)�) ,
is a polynomial-timecomputablefunctionand �C� � is anin-
teger, suchthat �+� _ ! # �h� _ !���� for every

_ 9��>�I�;! .
Thefollowing propositionis immediate.

Proposition2.2 For every
� 'D?\@ K and . 9q�>� � ! , the val-

ues ?�� _ ! and ? e � _ ! , given
_ 9�� �"�;! , are computable in

polynomial time.

We say H (resp., �nHo'pSq! ) is binary, if B � � � ! B # � for
all
� 9NK . Furthermore,H (resp., �IHo'rSq! ) is bounded, ifB SUT P B-��� holdsfor each

� 9NK , i.e.,
�

hasat most � par-
ents,where � is anarbitrarybut fixedconstant.

Note that in a boundedmodel,asfor polynomiality, each
 P is w.l.o.g. given by a table that lists the output values
 P � { ! for all
{ 9N� �"SUT P ! (which is similar to a conditional

probabilitytablein Bayesiannetworks).

2.3 Complexity Classes
Complexity classesthat we encounterare shown in Fig. 2,
wherearrows denotecontainment.� , ��� , �|� - ��� , ���� , and� �� arefrom thePolynomialHierarchy(PH); ��� #Z$(� O �Mj B� 9;���0' �Mj 9;�|� - ��� , is the“conjunction”of ��� and �|� - ��� .
TheclassC is from theCountingHierarchy(CH) of complex-
ity classes[Torán, 1991]. Informally, C containsall prob-
lemswhich canbeexpressedasdecidingwhethera givenin-
stance� hasat least �h� B � B ! many polynomial size “proofs”� � ,. . . , �6�~�n� �s� � that � is a Yes-instance,for somefunction � ,
wherecomputing�h� B � B ! andcheckingeachproof

� � is poly-
nomial. The classC coincideswith the famousclass ���
(probabilistic � ) [Papadimitriou,1994], which containsthe
problemsdecidableby a polynomial-timeTuring machine
which acceptsan input if f the majority of its runshalt in an
acceptingstate.

�
��� - ���

���
���

C�

co-C�

���� # ����� �
C
# �M�� �� # ��� - ����� �

Figure2: ContainmentbetweenComplexity Classes
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The classC� is a variant of C, where “exactly �h� B � B ! ”
replaces� “at least �h� B � B ! ”. While this difference seems
marginal, C and C� have quite different properties[Torán,
1991]. Intuitively, C� is anextensionof ��� - ��� , andhasmany
propertiesof this class.C andC� arecontainedin PSPACE,
andit is believedthatthey arenot containedin PH.

3 Causality betweenVariables
We first focuson causalrelationshipsbetweenvariablesdue
to GallesandPearl[1997]; seealso[Pearl,1999;2000].

3.1 Definitions
In thesequel,we assumea causalmodel H # �I�J'LKM'D
N! and
setsof variables

� 'D?�'r�c@ K with
� 'D?o�# < . We say� � is causally irrelevant to ? given � if f for every� @aK�X � 38?k3+� ,

_ 9;� �"�;! , . ' . j 9N� � � ! , �J9;� �"��! ,
and �Z9;� � � ! , we have ? e& r¡ � _ ! # ? e i  r¡ � _ ! .� � is a cause of ? if f values. ' . j 9;� � � ! and

_ 9;� �I�N!
exist suchthat ? e � _ !C�# ? e i¢� _ ! .� � is a cause of ? in the context � # � if f values. ' . j 9;� � � ! and

_ 9;� �"�;! exist with ? e(  � _ !h�# ? e i   � _ ! .� � is a direct cause of ? if f values . ' . j 9;� � � ! ,_ 9;� �"�;! , and ��9U� �IK]X � 3h?R! exist with ? e(  � _ !C�# ? e i   � _ ! .� � is an indirect cause of ? if f
�

is a causeof ? and
�

is not a directcauseof ? .

