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Abstract 

The transformation of constructive program 
synthesis proofs is discussed and compared with 
the more traditional approaches to program 
transformation. An example system for adapt­
ing programs to special situations by trans­
forming constructive synthesis proofs has been 
reconstructed and is compared with the orig,inal 
implementation [Goad, 1980b, Goad, 1980a]. A 
brief account of more general proof transforma­
tion applications is also presented. 

1 Introduction 
A current dilemma emerging in the field of Computer 
Science, and hence also Artificial Intelligence, is that de­
mands for quantity and complexity of software are out­
stripping the tools currently available. A solution to this 
problem is offered by the field of automatic programming. 
This can be broken down into three main, interelated, 
sub-fields: 

• The automatic generation {synthesis} of programs 
from specifications (input-output relations). 

• The automatic verification that a program meets its 
specification. 

• The automatic transformation of inefficient pro­
grams into more efficient programs with the same 
specification. 

So by tackling these issues, software reliability can be 
improved, provided that it is easier to write bug-free 
specifications than bug-free programs. 

For several years the Mathematical Reasoning Group, 
MRG, in the Department of Artificial Intelligence, under 
the direction of Prof A Bundy, have undertaken a great 
deal of research into the field of automatic programminr. 
[Bundy et al., 1982, Bundy et al., 1988, Bundy, 1988 . 
The first two issues above have been successfully tackled 
within the Oyster proof refinement environment:1 By 
using logic programming and constructive logic, the task 
of generating programs is treated as the task of proving 
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1 Oyster is the Edinburgh Prolog implementation of 
NuPRL; version "nu" of the Proof Refinement Logic system 
originally developed at Cornell [Horn, 1988, Constable et al., 
1986]. 

a theorem. Hence knowledge of theorem proving, and 
in particular automatic proof guidance techniques, are 
used (section£). 

The third issue, that of program transformation, is 
the latest to be tackled by the MRG and forms the main 
contextual subject of this paper: The automatic trans­
formation of programs by transforming their synthesis 
proofs (sections £ and 4). 

This research involved developing transformation 
techniques which increase the efficiency of the original 
program, the source, by transforming its synthesis proof 
into one, the target, which yields a computationally more 
efficient algorithm. This process is known as program op­
timization section 4 

The same basic techniques where also used in a pro­
cess known as specialization whereby the task (the input­
output relation) of the source program is either altered 
or adapted to a special situation. 

As an example of the proof transformation approach 
to program optimization we will concentrate on this 
specialization process since it represents a well circum­
scribed, and fully implemented, sub-domain of the proof 
transformation field (section 9). 

However, a brief account of the more general proof 
transformation approach to program optimization is pro­
vided to set the specialization research in context (sec­
tion 4). For a detailed account of the proof transforma­
tion research see [Madden, 1988c]. 

2 The Environment 
Within Oyster, a program specification, comprising the 
desired input-output relationship, is represented by a 
statement in constructive logic, specifically, Martin-Lof 
type theory. 

The Martin-Lof type theory is a constructive, higher 
order, typed logic. This is especially suitable for the task 
of program synthesis since executable code is built up as 
the proof is constructed such that all elements of the 
former have a one to one correspondence with elements 
of the latter (the vice-versa is not true, proofs contain 
additional information: section 9). 

By finding a constructive proof of the program speci­
fication we can routinely extract an algorithm from the 
proof which satisfies the desired input-output relation. 
Hence the techniques of theorem proving can be brought 
to bear on the program synthesis and transformation do­
malns: 

If we represent the program specification as speci.fl­
cation(input,output) and let the symbols V and 3 rep-
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resent the quantifiers "forall" and "for some" {or "there 
exists at least one") then by finding a constructive proof 
of: 

1- V input 3 output speciflcation(input,output) 
we can extract an algorithm alg : 

1- V input speciflcation{input,alg(input)). 
This algorithm is known as the extract term. 

