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Abstract

Reasoning with relative orders of magnitude
is particularly appropriate when it is neces-
sary to capture commonsense reasoning and
tackle engineering tasks involving complex
physical systems. The first systems to be pro-
posed, FOG [Raiman, 1986] and O(M)
[Mavrovouniotis and  Stephanopoulos,
1987], are however limited and thus not
widely used.

In this first paper, only symbolic reasoning is
considered, and the limitation due to the
impossibility of expressing a gradual change
in order of magnitude is tackled. A new
relation “to be distant from” is introduced,
followed by the 15 axioms of the ROM(K)
system and 45 or so properties which have a
clear qualitative meaning. A simple algebraic
formalization of this perfectly symmetric
framework with two degrees of freedom and
a set structure overlap is then given, its con-
sistency being proved by building a family of
models in the field of real numbers of non
standard analysis. The result is 15 primitive
relations which, thanks to their overlapping,
allow gradual transitions in order of magni-
tude to be expressed smoothly.

The conclusion leads into the second paper
[Dague, 1993] which concerns the sound
transposition of the rules of O(M) in R for
connection with the numeric world and
control of the inferences.

1 Introduction

The use of qualitative reasoning has expanded consid-
erably since the eighties [Bobrow, 1985], the principal
field of application being the behavioral modeling of
physical systems when purely numeric models are too
complex or when available knowledge is imprecise or
uncertain. For these intelligent engineering tasks, qual-
itative reasoning methods are required that are suffi-
ciently flexible and subtle to be able to incorporate
numeric processing and be implemented efficiently.
The first qualitative models used only signs of quan-
tities and associated equations, called confluences
[de Kleer and Brown, 1984, Dormoy and Raiman,
1988]. This structure of signs {—,0,+,?}, even coupled
with the structure of real numbers and using computer

algebra as in MINIMA [Williams, 1988], is in general
insufficient. Improvements allowed qualitative classes
to be expressed from an ordered set of landmarks
[Forbus, 1984, Kuipers, 1986], but this sometimes led
to interval calculus which raises some difficulties at the
qualitative level [Struss, 1988]. This can also be seen
as reasoning about absolute orders of magnitude
represented by a partition of R. A general algebraic
structure, called Q-algebra, has been defined in this
framework [Travé-Massuyés and Piera, 1989], but
many problems still need to be overcome if an efficient
tool is to be built from this axiomatics. Some attempts
to unify the various quantity spaces have also been
made [Murthy, 1988].

Another approach is to take relative orders of magni-
tude, represented by binary relations expressing respec-
tive orders of magnitude between two quantities, in
order to capture a type of commonsense reasoning
used by experts (“close to”, “negligible w.r.t.”) when
simplifying problems. It is this type of relative order of
magnitude reasoning that concerns us here, more pre-
cisely when relations r are invariant by homothety (Ar
B depends only on A/B). The first attempt to for-
malize such reasoning appeared with the formal system
FOG [Raiman, 1986], based on 3 basic relations and
described by 32 inference rules. It has been used suc-
cessfully in the DEDALE system of analog circuit
diagnosis [Dague et al., 1987] for reasoning about the
current intensities, which are not directly observable.
Nevertheless, FOG has several limitations and cannot
really be used in engineering. The two most obvious
ones are the difficulty to incorporate quantitative infor-
mation when available and the difficulty to control the
inference process, in order to obtain valid results in the
real world. These problems were pointed out in
[Mavrovouniotis and Stephanopoulos, 1987] but the
proposed system O(M), made up of 28 relations, does
not really solve them (the validity in R is not guaran-
teed any more than in FOG when chaining rules).

In fact, trouble arises already at the formal level both
in FOG and O(M) when wanting to express a gradual
change from one order of magnitude to another: only a
steep change is possible, due to the non overlapping of
the orders of magnitude. In this paper, the uf eas of
which were sketched in [Dague, 1988], a solution to
this problem, in the shape of a formal system, is given
that is based on sound principles. The second paper
[Dague, 1993] shows how to transpose this system to
R with a guarantee of soundness, solving the two other
problems mentioned above.