We give someexamplesof suchcausalrelationships.For
a moredetaileddiscussionof theseconceptssee[Gallesand
Pearl,1997] and[Pearl,1999;2000].

Example3.1 In our runningexample, 
 � is not causallyir-
relevant to 
 . For instance,if we set 
���9NK£X $ 
��s'L
 , to 0
and 
�� to 0 and1, then 
 hasthevalues0 and1, respectively.
Informally, theactionsof arsonist1 arenotcausallyirrelevant
to thestateof theforest. In fact, 
�� is a causeof 
 , but not
acauseof 
 in thecontext 
�� # � . Informally, theactionsof
arsonist1 arein generala causeof thestateof theforest,but
not whenarsonist2 startsa fire. Finally, it is easyto verify
that 
�� is in facta directcauseof 
 .

3.2 Results
Our complexity results for checkingthe above notions of
causalityaresummarizedin Table1. It is importantto point
out thatfor all thesecausalrelationships,hardnessholdseven
if H is binaryandbounded,and

�
is asingleton.

Table1: Complexity of CausalitybetweenVariables�
is causallyirrelevantto ? given � �|� - ��� -complete�
is acauseof ? ��� -complete�
is acauseof ? in thecontext � # � ��� -complete�
is adirectcauseof ? ��� -complete�
is anindirectcauseof ? ��� -complete

Our first result shows that decidingcausalirrelevanceis�|� - ��� -complete.We sketchthemainideasof its proof.

Theorem3.2 Given H # �"�^'rK�'L
N! and
� 'D?�'r�y@ K with� 'L?o�# < , deciding whether

�
is causally irrelevant to ?

given � is ��� - ��� -complete. Hardness holds even if (1) H is
binary and bounded, (2) � is empty, (3)

�
is a singleton, and

(4a) ? is a singleton or (4b) K #>� 3G?£3+� .

Proof (sketch). Theproblemis in �|� - ��� , as
� @¤K¤X � 3?¥3Z� andvalues

_ 9q� �I�;! , . ' . j 9;� � � ! , �J9;� �"��! , and�k9;� � � ! suchthat ? e& r¡ � _ !d�# ? e i  r¡ � _ ! can be guessed
andverifiedin polynomialtime (seeProposition2.2).

We show �|� - ��� -hardnessby a polynomialtransformation
from the �|� - ��� -completeproblem of deciding whethera
given propositionalformula in 3DNF ¦ # ¦U�U§¤4�4�4-§G¦ } on
the atoms 
 � '�)�)&)�'L
 * , wherew.l.o.g. ��¨ � and © ¨ � , is a
tautology.

We now construct H # �I�J'LKM'D
N! and
� 'L?M'p�y@aK such

that
�

is causallyirrelevant to ? given � if f ¦ is a tautol-
ogy. We define

�¥#Z$ 
 , , ? #Z$(ª+, , and � # < . Moreover,� #Z$ 
��«'�)&)�)�'L
 *-, and K #>� 3]?k3 $ �+�«'�)&)�)�'L� }(¬ � , . Let
all variableshave thedomain

$(� '&� , , where0 and1 areiden-
tified with thetruth values­I®�¯F°(± and ²�³«´C± , respectively. The
values

�
and � of

�
aredenotedby .¶µ and . � , respectively.

Thefunctions 
h· for ¸�9`K areasfollows:� 
Cu # � and 
C¹�v # 
�§W¦ � ,� 
C¹hº # �8� ¬ � §W¦¶� for all 	�9 $ �»'&)�)&)p' �G¼ � , ,� 
C½ # � }(¬ ��§a¦ } .
It can now be shown that

�
is causallyirrelevant to ?

