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Abstract

We analyzethecomputationatomplexity of causal
relationshipsn Pearls structuraimodelswherewe
focuson causalitybetweervariables gventcausal-
ity, andprobabilisticcausality In particular we an-
alyzethecompleity of the sophisticateahotionsof
weakandactualcausalityby HalpernandPearl.In
thecourseof this, we alsoproveanopenconjecture
by HalpernandPearl,andestablishothersemantic
results. To our knowledge,no compleity aspects
of causarelationshipave beenconsideredofar,
andour resultsshedlight onthisissue.

1 Intr oduction

Representingand reasoningwith causalknowledgehasre-

ceived muchattentionin the recentdecade.The existing ap-
proachego causalityin the Al literaturecanbe roughly di-

videdinto thosethathave beendevelopedasmodalnonmono-
tonic logics (especiallyin the context of logic programming)
andthosethatevolvedfrom the areaof Bayesiametworks.

A representatie of the former is Geffner's modal non-
monotonidogic for handlingcausaknowledge[1990;1992],
which hasbeeninspired by default reasoningfrom condi-
tional knowledgebases.Othermore specializedormalisms
play an importantrole in dealing with causalknowledge
aboutactionsandchange seeespeciallythe work by Turner
[1999] andthereferenceshereinfor anoverview.

A representatie of thelatteris Pearls approactto model-
ing causalityby structuralequationdBalke andPearl,1994;
GallesandPearl,1997;Pearl,1999;200d, which is central
to anumberof recentresearctefforts. In particular the eval-
uationof deterministicand probabilisticcounterfictualshas
beenexplored,whichis atthecoreof problemsin faultdiag-
nosis,planning,decisionmaking,anddeterminatiorof liabil-
ity [Balke andPearl,1994.

In a recentpaper Halpern[2000] gave an axiomatization
of reasoningaboutcausalformulasin the structural-model
approachandexploredits computationahspects.

It hasbeenshawn that the structural-modebpproachal-
lows a precisemodelingof mary importantcausalrelation-
ships,which canespeciallybe usedin naturallanguagepro-
cessingGallesand Pearl,1997. In particular it allows an
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elggantdefinitionof theimportantnotionsof actualcausation
andexplanation[HalpernandPearl,2000;2001].

We giveasimpleexampledueto HalpernandPearl[2000],
whichillustratesthe structural-modebpproach.

Example 1.1 Supposehattwo arsonistdit matchesn differ-

entpartsof adry forest,andbothcausereesto startburning.
Assumenow thateithermatchby itself sufficesto burn down

thewhole forest. In the structural-modeframework, sucha
scenariomay be modeledasfollows. We assumewo binary
backgroundvariablesl/; andU-, which determinethe moti-

vation andthe stateof mind of the two arsonistswhereU;

hasthe valuel iff thearsonist; intendsto starta fire. More-

over, we have threebinary variablesA;, Az, and F', which

describethe obsenable situation,where A; hasthe valuel

iff thearsonist dropsthematch,andF hasthevaluel iff the
whole forestburnsdown. The causaldependenciebetween
thesevariablesare expressedhroughfunctions, which say
thatthe valueof A4; is givenby the valueof U;, andthat F

hasthe value1l iff either A; or A, hasthevaluel. These
dependenciesanbegraphicallyrepresentedsin Fig. 1.
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Figurel: CausalGraph
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While the semanticaspectof causalrelationshipsn the
structural-modehpproachhave beenexploredin depth(see
especiallythework by Pearl[2000]), studiesabouttheircom-
putationalpropertiesaremissingsofar. In this paperwetry
tofill this gapby giving a preciseaccountof the compleity
of decidingcausakelationshipsn structuralmodels.

Note that Halperns work [2000] is orthogonalto ours,as
it focuseson the computationabspectof decidingwhether
a given causalformula hasa causalmodel, while our work
in this paperdealswith the compleity of decidingwhethera
givencausakrelationshipholdsin a givencausaimodel.

Themaincontributionscanbe summarizedsfollows:

e \We analyzethe compleity of deciding causalrelation-
shipsbetweervariablesin structuralcausaimodels.We con-
siderthe notionsof causairrelevance causecausen acon-
text, directcauseandindirectcause.lt turnsout thattesting
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thesenotionshasa compleity amongNP, co-NP, andDP.
Hardnesdoldsevenin restrictedcases.