The present paper is organized as follows. Section 2
explains why FOG is unable to express changes in
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order of magnitude smoothly. Section 3 contains the
15 axioms of our system ROM(K) and their qualita-
tive meaning, with in particular the introduction of a
new relation “to be distant from”. Section 4 gives a
series of properties that can be derived from the
axioms. These properties have an obvious and intuitive
interpretation in qualitative terms and will be used
together with the axioms as inference rules. In section
5 a very simple algebraic formalization of ROM(K) is
given, which provides a set overlap. Section 6 is a pres-
entation of models of ROM(K) in non standard anal-
ysis, ensuring the consistency of the axioms. In section
7 the objective of allowing smooth changes in order of
magnitude is shown to have been attained. Section 8
lists a series of 15 primitive relations allowing the
building of 47 compound ones. Section 9, the conclu-
sion, introduces the second paper [Dague, 1993] con-
cerning the translation of the results in R.

2 The problem of smoothly expressing
changes in order of magnitude

The formal system FOG introduced three relations Vo
(“close to”), Co (“comparable to”) and Ne (“negligible
w.r.t.”), the axiomatics of which was described by 32
rules. This set of rules was not minimal, a lot of rules
being redundant or consequences of other ones. It was
proved to be consistent by giving an interpretation of
the relations in the field of real numbers R of N.S.A.
(Non Standard Analysis), such that all rules were true
in this interpretation.

When using FOG for symbolic representation and
reasoning, a lack of expressivity arises. For example, in
order to describe the relative orders of magnitude of
two positive quantities A<B that gradually move
apart, only the following exclusive relations can be
expressed: A Vo B, =(A Vo B) A A Co B, A Ne B.

Having such exclusive relations as primitives is not
satisfactory for knowledge representation. In this
example, 1t does not capture the gradually increasing
“distance” between A and B. When modeling the
behavior of a device, or a process, it is in general
impossible to use such an abrupt discontinuity: how
can one say that one suddenly passes from A Vo B to
—(A Vo B) A A Co B ? An answer is generally to
drop the principle of the excluded middle and to use
compouncf relations built as disjunctions of successive
primitive ones in order to obtain overlapping relations.
This gives in our case: A Vo B, A Co B, —(A Vo B)
A A Co B, —(A Vo B), A Ne B.

The problem is that the two new relations thus
created are too coarse to express the transition between
the adjacent relations and therefore carry very little
information. This lack of flexibility comes from the
fact that in some sense FOG has only “one degree of
freedom”. Indeed, it results from the rules of FOG that
Ne is defined in terms of Vo and from the interpreta-
tion given in N.S.A that Co is nothing else than the
negation of Ne, i.e. for positive quantities A and B
one has: A CoB < —(A Ne B) A —~(B Ne A).

Thus, everything can be expressed with only one
relation. It can be objected that the above property of
Co comes from the given interpretation but is not
expressed in the rules: one of the rules just says that
Co implies — Ne, but not the converse. But, firstly, it
would still have to be shown that the converse is not a
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logical consequence of all the rules (we will actually
prove this result by producing an interpretation in
which the converse does not hold) and secondly,
admitting this result does not give a satisfactory answer
to the problem. In fact, not only does the problem of
the transition between Vo and — Vo remains unsolved,
but the rules of FOG do not provide any direct infor-
mation about the new exclusive relation —(A Co B) a
—(A Ne-B) that would be introduced “between” Co
and Ne.

In terms of sets (since the relations are invariant by
homothety they can equally be represented by the sets
of elements which are related to 1), the problem comes
from that the sets do not overlap. The idea is thus to
introduce a fourth set to make the structure overlap.
This is done by introducing a fourth relation which
captures the intuitive notion “to be distant from” and
solves the problem of transition between orders of
magnitude at the symbolic level, by giving means to
define and use overlapping relations. In addition this
gives an elegant and completely symmetric axiomatic
framework with “two degrees of freedom” (constrained
by a dependency relation).

