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Abstract

We proposea new definition of (causal)explana-
tion, usingstructural equationsto model counter

factuals. The definition is basedon the notion of

actual cause as definedand motivatedin a com-

panionpaper Essentially an explanationis a fact
thatis notknown for certainbut, if foundto betrue,
would constituteanactualcauseof thefactto beex-

plained regardles®f theagentsinitial uncertainty
We shaw thatthe definitionhandleswell anumber
of problematicexamplesfrom theliterature.

1 Intr oduction

The automaticgeneratiorof adequatexplanationdss a task
essentialin planning, diagnosisand natural languagepro-
cessing. A systemdoing inference must be able to ex-
plain its findings and recommendationso evoke a users
confidence. However, getting a good definition of expla-
nation is a notoriously difficult problem, which has been
studied for years. (See[Chajavska and Halpern, 1997;
Gardenfors]1988;Hempel,1965;Pearl,1988;Salmon, 1989
andthe referenceshereinfor anintroductionto anddiscus-
sionof theissues.)

In [Halpernand Pearl,2001], we give a definition of ac-
tual causalityusingstructuralequations.Herewe shov how
theideasbehindthatdefinitioncanbeusedto give anelegant
definition of (causal)explanationthat dealswell with mary
of the problematicexamplesdiscussedn the literature. The
basicideais that an explanationis a fact thatis not known
for certainbut, if foundto betrue,would constituteanactual
causeof the explananduntthe factto be explained),regard-
lessof theagentSinitial uncertainty

2 CausalModels: A Review

To make this paperself-containedthis sectionrepeatsma-
terial from [Halpernand Pearl,2001]; we review the basic
definitionsof causaimodels,asdefinedin termsof structural
equations,and the syntaxand semanticsof a languagefor
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reasoningaboutcausalityandexplanations.See[Gallesand
Pearl, 1997; Halpern, 2000; Pearl,200d for more details,
motivation,andintuition.

Causal Models: The basicpictureis thatthe world is de-
scribed by randomvariables,some of which may have a
causalinfluenceon others. This influenceis modeledby a
setof structumal equationsEachequationrepresents dis-
tinct mechanisn{or law) in the world, which may be modi-
fied (by externalactions)without alteringthe others.In prac-
tice, it seemsusefulto split the randomvariablesinto two
sets,the exogenousvariables,whosevaluesare determined
by factorsoutsidethe model,andthe enda@yenousvariables,
whosevaluesaredeterminedy the endogenousariables.It
is theseendogenousariablesvhosevaluesaredescribedy
thestructuralequations.

More formally, a signatue S is a tuple (4, V,R), where
U is afinite setof exogenousvariables,V is a finite setof
endogenousariables,and’R associatesvith every variable
Y € U UV anonemptysetR(Y') of possiblevaluesfor Y.
A causal(or structural) modelover signatureS is a tuple
M = (8,F), whereF associatesvith eachvariableX €
V afunction denotedF’x suchthat Fx : (xycyR(U)) x
(Xyev—{x3R(Y)) — R(X). Fx tellsusthevalueof X
giventhevaluesof all theothervariablesn &/ U V.

Example 2.1 Supposeahatwe wantto reasorabouta forest
fire thatcould be causedby eitherlightning or a matchlit by
anarsonist.Thenthe causaimodelwould have thefollowing
endogenousariables(andperhapothers):

e [ for fire (F' = 1if thereis one,F' = 0 otherwise)

e [ for lightning (. = 1 if lightning occurred,L. = 0
otherwise)

e ML for matchlit (ML = 1 if the matchwaslit and
ML = 0 otherwise).

Thesetl/ of exogenouvariabledncludesconditionsthatsuf-

fice to make all relationshipsgdeterministic(suchaswhether
the wood is dry, thereis enoughoxygenin the air, etc.).
Supposehat @ is a settingof the exogenousvariablesthat
makesa forestfire possible(i.e., thewoodis sufficiently dry,

thereis oxygenin the air, andso on). Then, for example,
Fr(d,L,ML) is suchthatF = 1 if eitherL = 1 or ML = 1.
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Given a causalmodel M = (S, F), a (possiblyempty)
vector X of variablesin VY, and vectorsZ and @ of val-

uesfor the variablesin X andi/, respectiely, we cande-
fine a new causalmodeldenotedM ;_ .. over the signature

Sg = UV~ )?,R|V7)Z). Intuitively, this is the causal

model that resultswhen the variablesin X aresetto by
externalaction,the causeof which is not modeledexplicitly.

Formally, M ¢, . = (Sg, FX %), where ¥ —¢ is obtained
from Fy by settingthevaluesof thevariablesin X to 7.

We candescribg(somesalientfeaturesof) a causaimodel
M usinga causalnetwork This is a graphwith nodescor-
respondingo the randomvariablesin V andanedgefrom a
nodelabeledX to onelabeledY if Fy depend®nthevalue
of X. Intuitively, variablescanhave a causaleffect only on
their descendantin the causahetwork; if Y is notadescen-
dantof X, thena changein the valueof X hasno affecton
thevalueof Y.

