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Abstract

Recent work in theoretical machine learning
has produced many important results, primar-
ily using the PAC-learning model. These re-
sults show algorithms to be capable of learn-
ing a concept within a certain error tolerance ¢
with a polynomial number of examples. Exper-
imental machine learning, on the other hand,
has produced impressive results using far fewer
examples than would be required by PAC-
learning models. In this paper, we propose
a new theoretical model in which the teacher
knows the learning algorithm and chooses ex-
amples in the best way possible. We call this
the Helpful Teacher model, and note that it of-
ten requires a very small number of examples
to learn a concept. The model applies to both
exact learning and approximate learning. We
prove some lower and upper bounds for a va-
riety of concept classes, and we observe that
some of these bounds correspond closely to re-
cent experimental results. We also note that
strategies discovered using this model provide
insights into the design of practical machine
learning algorithms.

1 Introduction

The experimental and theoretical machine learning com-
munities have produced numerous important results in
recent years. Since Valiant’s introduction of the proba-
bly approzimately correct (PAC) learning model [27, 28],
the theory community has produced results for a wide
variety of concepts. To cite just a few examples, results
have been proven for intersection-closed concept classes
such as rectangles [13], for general closed curves (15,
12, 14, 2], and for Boolean formulas [28]. However, if
one looks at the actual numbers generated by the PAC-
learning bounds, the number of examples required for
learning (the “sample complexity”) is very large com-
pared to the number typically contained in an experi-
mental data set. Similar observations, and other crit-
icisms of current work in formal learning theory, have
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been made recently by a number of experimental ma-
chine learning researchers, e.g., Amsterdam (3], Buntine
[7], and Pazzani and Sarrett [19]. As an example of
the sample complexity produced by PAC-learning anal-
yses, consider an upper bound given by Aha et al. [2] for
a nearest-neighbor algorithm learning closed curves: to
achieve a 1% error rate for a data set with 10 variables
requires approximately 2°% examples. Obviously no real
data set can contain such a large number of examples.
Buntine [7] and Pazzani and Sarrett [19] have proposed
average-case formal models in attempts to remove this
discrepancy, with some positive results.

In the experimental learning community, many im-
pressive results have been produced in recent years, us-
ing a broad range of algorithms on a variety of real-
world data sets. For example, machine learning pro-
grams have outperformed experts (or other techniques)
at breast cancer prediction and prognosis [18, 23, 24,
29, 17], diagnosing thyroid disease [29], predicting pro-
tein secondary structure [21, 8] and classifying DNA pro-
moter sequences [26, 9]. In most of these cases, only a
few hundred examples were available in the data set.

This discrepancy suggests the following questions:

e What is the minimum number of examples needed
to learn a concept?

e What is the minimal representation for a given con-
cept?

e What is the most effective way to teach a concept?

e What is the effect of providing additional examples
to a partially constructed representation?

To answer these and other questions, we introduce a
new theoretical learning model, the Helpful Teacher. In
our model, the teacher knows the learning algorithm and
chooses examples in the best way possible. By “best” we
mean the learning algorithm requires a minimal number
of training examples to learn a concept. The teacher
also knows the target concept, and is able to compute
a representation of that concept in the same language
used by the learner. In some instances, we have found
sample complexity bounds with this model that are rel-
atively close to experimental results. As a result, the
Helpful Teacher reduces the discrepancy between theory
and practice enormously and may provide new insights
for experimental machine learning research.
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The Helpful Teacher model also answers some of the
objections raised against theoretical analysis by the ex-
perimental community. Because the Helpful Teacher
model provides absolute lower bounds on the number of
examples required for learning (in the sense that these
are best-case lower bounds), these numbers can be used
to guide our data-gathering efforts; i.e., we can use lower
bounds for a concept class to determine the number of
examples that must be supplied to a learning algorithm.
In addition, the Helpful Teacher model allows us to prove
that some concept classes have ezponential sample com-
plexity, as we show below. Because this is a best-case
analysis, these classes can be considered “hard” prob-
lems for any learning algorithm for which such a result
exists.