3 Axioms of ROM(K)

Quantities are taken in a totally ordered commutative
field K (K is thus characteristic zero, i.e. it contains the
field of rationals @ as a subfield) and the formal
system ROM(K) is defined by 15 axioms noted (Ai),
in which four binary relations =, ~, € and % are
involved. The intuitive meanings of these relations are
the following: ~ stands for “close to”, ~ for “compa-
rable to” (same order of magnitude), < for “negligible
w.r.t.” and ¢ for “distant from”. The first three are thus
analogous to Vo, Co and Ne of FOG respectively; the
last one is a new defined relation. In the following,
[A] stands for the sign of A induced by the total order
of K and |A| stands for the absolute value of A. The
15 axioms are as follows:

(Al)
(A2)
(A3)
(Ad)
(A3)
(A6)
(A7)
(A8)
(A9)
(A10)
(All)
(A12)
(A13)
(Al14)
(A15)
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This set of axioms will later be shown to be con-
sistent and is assumed to be minimal, i.e. no axiom is a
logical consequence of the others. This will appear as
a reasonable conjecture with the algebraic formulation
of the axioms given later. Note that the first 12
axioms are present (in the same form or as particular
cases) in the rules of FOG (see rules Al, R0, R3, R1,
R5, R2, R22, R21, R10, R23 and R24, R8, R17
respectively) and that the last 3 do not appear in FOG.



Let us now look at these axioms in more detail.
Two axioms are equivalences that can be seen as defi-
nitions: (A10) defines the relation < in terms of ~ (a
quantity is negligible w.r.t. another iff the quantity
obtained by adding it to the second one remains close
to this second one) and (A15) defines the new relation

in terms of ~ (two quantities are distant iff their dif-
erence is comparable to one of them). Thus, there are
only two basic relations ~ and ~, the properties of
which are given by the other 13 axioms: note that
axiom (All) has-been written using < only for con-
venience but, taking into account definition (A10), it
could equally well have been written as:

(Al11) B~C, B (B+A) — C=x (C+A).

Axioms (Al) to (A3) state that ~ is an equivalence
relation (reflexive, symmetric and transitive) and
axioms (A4) to (A6) state that ~ is also an equivalence
relation, which is coarser than ~ (see (A6)).

The two axioms (A7) and (AB) state that both ~ and
~ are stable by homothety (relation between A and B
depends only on the ratio A/B). It follows that the
two relations & and ~ are entirely determined by the
class of 1 for ~ and the class of 1 for ~.

Axiom (A9) introduces a coupling between these
relations and signs: any element in the class of 1 for ~
is positive. In fact, it can easily be deduced from
(A8,A4,A9) that two elements which are comparable
(and a fortiori (by A6) which are close) have the same
sign  (see  property (P1)  below).  Unlike
[Mavrovouniotis and Stephanopoulos, 1987], it is con-
sidered important to incorporate the sign in the
notions of close and comparable, i.e. to consider these
relations as applying to algebraic quantities with their
sign and not to absolute values of quantities. In this
way it is possible, for example, to derive [A]=—[B]
from A+ B+ C=0 and C<A: if we have 3 currents at
a node with one negligible w.r.t. another, then one of
the two main ones i1s flowing in and the other is
flowing out. It follows in particular that the only
quantity comparable to 0 is 0 itself.

Axiom (A11) expresses the intuitive relation between
the two notions “negligible” and “comparable”: if two
quantities are comparable, any quantity which is negli-
gible w.r.t. the first one is also negligible w.r.t. the
second one. As mentioned above, it expresses in fact a
coupling between the two basic relations ~ and ~ (see
(A11%): if two quantities are comparable and if adding
a third quantity to the first one gives a close quantity,
then adging the same quantity to the second one will
also give a close quantity.

Axioms (A12) and (A13) state that both relations =~
and ~ between two quantities (necessarily having the
same sign by (P1)) are preserved by adding a quantity
of the same sign, i.e. wﬂen moving the two quantities
away from 0 by the same amount. It is easy to prove
that, using invariance by homothety (A7) (resp. (A8)),
the axiom (A12) (resp. (A13)) is equivalent to saying
that if two quantities are close (resp. comparable) then
any quantity between them (for the order of K) is
close (resp. comparable) to them (see properties (P21),
resp. (P22) below). Considering the second formu-
lation of (A13), more precisely using (A13,A8,A4,A5),
it is clear that the axiom (A9) expressing the coupling
of ~ with signs could be replaced by the weaker axiom
that simply says that the relation ~ is not the universal
relation: 3 A,.B —(A ~ B).