Oyster reasons backwards from the theorem to be 
proved using a sequent calculus notation, which includes 
rules of inference for mathematical induction. The 
search for a proof must be guided either by a human 
user or by a Prolog program called a tactic. The process 
of applying the tactics to a proof specification will yield 
sub-goals to which further tactics may be applied. The 
proof terminates, or is complete, when the application 
of tactics produces no further sub-goals. This process 
is known as proof refinement, the rules which apply the 
tactics are the refinement rules [Constable, 1982]. 

The Oyster system has an open ended variety of such 
program synthesizing tactics. These tactics control the 
application of the object-level knowledge, such as rewrite 
rules, axioms and definitions. The idea is that they em­
body heuristic knowledge about theorem proving in con­
structive logic. As such, the program synthesizing tactics 
perform meta-level inference. 

2.1 Transforming Proofs 

The field of program transformation is not a new one. 
Considerable research has been done on the transforma­
tion of programming languages of one form or another, 
for example: Darlington and Burstall have designed a 
research tool for the development of functional program 
transformation methodologies [Burstall and Darlington, 
1977, Darlington, 1981]. Tamaki and Sato have carried 
out similar research except they are concerned with the 
transformation of logic programs [Tamaki and T.Sato, 
1983]. Grant and Zang have developed heuristics for 
the automatic transformation of Prolog programs [Grant 
and Zhang, 1988]. 

However, all these prior approaches are concerned 
with the direct transformation of executable code and 
not with the transformation of constructive proof struc­
tures. The latter approach has considerable advantages: 

• Intuitively, a proof will contain more information 
than the program which it specifies since a pro­
gram need contain no more information than that 
required for execution. A proof, on the other hand, 
will contain the thinking behind the program design. 

• Furthermore, the logical structure of a proof is bet­
ter understood than that of a program. See, for 
example, [Kreisel, 1968] . Indeed, much of the prov­
ing power of the Oyster system is due to the incor­
poration of extensive knowledge of the structure of 
inductive proofs, which are responsible for s~nthe­
sizing recursive programs {see section 5 and [Boyer 
and Moore, 1979]}. 

• The exploitation of proof theory for the synthesis 
of programs is a fairly well established field [Kowal­
ski, 1979, Kreisel, 1985] and the proof transforma­
tion approach is not limited to the Oyster system 
{cf. [Goad, 1980b]}. However, this particular envi­
ronment does combine the important features that 
both synthesis and target languages share the same 
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formal language and that this language, Martin-Lof 
type theory, is constructive in nature. These fea­
tures mean that synthesis and, specifically, trans­
formation can be treated uniformly, henceforth re­
ferred to as the proof-program uniformity: For each 
transformation operation performed on a synthesis 
proof there will be a one-to-one corresponding trans­
formation in the target program language. 

• The proof-program uniformity prevents the prolifer­
ation of complexity that occurs when the specifica­
tion and implementation languages are different. 

• Unlike the proof refinement environment, usual pro­
gram transformations do not have a specification 
present, so transformations have to be restricted to 
those that preserve input/output behaviour. Proof 
transformation is not so restricted. 

A more thorough comparison between, on the one hand, 
the traditional approaches to program transformation 
and, on the other, the transformation of constructive 
synthesis proofs can be found in [Madden, 1988b]. 

3 Adapting Algorithms 

One researcher who is concerned with transforming proof 
structures as opposed to transforming more conven­
tional descriptions of algorithms {be they functional or in 
some logic programming formalism) is C.A.Goad [Goad, 
1980b]. Information contained in proofs, which goes be­
yond that needed for simple execution, is exploited in 
the adaptation of algorithms to special situations (for 
example, adapting a sorting algorithm or a bin-packing 
algorithm to operate, with maximum efficiency, on in­
put lists of a specific length). Goad's system has been 
successfully reconstructed, and extended, in the Oyster 
proof refinement environment and subjected to test on a 
number of examples [Madden, 1988c]. 

The main feature of this specialization system is 
an open-ended set of pruning transformation operators 
which are guaranteed to reduce the size of the source 
proof and corresponding source algorithm. The pruning 
mechanism, which need not be limited to specialization, 
is designed to remove those branches from the proof tree 
which result in redundant computation. 