We restrict attention to what are called recursive (or
acyclig equationstheseareonesthatcanbe describedvith
acausahetwork thatis adag. It shouldbeclearthatif M isa
recursve causaimodel,thenthereis alwaysauniquesolution
totheequationsn M ¢ ., givenasettinga for thevariables
in Y. Suchasettingis calledacontet. Contextswill playthe
role of possibleworldswhenwe modeluncertainty

Syntax and Semantics: GivenasignatureS = (U, V,R),
aformulaof theform X = z, for X € V andz € R(X),
is calleda primitive event A basiccausalformulais oneof
theform [Y1 « wy1,...,Yr < yk]e, wherep is a Boolean
combinationof primitive events;Y, ..., Yy, X arevariables
inV; Y1,...,Y, aredistinct; z € R(X); andy; € R(Y;).
Sucha formula is abbreviatedas[Y « #]e. The special
casewherek = 0 is abbreviatedas ¢. Intuitively, [Y; «
Y1,.--, Yr < yi]e saysthat ¢ holdsin the counterfctual
world thatwouldariseif Y; issettoy;,7 = 1,..., k. A causal
formulais a Booleancombinationof basiccausaformulas.
A causaformulay is trueor falsein acausamodel,given
acontext. Wewrite (M, @) = ¢ if ¢ is truein causaimodel
M givencontext @. (M, @) = [Y — 7](X = z) if thevari-
able X hasvaluex in the unique(sincewe aredealingwith
recursve models)solutionto the equationsn M?Hj in con-

text @ (thatis, the uniquevectorof valuesfor the exogenous

variablesthat simultaneouslysatisfiesall equationsFZY =

Z €V — Y, with thevariablesin ¢/ setto ). We extendthe
definitionto arbitrarycausaformulasin the obviousway.

Note that the structuralequationsare deterministic. We
lateraddprobabilityto the pictureby puttinga probabilityon
thesetof contexts (i.e., onthe possibleworlds).

3 The Definition of Explanation

As we saidin theintroduction,mary definitionsof causalkx-
planationhave beengivenin the literature. The “classical”
approachesn the philosophyliterature, such as Hempels
1965 deductive-nomolgical modeland Salmons 1989 sta-
tistical relevancemodel(aswell asmary otherapproaches)
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have a seriousproblem:they fail to exhibit the directionality
inherentin commonexplanationsWhile it seemgeasonable
to say“the heightof the flag pole explainsthe lengthof the
shadav”, it would soundawkwardif onewereto explain the
former with the latter Despiteall the examplesin the phi-
losophyliteratureon the needfor taking causalityand coun-
terfactualsinto accountandthe extensive work on causality
definedin termsof counterfctualsin the philosophylitera-
ture, as Woodward 2001 obsenes, philosophershave been
reluctantto build a theory of explanationon top of a theory
of causality The concernseemgo beoneof circularity.

In [Halpern and Pearl, 2001], we give a definition of
causalitythatassumeshatthe causaimodelandall therele-
vantfactsaregiven;the problemis to determinewhich of the
givenfactsarecauses(We discusghis definitionin morede-
tail belon.) We give a definition of explanationbasedon this
defintion of causality The role of explanationis to provide
the informationneededo establishcausation.As discussed
in theintroductionweview anexplanationasafactthatis not
known for certainbut, if foundto betrue, would constitutea
genuinecauseof the explanandumregardlessof the agents
initial uncertainty Thus, what countsasan explanationde-
pendsonwhatyou alreadyknow and,naturally thedefinition
of explanationis relative to the agents epistemicstate(asin
Gardenforsl988).1t is alsonatural from this viewpoint, that
anexplanationincludesfragmentsof the causaimodelM, or
referenceto the physicallaws which underlythe connection
betweerthecauseandtheeffect. To borronv anexamplefrom
[Gardenfors 1989, if we wantanexplanationof why Mr. Jo-
hanssorhasbeentakenill with lung canceytheinformation
that he worked in asbestosnanufcturingfor mary yearsis
not going to be a satisactory explanationto someonewho
doesnot know anything aboutthe effectsof asbestosn peo-
ple’s health. In this case the causalmodel(or relevant parts
of it) mustbe partof the explanation.On the otherhand,for
someonavho knowsthecausalmodelbut doesnotknow that
Mr. Johanssomorkedin asbestosnanufcturing,the expla-
nationwouldinvolve Mr. Johanssois’employmentbut would
not mentionthe causaimodel.

Ourdefinitionof explanationis motivatedby thefollowing
intuitions. An individual in a given epistemicstate K asks
why ¢ holds.Whatconstitutesagoodansweto his question?
A goodanswemustprovide informationthatgoesbeyond K
andbe suchthattheindividual canseethatit would, if true,
be (or bevery likely to be) a causeof . We may alsowant
to requirethat ¢ betrue (or atleastprobable).Althoughour
basicdefinitiondoesnotrequirethis, but it is easyto do so.

To male this precise,we mustexplain (1) whatit means
for v to be a causeof ¢ and(2) how to capturethe agents
epistemicstate. In [HalpernandPearl,2001], we dealtwith
thefirst question.In thenext subsectionve review the defini-
tions. Thefollowing subsectiongliscusshesecondjuestion.

3.1 The Definition of Causality

We wantto make senseof statementsf theform “event A is
anactualcauseof event B in context 4 of model M”. Note
thatwe assumehe context andmodelaregiven. Intuitively,
they encodehebackgrounknowledge.All therelevantfacts
areknown. The only questionis picking out which of them
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arethe cause®f .
Thetypesof eventsthatwe allow asactualcausesareones
of theform X; = 1 A. . .AX = xx—thatis, conjunctionf

primitive events;we typically abbreviate this asX = 7. The
eventsthatcanbe causedarearbitraryBooleancombinations
of primitive events. We arguein [Halpernand Pearl,2001]
thatit is reasonablé¢o restrictcausego conjunctiongand,in
particular to disallon disjunctions). This restrictionseems
lessreasonablén the caseof explanation;we returnto this
point below. In ary case the definition of causalitywe give
is restrictedto conjunctive causes.

Definition 3.1 (Actual cause))? = 7 isanactual causeof ¢

n (M, @) if thefollowing threeconditionshold:

AC1. (M,ii) = (X = &) A ¢. (Thatis, both X = # ande
aretruein theactualworld.)