Axiom (Al4) states that, by adding a quantity to
itself, one obtains a comparable quantity, i.e. that 1
and 2 are comparable. In fact, assuming the axioms
(A4) to (A8), (A10) and (A13), it is possible to show
that this new axiom (A14) is simply equivalent to:

FA#B e Q) (A~B or A<B)
i.e. there exist at least two different standard positive
rational numbers that can be compared by the relation
(A ~B or A < B). Adding this new axiom to the
others is thus not very restrictive, and would seem to
be the very least that we could demand if we want
enough, though not all, positive quantities to be com-
parable by this relation (remember that in the N.S.A.
interpretation of FOG, any two positive quantities
were comparable by this relation).

4 Properties of ROM(K)

Here are some properties (Pi) of ROM(K), i.e. theo-
rems that can be demonstrated from the axioms (Ai).
Only those properties that have a clear intuitive qual-
itative meaning and illustrate the qualitative dependen-
cies between the four relations are given. Along with
axioms, they will constitute production rules of a sym-
bolic deduction system ROM. Some of these proper-
ties are similar to rules of FOG (in fact all rules of
FOG can easily be proved to be true in ROM) and a
lot of them are original: it is particularly the case of the
19 properties (P26) to (P44) which concern the new
relation . Proof comes down to simple algebraic cal-
culus and properties are given in a logical order which
makes it easier to demonstrate a new property by using
previously demonstrated properties and axioms, which
are indicated between parentheses.

(P0) A~A (AlAS6)
(P1) A~B — [A] = [B] (A8,A4,A9)
(P2) 0<A (AI0Al

(P3) A<B —» CA<CB (Al0,A7)
(P4) A<B, A~C — C<B

(A10,A2,A6,A11)
— (A+B) < C

A

5>
o
>

<B > A< (B+A), A< (B-A)

A (P9)
(P11) A<B, B<C — A<C
Al 4

|Al

(A10,A6,P1,P5)
(P14) two from (A ~ B, A
— A=B=0 (P1,A4,AllP

(P15) C~(A+B), C<A — [A] = —[B]
(P4,P5,A10,A6,P1)

(P16) A< B, [C] = [B] » A < (B+C)
(A10,A12)

(P17) AxB, CxD, [C] = [A] » (A+C) =~
(B+D) (A12,A6,P1,A3)

(P18) A~B, C~D, [C] = [A] = (A+C) ~
(B+D) (A13,P1,A5)
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(P199 A<B, C<D, [B] =[D] —» (A+C) <

(B+D) (A10,P17)

(P20) (A+C)<(B+C), [C]=[A] — A<B
(P3,P13,P16)

(P21) AxB, A<C<B - CxACxB
(A7,A12,A1,A2)

(P22) A~B, A<S<C<B -~ C~AC~B
(A8,A13,P0,A4)

(P23) (B+C)< A, [B]=[C] —» B« A
(A10,A7,A12)

(P24) A<B, ICI<|A|, ID|=|B|] —» C<D
(P16,P23,P5,P8,P2,P12)

(P25) A~B —» A~ (A+B) (Al3,A14,A5)

(P26) A+B — B4+ A (Al

(P27) 0 A (Al5P0)

(P28) A+A—A =0 (AI5P)])

(P29) A 4 (A+A) (Al5A14)

(P30) A —-A (Al5A14,A4)

(P31) A<B or B<A or A~—B — A4B
(A15,P5,A10,A6,A4,P25)

(P32) A<B or A~B or A~-B — A%

(A+B), A% (A-B) (Al5A10,A6,P8,A4,P25)