3.1 Specialization and Pruning. 

The reconstructed specialization/pruning processes, and 
their explanation, differ from Goad's in that informa­
tion gleaned from the constructive existence proof is ex­
ploited, during transformation, on that proof itself. This 
is as opposed to transforming the algorithm extracted 
from the proof. 

There are three distinct stages to the transformation 
of the proof in its adaption to a special situation: 

1. Specialization amounts to the partial evaluation of 
a constructive existence proof. Specialization alone, 
i.e. with no subsequent pruning, can increase the ef­
ficiency of the resulting algorithm, especially where 
induction schemata are involved (seesection 4.9. 

2. Following specialization, the first stage of pruning 
may be attempted: normalization. Normalization 
is designed to, 

(a) remove certain branches from the specialized 
proof tree which will never be satisfied under 



the particular constraints( instantiations) of the 
desired adaption (partial evaluation). 

(b) set up the proof for the second stage of pruning: 
3. Dependency pruning is designed to remove those 

branches from the 1pecialized and normalized proof 
tree which result in redundant computation. This 
pruning is guided by a kind of dependency informa-. 
tion which does not appear in ordinary programs 
[Kreisel, 1985]. Such redundancies will also not 
be present, or only implicitly/potentially so, in the 
original proof. 

A few additional points are worth mentioning at the out­
set: 

• The partial evaluation can be done on an incom­
plete proof with unproved lemmas without compro­
mising the computational usefulness of the proof as 
a whole. 

• Although specialization followed by pruning is not 
guaranteed to increase efficiency, it will do so most 
of the time simply because its purpose is to tailor 
algorithms (or proofs) to a specific task, or rather 
to a specific class of input. Pruning is, however, 
guaranteed to reduce the size of the algorithm. 

• Pruning is guaranteed to preserve the validity of an 
algorithm for the specification embodied in the root 
node of the proof describing the algorithm. That 
is, given the constructive proof and a partial evalu­
ation, pruning is guaranteed to prune only the com­
putationally redundant parts of the proof tree with­
out effecting the input/output relation which spec­
ifies that proof. 

• Conventional computational descriptions (such as 
the conditional form or some logic programming de­
scription) are not subject to the pruning transforma­
tions. This is because any valid transformations on 
conventional descriptions must preserve extensional 
meaning since they only contain information about 
the function to be computed. A nice example of 
the benefits of proof transformation as opposed to 
program transformation; 

3.1.1 Explanation by example 
To illustrate specialization and pruning, Goad uses the 

following algorithm for computing an upper bound for 
both the sum and product of two positive rational num­
bers x andy; 

• (1) u(x, y) = x ::; 1 then (y + 1) else (ify ::; 1 then 
(x + 1) else 2xy) 

The algorithm specified above is in its conditional form 
and as such may only be slightly simplified as a result of 
partial evaluation; suppose the value 0 is supplied for y, 
this results in the "specialized" conditional; 

• (2) u(x, 0) = x ::; 1 then (0 + 1) else (i/O::; 1 then 
(x + 1) else 2x0) 

which, upon evaluation, reduces to; 
• {3) u(x, 0) = x ::; 1 then 1 else (x + 1) 

This simplification corresponds to the first stage of prun­
ing; normalization. 

The formalization of the . upper bound algorithm as 
a con&tructitJe exi&tence proof, its subsequent specializa­
tion (partial evaluation) and the application of normal­
ization pruning then allows u(x, 0) to be automatically 

simplified, by the use of dependency pruning, to the ex­
pression; 

• {4) (x+ 1) 
This is because the constructive existence proof will 

contain a case analysis whereby the case split is depen­
dent on the size of x. Now, the fact that (x + 1) is an 
upper bound for both ( x + 0) and 0 X x does not depend 
on x being less than one. This dependency informa­
tion is contained in the proof and, via partial evaluation 
and pruning, allows the removal of the "computation­
ally redundant" case split according to the size of x. 
Note that {3) and {4) are different functions (eg dif­
ferent input/output behaviour is observed for x = 0.5). 
However, as far as the partial evaluation (specialization) 
is concerned, in this case y being set to 0, subsequent 
normali11ation will preserve input/ output behaviour. In 
other words whilst normalization will transform the al­
gorithm, reducing its size, it is guaranteed to preserve 
the input/output behaviour. Dependency pruning, on 
the other hand, may change botb the algorithm and the 
function. 