The Helpful Teacher model also provides insight into
the complexity of student-teacher interactions for real
world problems. The results presented below begin to
answer an important question that has not previously
been asked by the machine learning community, namely:
when a teacher is trying to communicate a concept via
examples (whether the student is a human or a com-
puter) how much information must be communicated in
order to ensure that the student has an accurate model
of the concept? Below we show that, for many con-
cepts, surprisingly little information is required. In ad-
dition, the study of helpful teachers produces insights
into strategies for good teaching, which is an area of re-
search not usually considered within machine learning
work.

In this paper, we address the Helpful Teacher problem
in the framework of geometric concept classes. We as-
sume that the learner is using the nearest-neighbor learn-
ing algorithm, and we prove lower and upper bounds on
the sample complexity of a variety of geometric concept
classes, including half planes, rectangles, parabolas, and
general polygons. Further, we should note that learn-
ing algorithms using the Helpful Teacher model can, for
some concept classes, produce an ezact description of the
concept, whereas for others, such algorithms can only
provide approximations (using a specified error rate, €).

In our framework, we can give precise answers to ques-
tions such as where the teacher should place prototypical
examples (those in the middle of the concept) or near-
misses (examples near the boundary of the concept). We
can also answer the question of whether a representa-
tion is stable; namely, whether adding new examples to
a model built with a Helpful Teacher will change the rep-
resentation of the learned concept class. This question is
indirectly related to questions such as non-monotonicity
of representation, i.e., whether information that was pre-
viously believed to be true becomes false with additional
knowledge.

We should note that in the theoretical community, An-
gluin [4] defined a different model of a helpful teacher,
in which the learner is allowed to ask questions such
as “is ¢ a positive example?” She has produced a va-
riety of results for learning regular expressions and for
context-free grammars. Our studies differ substantially
from Angluin’s work. Goldman and Kearns [11] recently
developed another model of a helpful teacher where the

706 Learning and Knowledge Acquisition

teacher selects the best sequence of examples on-line in
order to minimize the number of mistakes. Their teacher
does not know the learning algorithm, but the learner is
required to be consistent. They have produced inter-

esting results for classes such as monomials and k-term
DNF.

2 Nearest-neighbor algorithms

In most of our discussions below, we use a single learn-
ing algorithm, the nearest-neighbor algorithm, which has
been a subject of study for many years (e.g., [10]).
A number of recent experimental studies have shown
that the predictive accuracy of nearest-neighbor algo-
rithms is comparable to that of decision trees, rule
learning systems, and neural net algorithms (1, 16, 2,
8, 9]. In the basic algorithm, examples are vectors of
numeric variables, where each example is labelled with
the name of a category. Assuming that all dimensions
have been normalized to the same range, distance be-
tween two examples with n features, z = (21, 22,...,2,)
and ¥y = (Y1,¥2,-..,Yn), is simply Euclidean distance:
A(zy) = /> ;—,(2: — y;)%. The basic nearest-neighbor
algorithm (henceforth NN) simply stores all training in-
stances, and classifies each new instance by finding the
nearest example in memory.

3 Applicability of the Helpful Teacher
model

One reason for choosing the nearest neighbor algorithm
as our first target of study is that applying the Help-
ful Teacher model is relatively easy with this algorithm.
The teacher simply selects examples at the best possi-
ble locations in feature space, and provides those exam-
ples to the learner. With other algorithms, particularly
those that depend on the order of the inputs, finding
the teacher’s best strategies may be much more difficult.
Consider decision tree algorithms (e.g., [22]), for exam-
ple: how does the teacher present examples in order to
produce a particular test node in the tree? The choice of
points will depend on the information measure used to
construct the tree. Because the NN algorithm does not
depend on the order of the inputs, the teacher is saved
from having to calculate the optimal order in which to
present a set of training examples.

4 Sample complexity for geométric
concept learning: simple cases

Let us begin by mentioning a recent PAC-learning result
due to Aha et al. [2]. First, recall that PAC-learning
refers to the requirement that a learning algorithm pro-
duce an approximately correct model with high probabil-
ity [27]. In particular, a PAC algorithm has probability
of 1 — 6 of producing a model that has an error rate no
more than €. In this model, examples may be drawn
at random from any distribution, as long as the training
and test examples are drawn from the same distribution.
Aha et al. [1991] considered the class of concepts defined
by closed hyper-curves (e.g., a concept whose boundary
is the union of a finite number of hyper-curves of finite



length). They showed that, for algorithm NN, the num-
ber of instances required to PAC-learn this concept class
is bounded above by ([y/n/€]™/7)In([/n/€]™ /), where
n is the number of dimensions, and € and § are defined
as in Valiant’s PAC-model.! Using this result, if we re-
quire, for a particular problem domain, a 1% error rate
with 99% confidence, in a 10-dimensional feature space,
the upper bound for algorithm NN is approximately 2%
examples.

