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Abstract

In computational markets utilizing algorithms
that establish a market equilibrium (general
equilibrium), competitive behavior is usually as-
sumed: each agent makes its demand (supply)
decisions so as to maximize its utility (profit)
assuming that it has no impact on market
prices. However, there is a potential gain from
strategic behavior (via speculating about oth-
ers) because an agent does affect the market
prices, which affect the supply/demand deci-
sions of others, which again affect the market
prices that the agent faces.

This paper presents a method for computing
the maximal advantage of speculative behavior
in equilibrium markets. Our analysis is valid
for a wide variety of known market protocols.
We also construct demand revelation strategies
that guarantee that an agent can drive the mar-
ket to an equilibrium where the agent’s maxi-
mal advantage from speculation materializes.

Our study of a particular market shows that
as the number of agents increases, gains from
speculation decrease—often turning negligible
already at moderate numbers of agents. The
study also shows that under uncertainty re-
garding others, competitive acting is often close
to optimal, while speculation can make the
agent significantly worse off—even if the agent’s
beliefs are just slightly biased. Finally, protocol
dependent game theoretic issues related to mul-
tiple agents counterspeculating are discussed.

1 Introduction

General equilibrium theory, a microeconomic market
framework, has recently been successfully adapted for
and used in computational multiagent systems in many
application domains, see e.g. [6; 16; 17; 9; 18; 2]. It
provides a distributed method for efficiently allocating
goods and resources among agents. Such a market can
have two types of agents, producers and consumers. It
has a finite number of commodities. The amount of
each commodity is unrestricted, and each commodity is
usually assumed arbitrarily divisible. Different elements
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within a commodity are not distinguishable, while ele-
ments from different commodities are. Each consumer
has a utility function which encodes its preferences over
different consumption bundles, i.e. over vectors. Each
element of the vector describes how much of a given com-
modity the agent consumes. Each consumer also has an
initial endowment of the different commodities. The pro-
ducers can use some commodities to produce others. The
production vector of a producer describes how much of
each commodity the agent produces. Net usage of a com-
modity is denoted by a negative number. A producer’s
capability of turning inputs into outputs is characterized
by its production possibilities set, which is the set of fea-
sible production vectors. The producer’s profits are di-
vided among the consumers according to predetermined
proportions which need not be equal (one can think of
the consumers owning stocks of the producers).

The market is said to be in general equilibrium in terms
of the prices on commodities, consumers’ consumption
decisions, and producers’ production decisions if

I markets clear: for each commodity, production plus
endowments equals consumption, and

II each consumer consumes a bundle of commodities
such that the agent could not afford another bun-
dle of higher utility given its initial endowments,
the current prices, and the profits it receives from
producers, and

IIT each producer uses the feasible production vector
that maximizes its profits given the prices.

If the production possibilities sets are convex, and the
consumers’ preferences are continuous, non-decreasing
and locally insatiable, then at least one such equilibrium
erists [8; 5; 15]. 1 A sufficient condition for uniqueness
of such an equilibrium is that the demand for each good
is nondecreasing in the prices of the other goods.

'If agents act competitively (as opposed to strategically
via speculation), each general equilibrium is Pareto efficient:
no agent can be made better off —with any methodology for
making decisions—without making some other agent worse
off. Such competitive general equilibria are also stable in
the sense of the core solution concept of coalition formation
games: no subgroup of agents is motivated to pull out of the
general equilibrium and form their own market.



The analysis in this paper is based on the assumption
that a protocol is used that establishes a market price
for each good such that supply meets demand, and that
reallocation is performed after these prices have been es-
tablished. There are many alternative algorithms that
can be used to find such a general equilibrium. Clearly,
if no such equilibrium exists, no algorithm can find it.
In this paper we analyze the gains and losses of strategic
behavior via speculation. We do this by analyzing the
equilibrium. If an equilibrium does not exist, the agents
will not achieve a resource reallocation, and in that case,
the gains and losses of speculation are not well defined.
The equilibrium-based analysis makes our results proto-
col independent—as long as the agents exchange goods
only after an equilibrium has been reached. This allows
our results to hold for most market algorithms that have
been used to find an equilibrium. Some of these algo-
rithms are now discussed.