given � if f ¦ is a tautology. Informally, underany
_ 9;� �I�;! ,

if
�

is setto . � , then ? becomes1. Whereas,if
�

is setto .�µ ,
then ? is the truth valueof ¦ under

_
. That is, setting

�
to. µ and . � yieldsthesamevalueof ? underany

_ 9;� �I�;! if f¦ is a tautology. Notice thatassignmentsto somenonempty� @W� � '�)�)&)�'L� }s¬ � alwaysyield thesamevalueof ? .
Notethat(1)–(3)and(4a)aresatisfied.Theproof of hard-

nessin thecasewhere(1)–(3)and(4b)holdsis similar. ¾
Thefollowing resultshowsthatdecidingcausesandcauses

in acontext isNP-complete.Here,NP-hardnesscanbeshown
by a reductionfrom the NP-completeproblemof deciding
whethera propositionalformulais not a tautology.

Theorem3.3 Given H # �"�^'rK�'L
N! and
� 'D?\@ K (resp.,� 'L?M'p�y@aK and �J9N� �I��! ) with

� 'D?o�# < , deciding whether�
is a cause of ? (resp.,

�
is a cause of ? in the context� # � ) is ��� -complete. Hardness holds even if (1) H is bi-

nary and bounded, and (2)
�

and ? are singletons.

4 Event Causality
We now focuson causalitybetweenevents.In particular, we
considercausalrelationshipsbetweeneventsdue to Galles
andPearl[1997];seealso[Pearl,1999;2000], andthenotions
of weak and actualcausalityby Halpernand Pearl [2000],
which areinspiredby Pearl’s causalbeams[2000].

4.1 Definitions
A primitive event is anexpressionof theform ? # E , where?
is a variableand E is a valuefor ? . The setof events is the
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closureof the setof primitive eventsunderthe Booleanop-
erations¿ À and Á (that is, every primitive event is an event,
andif ¦ and Â areevents,thenalso À�¦ and ¦]Á�Â ).

The truth of an event ¦ in a causalmodel H # �"�^'rK�'L
N!
under

_ 9f� �I�;! , denoted�nHo' _ ! B # ¦ , is inductively givenby:� �IHo' _ ! B # ? # E if f ?:bc� _ ! # E ,� �IHo' _ ! B # À�¦ if f �nHo' _ ! B # ¦ doesnothold,� �IHo' _ ! B # ¦GÁ�Â if f �IHo' _ ! B # ¦ and �IHo' _ ! B # Â .
We write ¦C� _ ! to abbreviate �nHo' _ ! B # ¦ . For

� @`K and. 9;� � � ! , we write ¦ e � _ ! to abbreviate �nH e ' _ ! B # ¦ . For�¥#k$&� � '�)&)�)&' �Ã}�, @`K with ��¨ � and . ��9;� � � �"! , we use�¥# . �C4&4�4 . } to abbreviate
� � # . ��Ác)&)�)lÁ � } # . } .

Thefollowing propositionis immediate.
Proposition4.1 Let

� @ K and . 9N�>� � ! . Given
_ 9;� �I�N!

and an event ¦ , deciding whether ¦C� _ ! and ¦ e � _ ! (given . )
hold can be done in polynomial time.

We arenow readyto definecausalrelationshipsbetween
events. We first definethe notionsof necessaryand possi-
blecausality(whichareslightly moregeneralthanin [Galles
and Pearl, 1997]). Let H # �"�^'rK�'L
N! be a causalmodel.
Let
� @`K and . 9N� � � ! . Let ¦ beanevent.We say� �¥# . always causes ¦ if f (i) ¦ e � _ ! for all

_ 9;� �"�;! , and
(ii) some. j 9l� � � ! , _-j 9l� �"�;! existwith . j �# . and À�¦ e iD� _:j ! .� �¥# . may have caused ¦ if f (i)

�=# . and ¦ are ob-
served (which implies that

� � _ ! # . and ¦C� _ ! for some_ 9;� �"�;! ) and(ii) some. j 9q�>� � ! and
_ 9;� �"�;! exist such

that . j �# . , � � _ ! # . , ¦C� _ ! , and À�¦ e iD� _ ! .
Wenext defineweakandactualcausality. Wesay

�¥# . is
a weak cause of ¦ under

_
if f thefollowing conditionshold:

AC1.
� � _ ! # . and ¦C� _ ! .