Note that, although the number of examples is actu-
ally polynomial in the error bound, it is exponential in
the dimensionality of the feature space. This property
is the real cause of the extremely large estimate above.
Under the helpful teacher model, some concept classes
require a polynomial number of examples regardless of
the number of dimensions.

4.1 Learning convex concepts

One of the simplest geometric concepts is a simple line or
hyperplane, which translates into the problem of learn-
ing to classify correctly examples from exactly two cat-
egories, where those categories are separated by a line,
plane, or hyperplane (depending on the number of di-
mensions). Although very basic, this concept has proven
very useful for a large number of real data sets, and is
fundamental to classification techniques such as cluster
analysis.

Our first observations are extremely simple; they serve
merely to illustrate the type of results we will be present-
i[ng]. Proofs of the following propositions can be found in
25/.

Proposition 1. Under the helpful teacher model, ex-
actly 2 examples are required by algorithm NN to learn
a concept defined by a hyperplane in any number of di-
mensions.

Proposition 2. If the concept boundary is a convex
polytope (in 2 dimensions, a polygon) with n faces, then
n + 1 examples are necessary and sufficient to learn the
concept exactly.

5 Approximate learning with a helpful
teacher

Since algorithm NN always partitions the feature space
with lines, it cannot learn curved concept classes exactly.
However, NN can approximate any such class with arbi-
trarily high accuracy. Thus, a natural question to ask is,
using a helpful teacher, how many examples are required
to approximate a concept accurately?

Because we are dealing with geometric concepts, we
will use an error bound € that represents the area (or vol-
ume, in higher dimensional spaces) of the feature space
that is misclassified. Following Kearns [14] and others,
we will include in ¢ both the area that is incorrectly
classified as belonging to the concept class and the area
incorrectly classified as not in the concept class.

For the sake of brevity, we will simply state one result
that applies to curves and provides a clean learnability

1For €, §, and v defined as arbitrary positive numbers less
than one, the instances will form an (e, 7)-net with confidence
(1 —6). For details see [2].

result. Suppose the concept boundary is a parabola, y =
kz? (contained in the unit square), where the area above
the parabola is classified in one category, and below the
parabola in the other category. In [25], we show that
such a concept can be approximated with error area no
greater than ¢ with

[

points using a Helpful Teacher. In addition, we show
that the strategy we have devised is optimal; i.e., for a
fixed number of examples n, it minimizes the error area.

For comparison, consider the number of points n re-
quired under the PAC-learning model for the same con-
cept. (Although this example may be a bit artificial,
it illustrates the difference between PAC-learning and
Helpful Teacher results.) For the parabola y = z?, using
the results of Aha et al. (2], if we set € = vy = § = .001,
then we have n &~ 4.3 x10'°. Contrast this with the help-
ful teacher model, where with ¢ = .001, we only need 9
examples!

6 Learning complex geometric concepts

In this section, we consider the sample complexity of
learning a number of more complex geometric concepts.
By virtue of their complexity, these objects have the abil-
ity to approximate many real-world concepts, including
those with very complex boundaries. Interestingly, some
of these concept classes may require a large number of ex-
amples, even with a helpful teacher. Unless other learn-
ing algorithms (besides NN) turn out to be significantly
more powerful, these concept classes will remain “hard”
for learning.

We first need to make some observations about learn-
ing triangles with the nearest-neighbor algorithm. These
observations will be useful in the proofs below. First re-
call the definition of a Voronoi diagram: given a set of
points S in Euclidean space, each point p; has a Voronoi
polygon around it that contains all points closer to p;
than to any other point. The union of all the Voronoi
polygon boundaries is the Voronoi diagram of S. The
partitioning induced by the NN algorithm is, by defini-
tion, a Voronoi diagram [20].