¢ We analyzethe complexity of deciding causalrelation-
shipsbetweenevents. We considerthe notionsof necessary
andpossiblecausality andthe sophisticatedhotionsof weak
andactualcausalityby Halpernand Pearl[2000]. In partic-
ular, checkingthe latteris shavn to be ££'-completein gen-
eral,andNP-completein the caseof binaryvariables.

¢ We prove somesemantiaesultsrelatedto the notionsof
actualandweakcausality More precisely we prove anopen
conjectureby HalpernandPearl[2000], andwe give a new
characterizatioof weakcausalityfor the binary case.

e As arepresentatie for probabilisticcausalrelationships,
we finally analyzethe compleity of decidingthe notion of
probabilisticcausalirrelevance,which is shavn to be com-
pletefor the classG-, andthusharderthanco-NP. Notethat
few C=-completeproblemsandnonein Al, areknown.

Ourresultsdraw a clearpictureof the complexity of struc-
tural causality and give usefulinsight for exploiting it, e.g.,
in counteractualreasoningseeSections).

For spacereasonswe give only proof sketchesof some
results. Proofsof all resultsaregivenin the extendedpaper
[Eiter andLukasiavicz, 2001].

2 Preliminaries

We assumaen finite setof random variables. Eachvariable
X; maytake onvalues from afinite domain D(X;). A value
for a set of variablesX = {X;,...,X,} is a mapping
z: X = D(X;)U---UD(X,) suchthatz(X;) € D(X;)

(wherethe emptymapping@ is the uniquevaluefor X = ).

The domain of X, denotedD(X), is the setof all values
for X. ForY CX andz e D(X), denoteby z|Y the re-
striction of z to Y. For setsof variablesX,Y andvalues
z € D(X) andy € D(Y), we usezy to denotetheunionof z

andy. As usual,we oftenidentify singletons{ X;} with X;,

andtheirvaluesz with z(X;).

2.1 Causaland Probabilistic Causal Models

A causal model M is atriple (U, V, F), whereU is afinite
setof exogenous variables,V is a finite setof endogenous
variablessuchthatU NV =0, andF = {Fx | X € V} isaset
of functionsFx : D(PAx) — D(X) thatassigna valueto
X for eachvalueof theparents PAx CU UV \ {X} of X.

We focus hereon the principal classof recursive causal
models M = (U, V, F) (as argued in [Halpern and Pearl,
200d, we donotlosemuchgeneralityby concentratingnre-
cursive causamodels)in whichatotalordering< onV exists
suchthatY € PAx impliesY < X, forall X,Y € V. In such
models,every assignmento the exogenousvariablesU = u
determinesuniquevaluey for every setof endogenousari-
ablesy” C V, denotedy, (u) (orsimplyY (u)). In thesequel,
M isresenedfor denotingarecursve causaimodel.

For causaimodelsM = (U,V, F), X CV, andz € D(X),
the causalmodel Mx—, = (U,V, Fx—,), where Fx_, =
{Fy |Y e VA\X}U{Fx =2(X')| X' € X}, is a submodel
of M. Intuitively, X is setto z by an“externalaction”. We
abbreiate Mx_, and Fx—, by M, and F,, respectiely.
For Y CV, we abbreviateYys, (u) by Yz (u).
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A probabilistic causal model (M, P) consistsof a causal
modelM = (U, V, F) anda probabilityfunction P on D(U).

Example 2.1 In ourintroductoryexample,the causaimodel
M=(U,V,F)isgivenby U ={U;,Us}, V={A4;1, A2, F},
andF ={Fy,,Fa,, Fr}, where Fy, =U;, F4, =Us,, and
Fr=1iff Ay =1o0r A, =1 (Fig. 1 shovstheparentrelation-
ship betweenthe variables).In a probabilisticcausalmodel
(M, P), we may usetheuniform distribution P over D(U).

2.2 Model Representationfor Computation

We assumethe following representatiorof causalmodels
M =(U,V, F) andprobabilisticcausalmodels(M, P) (see
thefull paperfor adiscussiorof theseassumptions):

e ThedomainD(X) of eachvariableX € U UV is explicit,
i.e., D(X) = {v1,...,v} isenumerated.

e Eachfunction Fix: D(PAx)— D(X), X €V, is com-
putablein polynomialtime.

e Pisgivenbyapair(f,b), wheref: D(U)— {0,1,2,...}
is a polynomial-timecomputablgunctionandb > 0 is anin-
teger, suchthat P(u) = f(u) / b for everyu € D(U).