AC2. Someset of variables
� @aK�X � and somevalues. 9;� � � ! and �Z9q�>� � ! exist suchthat:

(a) À�¦ e ¡ � _ ! ,
(b) ¦ e(¡�Ä  � _ ! for all Å�7@`K£X�� � 3 � ! and Å� # Å�R� _ ! .

Wesay
�=# . is anactual cause of ¦ under

_
if f additionally

thefollowing conditionis satisfied:
AC3.

�
is minimal. That is, no propersubsetof

�
satisfies

bothAC1 andAC2.
We givesomeillustrativeexamples.

Example4.2 In our running example, each event among
�� # � , 
�� # � , and 
q� # �QÁG
�� # � alwayscauses
 # � .
For instance,let us show that 
q� # � alwayscauses
 # � :
(i) if 
 � is set to 1, then 
 has the value 1 under every_ 9;� �"�;! , and(ii) if ��� is setto 0, and 
�� to 0, then 
 has
the value0. Informally, at leastonearsoniststartinga fire
alwayshastheeffect thatthewholeforestburnsdown.

Considernow thebackgroundcontext
_q# �¢��'��(! in which

botharsonistsintendto startafire. Then,eachamong
q� # � ,
�� # � , and 
q� # �QÁG
�� # � is a weakcauseof 
 # � . For
instance,let us show that 
 � # � is a weakcauseof 
 # � :
(AC1) both 
 � and 
 have the value1 under

_
, (AC2 (a))

if both 
q� and 
�� areset to 0, then 
 hasthe value0, and
(AC2(b)) if 
q� is setto 1 and 
�� to 0, then 
 hasthevalue1.
In fact, 
 � # � and 
 � # � areactualcausesof 
 # � , while
�� # �MÁW
�� # � is not anactualcauseof 
 # � .

4.2 Results
Our complexity resultsfor theabovecausalrelationshipsbe-
tweeneventsaresummarizedin Table2. We distinguishbe-
tweenthe generalandthe binary case,in which we assume
a syntacticrestrictionto binary causalmodels. We remark
that for all thesecausalrelationshipsbetweenevents,hard-
nessholdsevenif H is boundedand

�
is a singleton.

Table2: Complexity of EventCausality

Problem generalcase binarycase�¥# . alwayscauses¦ ��� -complete ��� -complete�¥# . maycause¦ ��� -complete ��� -complete�¥# . is a weakcauseof ¦ ���� -complete ��� -complete�¥# . is anactualcauseof ¦ ���� -complete ��� -complete

Thefollowing theoremshowsthatdecidingweakcausality
is � �� -completein thegeneralcase.Wesketchthemainideas
behindthetechnicallyquiteinvolvedproofof this result.

Theorem4.3 Given H # �I�J'LKM'D
N! , � @ K , . 9;� � � ! ,_ 9;� �"�;! , and an event ¦ , deciding whether
�Æ# . is a weak

cause of ¦ under
_

is ���� -complete. Hardness holds even if�
is a singleton, and either H is bounded or ¦ is primitive.

Proof (sketch). As for membershipin ���� , recall that
�¥# .

is a weak causeof ¦ under
_

if f AC1 and AC2 hold. By
Proposition4.1,verifying

� � _ ! # . and ¦C� _ ! is polynomial.
Moreover, some

�
, . , and � asin AC2 canbeguessedand

verified with an NP-oracle(neededfor (b)) in polynomial
time. In summary, checkingAC1andAC2 is in ���� .���� -hardnessis shown by a reductionfrom evaluatinga
quantifiedBooleanformula Ç #yÈ 
^É ªyÊ , where