Proposition 3. For the concept class containing tri-
angulations of the plane in which all triangles are right
or acute triangles, a Helpful Teacher can simply give the
learner points placed around every vertex of every trian-
gle. The strategy is simple: for every edge, place a pair
of points symmetrically on either side of the edge, arbi-
trarily close to the endpoints. This requires four points
per edge, and if the triangulation contains n vertices,
this strategy requires O(n) examples.

The Voronoi diagram produced by these points will
include all edges of the triangulation, as long as all an-
gles are non-obtuse and as long as the boundary of the
triangulation is convex. This strategy also applies to d-
dimensional objects in which all angles between faces are
less than or equal to 90°.

Note that Proposition 3 does not hold for obtuse tri-
angles. Consider Figure 1, in which an obtuse triangle is
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Figure 1: Problem with an obtuse triangle.

Figure 2: Example of a rectilinear polygon.

shown attached to an acute one. If the training examples
are placed around each vertex, then the Voronoi diagram
created will not correctly demarcate the edge shared by
the triangles. Part of the Voronoi diagram is shown as
dotted lines in the figure, and the resulting mis-classified
area is shaded.

6.1 Rectilinear solids

Consider the set of concepts defined by non-convex
simple polygons (i.e., polygons that are not self-
intersecting). Because the Helpful Teacher algorithm for
learning this concept class is rather complex, we will
first consider learning a subclass. Rectilinear polygons
are polygons in which all the sides are parallel to the
axes. Figure 2 shows a rectilinear polygon in two di-
mensions. Rectilinear concepts play an important role
in our analysis because they can be used to approximate
more general geometric concept classes with arbitrary
precision.

Theorem 1 Any rectilinear polygon with n edges in two
dimensions can be learned by a Helpful Teacher with
O(n?) ezamples.

Proof. Draw the smallest possible rectangle around
the rectilinear polygon. For each edge of the polygon,
extend the edge in both directions until it meets the
containing rectangle. The resulting grid will contain at
most O(n?) vertices. We can now place 4 points sym-
metrically around each edge coming out of a vertex, ar-
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Figure 3: Learning a rectilinear polygon.

bitrarily close to the vertex. This set of points will define
a Voronoi diagram that contains the grid, and therefore
contains the rectilinear polygon. With appropriate la-
belling of points, the learning is complete, having used
O(n?) examples. Figure 3 illustrates the grid and the
placement of points for the rectilinear polygon from Fig-
ure 2. For visual clarity, a single dot appears in the figure
at every vertex around which points need to be placed.
Note that points only need to be placed around grid ver-
tices where the grid coincides with one of the vertices or
edges of the original polygon. O

Suppose next that we wish to learn a concept defined
by an arbitrary partitioning of the plane into polygons;
for example, a triangulation of the plane. For such a con-
cept, we may wish to allow each region of the partition-
ing to have a different class label. Despite the apparent
complexity of this concept class, we can approzimate it
using the rectilinear concepts just described.

Corollary 1.1 Any polygonal tesselation in the unit
square can be learned by algorithm NN with error area
€, using only O(n?/€) points, where n is the number of
edges in the tesselation.

The full proof of this corollary is contained in [25].
It also extends to higher dimensions, where the sam-
ple complexity is O(dn?/e?~!), and e represents the er-
ror volume. An interesting feature of our approximation
technique, which involves overlaying a grid on the tes-
selation, is that any point that is classified incorrectly
using this technique is within a very small distance from
an edge of the original tesselation.

For rectilinear concepts, we also have a lower bound
on the sample complexity.

Theorem 2 At least n?/32 ezamples are required for
learning some rectilinear polygons with a helpful teacher,
where n is the number of sides of the polygon.