AC2. Thereexistsa partition (Z, W) of V with X C Z and
somesetting (&, @) of the variablesin (X, W) such
thatif (M, @) = (Z = z*) for Z € Z, then

@) (M, @) | [X — &, W «— @']-¢. Inwords,chang-
ing (X, W) from (Z, @) to (', @) changes from
trueto false;

(b) (M, ) |— X — 2 W — i, 2 — ](p for all
subsetsZ’ of Z. In words, settlngW to ' should

have no effecton ¢ aslong asX is keptatits cur-
rentvalueZ, evenif all thevariablesn anarbitrary
subsetof Z are setto their original valuesin the
context .
AC3. X is minimal; nosubsebf X satisfiesconditionsAC1
andAC2. Minimality ensureghatonly thoseelements

of theconjunction)? = 7 thatareessentiafor changing
 in AC2(a)areconsideredpart of a cause;inessential
elementsarepruned i

For futurereferencewe saythat)? = 7 is aweakcauseof ¢
in (M, @) if AC1andAC2 hold, but not necessarihAC3.
The core of this definition lies in AC2. Informally, the

variablesin Z shouldbe thoughtof as describingthe “ac

tive causalprocess”from X to . Theseare the variables
thatmediatebetweenX andy. AC2(a)saysthatthereexists
asettingz’ of X that changesp to —p, aslong asthe vari-

ablesnotinvolvedin thecausaprocess{l/fl) take onvalued’.
AC2(a)is reminiscentof the traditional counterfctualcrite-
rion of Lewis 1986b,accordingto which ¢ shouldbe falseif

it werenot for X beingZ. However, AC2(a)is morepermis-
sive thanthetraditionalcriterion;it allowsthe dependencef

¢ on X to betestedunderspecialcircumstances.
AC2(b)is anattemptto counteracthe“permissiveness’of
AC2(a)with regardto structuralcontingenciesEssentiallyit

ensureghat X alonesufficesto bring aboutthe changefrom
© to —y; setting W to w’ merely eliminatesspuriousside
effectsthattendto maskthe actionof X. It captureghefact
thatsettingW to «w’ shouldnot affect the causalprocessby

requiringthatchangingW’ from « to v’ hasno effecton the
valueof .
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This definition is discussedand defendedin much more
detailin [HalpernandPearl,2001], whereit is comparedo
other definitions of causality In particular it is shavn to
avoid a numberof problemsthat have beenidentified with
Lewis's account(e.g.,see[Pearl,2000,ChapterlQ]), suchas
commitmento transitvity of causesFor the purpose®f this
paper we askthatthe readeracceptthe definition. We note
that,to someextent, our definition of explanationis modular
in its useof causality in that anotherdefinition of causality
could be substitutedfor the one we usein the definition of
explanation(providedit wasgivenin the sameframawork).

Thefollowing examplewill helpto clarify the definition of
both causalityandexplanation.

Example 3.2 Supposdhattwo arsonistdroplit matchesn

differentpartsof a dry forest; both causetreesto startburn-
ing. Considertwo scenariosin thefirst, called“disjunctive;

either matchby itself suficesto burn down the whole for-

est. Thatis, evenif only onematchwerelit, the forestwould
burndown. In thesecondscenariogcalled“conjunctive;” both
matchesare necessaryo burn down the forest; if only one
matchwerelit, thefire would die down beforethe forestwas
consumed.We candescribethe essentiaktructureof these
two scenariosisinga causaimodelwith four variables:

e an exogenousvariable U which determines,among
other things, the motivation and state of mind of
the arsonists. For simplicity, assumethat R(U) =
{woo, w10, w01, w11 }; if U = wy;, thenthefirst arsonist
intendsto startafire iff i = 1 andthesecondarsonisin-
tendsto startafire iff j = 1. In bothscenariod/ = u1;.

e endogenousariablesML; andML,, eacheitherO or 1,
whereML; = 0 if arsonist; doesnt dropthe matchand
ML; = 1if hedoesfori =1, 2.

e anendogenousariableFB for forestburnsdown, with
valuesO (it doesnt) and1 (it does).

Both scenarioshave the samecausalnetwork (seeFigure
1); they differ only in the equationfor FB. Givenu €
R(U), for the disjunctive scenariove have Frp(u,1,1) =
FFB(U,O, 1) = FFB(U, 1,0) =1 andFFB(u,O,O) = 0;
for the conjunctive scenariove have Frp(u,1,1) = 1 and
FFB(U,0,0) = FFB(U, 1,0) = FFB(U,O, 1) = 0.

In generalthecausamodelfor reasoningboutforestfires
would involve mary othervariables;in particular variables
for other potential causesof forest fires such as lightning
andunattendeadtampfires.Herewe focuson that part of the
causalmodel that involves forest fires startedby arsonists.
Sincefor causalitywe assumehat all the relevantfactsare
given, we canassumenerethatit is known that therewere
no unattendeccampfiresand therewas no lightning, which
makesit safeto ignorethatportionof the causaimodel.

Denoteby M; and M, the (portion of the) causalmodels
associateavith the disjunctive andconjunctive scenarioste-
spectvely. Thecausahetwork for therelevantportionof M,
and M is describedn Figurel.

Despitethe differencedn the underlyingmodels,it is not
hardto shav thateachof ML; = 1 andML; = 1 is acause
of FB = 1 in both scenarios.We presentthe argumentfor
ML; = 1 here. To shav thatML; = 1 is a causen M; let
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U
MLl\'/\\\/ ML,
FB
Figurel: Thecausahetwork for Ay and M.