Thefollowing propositionis immediate.

Proposition2.2 For every X, Y CV and z € D(X), theval-
ues Y (u) and Y, (u), given uw€ D(U), are computable in
polynomial time.

We say M (resp.,(M, P)) is binary, if |D(X)|=2 for
all X eV. Furthermore,M (resp.,(M, P)) is bounded, if
|PAx| < k holdsfor eachX €V, i.e., X hasat mostk par
ents,wherek is anarbitrarybut fixed constant.

Note thatin a boundedmodel,asfor polynomiality, each
Fx is w.l.o.g. given by a table that lists the output values
Fx (v) for all v € D(PAx) (whichis similar to a conditional
probabilitytablein Bayesiametworks).

2.3 Complexity Classes

Compleity classeghat we encounterare shavn in Fig. 2,

wherearrons denotecontainment.P, NP, co-NP, ©¥ and
117 arefrom the PolynomialHierarchy(PH); DY = {L.N L' |

L eNP, L' € co-NP} isthe“conjunction”of NP andco-NP.

TheclassC is fromtheCountingHierarchy(CH) of complex-

ity classedToran, 1991. Informally, C containsall prob-
lemswhich canbe expressedisdecidingwhethera givenin-

stancel hasat least f(||) mary polynomial size “proofs”

Ji,....Jp(r)) thatI is a Yes-instancefor somefunction f,

wherecomputingf(]Z|) andcheckingeachproof J; is poly-
nomial. The classC coincideswith the famousclassPP

(probabilisticP) [Papadimitriou,1994, which containsthe
problemsdecidableby a polynomial-time Turing machine
which acceptsaninput iff the majority of its runshaltin an
acceptingstate.

Figure2: ContainmenbetweenCompleity Classes
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The classG- is a variant of C, where “exactly f(|I|)”
replaces“at least f(|I])". While this difference seems
mamginal, C and G have quite different properties[Toran,
1991]. Intuitively, G- is anextensionof co-NP, andhasmary
propertiesof this class.C and G- arecontainedn PSIACE,
andit is believedthatthey arenot containedn PH.

3 Causality betweenVariables

We first focuson causalrelationshipsetweenvariablesdue
to GallesandPearl[1997]; seealso[Pearl,1999;200d.

3.1 Definitions

In the sequelwe assumea causalmodel M = (U, V, F) and
setsof variablesX,Y, Z C V with X,Y # (. We say

e X is causally irrelevant to Y given Z iff for every
WCV\XuUYUZ, weD(U), z,2' € D(X), ze D(Z),
andw € D(W), wehave Y, ., (u) = Yyr 0 ().

e X isacauseof Y iff valuesz, z' € D(X) andu € D(U)
exist suchthatY; (u) # Yy (u).

e X is a cause of Y in the context Z =2z iff values
z,z' € D(X) andu € D(U) existwith Y, (u) # Yy . (u).

e X is a direct cause of Y iff values z,z' € D(X),
u€ D(U), andzeD(V\XUY) existwith Yy, (u) # Yy, (u).

e X isanindirect cause of Y iff X is acauseof Y and X
is notadirectcauseof Y.

We give someexamplesof suchcausalrelationships.For
amoredetaileddiscussiorof theseconceptssee[Gallesand
Pearl,1997 and[Pearl,1999;200d.

Example 3.1 In our runningexample, A; is not causallyir-
relevantto F'. For instancejf weset4d, e V'\ {4;,F} t00
andA; to0andl, thenF hasthevaluesO andl, respectiely.
Informally, theactionsof arsonistl arenotcausallyirrelevant
to the stateof theforest. In fact, A; is a causeof F', but not
acauseof F' in thecontext A; = 1. Informally, the actionsof
arsonistl arein general causeof the stateof the forest,but
not whenarsonist2 startsa fire. Finally, it is easyto verify
that A, isin factadirectcauseof F'.

3.2 Results

Our compleity resultsfor checkingthe above notions of
causalityaresummarizedn Table1. It is importantto point
outthatfor all thesecausarelationshipshardness$ioldseven
if M is binaryandboundedandX is asingleton.