Ê
is apropo-

sitional formula on the variables 
 #k$ 
 � '�)&)�)�'L
�Ë , andª�#Z$(ª � '&)�)�)&' ª * , . We now define H , etc. as statedsuch
that
�=# . is a weakcauseof ¦ under

_
if f Ç is true(decid-

ing this is ���� -complete[Papadimitriou,1994]).
We define

�¥#Z$sÌG,
and ? #Z$(Í7, . The exogenousand

endogenousvariablesare � #k$(Î+, and K #>� 3�?\3 $sÏ], 3
V3 ª , respectively. Define �>�n¸�! #Z$(� '���'L� , for all ¸W9 ª ,
and � �I¸�! #Z$(� '�� , for all ¸W9R�73GKkX ª . We define

¦ j # � Ê j Á;Ð·�Ñ~½ ¸ �
# �~!Ò§�� Ïk#>� !Ò§Ã� ÌZ# �fÁ ÏZ# �fÁqÓ·�Ñ~½ ¸c�

# �~!p'
where

ÊUj
is obtainedfrom

Ê
by replacingeacḩd9q
c3 ª by

“ ¸ # � ”. Thefunctions
 · with ¸d9RK aredefinedby:� 
h· #>� for all ¸d9 � 3 $sÏ], 3W
 ,� 
h· #>ÌVÔ�Ï for all ¸W9 ª , and 
CÕ # � if f ¦ j is true.

Let
_ 9;� �I�N! and . #c� . Let ¦ be ? # � . It can now

be shown that
�¥# . is a weak causeof ¦ under

_
if f Ç

is true. More precisely, AC1 is trivially satisfied,andAC2
holdsif f Ç is true.Roughlyspeaking,theexistentialanduni-
versalquantificationover 
 and

ª
in Ç is reflectedby the

variablesin
�

and K£X�� � 3 � ! , respectively. We thenes-
pecially have to ensurethat (i)

ª O �Ö# < and(ii) no truth
assignmentto thevariablesin

ª
is ignored.In detail,to make¦ falsein AC2(a),

Ï
mustbesetto � andall ¸W9 ª musthave
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the value � . Whereas,to make ¦ true in AC2 (b), all ¸W9 ª
must× haveavaluefrom

$s� '&� , . Thisalreadyensures(i). SinceÌ
is setto 0 in AC2(b), and 
 · #>ÌVÔ£Ï for all ¸d9 ª , each

variablein
ª

hasthevalue � in AC2(b). As every ¸W9 ª has
thevalue0 in H , this thenensures(ii).

Note that
�

is a singletonand that ¦ is primitive. To
show ���� -hardnessfor a singleton

�
and boundedH , de-

fine H js# �"�^'LK�X $(Í7, 'D
yX $ 
CÕ , ! . Then,
�=# . is a weak

causeof ¦ j under
_

if f Ç evaluatesto true. ¾
Thejustsketchedproofof ���� -hardnessmakesuseof non-

binary causalmodels. Thus,we may askwhetherdeciding
weakcausalityin thebinarycasehasa lowercomplexity.

In fact, thefollowing semanticresultshows that in thebi-
narycase,AC2canbeexpressedin a differentway.

Theorem4.4 Let H # �I�J'LKM'D
N! be binary. Let
� @`K and. 9;� � � ! . Let ¦ be an event. Then,

�¥# . is a weak cause of¦ under
_ 9U� �"�;! iff AC1 holds, and (AC2’) some

� @�KRX � ,. 9;� � � ! , and �Z9;� � � ! exist such that (a) À�¦ e(¡ � _ ! ,
(b) ¦ e(¡ � _ ! , and (c) � e(¡ � _ ! # �N� _ ! for � # KAX�� � 3 � ! .
Proof (sketch). NoticethatAC2’ (a) is identicalto AC2 (a).
Moreover, AC2’ (b) canbereplacedby AC2(b), asAC2’ (c)
impliesthatsetting Å�;@0KGX»� � 3 � ! to Å� # Å�N� _ ! is immaterial
in ¦ e&¡^Ä  � _ ! of AC2(b). Thus,it is now sufficient to show that
for binary H , wecanaddAC2’ (c) to AC2(a)and(b).