Z = {ML;,FB}, soW = {ML,}. It is easyto seethatthe
contingeng ML, = 0 satisfiesthe two conditionsin AC2.
AC2(a)is satisfiedbecausein the absencef the secondar-
sonist(ML; = 0), thefirst arsonisis necessargndsuficient
for thefire to occur(FB = 1). AC2(b)is satisfiedbecauseif
thefirst matchislit (ML, = 1) thecontingeng ML, = 0 does
not preventthe fire from burningthe forest. Thus,ML; = 1
isacauseof FB = 1 in M;. (Notethatwe neededo setML
to 0, contraryto facts, in orderto reveal the latent depen-
denceof FB on ML;. Sucha settingconstitutesa structural
changein the original model, sinceit involvesthe removal
of somestructuralequations.)The agumentthatML; = 1
is alsoa causeof FB = 1 in M; is similar. (Again, taking
Z = {ML,FB} andW = {ML,} works.)

This examplealsoillustratesthe needfor the minimality
condition AC3. For example,if lighting a matchqualifies
asthe causeof fire thenlighting a matchandsneezingvould
alsopasghetestsof AC1landAC2,andawkwardly qualify as
the causeof fire. Minimality seneshereto strip “sneezing”
andotherirrelevant,over-specificdetailsfrom thecause.

It might be arguedthat allowing disjunctive causesvould
be usefulin this caseto distinguishM; from M, asfar as
causalitygoes. A purely counterfctualdefinition of causal-
ity would make ML; = 1V ML, = 1 acauseof FB = 1
in M, (since,if ML; = 1V ML, = 1 werenottrue, then
FB = 1 would notbetrue),but would make neitherML; = 1
nor ML, = 1 individually a cause(for example,if ML; = 1
werenottruein My, FB = 1 wouldstill betrue). Clearly, our
definition doesnot enforcethis intuition. Purelycounterfc-
tual definitionsof causalityhave otherwell-known problems.
We do not have a strongintuition asto the bestway to deal
with disjunctionin the context of causality and believe that
disallowving it is reasonablyconsistentvith intuitions. Inter-
estingly aswe shall seein Section3.2, our definition of ex-
planationdoesdistinguishM; from Ms; eachof ML; = 1
and ML, = 1 is an explanationof FB = 1 in M; under
our definition of explanation,but neitheris an explanation
of FB = 1 in M,. In M, the explanationof FB = 1 is
ML; = 1 A MLy = 1: bothmatchedeinglit arenecessaryo
explaintheforestburningdown. i

3.2 The BasicDefinition of Explanation

All thatremainsto do beforegiving the definition of expla-
nationis to discusshow to capturethe agents epistemicstate
in our framavork. For easeof exposition, we first consider
the casewherethe causalmodelis known andthe context is
uncertain.(Theminor modificationsrequiredto dealwith the
generalcasearedescribedn Section3.4.) In thatcase,one
way of describinganagents epistemicstateis by simply de-
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scribingthe setof contextstheagentconsidergossible. This
choiceis very muchin the spirit of the standard‘possible
worlds” definitionsof knowledgeandbelief.

Definition 3.3: (Explanation)Given a structuralmodel M,

X = 7 is an explanationof ¢ relativeto a setXC of contexts
if the following conditionshold:

EX1. (M, %) = ¢ for eachcontet @ € K. (Thatis, ¢ must
hold in all contets the agentconsiderspossible—the
agentconsiderswhat sheis trying to explain asan es-
tablishedfact)

EX2. X = 7 is aweakcauseof ¢ in (M, ) (thatis, AC1
andAC2 hold, but not necessarihlAC3) for eachi € K
suchthat(M, @) E X = 7.

EX3. X is minimal; no subsebf X satisfiesEX2.
EX4. (M, @) = —(X = &) for somei € K and(M, @) }=

X = 7 for somed € K. (This just saysthat the
agentconsidersa contect possiblevheretheexplanation
is false, so the explanationis not known to startwith,

andconsidersa context possiblewherethe explanation

is true,sothatit is notvacuous.li

Our requirementEX4 that the explanationis not known
may seemincompatiblewith linguistic usage.Someonealis-
coverssomefact A andsays'Aha! Thatexplainswhy B hap-
pened. Clearly A is notanexplanationof why B happened
relative to the epistemicstateafter A hasbeendiscovered,
sinceat thatpoint A is known. However, A canlegitimately
be consideredan explanationof B relative to the epistemic
statebefore A wasdiscovered.

Considerthearsonistdn Example3.2. If the causaimodel
hasonly arsonistsaasthe causeof thefire, therearetwo pos-
sible explanationsn the disjunctive scenario:arsonistl did
it or arsonist? did it (assumingC consistsof threecontexts,
whereeitherl, 2, or bothsetthefire). In the conjunctive sce-
nario,no explanationis necessarysincetheagentknowsthat
botharsonistsnusthave lit amatchif arsonis theonly possi-
ble causeof thefire (assuminghatthe agentconsiderghese
to bethe only possiblearsonists).

Perhapsnoreinterestings to considera causaimodelwith
otherpossiblecausessuchaslightningandunattended¢amp-
fires. Sincethe agentknows thattherewasa fire, in eachof
the contets in K, at leastone of the potentialcausesnust
have actuallyoccurred. If we assumehatthereis a context
whereonly arsonistl lit the fire (and, say therewaslight-
ning) and anotherwhereonly arsonist2 lit the fire then,in
the conjunctive scenarioML; = 1 A ML, = 1 is anexpla-
nationof FB = 1, but neitherML; = 1 nor ML, = 1 by
itself is anexplanation(sinceneitherby itself is acausdn all
contts in K that satisfy the formula). On the otherhand,
in the disjunctive scenariopothML; = 1 andML; = 1 are
explanations.