Tablel: Compleity of Causalitybetweervariables

X is causallyirrelevantto Y givenZ | co-NP-complete

X isacauseofY NP-complete
X isacauseof Y in thecontet Z =z NP-complete
X isadirectcauseof Y NP-complete

X isanindirectcauseof Y’ DF-complete

Ouir first result shavs that deciding causalirrelevanceis
co-NP-complete We sketchthe mainideasof its proof.
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Theorem3.2 Given M =(U,V,F) and X,Y,Z CV with
X,Y #0, deciding whether X is causally irrelevant to Y
given Z is co-NP-complete. Hardness holds even if (1) M is
binary and bounded, (2) Z isempty, (3) X isa singleton, and
(4a) Yisasingletonor (4b) V=XUY U Z.

Proof (sketch). Theproblemis in co-NP,asW C V' \ X U
Y U Z andvaluesu € D(U), z,z' € D(X), z€ D(Z), and
w € D(W) suchthat Y., (u) # Yy .(u) canbe guessed
andverifiedin polynomialtime (seePropositiorn2.2).

We shav co-NP-hardnesdy a polynomialtransformation
from the co-NP-completeproblem of deciding whethera
given propositionalformulain 3DNF ¢=¢1 V --- V ¢ On
theatomsA,,..., 4,, wherew.l.o.g.k>2 andn>1, is a
tautology

We now constructM = (U,V, F) and X,Y, Z CV such
that X is causallyirrelevantto Y given Z iff ¢ is a tautol-
ogy. We defineX ={A}, Y ={B}, andZ =0. Moreover,
U:{Al,.. 7An} andV:XUYU{Dl,. .. ;Dk—l}- Let
all variableshave thedomain{0, 1}, where0 and1 areiden-
tified with thetruth valuesfalse andtrue, respectiely. The
values0 and1 of X aredenotedby z¢ andz;, respectiely.
ThefunctionsFs for S € V areasfollows:

(] FAzlandFDI ZAV¢11
e Fp,=D; 1 V¢;foralie{2,....k—1},
o Fg =Dy_1V ¢p.

It cannow be shawvn that X is causallyirrelevantto Y
givenZ iff ¢ is atautology Informally, underary u € D(U),
if X issettoz;,thenY becomed. Whereasif X issetto zg,
thenY is thetruth valueof ¢ underu. Thatis, settingX to
zo andzx; yieldsthesamevalueof Y underary v € D(U) iff
¢ is atautology Noticethatassignmentso somenonempty
W CDy,...,Dj_1 alwaysyield the samevalueof Y.

Notethat(1)—(3)and(4a)aresatisfied. The proof of hard-
nessin the casewhere(1)—(3)and(4b) holdsis similar. O

Thefollowing resultshavsthatdecidingcausesndcauses
in acontextis NP-completeHere,NP-hardnessanbeshavn
by a reductionfrom the NP-completeproblem of deciding
whethera propositionaformulais not a tautology

Theorem3.3 Given M =(U,V,F) and X, Y CV (resp,
X,Y,ZCV andze D(Z))with X, Y # 0, deciding whether
X isacause of Y (resp., X isa cause of Y in the context
Z =z) isNP-complete. Hardness holds even if (1) M is bi-
nary and bounded, and (2) X and Y are singletons.

4 Event Causality

We now focuson causalitybetweerevents.In particular we
considercausalrelationshipsbetweeneventsdue to Galles
andPearl[1997]; seealso[Pearl, 1999;200d, andthenotions
of weak and actual causalityby Halpernand Pearl[2000],
which areinspiredby Pearls causabeamdq2000].

4.1 Definitions

A primitive event is anexpressiorof theformY =y, whereY’
is avariableandy is a valuefor Y. The setof eventsis the
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closureof the setof primitive eventsunderthe Booleanop-
erations— and A (thatis, every primitive eventis an event,
andif ¢ andvy areeventsthenalso—¢ and¢ A ).
Thetruth of anevent¢ in a causalmodel M = (U, V, F)
underue D(U), denoted M, u) =¢, is inductively givenby:
o (M,u) EY =yiff Yy (u) =y,
o (M,u) = —¢iff (M,u) = ¢ doesnothold,

o (M,u) £ ¢ At (M,u) | ¢ and(M,u) = .
We write ¢(u) to abbreviate (M,u) =¢. For X CV and
z € D(X), we write ¢, (u) to abbreviate (M,,u) = ¢. For
X ={Xy,...,X,} CV with £ >1andz; € D(X;), we use
X=z - -zptoabbreiate X1 =21 A ... A Xy =x4.