(P33) A # (A-B), B4 (B-A) < A~B or A
~—B (Al5,A4,A8 AS5,P25)
(P34) A~xB, A#B A=B=0
(A15,A10,P5

- B (AI5,AS8)
, C<A — C < (A-B)
(A15,A4.A11,P16,P12,P2,A13,A5,P8)

> (C=A) ~ (C—B)

C#D

(%3+C) ~B

R

B > C4D
(P26,P35,P28,P27,A15,A13,P1,A14,A5,A8,A4,P25,P22)
(P41) [A]#[B] — B (P27,P40,P26)

(P42) (A+C)# (B+C), [C]=[A] —» A% B
(P35,P40,P26)

(P43) A ¢ (A+B) — A # (A—B)
(A15,P25,P27,A13,A8,A4,P26,P42)

(P44) A~B or A3+ B
(P41,P0,A8,P35,A4,P26,A14,P22,P29,P40)

Let us now look at some of these properties in more
detail.

(P3) states that < is stable by homothety.

(All) and (P4) state that < is compatible with ~
and thus defines a relation between equivalence classes
for ~.

(P11) proves the transitivity of <. We can conclude
from all this that the relation (A ~ B or A < B) is a
partial preorder, that ~ is the associated equivalence
relation and that < is the induced strict order between
equivalence classes for ~ (other than the class {0}).

(P14) proves that the four relations A ~ B, A ~ —B,
A < B, B <€ A are two by two exclusive, except when
A=B=0. Notice that it is not assumed that, given
any A and B, one of these relations always holds. In
fact, (A4,A8,P3,P5,P8,P2,P1) are used to demonstrate
that this would be equivalent to assuming that (A ~ B
or A < B) is a total preorder on positive elements.

Using the above properties about ~ and <, it is easy
to show that if the relation & is not trivial, i.e. does
not coincide with equality (which is equivalent by
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(A6,P1,A7,A10) to saying that there exists I # 0 such
that I < 1), then the field K is non archimedean (by

using standard integers).
From (A14,P25,,A4,A5,A8) any positive standard

rational number and more generally by (P22) any

element between two positive standard
numbers is in the class of 1 for ~. Thus, by (A11,P13),

rational

any positive element I such that [ < 1 is smaller than

all positive standard rational numbers.
(P34) proves that the two relations ~

and ¢ are

exclusive, except for A=B=0. But it is not assumed

that for any given A and B we have (A ~ B or A ¢

B), which would mean that ¢ is nothing else, on non

zero elements, than the negation of ~.
(P32,A10,P33,P5), it is shown that it would be equiv-
alent to assuming that for any given A and B we have
(A~B or A~—-B or A< B or B<A).

(P38) shows that 4 defines a relation between equiv-
alence classes for ~: if two quantities are close, then
any quantity which is distant from one is distant from
the other. From (P37), the two distances are close.

In (P39) the conditions about C are in particular sat-
isfied when both (C <« Aor C ~ A) and (C <« Bor C
~ B) are true, by (A10,A6,A4,P25).

(P44) proves in some sense a completeness result:

In fact, using

any given two elements are always related by ~ or by

# (not exclusively cf. (A14) and (P29)).
5 Algebraic formalization of ROM(K)

This is in fact a very simple algebraic characterization
of the axioms of ROM(K). Taking into account the
invariance by homothety of the four relations (A7, A8,

P3, P35), it is just as possible to work with the sets of

elements that are related to 1 as with the relations
themselves. More precisely, let the 4 sets be:

V={AlA~1},C = {A|A ~ 1},

N={AlA<1},D={A|lA %1}

The 4 relations are recovered from these sets by:
AxB «— A/Be Vor A=B=0,A~B
A/B e Cor A=B=0,A<B « A/Be Nor
A=B=0,A%B <« A/Be DorB=0.

Axioms (A10, Al5) express the definitions of N in
terms of ¥ and of D in terms of C by:

@N=V-1 and @W)D=1-COYyl/(1-C0C).

The axioms (Al to A3) (resp. A4 to A6) saying that
~ (resp. ~) are equivalence relations state that ¥ (resp.
C) is a multiplicative subgroup of K°, and in fact of K}
from the sign condition (A9). Moreover V is a sub-
group of C from (A6). Axioms (Al12, A13), or more
explicitly their equivalent forms (P21, P22), state that
V and C are convex subsets of K. We thus have:

(iii) ¥ € C are multiplicative convex subgroups of K.