It is worth noting herethatthe minimality clauseEX3 ap-
plies to all contexts. This meansthat our rough gloss of

X = ¥ beingan explanationof ¢ relative to a setC of con-
textsif X = ¥ is a causeof ¢ in eachcontet in X where
X = 7 holdsis not quite correct. For example, although
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ML; = 1 A ML, = 1 is anexplanationof fire in the conjunc-
tive scenario(if K includescontexts wherethere are other
possiblecause®f fire), it is acauseof fire in noneof thecon-
textsin whichit holds. The minimality conditionAC3would
saythateachof ML; = 1 andML, = 1 is a causeput their
conjunctionis not.

Notethat,asfor causeswe have disalloveddisjunctive ex-
planations Herethemotivationis lessclearcut. It doesmake
perfectsensdo saythatthe reasorthat o happeneds either
A or B (but | don't know which). Thereare sometechni-
cal difficulties with disjunctive explanationswhich suggest
philosophicalproblems.For example,considerthe conjunc-
tive scenarioof the arsonistexampleagain. Supposehatthe
structuralmodelis suchthatthe only causef fire arethear
sonists lightning, andunattendeadtampfiresandthat C con-
sistsof contexts whereeachof thesepossibilitiesis theactual
causeof the fire. Oncewe allow disjunctive explanations,
whatis theexplanationof fire? Onecandidatas “eitherthere
weretwo arsonist®rtherewaslightning or therewasanunat-
tendedcampfire(which got out of hand)”. But this doesnot
satisfyEX4, sincethe disjunctionis truein every context in
K. Ontheotherhand,if we do notallow the disjunctionof
all possiblecauseswhich disjunctionshouldbe allowed as
an explanation?As a technicalmatter how shouldthe min-
imality condition EX3 be rewritten? We could not seeary
reasonablevay to allow somedisjunctionsin this casewith-
out allowing the disjunctionof all causegwhich will notin
generakatisfyEX4).

We believe that, in caseswheredisjunctive explanations
seemappropriate,it is bestto capturethis directly in the
causamodelby having a variablethatrepresentthedisjunc-
tion. (Essentiallythe samepointis madein [Chajavskaand
Halpern,1997.) For example,considerthe disjunctive sce-
nario of the arsonistexample,wherethereareotherpotential
cause®f thefire. If we wantto allow “therewasanarsonist”
to beanexplanationwithout specificallymentioningwho the
arsonisfis, thenit canbeeasilyaccomplishedby replacingthe
variablesML; andML; in themodelby avariableML which
is 1 iff atleastone arsonistdropsa match. ThenML = 1
becomesnexplanationwithout requiringdisjunctive expla-
nations.

Why not just add ML to the modelratherthanusingit to
replaceML; andML,? We have implicitly assumedn our
framework that all possiblecombinationsof assignmentso
the variablesare possible(i.e., thereis a structuralcontin-
geng for ary settingof thevariables) If weaddML andview
it asbeinglogically equivalentto ML, VV ML;, (thatis, ML = 1
by definitioniff at leastoneof ML; andML; is 1) then,for
example,it is logically impossiblefor thereto bea structural
contingeny whereML; = 0, ML, = 0, andML = 1. Thus,
in the presencef logical dependence, seemshatwe need
to restrictthe setof contingencieghat canbe consideredo
thosethatrespecthe dependenciediVe have not yet consid-
eredtheimplicationsof sucha changefor our framework, so
we do not pursuethe matterhere.

3.3 Partial Explanations and Explanatory Power

Not all explanationsare considerecequallygood. Someex-
planationsare more likely than others. An obvious way to
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definethe “goodness’of anexplanationis by bringing prob-
ability into the picture. Supposehat the agenthasa prob-
ability on the set K of possiblecontets. In this case,we
canconsiderthe probability of the setof contexts wherethe

explanation)? = T is true. For example,if the agenthas
reasonto believe thatthe first arsonistis extremelyunlikely

to have causedhe fire (perhapshe had defectve matches),
thenthe setof contexts whereMLy; = 1 holdswould have

higher probability thanthosewhereML; = 1 holds. Thus,
ML, = 1 would be considered betterexplanationof thefire

in thedisjunctve modelthanML; = 1.

But the probability of an explanationis only part of the
story;theotherpartconcernghedegreeto whichanexplana-
tion fulfills its role (relative to ) in the variouscontexts con-
sidered. This becomeglearerwhenwe considermartial ex-
planations.The following example,taken from [Gardenfors,
1989, is onewherepartialexplanationglay arole.

Example 3.4 Supposé seethatVictoriais tannedandl seek
anexplanation.Supposéhatthe causaimodelincludesvari-
ablesfor “Victoria took a vacationin the Canarylslands”,
“sunry in theCanaryislands”,and“went to atanningsalon”.
ThesetK includescontexts for all settingsof thesevariables
compatiblewith Victoria beingtanned. Note that, in partic-
ular, thereis a context where Victoria both went to the Ca-
naries(anddidn’t gettannedhere,sinceit wasnt sunry) and
to a tanningsalon. Gardenforspoints out that we normally
accept‘Victoria took a vacationin the Canarylslands”’asa
satishctoryexplanationof Victoriabeingtannedand,indeed,
accordingto his definition, it is anexplanation.Victoria tak-
ing a vacationis not an explanation(relative to the context
KC) in our framework, sincethereis a contet @* € K where
Victoriawentto the Canarylslandsbut it wasnot sunry, and
in * the actualcauseof hertanis the tanningsalon,not the
vacation.