Thefollowing propositionis immediate.

Proposition4.1 Let X CV andz € D(X). Givenu € D(U)
and an event ¢, deciding whether ¢(u) and ¢, (u) (given z)
hold can be done in polynomial time.

We are now readyto definecausalrelationshipsbetween
events. We first definethe notionsof necessarand possi-
ble causality(which areslightly moregenerakhanin [Galles
and Pearl, 1997). Let M =(U,V, F) be a causalmodel.
Let X CV andz € D(X). Let ¢ beanevent. We say

e X =z alwayscauses ¢ iff (i) ¢, (u) forallu € D(U), and
(i) somer’'eD(X), u'e D(U) existwith z' £z and—¢, (u').

e X =2 may have caused ¢ iff (i) X =2 and ¢ are ob-
sened (which implies that X (u) =z and ¢(u) for some
u € D(U)) and(ii) somez’ € D(X) andu € D(U) existsuch
thate' #z, X (u) =z, ¢(u), and—¢, (u).

We next defineweakandactualcausality We say X =z is
aweak cause of ¢ underu iff thefollowing conditionshold:

AC1. X(u) =z andg(u).

AC2. Someset of variablesW CV \ X and somevalues
T € D(X) andw € D(W) exist suchthat:

(@) ~¢zw(v),
(b) prws(u) forall ZC V\ (X UW) andz = Z(u).

We say X = z is anactual cause of ¢ underu iff additionally
thefollowing conditionis satisfied:

AC3. X is minimal. Thatis, no propersubsebf X satisfies
bothAC1andAC2.

We give someillustrative examples.

Example4.2 In our running example, each event among
A1=1, A> =1, andA; =1 A A =1 alwayscausesF' =1.
For instance let us shav that A; =1 alwayscausest’ = 1:
(i) if Ay is setto 1, then F' hasthe value 1 underevery
u € D(U), and(ii) if U, is setto 0, and 4; to 0, thenF" has
the value 0. Informally, at leastone arsoniststartinga fire
alwayshasthe effect thatthewhole forestburnsdown.

Considemow the backgrounccontext = (1,1) in which
botharsonistgntendto startafire. Then,eachamong4; =1,
Ay =1,andA; =1A Ay =1 is aweakcauseof FF=1. For
instanceJet us show that 4; =1 is a weakcauseof F =1:
(AC1) both 4; and F' have the value 1 underu, (AC2 (a))
if both A; and A, aresetto O, then F' hasthe valueO, and
(AC2(b))if Ay issettolandA; to0,thenF hasthevaluel.
In fact,4; =1 and 4, = 1 areactualcause®f F =1, while
A; =1A Ay =1 isnotanactualcauseof F =1.
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4.2 Results

Our compleity resultsfor the above causalrelationshipse-

tweeneventsaresummarizedn Table2. We distinguishbe-

tweenthe generalandthe binary case,in which we assume
a syntacticrestrictionto binary causalmodels. We remark
that for all thesecausalrelationshipshetweenevents, hard-

nessholdsevenif M is boundecand X is asingleton.

Table2: Compleity of EventCausality

| Problem
X =z alwayscauses

| generakase| binarycase|

DF-completg DY -complets
X =z maycausep NP-complete NP-complete
X =z isaweakcauseof ¢ | XF-completg NP-complete
X =z is anactualcauseof ¢ | 21’ -completeg NP-complete

Thefollowing theorenshowns thatdecidingweakcausality
is =’ -completein thegenerakcase We sketchthemainideas
behindthetechnicallyquiteinvolvedproof of this result.

Theorem4.3 Given M =(U,V,F), XCV, zeD(X),
uw€ D(U), and an event ¢, deciding whether X = z isaweak
cause of ¢ under u is ¥4’ -complete. Hardness holds even if
X isasingleton, and either M isbounded or ¢ is primitive.

Proof (sketch). As for membershipn $¥, recallthat X =z
is a weak causeof ¢ underu iff AC1 and AC2 hold. By
Propositiond. 1, verifying X (u) =z and¢(u) is polynomial.
Moreover, someW, Z, andw asin AC2 canbe guessednd
verified with an NP-oracle(neededfor (b)) in polynomial
time. In summarycheckingAC1andAC2isin ©F.