To reach a general equilibrium, the price tatonnement
process is usually used. This is an iterative mechanism,
and the trades, production, and consumption are as-
sumed to occur only after the process has terminated.
At each iteration, the auctioneer sets a vector of prices.
Then all agents have to declare a vector of how much
they are willing to buy and sell of each commodity at
the current prices. Based on this information, the auc-
tioneer updates the price vector for the next iteration.
Under certain technical conditions, this process is guar-
anteed to converge to a general equilibrium [8]. Within
computational multiagent systems, Wellman has devel-
oped a general equilibrium based software system called
WALRAS. As example domains, he has used WALRAS in
flow routing in a network [16], and in configuration de-
sign [17]. Wellman discusses how the latter application
fails to meet the assumptions for existence of a general
equilibrium. For example, because some design param-
eters are discrete, production possibilities sets cannot
be convex. Mullen and Wellman have applied WAL-
RAS to a distributed information network example [9].
The iterative market process of WALRAS differs from
tatonnement. Specifically, WALRAS uses asynchronous
declarations by the agents, and the agents bid demand
functions (of price) as opposed to just quantities. This
process converges to a general equilibrium [2]. As in
tatonnement, trades in WALRAS only occur after the
market process has terminated.

In addition to the price-based market mechanisms,
resource-based mechanisms exist for reaching the general
equilibrium. In such a resource-based protocol (cf. quan-
tity tatonnement [8]), the auctioneer sets the allocation
of commodities to agents at each iteration, and agents
report how much more or less they are willing to pay for
each commodity. The auctioneer then takes these dec-
larations into account in changing the allocation in the
next iteration: agents that increase their willingness to
pay get more, and others get less than on the previous

iteration. The algorithm terminates when an equilib-
rium is reached. Kurose and Simha have developed a
market mechanism—applied to file allocation—where at
each iteration, the agents compute their marginal worths
for resources [6]. Based on these worths, resources are
reallocated at every iteration. This differs from most
other equilibrium approaches where trades only occur
after all iterations have been completed. In Kurose and
Simha’s approach, the solution gets better at every iter-
ation, and is guaranteed to finally converge to the opti-
mum. Recently, resource-based market mechanisms have
been used and thoroughly studied in electricity distribu-
tion [18]. A sufficient condition for the applicability of
our analysis to resource-based approaches is that real-
location is not performed until an equilibrium has been
reached.

Classically in equilibrium markets, the agents are as-
sumed to act competitively: they treat prices as exoge-
nous. This means that each agent makes and reveals its
demand (supply) decisions truthfully so as to maximize
its utility (profit) given the market prices—assuming
that it has no impact on those prices. The idea be-
hind this price-taking assumption is that the market is
so large that no single agent’s actions affect the prices.
However, this is paradoxical since the agents’ declara-
tions completely determine the prices. The price-taking
assumption becomes valid as the number of agents ap-
proaches infinity: with infinitely many agents (of com-
parable size), each agent is best off acting competitively
since it will not affect the prices.

However, in markets with a finite number of agents,
an agent can act strategically, and potentially achieve
higher utility by over/under representing [7, pp. 220-
223), [4]. In doing so, the agent has to speculate how its
misrepresentation affects the market prices, which are
simultaneously affected by how other agents respond to
the prices which changed due to the first agent’s strategic
actions. This paper addresses the question of how much
an agent can gain or lose by such strategic behavior in
such a complex setting of interrelationships.

The theory in this paper stems from well established
principles in microeconomics—such as general equilib-
rium theory and the theory of optimal price setting in
oligopoly and monopoly markets—and is extended for
situations where agents have estimation errors in their
beliefs regarding the behavior of other agents. First,
a general, protocol independent study of the potential
gains and losses from speculation is presented in Sec-
tion 2. This is concretized for the case where only one
agent is speculating under perfect information in Sec-
tion 3, and under biased beliefs about others in Sec-
tion 4. Simultaneous speculation by multiple agents is
game theoretically discussed in Section 5. Finally, Sec-
tion 6 concludes. Note that all numerical utility values
in this paper have been multiplied by 100 for readabil-
ity. In all, we believe that the methodology presented
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in this paper is important for builders of computational
markets where the agents represent self-interested real
world parties that can tailor their agents so as to take
advantage of the other agents in the system.