Proof. We prove this theorem by constructing a rec-
tilinear object that requires n%/32 points to define it.
See Figure 4 for an example of such an object.? The
object shown has approximately n/8 vertical “fingers”
and n/8 horizontal “fingers” (since each finger uses four

?The idea of this construction was proposed by Michael
Goodrich.
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Figure 4: A rectilinear polygon that requires O(n?)
points.

sides of the polygon). These fingers can be made arbi-
trarily thin and arbitrarily long. By placing the verti-
cal fingers far apart, as we have illustrated in the fig-
ure, we make it impossible to define the topmost (hori-
zontal) edge of each finger without interfering with all
of the horizontal fingers. Thus a point placed above
the topmost edge of each vertical finger will propagate
through all of the horizontal fingers, requiring us to
draw a pair of points around each of the edges above
it. There are n/4 such edges in the n/8 horizontal
fingers, which means that each vertical finger will re-
quire at least n/4 new points for learning (some of the
points used to define horizontal edges may be shared).
Therefore the total number of points required is at least
(n/8)(n/4) + constant = n?/32 + constant. O

The theorems for rectilinear objects given above both
extend quite straightforwardly into d dimensions. Let a
rectilinear polytope be a d-dimensional object for which
every face (or facet) of the object is parallel to one of
the axes.

Corollary 2.1 No more than 2n® ezamples are required
for learning rectilinear polytopes with n faces (or facets)
in d dimensions.

Corollary 2.2 At least Q((%)%) ezamples are required
to learn a rectilinear polytope with n faces in d dimen-
stons.

For proofs of these two corollaries, see [25].

6.2 Learning general polygons

The class of simple non-convex polygons is much harder
to learn than rectilinear polygons. Because we can al-
ways triangulate a polygon by adding a linear number of
sides, we can solve the learning problem for general poly-
gons by learning triangulations instead. Proving that
non-convex polygons are as hard as triangulations is an
open problem.

6.2.1

We now turn to the concept class defined by triangu-
lations of the plane. The learning problem here is essen-
tially equivalent to a current open problem in computa-
tional geometry. Since nearest neighbor partitions are

Triangulations of the plane

by definition Voronoi diagrams, we can state our learn-
ing problem as follows: given a triangulation, what is
the smallest Voronoi diagram that contains the triangu-
lation as a subgraph? If we find the Voronoi diagram,
we have also found the points that the Helpful Teacher
should use.

QOur best current result for learning triangulations
with a helpful teacher requires a number of points that
is proportional to the largest aspect ratio (the ratio of
the longest edge to the height) of any triangle.

First, recall our earlier proposition, that if all tri-
angles are acute, algorithm NN with a helpful teacher
can learn a triangulation with O(n) examples (assuming
the triangulation has a convex boundary). The problem
of triangulating polygons with non-obtuse triangles has
until very recently been an open problem in computa-
tional geometry. Baker et al. [5] produced the first so-
lution, which used a relatively large number of triangles

the precise bound was not given). Bern and Eppstein
6] have recently reported a solution in two dimensions
that uses O(n?) triangles for an n-sided polygon. Their
method makes significant progress towards solving the
Helpful Teacher problem, although a complete solution
requires triangulating the inside and outside of a poly-
gon.

Theorem 3 Any triangulation of the plane can be
learned with 0({’-) points using a helpful teacher, where
L is the total length of all edges of the triangulation, and
h is the height of the shortest triangle (i.e., the triangle
with the smallest altitude).

Note that even if all edges are very long, h might be
extremely small if the triangulation contains very long,
narrow triangles.

Proof sketch. For details see [25]. We give an algo-
rithm that uses O(£) points to define any triangulation.
Beginning simultaneously at both ends of every edge in
the triangulation, place a pair of points symmetrically
on either side of the edge, very close to the edge itself
and to each end of the edge. (The distance between
each point and the edge needs to be much less than h to
guarantee that the resulting Voronoi diagram will con-
tain the edge.) Next, moving from the ends towards the
middle of each edge, place a pair of points at intervals of
length h symmetrically on either side of the edges. Stop
when the midpoint of the edge is reached. The points
placed near the midpoint may be closer together than h.
If the pairs of points placed near the midpoint are at a
distance greater than h from each other, place one more
pair of points around the midpoint itself. The placement
of points is illustrated in Figure 5. For a proof that this
strategy correctly defines every edge of the triangulation,
see [25].

For most triangulations, L/h is small, but assuming fi-
nite precision on the input, it can be exponentially large
(and if one allows infinite precision, L/h is unbounded).
To handle such cases, we have devised a strategy ior ap-
proximating triangulations, presented in Corollary 1.1
above. If an area no larger than € is allowed to be mis-
classified, this strategy requires O(n?/e) examples, re-
gardless of the ratio L/h.
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Figure 5: Learning a very narrow triangle.