¥P-hardnesss shavn by a reductionfrom evaluatinga
guantifiedBooleanformula® = 3AVB v, wherey isapropo-
sitional formula on the variables A={A;,...,A,,} and
B={By,...,B,}. Wenow defineM, etc. as statedsuch
that X = z is aweakcauseof ¢ underu iff @ is true (decid-
ing thisis ©¥-complete] Papadimitriou,1994).

We defineX = {G} andY = {H}. The exogenousand
endogenousariablesareU = {E} andV =X UY U {C} U
A U B, respectiely. DefineD(S)={0,1,2} for all S € B,
andD(S)={0,1} forall Se UUV \ B. We define

¢ =("ANN\S#2V(C=0)V(G=1AC=1A\/S#2),

SeB SeB

wherey' is obtainedfrom ~ by replacingeachS € AU B by
“S =1". ThefunctionsFs with S € V aredefinedby:

e Fg=0forall Se X U{C}UA,
e Fs=G+ Cforall Se B,andFg =1 iff ¢' istrue.

Letue D(U) andz=0. Let ¢ beY =1. It cannow
be shavn that X =z is a weak causeof ¢ underu iff ®
is true. More precisely AC1 is trivially satisfied,and AC2
holdsiff @ is true. Roughlyspeakingthe existentialanduni-
versalquantificationover A and B in @ is reflectedby the
variablesin W andV \ (X U W), respectrely. We thenes-
pecially have to ensurethat (i) BNW = and (ii) no truth
assignmento thevariablesn B isignored.In detail,to make
¢ falsein AC2(a), C mustbesetto 1 andall S € B musthave
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thevalue2. Whereasto make ¢ truein AC2 (b), all Se€ B
musthaveavaluefrom {0, 1}. Thisalreadyensuregi). Since
Gissetto0in AC2(b),andFs =G + C for all S € B, each
variablein B hasthevaluel in AC2(b). As every S € B has
thevalueOin M, thisthenensuregii).

Note that X is a singletonand that ¢ is primitive. To
shav ©F-hardnesdor a singletonX and boundedM, de-
fine M'=(U,V\{H},F\{Fu}). Then, X =z is aweak
causeof ¢' underu iff ® evaluatego true.O

Thejustsketchedproof of £ -hardnessnakesuseof non-
binary causalmodels. Thus, we may askwhetherdeciding
weakcausalityin the binary casehasa lower compleity.

In fact, the following semantiaesultshovs thatin the bi-
narycase AC2 canbeexpressedn a differentway.

Theorem4.4 Let M =(U,V, F) bebinary. Let X CV and
z € D(X). Let ¢ bean event. Then, X =z isaweak cause of
¢ under ueD(U) iff AC1 holds, and (AC2') some WCV\ X,
TeD(X), and we D(W) exist such that (8) —¢zw(u),
(0) ¢zw(u), and (€) Zyw(u)=Z(u) for Z=V \ (X UW).

Proof (sketch). NoticethatAC2’ (a) is identicalto AC2 (a).
Moreover, AC2’ (b) canbereplacedy AC2 (b), asAC2’ (c)
impliesthatsettingZ CV\ (XUW) to 2 = Z(u) isimmaterial
iN ¢zwz(u) of AC2(b). Thus,it is now sufficientto show that
for binary M, we canaddAC2’ (c) to AC2 (a) and(b).
Roughly speaking,we can additionally satisfy AC2’ (c)
by iteratively moving variablesfrom V' \ (X UW) to the
W-partin AC2 (a) and (b). More precisely ary singleton
SCV\ (X UW) with Sz, (u) # S(u) canbe movedto the
W -partassigningthem Sz, (u). This is always feasiblefor
Szw(u) = Szu(u). If M is binary, this is also feasiblefor
Szw (1) # Sz (u), which thenimplies Sz, (u) = S(u). This
constructiorcannow beiterateduntil AC2’ (c) holds.O

Basedon this result, it can now be shovn that deciding
weak causalityin the binary caseis NP-complete. This is
moreformally expressedy thefollowing theorem.

Theorem4.5 Given a binary M =(U,V,F), XCV, z€
D(X),ue D(U), and an event ¢, deciding whether X =z is
a weak cause of ¢ under v is NP-complete. Hardness holds
even if M isbounded, X isasingleton, and ¢ is primitive.

We next focus on the problemof decidingactual causal-
ity. We first prove a conjectureby HalpernandPearl[2000],

which saysthat only primitive eventscan be actualcauses.