For us,the explanationwould have to be “Victoriawentto
theCanaryislandsandit wassunry.” In thiscasewe canview
“Victoriawentto the Canaryislands”asa partialexplanation
(in aformal senseo bedefinedbelow). i

In Example3.4 the partial explanationcanbe extendedto
afull explanationby addinga conjunct.But notevery partial
explanationcan be extendedto a full explanation. Roughly
speaking,the full explanationmay involve exogenousfac-
tors, which are not permittedin explanations. Assume,for
example, that going to a tanning salonwas not considered
an endogenousariablein our modelbut, rather the model
simply hadanexogenousrariableU, thatcould make Victo-
ria suntannedvenin the absenceof sunin Canaryislands.
Likewise,assumehattheweatherin Canaryislandwasalso
partof the backgroundcontext. In this case,we would still
considerVictoria's vacationto provide a partial explanation
of her suntan, sincethe context whereit fails to be a cause
(no sunin the Canaryisland)is fairly unlikely, but we can-
not addconjunctsto this eventto totally excludethatcontext
from theagents realmof possibilities.

The situationactuallyis quite common,asthe following
exampleshows.

Example 3.5 Supposehatthe soundon a television works
but thereis no picture. Furthermorethe only causeof there
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beingno picturethatthe agentis awareof is the picturetube
beingfaulty. However, the agentis alsoawarethatthereare
timeswhenthereis no picture even thoughthe picturetube
works perfectlywell—intuitively, “for inexplicablereasons”.
Thisis capturedoy the causahetwork describedn Figure?2,
whereT' describesvhetheror notthe picturetubeis working
(1 if it isandO if it is not) and P describesvhetheror not
thereis a picture (1 if thereis andOQ if thereis not). Theex-

Uo

A
N

Figure2: Thetelevisionwith no picture.

ogenouwariablelU, determineshe statusof thepicturetube:
T = Uy. TheexogenouwariableU; is meantto representhe
mysterious‘other possiblecauses”If U; = 0, thenwhether
or not thereis a picture dependssolely on the statusof the
picturetube—thatis, P = T'. Ontheotherhand,if U; = 1,

thenthereis no picture(P = 0) no matterwhatthe statusof

the picturetube. Thus,in contextswhereU; = 1, T =0 is

notacauseof P = 0. Now supposehat/C includesa context

o WherelUy = U; = 0. Thenit is easyto seethatthereis no
explanationof P = 0. The only plausibleexplanation,that
thepicturetubeis notworking, is notacauseof P = 0 in the
context igg. Ontheotherhand, T = 0 isacauseof P = 0

in all othercontextsin K satisfyingZ’ = 0. If the probability
of iy is small (capturingtheintuition thatit is unlikely that
more than onething goeswrong with a television at once),
thenwe areentitledto view 7' = 0 asa quite good partial
explanationof P = 0. i1

Theseexamplesmotivatethe following definition.
Definition 3.6: Let K;_. , be the largestsubset’ of K

1/‘7

suchthat X = 7 is an explanationof ¢ relative to Kg 2o

(It is easyto seethatthereis aIargestsuchset.)ThenX’ =7

is a partial explanationof ¢ with goodnes®r (K ¢_ . ¢|X =
Z). Thus,thegoodnes®f a partial explanationmeasureshe

extentto whichit providesanexplanationof .* Il

In Example3.4, if the agentbelievesthatit is sunry in
the Canaryislandswith probability.9 (thatis, the probability
thatit wassunry giventhatVictoriais suntanne@ndthatshe
wentto theCanariess .9), thenVictoriagoingto the Canaries
is a partial explanationof her being tannedwith goodness
.9. TherelevantsetK’ consistsof thosecontexts whereit is
sunry in the CanariesSimilarly, in Example3.5,if theagent

1Hereandelsarvhere,aformulasuchasf = Z is beingidenti-
fied with the setof contexts wherethe formulais true. Recallthat,
sinceall contetsin K arepresumedo satisfyp, thereis no needto
conditionon ¢; this probabilityis alreadyupdatedwith the truth of
the explanandump. Finally, notethatour usageof partial explana-
tion;]s relatecto, but differentfrom, thatin [ChajevskaandHalpern,
1997.
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believes that the probability of both the picture tube being
faulty andthe othermysteriouscausedeingoperatve is .1,
thenT = 0 is a partial explanationof P = 0 with goodness
.9 (with K’ consistingof all the contextswhereU; = 1).

A full explanationis clearly a partial explanationwith
goodnesdl, but we are often satisfiedwith partial explana-
tions X = 7 thatarenot asgood,especiallyif they have high
probability (i.e., if Pr()? = Z) is high). In general;there
is a tensionbetweenthe goodnes®f an explanationandits
probability.

Theseldeasalsoleadto a definitionof explanatorypower.
ConsiderExample 3.2 yet again,and supposethat thereis
anendogenousandomvariableO correspondingo thepres-
enceof oxygen.Now if O = 1 holdsin all the contets that
the agentconsiderspossiblethenO = 1 is excludedasan
explanationby EX4. But supposehatO = 0 holdsin one
context thatthe agentconsidergossible(for example,there
may be anothercomtustiblegas),albeita very unlikely one.
In thatcase,0 = 1 becomes very goodpartial explanation
of thefire. Neverthelessit is anexplanationwith, intuitively,
verylittle explanatorypower. How canwe make this precise?