This is a major advantage of the Oyster transforma­
tion system since usual program transformation do not 
have a specification present, so transformations have to 
be restricted to those that preserve input/output be­
haviour. 

For practical purposes, Dependency pruning should 
hence be employed where the desired output is more 
qualitative than quantitative. By a qualitative output 
we mean some specific result which may be achieved re­
gardless of the algorithms behaviour such as bin-packing 
or sorting. For ease of explanation we do, in fact, prune 
the upper-bound algorithm, and consequently alter the 
function. 2 

The representation of the above 4 conditional expres­
sions as constructive existence proofs allows our recon­
struction to do the corresponding transformations, 
( 1) =*specialization=> ( 2) =*normalization=* 
(3)=*dependency pruninp(4), 
completely automatically. 

3.1.2 Relations between the source and target 
specifications 

To be safe, specialized proofs should be sound where 
as pruned proofs need not be since we are concerned only 
with computational output. However the source proof, 
the specialized target, the normalized target and the 
fully pruned target proof should all satisfy that input­
output relation formalised in the source specification: 
The source specification will be an over generalization 
as far as the target is concerned. The converse does not 
apply; the source proof will not satisfy the specialized, 
normalized or fully pruned target proof specifications. 

The input-output specification for many synthesis 
proofs may well be very much underspecified; for ex­
ample, it may simply state that from an input list of 
integers the output will be an integer. Such a specifica­
tion is generally employed in Oyster when we wish to do 
a program synthesis, with the onus on the user to con­
struct the proof, as opposed to program verification. At 

2 The upper-bound algorithm is a convenient example 
which has neatly nested case analysis which allows us to 
demonstrate the full specialization and pruning transforma­
tion procedures. 
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such a level of generality there is ample scope for spe­
cialization but the subsequent application of pruning, if 
possible, would imply that the prior synthesis had not 
been done properly; one would not expect to build in 
much redundancy when synthesizing an algorithm from 
a very general specification. 

However, if the specification is far more concrete, in 
particular, if it states certain conditions on the input 
and output (and not merely of what type they are) then 
we may expect that upon specialization, partial evalua­
tion, certain of these conditions will never, or need never, 
be satisfied (be redundant). Hence pruning becomes a 
more viable option where proofs satisfying, more or less, 
complete specifications are concerned. 

3.2 Different approaches of the reconstruction 

There is far less structure required for Goad's natural 
deduction proofs than for the Oyster sequent calculus 
counterparts. For example, if we have a case split in 
Goad's system then we do not have to provide a decision 
procedure for the case in order to complete the proof. 
This does not effect the fact that the Prawitz natural de­
duction system, employed by Goad, is rich enough in con­
tent to represent the dependency information. However, 
unless the Prawitz system is explicitly given a decision 
procedure in the actual proof specification then the proof 
itself cannot be transformed in order to adapt the corre­
sponding algorithm. More generally, Goad is prevented 
from performing transformations on the proof itself be­
cause the proof lacks in "computational content". What 
he is therefore forced to do is transform the extract-term. 

The greater "computational content" of Oyster proofs 
means that we transform the proof rather than the ex­
tract. This approach has certain advantages: 

3.2.1 Differences with respect to specialization: 
• Emphasis is placed on specialization, as well as 

any subsequent pruning, as a means to increase 
the efficiency of an algorithm (in particular, any 
recursive behaviour). The specialization process 
when applied to Oyster proofs containing induction 
schemata, greatly decreases the computational ef­
fort required to unfold that schema. 

• Specialization is particularly suited to those in­
stances of Oyster proof synthesis where top level 
goals are underspecified (i.e have little computa­
tio?al content, expressing only the input/ output re­
latiOn between types). This difference is as a conse­
quence of the differences between the environments 
discussed in section ,j.l!. 