Concept boundary Lower Bound | Upper Bound
hyperplane 2 2
n-face convex polytope n+1 n+1
parabola y = kz?, [1 E l] I—l E 1]
€ error area 4 \/T ‘4 \/:
Acute/right
n-triangulation f{n) r)
s 2((3)*) O(n)
rectilinear polytope
d-dim triangulation, _
Total face area A, - 0((%)4 B
min altitude h
Polygonal tesselation, _ dn?
d-dim, n faces, 0(Z)
€ error volume

Table 1: Helpful Teacher bounds for algorithm NN

Corollary 3.1 In d dimensions, a modification of the
algorithm in Theorem 3 suffices to define a simplicial
decomposition (a multi-dimensional triangulation). If
A is the total area of all faces of the decomposition,
then the number of ezamples required in d dimensions

is O((A/h)41).
For details see [25].

7 Conclusion

The results presented in this paper show that, for a given
algorithm, it is possible to demonstrate lower and upper
bounds for many different concept classes using the “best
case” model that we call a Helpful Teacher. Our results
are summarized in Table 1. These bounds are useful for a
variety of reasons. First of all, the lower bounds provide
an absolute limit on the number of examples required
for learning. This limit tells us in advance how many
examples must be provided if we expect our algorithm
to learn a concept.

Limits derived using the Helpful Teacher model may
provide an instructive basis for comparison between
learning algorithms. We now have theoretical models
giving worst-case (e.g., [27]), average-case (e.g., [19]),
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and best-case analyses. Although the Helpful Teacher
studies described here involve only the nearest neighbor
algorithm, this is only a first step. Our next step will
be to find Helpful Teacher bounds for other algorithms,
such as decision trees and neural nets. In addition, we
would like to consider Helpful Teacher strategies for non-
geometric concepts such as Boolean formulas.

Some concept classes appear to be “hard” for the near-
est neighbor algorithm, in that the number of exam-
ples required for learning, even in the Helpful Teacher
paradigm, is exponential in the number of dimensions
d. In particular, the class of non-convex simple poly-
gons (and polytopes) behaves this way. We have shown
(by construction) a lower bound on a special subclass of
non-convex polygons — rectilinear polygons — that ex-
hibits this exponential behavior. This result points out a
weakness in the nearest neighbor algorithm itself; thus,
if another learning algorithm can be shown to learn this
class more efficiently, that algorithm could justifiably be
described as more powerful than the NN algorithm.

Note that in the context of NN the minimal number of
examples is equal to the size of the minimal representa-
tion. For other learning methods, providing the minimal
number of examples does not always generate the mini-
mal representation. For example, a strategy to produce
the minimal size decision tree for an algorithm such as
ID3 may require more examples than some other strat-
egy that also learns a concept correctly. Although the
issue of minimal representations is certainly related to
our model, our main interest is in determining the mini-
mal number of examples and in strategies for generating
these examples.

We should also take note of the following counter-
intuitive result: it is sometimes the case that provid-
ing more examples to an algorithm reduces its accuracy.
This is a partial answer to the question we asked at the
beginning of this paper, namely, what is the effect on a
learned concept of providing the learner with additional
examples? With nearest neighbor, a simple example of
this effect occurs for learning a plane (hyperplane). Only
two examples need to be provided; however, if one pro-
vides additional examples, the concept definition is likely
to shift so that it is no longer accurate. This result con-
tradicts the prevailing wisdom that larger data sets pro-
duce more accurate models.

Finally, many of the sample complexity bounds given
above are quite small, and in this respect they are similar
to the size of real data sets used for experimental work in
inductive learning. Because the data sets used for exper-
iments are limited in size, there is a need for theoretical
results on how much learning is possible with small data
sets. The Helpful Teacher model provides such results.
We are currently developing nearest neighbor algorithms
that discard examples in an attempt to converge to a set
that is roughly the size of the bound provided by the
Helpful Teacher model. We use a strategy of retaining
examples close to the boundaries, inspired by our al-
gorithm for learning triangulations. In this work, the
theoretical model is directly relevant to the design of an
experimental algorithm.
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