Roughly speaking,we can additionally satisfy AC2’ (c)
by iteratively moving variablesfrom K£X�� � 3 � ! to the�

-part in AC2 (a) and (b). More precisely, any singleton¸W@`K£X�� � 3 � ! with ¸ e&¡ � _ !C�# ¸J� _ ! canbe moved to the�
-part assigningthem ¸ e&¡ � _ ! . This is alwaysfeasiblefor¸ e ¡ � _ ! # ¸ e&¡ � _ ! . If H is binary, this is also feasiblefor¸ e(¡ � _ !h�# ¸ e&¡ � _ ! , which thenimplies ¸ e�¡ � _ ! # ¸J� _ ! . This

constructioncannow beiterateduntil AC2’ (c) holds. ¾
Basedon this result, it can now be shown that deciding

weak causalityin the binary caseis NP-complete. This is
moreformally expressedby thefollowing theorem.

Theorem4.5 Given a binary H # �"�^'rK�'L
N! , � @`K , . 9� � � ! , _ 9;� �"�;! , and an event ¦ , deciding whether
�Æ# . is

a weak cause of ¦ under
_

is ��� -complete. Hardness holds
even if H is bounded,

�
is a singleton, and ¦ is primitive.

We next focuson the problemof decidingactualcausal-
ity. We first provea conjectureby HalpernandPearl[2000],
which saysthat only primitive eventscanbe actualcauses.
Notethattheproof alsogoesthroughfor their settingof pos-
sibly infinite domainsandsetsof endogenousvariables.

Theorem4.6 Let H # �I�J'LKM'D
N! be a causal model. Let� @ K and . 9N� � � ! . Let ¦ be an event. If
�¥# . is an

actualcauseof ¦ under
_

, then
�

is a singleton.

Proof (sketch). We givea proofby contradiction.Let
�¥# .

be an actual cause of ¦ under
_
. That is, AC1–AC3 hold.

In particular, AC2 (a) and(b) hold for some
� @aK£X � and

some . 9;� � � ! and �k9;� � � ! . Supposethat
�

is not a
singleton.We considertwo cases:

Case 1: Thereexists somenonempty
�>j j @ � ,

�>j j �# � ,
suchthat ¦ e i e i i ¡^Ä  � _ ! for all Å�7@`K£X�� � 3 � ! , where

�>jl#� X �>j j , . js# .CB �>j , . j j # .hB �cj j , and Å� # Å�N� _ ! . Informally,

we can then move all variablesin
�>j j

to the
�

-part of
AC2 assigningthem . j j . That is, set in AC2 . j # .CB �>j and� j«# . j j � where

��j«#`�cj j 3 � is the respective
�

-part.
Then,

�cj&# . j is anotherweak causeof ¦ under
_

, which
is smallerthan

�¥# . . This is a contradiction.
Case 2: For every nonempty

�>j j @ � ,
�>j j �# � , there

exists some Å�7@`K]XÒ� � 3 � ! suchthat À�¦ e i e i i ¡^Ä  � _ ! , where�>j&#>� X �>j j , . js# .hB �cj , . j j # .CB �>j j , and Å� # Å�R� _ ! . Infor-
mally, we canthentake any such

� j j
andmovethevariables

in
�cj

and Å� to the
�

-part of AC2 assigningthem values. j«# .CB �>j and Å� # Å�;� _ ! . That is, set in AC2 . j js# .hB �cj j
and � j«# . j � Å� where

��j(#>�>j 3 � 3¥Å� is the respective�
-part. Then,

�>j j(# . j j is a weakcauseof ¦ under
_

(note
thateachinstanceof AC2(b) for

�>j js# . j j amountsto an in-
stanceof AC2(b)for

�¥# . ). This is a contradiction.¾
Hence,

�¥# . is anactualcauseof ¦ under
_

if f (i)
�¥# .

is a weak causeof ¦ under
_

, and (ii)
�¥# . is primitive.