2 A Method for Analyzing the
Potential Gains from Speculation

The goal of a self-interested consumer is to find the con-
sumption bundle that maximizes its utility. To find the
optimal bundle when acting in an equilibrium market,
the consumer must speculate how other agents respond
to prices. This is because its demand decisions affect the
prices, which affect the demand and supply decisions of
others, which again affect the prices that the consumer
faces. Using the model of other agents, the consumer
computes its optimal demand decisions. Note that other
agents might also be speculating (in the same way or
some other, suboptimal way). That is included in the
agent’s model of the other agents.

The goal of a self-interested producer is to find the pro-
duction vector that maximizes its profits. 2 Again, this
requires a model of how others react to prices because the
producer’s production decisions affect the prices, which
affect the demand and supply decisions of others, which
again affect he prices that the producer faces.

Using standard notation from microeconomics, let
there be n commodities, and let the price vector be
P = [p1,p2,---,Pn), where p; is the price for good i.
Let the resulting allocation for consumers be x;(p) =
[z:1(p), zi2(P), - - -, zin(P)]T, where z;; is consumer i’s
allocation of good j. Let the initial endowments be
e; = [ei1, €i2, ..., ein]T, where ;5 is consumer i’s endow-
ment of good j. Now, consumer 7’s excess (net) demand
of good j is z;;(p) = =ij(p)—eij. Let u;i(x;) be consumer
i’s utility as a function of its allocation, and let 6;, be the
fraction of producer h that consumer i owns. The pro-
ducers’ profits are divided among consumers according
to these shares. However, the consumers are assumed to
have no say-so in the producers’ production decisions.

Furthermore, let yi(p) = [vi1(p), %i2(P), - - -, ¥in(P)]T
be the production vector of producer i, where y;; rep-
resents the amount produced, and a negative number
means that the good is an input. Let Y; be the produc-
tion possibilities set of producer i. The profit of producer
iis p-yi(p), where y; € Y;. For presentation uniformity
with the case of the consumer, we define the excess de-
mand of producer A to be z4;(p) = —ya; (P)-

Let there be k agents in addition to the speculating
agent that we investigate. The excess demand of these
k agents for good j is

k
k
(p) = ) #;(p). (1)
i=1
2This makes the standard assumption that the producer is

able to alter its production plan costlessly during the search
for equilibrium.
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For the purposes of this section, we do not make any
restricting assumptions about how these k agents make
their supply/demand decisions (which determine the ex-
cess demands). In particular, we do not assume that
agents act competitively. The speculating agent that we
investigate uses its information about z;-‘(p) as the basis
of its strategic behavior as is now described.

The total excess demand with the speculating agent
included is

z(p) = z5(P) + 2,5 (p)- ()

Once the market has reached a general equilibrium, sup-
ply meets demand, i.e. zj(p) = 0 for every good j. 3
Substituting this into (2) gives

zi(p)+ 25 () =0. (3)

2.1 Case A: Speculating Consumer

A solution to the following maximization problem gives
the highest utility that a speculating consumer theoret-
ically can obtain.

max us(x,(p)) s.t. (4)
z,;(p) > 0 (consumer does not produce)

z,5(p) = €55 — 2§ (p) (supply meets demand)

Z Osn p-yn(p) (budget constraint)

h€producers

P-2:(p) =

provided that the equilibrium is unique and the market
protocol finds it (this is discussed further in Section 3.2).
The last equality assumes that either the speculating
consumer’s utility does not decrease as the amount of
any good is increased in the consumer’s consumption
bundle, or the consumer can freely dispose of any good.
Otherwise, “=" should be changed to “<”.

2.2 Case B: Speculating Producer

Similarly to the case of a speculating consumer, a so-
lution to the following maximization problem gives the
highest profit that a speculating producer can obtain.

max p-y,(p) s.t. (5)

¥s(p) €Y, (feasible production plan)
Ysi = z¥(p) (supply meets demand)

provided that the equilibrium is unique and the market
protocol finds it. The last equality turns into y,; > 2 (p)
if free disposal [8] for both inputs and outputs is possible
for each commodity.

We call the solution to the applicable optimization
problem above (depending on whether the speculator is
a producer or a consumer) p*.