Notethatthe proof alsogoesthroughfor their settingof pos-
sibly infinite domainsandsetsof endogenousariables.

Theorem4.6 Let M = (U,V,F) be a causal model. Let
XCVandzeD(X). Let ¢ bean event. If X =z isan
actualcauseof ¢ under u, then X isa singleton.

Proof (sketch). We give a proof by contradictionLet X =z
be an actual cause of ¢ underu. Thatis, AC1-AC3 hold.
In particular AC2 (a) and(b) hold for someWw C V' \ X and
somez € D(X) andw € D(W). Supposethat X is not a
singleton.We considertwo cases:

Case 1: Thereexists somenonemptyX” C X, X" # X,
suchthat ¢ iz, (u) for all ZCV \(XUW), whereX' =
X\ X", o' =z|X', T =%| X", and 2= Z(u). Informally,
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we can then move all variablesin X" to the W-part of
AC2 assigningthemz"”. Thatis, setin AC2z' =7z| X’ and
w' =F"w where W' = X" UW is the respectie W-part.
Then, X' =1’ is anotherweak causeof ¢ underu, which
is smallerthan X = z. Thisis a contradiction.

Case 2: For every nonempty X" C X, X" # X, there
exists someZ C V\(XUW) suchthat —¢,:z.,:(u), where
X'=X\X", o' =z|X', 7' =%|X", and 2 = Z(u). Infor-
mally, we canthentake any suchX"” andmove thevariables
in X’ and Z to the W-part of AC2 assigningthem values
' =z|X' and 2=Z(u). Thatis, setin AC2 z" =z|X"
and w' =z'wz where W' = X'UW U Z is the respectie
W-part Then, X" =z" is aweakcauseof ¢ underu (note
thateachinstanceof AC2(b)for X" =" amountsto anin-
stanceof AC2(b)for X =z). Thisis acontradiction.O

Hence X =z is anactualcauseof ¢ underu iff (i) X =z
is a weak causeof ¢ underu, and (i) X =z is primitive.
As animmediatecorollary of Theorems4.3 and4.6, it thus
follows that decidingwhetherX =z is an actualcauseof ¢
underu is ©¥-completein thegenerakase.

Corollary 4.7 Given M =(U,V,F), XCV, z€ D(X),
u € D(U), and an event ¢, deciding whether X =z isan ac-
tual cause of ¢ under u is %22’ -complete. Hardness holds even
if X isasingleton, and M isbounded or ¢ is primitive.

Furthermoreas an immediatecorollary of Theorems4.5
and4.6, we obtainthat decidingwhetherX = z is an actual
causeof ¢ undery is NP-completein the binarycase.

Corollary 4.8 Given a binary M =(U,V,F), XCV, z €
D(X),u e D(U), and an event ¢, deciding whether X =z is
an actual cause of ¢ under u isNP-complete. Hardness holds
even if M isbounded, X isa singleton, and ¢ is primitive.

5 Probabilistic Causality

As a representatie of probabilisticcausalrelationshipswe
finally considerthe notion of probabilisticcausalirrelevance
by GallesandPearl[1997]; seealso[Pearl,1999;2004.

A counterfactual formula is an expressionY, =y, where
X,YCV, 2zeD(X), andye D(Y). Given a probabilis-
tic causalmodel (M, P), where M = (U, V, F'), the proba-
bility of ¥, =y, denotedP (Y, =y), is the sumof all P(u)
suchthat Y, (u)=y. For X,Y,ZCV with X,Y #0, we
say X is probabilistically causally irrelevant to Y given Z,
denoted(X A Y | Z) p, iff for all z,z' € D(X), ye D(Y),
andz € D(Z), it holdsthat P(Y,, =y) = P(Yy» =v). Intu-
itively, oncethevalueof Z is fixedat z, thevalueof X does
not affectthe probabilityof Y.

The following theoremshaows that deciding probabilistic
causalrrelevanceis completefor G-.

Theorem5.1 Given a probabilistic causal model (M, P),
where M = (U,V, F), and X,Y,Z CV, deciding whether
(X AY | Z)p iscomplete for G-.

Theoremb5.1 is nontrivial and needssomeexplanations.
Firstly, theresultmeanghat,in a sensetestingprobabilistic
causalirrelevanceis harderthan co-NP, andthus not poly-
nomially reducibleto SAT-testing.Moreover, it cannotbere-
ducedto arny problemsolver for problemsin the polynomial
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hierarchy On the other hand,the problemis “easier” than
PP-completeproblemswhich could perhapshelpin finding
polynomialtime (randomizedppproximatioralgorithms.