As an immediatecorollary of Theorems4.3 and4.6, it thus
follows thatdecidingwhether

�¥# . is an actualcauseof ¦
under

_
is ���� -completein thegeneralcase.

Corollary 4.7 Given H # �"�^'LKM'D
N! , � @aK , . 9;� � � ! ,_ 9;� �"�;! , and an event ¦ , deciding whether
�=# . is an ac-

tual cause of ¦ under
_

is ���� -complete. Hardness holds even
if
�

is a singleton, and H is bounded or ¦ is primitive.

Furthermore,asan immediatecorollary of Theorems4.5
and4.6, we obtainthatdecidingwhether

�=# . is an actual
causeof ¦ under

_
is ��� -completein thebinarycase.

Corollary 4.8 Given a binary H # �I�^'rK�'L
N! , � @ K , . 9� � � ! , _ 9;� �"�;! , and an event ¦ , deciding whether
�Æ# . is

an actual cause of ¦ under
_

is ��� -complete. Hardness holds
even if H is bounded,

�
is a singleton, and ¦ is primitive.

5 Probabilistic Causality
As a representative of probabilisticcausalrelationships,we
finally considerthenotionof probabilisticcausalirrelevance
by GallesandPearl[1997]; seealso[Pearl,1999;2000].

A counterfactual formula is an expression? e # E , where� 'L?\@aK , . 9q�>� � ! , and E�9q�>�F?]! . Given a probabilis-
tic causalmodel �IHo'rSq! , where H # �"�^'LKM'D
N! , the proba-
bility of ? e # E , denotedSG�F? e # E�! , is the sumof all SG� _ !
such that ? e � _ ! # E . For

� 'D?�'r�7@aK with
� 'L?o�# < , we

say
�

is probabilistically causally irrelevant to ? given � ,
denoted� � �1 ? B ��!pØ , if f for all . ' . j 9q�>� � ! , E�9q�>�F?]! ,
and �J9N�>�I��! , it holdsthat SG�n? e(  # E�! # SG�F? e i   # E�! . Intu-
itively, oncethevalueof � is fixedat � , thevalueof

�
does

not affect theprobabilityof ? .
The following theoremshows that decidingprobabilistic

causalirrelevanceis completefor C� .

Theorem5.1 Given a probabilistic causal model �nHo'rSq! ,
where H # �I�^'rK�'L
N! , and

� 'D?�'r�7@aK , deciding whether� � �1 ? B ��!rØ is complete for C� .

Theorem5.1 is nontrivial and needssomeexplanations.
Firstly, theresultmeansthat, in a sense,testingprobabilistic
causalirrelevanceis harderthan �|� - ��� , andthusnot poly-
nomially reducibleto SAT-testing.Moreover, it cannotbere-
ducedto any problemsolver for problemsin thepolynomial
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hierarchy. On the other hand,the problemis “easier” than�M� -completeÙ problems,which couldperhapshelp in finding
polynomialtime (randomized)approximationalgorithms.

The easierpart of this result is the lower bound. Hard-
nessfor C� canbeprovedby a reductionfrom thefollowing
C� -completeproblemHALFSAT: Given a propositionalfor-
mulain 3DNF

Ê
on thevariables. � '&)�)�)�' . * , decidewhether

exactly half of the assignmentsto . � '�)&)�)�' . * satisfy
Ê

. The
constructionis basedon ideasin the proof of Theorem3.2,
but moreinvolved.In fact,it establisheshardnessfor thecase
where H is binary andbounded,� is empty,

� 'L? aresin-
gletons,and S is theuniformdistribution. Thus,theproblem
shows its full complexity alreadyin a minimalisticsetting.