Supposehat thereis a probability distribution Pr~ on a
set K~ of contexts larger than KC that intuitively represents
the agents prior probability before the explanandumy is
discovered. Thatis, Pr is the result of conditioning Pr™
on ¢ and K consistsof the subsetof X~ that satisfiesy.
Gardenforsidentifiesthe explanatorypower of the (partial)
explanationX = # of ¢ with Pr~(¢|X = 7) (see[Cha-
jewskaandHalpern,1997; Gardenfors,1989). If this prob-
ability is higherthanPr™ (), thenthe explanationmakes
morelikely. While this explanatorypower, we would argue
that a bettermeasureof the explanatorypower of X =7Zis
Pr*(lc}zz_f#p‘(’ = &). Accordingto eitherdefinition,under
reasonabl@assumptiongboutPr—, O = 1 hasmuchlower
explanatorypower than,say ML = 1. Moreover, the two
definitionsagreein thecasethat X = 7 is afull explanation
(sincethenICX:fW is justC, thesetof contextsin X~ where
 is true). The differencebetweenthe two definitionsarises
if therearecontets wherep andX = 7 both happeno be

true,but X = Z is nota causeof ¢. Suchspuriouscorrela-
tions are exculdedby our suggestediefinition. (See[Pearl,
2004 for someexamplesshawving that consideringspurious
correlationdeadsto badoutcomes.)

Again, (partial) explanations with higher explanatory
power typically aremorerefinedand,hencejesslikely. than
explanationswith lessexplanatorypower. Thereis no ob-
vious way to resole this tension. (See[Chajevska and
Halpern,1997 for morediscussiorof thisissue.)

As thisdiscussiorsuggestspurdefinitionsharesomefea-
tureswith that of Gardenfors’1988. Like him, we consider
explanationrelative to anagents epistemicstate.Gardenfors
alsoconsidersa “contracted’epistemicstatecharacterizethy
the distribution Pr™. Intuitively, Pr~ describeghe agents
beliefsbeforediscovering . (More accuratelyit describes
anepistemicstateascloseaspossibleto Pr wherethe agent
doesnotascribeprobability 1 to ¢.) If theagents currentbe-
lief in o cameaboutasthe resultof an obsenation ), then
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we cantake Pr to be the resultof conditioningPr~ on 1,
aswe have doneabove. However, Gardenforsdoesneces-
sarily assumesucha connectionbetweenPr and Pr—. In
ary casefor Gardenfors,X = 7 is an explanationof ¢ rel-
ative to Pr if (1) Pr(¢) = 1, 2) 0 < Pr(X = 7) < 1,
and(3) Pr*(<p|)f = ) > Pr (¢). (1) is the probabilistic
analogueof EX1. Clearly, (2) is the probabilisticanalogue
of EX4. Finally, (3) saysthat learningthe explanationin-
creaseghe likelihood of . Géardenforsfocuseson the ex-
planatorypower of anexplanation,but doesnottake into ac-
countits prior probability. As pointedoutin [Chajavskaand
Halpern,1997), Gardenfors'definition suffers from another
defect:Sincethereis no minimality requirementike EX3, if
X =~7Zis anexplanationof ¢, sotoois X=ZAY =7.

In contrastto Gardenfors’ definition, the dominant ap-
proachto explanationin the Al literature, the maximuma
posteriori (MAP) approach(see,for example,[Henrionand
Druzdzel, 1990; Pearl, 1988; Shimory, 1991]), focuseson
the probababilityof the explanation,giventhe explanandum
(i.e, Pr (X = Z|p) = Pr(X = 7)), but doesnot take ex-
planatorypower into account. The MAP approachs based
ontheintuition thatthe bestexplanationfor anobsenationis
the stateof theworld (in our setting,the context) thatis most
probablegiventhe evidence. The mostprobableexplanation
for ¢ is thenthe contect @* suchthatPr(@*) = maxg Pr(a).
Thus,anexplanationis a (complete)contect. Thismeanghat
partof theexplanationwill includetotally irrelevantfacts(the
agentsneezed)Moreover, it is quite sensitve to the descrip-
tion of the context (see[ChajavskaandHalpern,1997 for
details)anddoesnot directly take causalityinto account.

To someextent, theseproblemscanbe dealtwith by lim-
iting the setof candidateexplanationsto ancestorqof the
explanandum)n the causalnetwork; this also avoids mary
of the problemsassociatedvith non-causabpproachegal-
thoughit requiresthereto be a causalnetwork in the back-
ground). However, the MAP approachdoes not go far
enough. One problemis that propositionswith extremely
high prior probabilities(e.g., that oxygenis presentin the
room) will alsoreceve high posteriorprobabilities,regard-
lessof how relevantthey areto theeventsexplained.To rem-
edy this problem,moreintricate combinationsof the quanti-
tiesPr(X = 7), Pr(¢|X = #), andPr~ () havebeensug-
gestedo quantifythe causakelevanceof X=7 ony but, as
arguedin [Pearl,2000,p. 221], without taking causalityinto
accountno suchcombinationof parametersanwork.

3.4 The General Definition

In generalanagentmaybeuncertairaboutthe causaimodel,
so an explanationwill have to includeinformation aboutit.
(Gardenfors1988 and Hempel 1965 make similar obsena-
tions). It is relatively straightforwardto extendour definition
of explanationto accommodat¢his. Now an epistemicstate
K consistaotonly of contexts, but of pairs(M, @) consisting
of acausalmodel M andacontext <. Call sucha pairasitu-
ation. Intuitively, now anexplanationshouldconsistof some
causalinformation(suchas“prayersdo not causefires”) and
thefactsthataretrue. Thus,a (geneal) explanationhasthe

form (w,)? = Z), where is an arbitrary formula in our
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causallanguageand, as before, X = 7 isa conjunctionof

primitive events. We think of the {» componentsconsisting
of somecausalinformation (suchas “prayersdo not cause
fires”, which correspondgo a conjunctionof statement®of

theform F' = i = [P « z|(F = i), whereP is arandom
variabledescribingwhetheror not prayertakesplace). The
first componenin agenerakxplanationis viewedasrestrict-
ing the setof causalmodels. To make this precise,givena
causaimodel M, we say is valid in M, andwrite M = v,

if (M, ) |= v for all contexts consistentith M. With this

backgroundit is easyto statethe generaldefinition.