Finally, (A11) and (A14) are expressed by:

(iv) /V 1s stable by product by C and
(v) C is stable by addition.

(1) to (v) thus give a concise algebraic axiomatics of
ROM(K). What is interested is a non trivial model,
i.e. such that N # {0}, which is equivalent to ¥ # {1}.
Note that, in the more recent set-based general frame-
work for order of magnitude reasoning presented in
[Raiman, 1991], the above sets /V and C correspond to
the sets Small and Rough respectively (see Fig. 1).

From (i) to (v), and by using simple algebraic com-
putation, the following results can be proved directly,



the counterparts of which can easily be found in some
of the properties (Pi):

CANN=0Q0 YND=0 CND>Qo({l}
Nc -CyNy€ccecs C-CccCcyb=xK
where C — C is a subring of K and N is an ideal of C
— C. But note that the set —C |J N |J C, which is
closed by opposite and product, is not closed in
general by addition (the difference between two ele-
ments in C does not necessarily belong to this set).
More precisely, the following equivalences hold:
K=CU-CUNUI/N <« K=VUD =
—-CUNUCisaring < -CUNUC=C-C

All these are the same, in terms of relations, as
saying that, in some sense, ~ is nothing else than the
negation of <€ on positive elements:

A~B « —=(A<B)aa(B<A)A[A]=[B]
for non zero A,B. This is also equivalent to saying that
# is nothing else than the negation of ~ on non zero
elements:

A ¥ B «> —(A =~ B)for non zero A,B.

Let us call these equivalences property F.

This clarifies the links between ROM(K) and FOG,
because the model proposed for FOG is exactly the
same as the particular case of ROM(K) satisfying
property F. But this leads to the removal of the “gap”
between NV and C (or between V and D) and to having
only one degree of freedom instead of two.

< C
K 0 0 1
N v
D > e p——

Fig. 1

6 Models of ROM(K) in Non Standard
Analysis

Having seen the axioms and properties of the formal
system ROM(K), what is now required is a model in
order to prove that axioms are consistent. This model
must not possess the property F, so as to show that it
is a richer system than FOG. We already know that
there is no model in the field R of standard real
numbers because, when using standard integers, K
does not satisfy the archimedean property. Models
will be in the field K=R of real numbers of N.S.A,,
but will be different from that of FOG.

] <—C=A—>

<« >
R | 08 1
N=gxTI

Fig. 2
Let I be the infinitesimals of R, and A+ the appreciable
positive real numbers, i.e. those which are limited (not
infinitely large) and not equal to an infinitesimal. 4+ is
made up of all real numbers that are equal to a

standard positive real plus an infinitesimal. The sets C
= Atrand D = (1 -C U 1/ — C) are now
defined. D is thus exactly the complementary in R of
the halo of 1 (halo(1) = 1+halo(0) = 1+/). Then a
positive infinitesimal ¢ is chosen arbitrarily (a family of
models, depending of one degree of freedom, is thus
obtained, in contrast to the model of FOG which was
fixed) and the sets V = ¢-halo(0) = {a € Rla/e €
halo(0)} = gsxili el} =exland V =1 + N =
e-halo(1) = 1 + ex[ are defined (see Fig. 2).

It is now easy to prove that properties (i) to (v)
expressing the axiomatics of ROM(K) are satisfied by
the four sets just defined. Moreover, as ¢ does not
belong to C or to N, or equivalently as 1+ ¢ does not
belong to D or to V, the property F is not satisfied,
and the present models are thus different from the
trivial model of FOG: there is a “gap” between C and
N (where ¢ is) and between D and V (where 1+ ¢ is).
In fact, in each particular model we have an ¢ € ]0,1[,
with ¢ ¢ C and ¢ ¢ N, such that the following two
properties hold for any positive A and B (with an
exclusive disjunction):

(A~ B) v (exA < B) v (exB < A)
(A # B) v (ex(A—B) < B)

Remark that if ¢ had been chosen from A+, the exact
model of FOG with N = [ and ¥ = halo(l) = com-
plementary of D would have been obtained. Neverthe-
less, the archimedean and continuity axioms required
in [Raiman, 1991] are satisfied in these models (using
respectively infinitely large integers and infinitesimals).