3This holds even if agents are strategic—assuming that
the particular market algorithm finds an equilibrium. The
equilibrium reflects how the speculating agent is acting
strategically, and how the other agents have reacted to the
new price vector that came about due to the strategic agent’s
actions.



3 Strategic Behavior with Perfect
Information

In the previous section we obtained a method for deter-
mining the highest utility that an agent theoretically can
obtain. This section shows how this method can be used
in practice.

3.1 A Simple Example

To demonstrate the method, we show how it applies to
a specific case. We choose a setting with no producers.
In such pure ezchange markets, the consumers just real-
locate their initial endowments among themselves [15;
5]. We choose a set of agents that is similar to the
one described by Hu and Wellman [3]. Specifically, we
let every agent—except for the speculating one that we
investigate—be a competitive agent with constant elas-
ticity of substitution, i.e. a utility function of the form

P
»

n
> izl (6)
i=1

where we have chosen a;; = 1 and p = §. Since these
agents act competitively, and the speculating agent is
assumed to have perfect information, the analysis of this
example is protocol independent as long as the resources
are reallocated after equilibrium (3) has been reached.
For simplicity and readability, we use only two goods
(n = 2). The endowments are the same for all the com-
petitive agents and they are 2 for good 1 and 1 for good
2. We let the speculating agent have the utility function

= Zln(zsj)’ (7)
i=1

and an endowment of 1 for both goods.

Most of this section is devoted to computing the gain
from strategic behavior. For the casual reader, the main
results of this section are condensed in Table 1 and Fig-
ure 1 below.

We get, e.g. from [17] and the definition of excess de-
mand, that the excess demand of the competitive agents

is
Rl — 2p1+1
Alpi=% (m(m +1) 2) ' )
Because prices are only relative, we can set one of the
prices arbitrarily, e.g. p, can be set to 1, i.e. ps =
1. From the budget constraint (p - z(p) = 0) we then

get zn(p) = —Z,--l pizi(p), ie. #5(p1) = —p1zf(p1).
Using these and (7) and (8), we get
wixtp)) = In (1 (5 -2+
2
In(l+k —ﬁ—?m

From (7) we see that r,; must be greater than zero. If
the speculating agent chooses to minimize p;, it should

sell as much of z; as possible and thus, as seen from the
expression for z,; in (9), and the requirement that z,; >

]

in _ 1 k 1
0, we have p; > p™'" = _W+\/W -+ (T’PTHT) :
Analogous rea.somng for z,o shows that p; < p*%* =

4k + \/ 4k) If k approaches infinity, both

pT™ and p"‘“ a.pproa.ch % = 0.707. Therefore, with
an infinite number of agents, the speculator cannot af-
ford to affect the price in any way.

The first derivative of u, with respect to p; is

min

Qu, _
dpy
=1 k(? 1 _ 2pi41  _ _2pi41 )+
1_k(m”';,%y_2) pilpi+1l)  pl(p1+1) pi(p1+1)?
2 2pi4l
1-k (3Bt -2, k(?+1 (p1+1)? 2)'
(10)

. du
It turns out that hmpl_,p;mﬁ—a?:- > 0 and

limp.—»p{""' g—;f < 0, and tbat the solution to %%l* =0
is unique in the interval p*" < p; < p*®®. Therefore,
the optimum, pj, is obtained by solvmg Qi‘-l =0.

The results of optimal strategic behav1or are compared
to the results of competitive behavior by the same agent.
When the agent acts competitively, the excess demand

(with uy) is 251 = L 1. Setting the excess demand
2py 41 pitl = )
to zero gives k (p—L—;l(le 2) + 1 = 0. Solving
5t g : .
for the competitive price gives p{ = / ﬁ The results
are shown in Table 1. 4
k| o™ | pU%* Py Py | us(py) | us(pi)
1 [ 0.4343 | 1.281 | 0.7601 | 0.7746 | 1.746 | 1.626
2 | 0.5403 | 1.000 | 0.7402 | 0.7454 | 2.202 | 2.152
5 | 0.6303 | 0.8262 | 0.7227 | 0.7237 | 2.614 | 2.602
10 | 0.6667 | 0.7670 | 0.7154 | 0.7157 | 2.788 | 2.784
20 | 0.6863 | 0.7372 | 0.7114 | 0.7115 | 2.884 | 2.884
30 | 0.6931 | 0.7272 | 0.7100 | 0.7160 | 2.918 | 2.918
100 | 0.7029 | 0.7131 | 0.7080 | 0.7080 | 2.967 | 2.967

Table 1: Acting strategically vs. acting competitively. k
is the number of agents acting competitively. p7™ is the
price for xy in the market when the speculating agent
sells as much z, as possible. pT*®* is the price for z1 in
the market when the speculating agent sells as much z,
as possible. pi is the market price as a consequence of
strategic acting. p§ is the market price as a consequence
of competitive acting by the same agent. The values u,
are the corresponding utilities for the agent under obser-
vation.