The easierpart of this resultis the lower bound. Hard-
nessfor G- canbe provedby a reductionfrom the following
C=-completeproblemHALFSAT: Given a propositionalfor-
mulain 3DNF~ onthevariablese, . .., z,, decidewhether
exactly half of the assignment$o z4, ..., z, satisfyy. The
constructionis basedon ideasin the proof of Theorem3.2,
but moreinvolved. In fact,it establishebardnesgor thecase
where M is binary andbounded,Z is empty X,Y aresin-
gletons,andP is theuniformdistribution. Thus,the problem
shawsits full compleity alreadyin a minimalistic setting.

The more difficult partis membershign C-. Recallthat
(XAY|2)p iff P(Yy,=y)=P(Yy,=y) for all values
x', z,y, andz. Checkingthat P(Y,, =y) = P(Yz. =y), for
givenz, z', y, andz, canbereducedo thefollowing problem
EQUALRUN, whichis in G=: Giventwo NP Turing machines
Ty andT, andaninput string w, decidewhetherT; and T,
have the samenumberof acceptingunson w.

Indeed et P begivenby (f, b) asdescribedn Section2.2.
Let the NP Turing machinesl; andT; haveinputz,z',y, 2
and nondeterministicallygenerateall w € D(U). Then, for
eachu, let T and T> generatef(u) paths. On eachof
thesepathsT; (resp..I») computesieterministicallyY, (u)
(resp.,Y, . (u)), andacceptsf this value coincideswith y,
otherwiseit rejects. Then, P(Y,,=y) = P(Yy.=y) iff
T, andT; have the samenumbersf acceptingoaths.

Obviously, 77 and T> can be constructedn polynomial
time from M andz,z’,y, 2. However, we actually needto
testthat P(Y,, =y) = P(Yy.=y) for all valuesz’, z, y,
andz. Whatwe obtain(by slightadaptationsis thattheprob-
lemisin theclassvG, whichis ageneralizatiorof G- similar
to [T’ for co-NP: decidingwhether! is a Yes-instancean
be informally expressedsdecidingwhetherfor every poly-
nomialsizestring.J, it holdsthat!, J is a Yes-instancef the
sameproblemin G-. SinceVG- is equalto G- (cf. [Green,
1993), this reductionactuallyprovesmembershipn GC-.

6 Conclusionand Outlook

We analyzedhe compleity of causarelationshipsn Pearls
structuralmodels. In particular we consideredccausalitybe-
tweenvariables,event causality and probabilisticcausality
It turnedout that all discussechotions of causalityare in-
tractable wherethe sophisticatecdhotionsof weakandactual
causality and the notion of probabilistic causalirrelevance
have the highestcomplexity (X4 andG-, respectiely).
Ourresultsgive usefulinsight,andmaybeexploitede.g.in

evaluatingprobabilisticcounterfictualsas definedin [Balke
and Pearl,1994. Note that the evaluationof probabilistic
counterfictualscanbe polynomially reducedio standardn-
ferencetasksin Bayesiametworks,andthushassimilarcom-
putationalproperties. It is easyto seethat the complexity
of computingconditionalprobabilitiesin Bayesiametworks,
whichis completefor #P [Roth,1994, carriesoverto com-
puting probabilitiesof counteractualstatements Similar to
independencielPearl,200d, deterministicandprobabilistic
causalrelationshipamight now be usedto simplify the eval-
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uation of probabilisticcounterfctuals. By our results, this
seemgeasonableasthe compleity of testingsimplecausal
relationshipgat mostDY, G) is muchlower thanthe com-
plexity of evaluatingprobabilisticcounterfictualg#P-hard).

Moreover, our resultsmay help to analyzethe computa-
tional aspectf explanationsand partial explanationsasin-
troducedby Halpernand Pearl[2000], which are crucially
basedn the notionsof weakandactualcausality

An interestingopicof futureresearclis to explorewhether
there are restrictedcasesin which testing causalrelation-
shipsin the structural-modedpproachs tractable For exam-
ple, probabilisticcausalirrelevancein stablecausalmodels
[GallesandPearl,1997 canbetestedin polynomialtime as
it coincideswith pathinterceptionin their causalgraphs.
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