7 Smooth changes in order of magnitude

Coming back to the formal system ROM(K), it is now
possible to show how it solves the initial problem of
smoothly expressing the changes in order of magni-
tude. This is achieved thanks to the overlapping of the
relations that can be defined. Starting with the four
relations of ROM(K), and trying to describe the suc-
cessive relative orders of magnitude of two positive
quantities A < B that gradually move apart, the fol-
lowing would be obtained, in a strict two-valued logic
without uncertainty:

AxB, -(Ax~B)ar ~-(A#B),A+B A A~B,
-(A ~B) A -(A<B), A<B.

But in fact the existence of the two relations —(A ~
B) A =(A % B) and -(A ~ B) A —~(A < B), which
were void in the case of FOG and which correspond to
the gaps created in our theory, is not allowed. Instead
these gaps will be used as “fuzzy” transition zones.
Introducing uncertainty now by dropping the principle
of the excluded middle, the following “scale” of
relations for expressing the increasing space between A
and B is obtained:

A~B, -(A%B), -(A~¥B)AA~B,A¥BarA
~B,A¢B A —(A<B), -(A~B),A<B.

The result is 7 basic relations that now overlap,
instead of the 3 non overlapping ones &, =~ A ~, <
which would result from the property F (case of
FOG).

8 Primitive and compound relations

Taking into account signs and identity, the 7 basic
relations above give 15 primitive relations, noted as
follows:
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These relations overlap (see Fig. 3) and permit a
smooth transition between different orders of magni-
tude. They have to be compared with the 7 non over-
lapping relations of O(M) coming from the 3 basic
ones of FOG. As said previously, it is important to
notice that ~-a<{ , @* Al , <A< , >A>= are not
existing relations in our system. Rules of inference of
the formal system ROM, coming from axioms (Ai)
and properties (Pi), can be expressed for these 15
relations (it is just necessary to consider the signs of
the quantities and split the different cases into prem-
ises, which may improve the conclusion thanks to this
new knowledge).

Adding the 47 compound relations obtained by dis-
junction of successive primitive relations gives a total
of 62 legitimate relations, to be compared to the 28
relations of O(M).

9 Towards numeric reasoning with relative
orders of magnitude

We now have a clear, sound and rich system to
formally reason about relative orders of magnitude and
help guide intuition. It allows in particular the evolu-
tion of behavior when modeling physical systems to be
qualitatively described. Gradual changes in order of
magnitude are useful for the expert to define the
models and more information can be deduced by infer-
ence than with FOG or O(M). This clearly appears in
DEDALE when modeling a transistor and looking for
the actual behavior of a circuit [ Dague, forthcoming].
Nevertheless, the two other limitations mentioned in
the introduction, i.e. the lack of a numeric-symbolic
interface and the difficulty to control the symbolic
inference process, remain present in ROM as in FOG.
This restricts the use of ROM to cases where addi-
tional information is available, such as the fact that
inference paths can be controlled from the circuit
design, or when the expert guides the inferences, which
can easily be understood because of their obvious qual-
itative meaning. But the fact that, as for FOG, there is
- no model of ROM in R, since rules such as transitivity
of ~ and ~ (A3,AS5) or (Al4f are_obviously being
infringed when recursively applied, limits its use in
general enginee tasks. It is thus necessary to sup-
plement the formﬁ system by a sound order of magni-
tude calculus in R. All the theoretical framework
presented above is a source of inspiration for this task
and all the rules of ROM, since they capture pertinent
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qualitative information, will serve as guidelines for
inferences in R. The second paper [Dague, 1993]
demonstrates the exact counterpart in R of all axioms
and properties of ROM, leading to a powerful tool
combining quahtatlve/symbohc and
quantitative/numeric reasoning.
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