In Figure 1, the utility is plotted for the situations
where the agent acts strategically and where it acts com-
petitively. As expected (see e.g. [11]), the larger the
number of agents, the smaller the gain from strategic
behavior, and the less reason not to act competitively.
In this example, already when the number of competitive

4Since utility is ordinal, one should be careful when dis-
cussing degrees of improvement.
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agents is around five, the gain from strategic behavior is
negligible.

! P
——— up)

1 2 5 10 20 30 100
Number of Competitive Agents, k
Figure 1: Comparison of strategic and competitive util-

ity, u,(p7) and u,(pS). The horizontal azis shows a num-
ber of interesting values rather than a specific scale. We
see that the larger the number of agents, the smaller the
gain from strategic behavior.

3.2 Reaching Equilibrium

Obviously an agent’s best strategy is to declare an ex-
cess demand function such that the market will con-
verge to the prices that are optimal for the speculating
agent. More formally, when perfect information is avail-
able, an agent’s best strategy—even if the other agents
are not acting competitively, and some of them may be
producers—is to declare an excess demand function with
the property

z;;(p") = -z (P*), (11)
for each good j, and which has a form such that the
particular algorithm for searching for the market equi-
librium converges to p*. Depending on the setting, the
difficulty of finding such a function varies. As shown be-
low, finding it for the simple example from above where
all other agents’ supply/demand functions can be taken
as fixed (to do this, they do not have to be competitive in
general) is normally not hard. However, finding it may
be more difficult if the other agents try to act strategi-
cally via speculation as well. These game theoretic issues
will be addressed in Section 5.

Having computed the optimal speculative solution,
u;(p]), we would like to describe the strategic behavior
leading to this solution under any particular market pro-
tocol used. For example, if p; is established via an algo-
rithm whose only requirement for finding the equilibrium
is 8z1(p1)/0p1 < 0, ® and we have that 8z (p;)/0p1 < 0
(i.e. demand decreases as price increases—as is the case
in our example above), we see that if

(1) = A (p}) and 221D <o (19)
51’1

®An example of such an algorithm is binary search. The
WALRAS market framework uses this implementation.

636 DISTRIBUTED ARTIFICIAL INTELLIGENCE

there is a single solution for p; = p}, and that solution
will be found by the algorithm. ¢ It turns out that sim-
ple demand revelation strategies exist for the specula-
tor which guarantee that an equilibrium will be reached
where the speculator’s maximal gain from speculation
(derived earlier in this paper) materializes. The follow-
ing linear function defines one such strategy—i.e. it ful-
fills (12):

z1(p1) = P — 2§ (p}) — p1, (13)

where z¥(p}) and pj are the speculator’s (perfect) es-
timates of zf(p}) and p} respectively. Another viable
strategy is defined by the constant function

)= TG, ()

4 Dealing with Uncertainty: Strategic
Behavior under Biased Beliefs about
Others

This section extends the discussion to include the impact
of uncertainty on the speculating agent’s strategy.

4.1 The General Setting

Above, when an excess demand function was chosen
based on perfect information, the exact form of the func-
tion was unimportant as long as it fulfilled (12). How-
ever, if the speculating agent cannot estimate z¥ per-
fectly, its outcome will depend on the function chosen,
i.e. the choice of an excess demand function will de-
pend on the probability distribution that characterizes
the uncertainty in the speculator’s beliefs. Rather than
analyzing how the excess demand is chosen for different
uncertainty situations and how the speculator should try
to reduce the uncertainty by learning about its environ-
ment in an efficient way, we describe how, for a specific
choice of z,j, a specific error in the estimation of the
competitive agents’ behavior affects the outcome of the
market.