Definition 3.7 (¢, X = &) is an explanationof ¢ relativeto
a setKC of situationsif thefollowing conditionshold:

EX1. (M, ) | ¢ for eachsituation(M, @) € K.

EX2. Forall (M, @) € K suchthat(M, %) = X = Z and
M E ¢, X = Tisaweakcauseof ¢ in (M, ).

EX3. (¢, X = #) is minimal; thereis no pair (¢/, X' =
i) # (v, X = &) satisfyingEX2 suchthat {M"
MK): M" ="'} D {M" e M(K) : M" |= ¢},
where M(K) = {M : (M, @) € K for someii}, X' C
X, and# is the restrictionof 7 to the variablesin X"
Roughlyspeakingthis saysthatno subsebf X provides
aweakcauseof ¢ in morecontexts thanthosewhere
is valid.

—

EX4. (M,d) = —(X = %) for some(M,d) € K and
(M', @) = X = Zfor some(M’, i) € K. 11

Notethat,in EX2, we now restrictto situations(M, @) € K
that satisfyboth partsof the explanation(y, X = ), in that
M [ ¢ and(M,@) = X = & Furthermorealthough
bothcomponentsf anexplanationareformulasin ourcausal
languagethey play very differentroles. Thefirst component
senesto restrictthesetof causamodelsconsideredto those
with the appropriatestructure)the seconddescribes cause
of ¢ in theresultingsetof situations.

Clearly Definition 3.3 is the specialcaseof Definition 3.7
wherethereis no uncertaintyaboutthe causalstructure(i.e.,
thereis someM suchthatif (M’, @) € K, thenM = M’).
In this case,it is clearthatwe cantake v in the explanation
to betrue.

Definition 3.7 canalsobe extendedto dealnaturallywith
statisticalinformation of the kind considerecby Gardenfors
and Hempel. Let a probabilistic causal model be a tuple
Mp, = (S, F,Pr),whereM = (S, F) isacausamodeland
Pr is a probability measuren the contexts definedby signa-
ture S of M. Informationlike “with probability.9, X = 3"
is a restrictionon probabilisticmodels,andthuscanbe cap-
turedusinga formulain anappropriateextensionof our lan-
guagethatallows suchprobabilisticreasoning With this ex-
tendedlanguage the definition of explanationusing proba-
bilistic causaimodelsremainsunchanged.

As anorthogonalssue thereis alsono difficulty consider
ing aprobabilityonthesetk of situationsanddefiningpartial
explanationjust asbefore.
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Example 3.8: Using this generaldefinition of explanation,
considerScriven’s 1959famousparesisexample.Paresisde-
velopsonly in patientswho have beensyphilitic for a long

time, but only a small numberof patientswho are syphilitic

in fact develop paresis. Furthermore accordingto Scriven,
no other factoris known to be relevantin the development
of paresi. This descriptionis capturedby a simple causal
model Mp. There are two endogenousariables, S (for

syphilis) and P (for paresis),andtwo exogenousvariables,
U,, the backgroundactorsthatdetermineS, andUs, which

intuitively representsdispositionto paresis”ji.e., thefactors
that determine,in conjunctionwith syphilis, whetheror not
paresisactually develops. An agentwho knows this causal
modelandthata patienthasparesisdoesnot needan expla-

nation of why: the agentknows without beingtold that the
patientmust have syphilisandthat Us = 1. On the other
hand,for anagentwho doesnot know the causaimodel(i.e.,

considersa numberof causalmodelsof paresispossible),
({Mp}, S = 1) is anexplanationof paresisll

4 Discussion

We have givena formal definition of explanationin termsof
causality As we mentionedearlier thereare not too mary
formal definitionsof explanationin termsof causalityin the
literature. One of the few exceptionsis Lewis 1986a,who
defendghethesisthat“to explain aneventis to provide some
informationaboutits causahistory”. While thisview is com-
patiblewith our definition, thereis no formal definitiongiven
to allow for acarefulcomparisorbetweertheapproachedn
ary case|f wereto definecausahistoryin termsof Lewis’s
1986bdefinition of causality we would inherit all the prob-
lems of that definition. As we said earlier, our definition
avoidstheseproblems.

So what are the problemswith our definition? For one
thing, it inheritswhatever problemsour definition of causal-
ity has.As obsenedin [HalpernandPearl,2001], our defini-
tion at timesdeclaresertaineventsto be causegandhence
candidateexplanations}hat,intuitively, shouldnotbecauses
becauseahey shouldfail AC2(a). The only reasonthat they
do notfail AC2(a)is becaus@f extremelyunlikely structural
contingenciesTo someextent,we canavoid this problemby
simply ignoring structuralcontingencieghat are extremely
unlikely (thisis essentialljthe solutionsuggestedh [Halpern
andPearl,2001] in the context of causality). Of course we
cando this in the context of explanationtoo. Anotherpossi-
bility is to take the probability of the structuralcontingeng
into accounimoredirectly whencomputingthe probability of
the explanation.We arecurrentlyexploring this option.

We have mentionedthe other significantproblem of the
definition already: dealing with disjunctive explanations.
Disjunctionscauseproblemsin the definition of causality
whichis why we do not dealwith themin the context of ex-
planation. As we pointedout earlier, it may be possibleto
modify thedefinitionof causalitysoasto beableto dealwith
conjunctionswithout changingthe structureof our definition
of explanation.We arecurrentlyexploring this.

2ppparentlytherearenow otherknown factors but this doesnot
changeheimport of theexample.
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Finally, ourdefinitiongivesnotoolsfor dealingwith thein-
herenttensionbetweenexplanatorypower, goodnes®f par
tial beliefs, and the probability of the explanation. Clearly
thisis anareathatrequiresfurtherwork.
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