The moredifficult part is membershipin C� . Recall that� � �1 ? B ��! Ø if f SG�F? e&  # E»! # SG�n? e i   # E�! for all values. j , . , E , and � . Checkingthat SG�F? e&  # E�! # SG�n? e i   # E�! , for
given . , . j , E , and � , canbereducedto thefollowingproblem
EQUALRUN, which is in C� : Giventwo NP Turing machinesÚ � and

Ú � andan input string � , decidewhether
Ú � and

Ú �
have thesamenumberof acceptingrunson � .

Indeed,let S begivenby �n�-'L��! asdescribedin Section2.2.
Let theNP Turing machines

Ú � and
Ú � have input . ' . j 'ÛE:'L�

and nondeterministicallygenerateall
_ 9;� �I�;! . Then, for

each
_

, let
Ú � and

Ú � generate�h� _ ! paths. On eachof
thesepaths,

Ú � (resp.,
Ú � ) computesdeterministically? e(  � _ !

(resp., ? e i   � _ ! ), andacceptsif this valuecoincideswith E ,
otherwiseit rejects. Then, �+�F? e(  # E»! # �+�F? e i   # E�! if fÚ � and

Ú � havethesamenumbersof acceptingpaths.
Obviously,

Ú � and
Ú � can be constructedin polynomial

time from H and . ' . j 'DE-'L� . However, we actuallyneedto
test that �+�n? e(  # E�! # �+�F? e i   # E�! for all values . j , . , E ,
and � . Whatweobtain(by slightadaptations)is thattheprob-
lemis in theclassÉ C� , whichis ageneralizationof C� similar
to
� �� for �|� - ��� : decidingwhether � is a Yes-instancecan

be informally expressedasdecidingwhetherfor every poly-
nomialsizestring

�
, it holdsthat �¶' � is aYes-instanceof the

sameproblemin C� . Since É C� is equalto C� (cf. [Green,
1993]), this reductionactuallyprovesmembershipin C� .

6 Conclusionand Outlook
Weanalyzedthecomplexity of causalrelationshipsin Pearl’s
structuralmodels. In particular, we consideredcausalitybe-
tweenvariables,event causality, andprobabilisticcausality.
It turnedout that all discussednotionsof causalityare in-
tractable,wherethesophisticatednotionsof weakandactual
causality, and the notion of probabilisticcausalirrelevance
have thehighestcomplexity ( ���� andC� , respectively).

Ourresultsgiveusefulinsight,andmaybeexploitede.g.in
evaluatingprobabilisticcounterfactualsasdefinedin [Balke
and Pearl,1994]. Note that the evaluationof probabilistic
counterfactualscanbe polynomially reducedto standardin-
ferencetasksin Bayesiannetworks,andthushassimilarcom-
putationalproperties. It is easyto seethat the complexity
of computingconditionalprobabilitiesin Bayesiannetworks,
which is completefor Ü]� [Roth,1996], carriesover to com-
puting probabilitiesof counterfactualstatements.Similar to
independencies[Pearl,2000], deterministicandprobabilistic
causalrelationshipsmight now beusedto simplify theeval-

uation of probabilisticcounterfactuals. By our results,this
seemsreasonable,asthecomplexity of testingsimplecausal
relationships(at most ��� , C� ) is muchlower thanthe com-
plexity of evaluatingprobabilisticcounterfactuals( Ü]� -hard).

Moreover, our resultsmay help to analyzethe computa-
tional aspectsof explanationsandpartialexplanationsasin-
troducedby Halpernand Pearl [2000], which are crucially
basedon thenotionsof weakandactualcausality.

An interestingtopicof futureresearchis to explorewhether
there are restrictedcasesin which testing causalrelation-
shipsin thestructural-modelapproachis tractable.For exam-
ple, probabilisticcausalirrelevancein stablecausalmodels
[GallesandPearl,1997] canbetestedin polynomialtime as
it coincideswith pathinterceptionin their causalgraphs.
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