Independently of how the z,; function is chosen, the
possible market outcomes can be determined by solving
(3). If no solution exists, of course, no algorithm can find
it, and if multiple equilibria exist, a protocol dependent
analysis is required to find out which one will be chosen.

4.2 The Example Revisited

Returning to the above example, we first assume that
251 has been chosen as describe by (13), but that now
there is an error in the estimation. We define this error

8The above reasoning extends easily to a market with
more than two goods. If p is established via an algo-
rithm whose only requirements for finding the equilibrium
are 9z;(p)/8pi < 0 and 9zi(p)/8p; > 0, + # 7 (e.g. WAL-
RAS), and we have that 9z (p)/dpi < 0 and 9zF(p)/dp; > 0,
i # j, then (12) should be generalized to z{;(p*) = —zF(p°*)
and 9z3,(p)/3p: < 0 and dz3,(p)/dp; > 0, i # j.



learn more about other agents’ excess demand/supply
functions. If many agents are involved in such probing,
it seems that time becomes an important factor. Some
agents might reveal progressively more of their compet-
itive demands in order to speed up the convergence (as
it might be urgent for them to get the resources traded),
while others might extend the probing in order to max-
imize their benefit from the trade. °

Once the other agents’ strategies are known (e.g. from
a game theoretic equilibrium analysis), the methods of
this paper can be used to analyze the speculating agent’s
strategy alternatives. The methods are protocol inde-
pendent, and they can be used to estimate the potential
gains from speculation in any particular setting, as well
as to determine how far from the optimal strategy a par-
ticular strategy is—as long as the other agents’ strategies
can be fixed conceptually. This does not mean that they
need to be known with certainty.

The methods of this paper can also be used when game
theoretic analysis fails. Especially when speculation is
based on expected actions of other agents—instead of
a game theoretic equilibrium analysis of strategies—the
theory of speculation under biased beliefs is highly ap-
plicable. In addition, the example market used in this
paper suggests that if a market is of at least moderate
size, the gain from speculation is so small, and the risk
of being significantly worse off due to estimation error
is so great, that one can expect that each agent will act
close to its competitive behavior.

6 Conclusions

We presented a method for computing the maximal ad-
vantage of speculative strategic behavior in general equi-
librium based markets. It is computed from the other
agents’ supply/demand functions (classic competitive
behavior by the other agents is a special case of this).
The method enables one to analyze how much an agent
could gain or lose by speculating in a particular system,
and it is also useful when evaluating different strategies
since it allows one to determine how close to the optimal
strategy they are. Our analysis is valid for a wide vari-
ety of known market protocols. We also constructed de-
mand revelation strategies that guarantee that an agent
can drive the market to an equilibrium where the agent’s
maximal advantage from speculation materializes.

Our study of a particular market shows that as the
number of agents increases, the gains from speculation
decrease—often turning negligible already at moderate
numbers of agents. The study also shows that under

9Some work has addressed non-competitive behavior in
WALRAS (3], although there was only one speculating agent
in the experiments, and this agent was limited to simple lin-
ear price prediction about how its actions affect the prices.
Further analysis is required to determine whether its optimal
strategy can be captured in this model. This need not be the
case because the optimal strategy may involve some more
“aggressive” behavior, e.g. the probing described above.

uncertainty regarding other agents, competitive acting
is often close to optimal, while speculation can make the
agent significantly worse off—even if the agent’s beliefs
are just slightly biased.

We believe that computational agents representing
self-interested real world parties will deviate from com-
petitive behavior in practice only if the potential gain
from speculation is sufficiently large compared to the
cost of the computation or information gathering ac-
tions required for speculation. We also believe that an
agent will not speculate when that incurs potentially
large losses when estimation errors are present. Merging
the above results with these beliefs suggests that spec-
ulation problems diminish as the market grows or the
agents’ information about others becomes less certain.

Finally, we discussed the protocol dependent game
theoretic issues related to multiple agents counterspecu-
lating. There are many open issues in this area and the
difficulties should not be underestimated.
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through?

P — 25 (p1) = (1 + €)(pi — 21 (1)) (15)

Provided that the speculator stops learning about 2§ (p;)
at some point in time, and hereby fixes z,1(p1), any
market protocol whose only requirement for finding the
equilibrium is that dz;(p1)/dp1 < 0 (e.g. the binary
search used in WALRAS) is guaranteed to converge inde-
pendently of how large the estimation error is, since (12)
is satisfied. Inserting the expressions from (8), (13), and
(15) in (3) gives

* 2pi+l _
(1+9) (v - & (78 —2)) - ot (16)
2p1+1 -
k (px(pn+li - 2) =0.
This equation was solved for different errors e, and dif-
ferent numbers of competitive agents k. The correspond-

ing utilities—normalized to the utility that would result
from competitive behavior—are plotted in Figure 2.

0.8

2 ® ® v @ © & v © © 9
Estimation error, e, In percent
Figure 2: The utility as a function of the estimation er-

ror. k is the number of competitive agents.

As seen from Figure 2, when the number of agents is
small, the gain from speculating is large; even when there
is an error involved, it often pays off to speculate. But
as the number of agents increases, acting competitively
is close to acting strategically with perfect information,
and it is worse to speculate, even with surprisingly small
errors. The break even points for 1, 2, 5, 20, and 100
agents are at an estimation error of approximately +5%,
+3%, +1%, +0.4%, and +0.05% respectively. Looking
the other way around, with 100 competitive agents and a
+5% error (the break even error for 1 competitive agent),
the loss compared to acting competitively is substantial.

5 Strategic Behavior by Multiple
Agents

In our simple example, only one agent was speculating
and the others were acting competitively. Even though

7If the speculating agent can learn about the other agents
and change its excess demand during the market process, the
error might decrease during this process. The error described
here is the error remaining when the process terminates.
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(1)-(5) and (11)—(15) are valid even in the case where ev-
ery agent is speculating, determining market outcomes
in a protocol independent way is not possible in such
settings in general. The reason is that an agent cannot
treat others’ strategies (e.g. policies for revealing excess
supply/demand functions) as fixed because the others
would like to tailor their strategies to the specific strat-
egy that the agent chooses. The strategies are in Nash
equilibrium [10; 8; 5] if each agent’s strategy is its best re-
sponse to the others’ strategies. This can be viewed as a
necessary condition for system stability in settings where
all agents act strategically. ® In sequential protocols,
one can also strengthen the Nash equilibrium solution
concept in multiple ways by requiring that the strate-
gies stay in equilibrium at every step of the game [8;
5]. Unlike our analysis, the Nash equilibrium outcome
is specific to the market protocol. Important factors im-
pacting the outcome are the order in which bids are sub-
mitted (see e.g. Stackleberg vs. Cournot models [8]),
whether the bids are sealed or open [13], whether the
protocol is iterative (the agents can change their ex-
cess demand between iterations) or not, whether the
agents can decommit from their agreements by paying
a penalty [14], etc.

In some games, no Nash equilibrium exists in pure
(non-randomized) strategies. The following simple ex-
ample illustrates this. Let there be two consumer agents,
A and B, that engage in a market where they reveal
their excess demand functions simultaneously and in a
single round. Agent A can choose between two strate-
gies (Al and A2), and B can choose between B1 and B2.
Provided that A knows that B will choose B1, A will
choose A2, and Al if B chooses B2. Provided that B
knows that A will choose A2, B will choose B2, and Bl
if A chooses A1l. Now, from every possible pair of strate-
gies, one agent would be motivated to deviate to another
strategy, i.e. no Nash equilibrium exists. In general, ex-
istence and uniqueness of a general equilibrium (where
agents act competitively) for a market does not imply
existence and uniqueness of a Nash equilibrium (or an
individually rational non-cooperative equilibrium [7]).

We argue that for each protocol proposed for im-
plementation of equilibrium markets including self-
interested computational agents, a thorough game theo-
retic analysis should be attempted [14; 13; 12]. However,
as discussed above, some games lack a Nash equilibrium,
or it may not be unique. In addition, some protocols
are hard to analyze game theoretically. For example, in
WALRAS, the agents might change their demand func-
tions during the computation of the equilibrium. Then
some agents may deliberately send false bids to gener-
ate more iterations of the market process in order to

8 A stronger condition of stability is to require incentive
compatibility, i.e. that an agent’s strategy is optimal (for
the agent) no matter what strategies others choose. Market
protocols have been studied using this solution concept in [1].