• Furthermore, and of particular importance within 
such applications as specialization and partial eval­
uation, the proof environment entails that trans­
formations are not restricted to preserving in­
put/ output behaviour because proof specifications 
themselves can undergo transformation. 

• In Goad's system information gained by the special­
ization of the proof is used to guide the pruning of 
the proof extract. As far as the reconstruction is 
concerned, normalization can be performed on both 
the proof or extract and dependency pruning is per­
formed on the proof. This approach has consider­
able advantages (see next section ,j.9.1). 
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3.2.2 Differences with respect to pruning 

Normalization 
As alluded to above, Goad in fact deploys his pruning 

on the extract term of his proof. What Goad is not doing 
is transforming the proof tree. This does not make the 
"proofs over programs" approach to transformation a 
red herring in Goad's paper since it is only due to the 
information contained in the (partially evaluated) proof 
that the dependency information is made explicit. So 
what Goad is doing is using information in the proof 
to transform the extract as opposed to our approach of 
transforming the proof itself. 

Dependency pruning 

Goad also applies the dependency prunmg to the ex­
tract terms of his proofs and what was said above applies 
here to. 

Fortunately for Goad, within the system he describes 
the uninstantiated variable of a redundant case split does 
appear in the extract hence signaling the appearance of 
redundant code. 

The Oyster extraction process is a bit smarter; it hides 
anything which does not require instantiating in order to 
compute the (partially evaluated) output. This makes 
pruning the extract somewhat difficult in practice but 
not in principle (if Oyster were really smart it would 
prune what it hides and complete the proof accordingly). 

In the reconstruction it is the proof tree which 
is both automatically specialized, normalized and 
pruned. 

Why prune the proofrather than the extract? 

There are three main reasons why it is preferable to 
use the dependency information contained in the spe­
cialized (and normalized) proof to transform that proof 
itself rather than the extract. 

The first reason is methodological; Rather than ex­
tract an algorithm at each stage of the transformation 
process, it is computationally more efficient to have the 
transformations operate on the proof and then, once 
completed, extract an algorithm from the transformed 
proof. Indeed, this approach allows specialization and 
normalization to be done concurrently. 

The second reason is that by always performing trans­
formations on the proof we can, at each stage of the 
transformation, check to see that we still have a vi­
able algorithm. If at each stage the resultant proof can 
be marked and copied then we at least know that we 
have a sound algorithm which preserves the desired in­
put/ output relation, up to, and including, that stage. 

The third point is of particular importance if we wish 
to extend the transformation system beyond specializa­
tion. The whole idea of working with proofs is that they 
contain information which goes beyond that required for 
simple execution. The dependency information utilized 
for pruning is one such example. However if, as with 
Goad's system, such information is used to guide trans­
formations on the extract then whatever stage of the 
overall process we are in we still have the same source 
proof. This means that by the time dependency prun­
mg has been completed the proof will not be a faithful 
formalization of the target algorithm. If, however, it is 
the proof that is transformed then the target algorithm 
just is the extract for the transformed proof. So the 



transformed proof will faithfully represent the target al­
gorithm and can be exploited further if desired. 

The specialization system has been successfully sub­
jected to test on numerous example proofs, some of 
which are very lengthy and complex: for example, the 
adaption of sorting programs to special situations, such 
as the number of elements to be sorted, by the spe­
cialization, and pruning, of synthesis proofs which yield 
sorting algorithms. These proofs contain nested induc­
tion schemata and consequently require recursive calls 
on the whole specialization process. They do, however, 
present a preliminary indication of the frequency with 
which prunable redundancies occur in the "real" com­
putational world 

A full account of these examples can be found in [Mad­
den, 1988c]. 

4 Transformation of Recursive 
Algorithms 

The computational efficiency of a recursive algorithm is 
directly related to the form of recursion, and the way 
in which an algorithm recurses on its input can be con­
trolled by the way in which mathematical induction is 
employed in the algorithms synthesis. 

The clues that the recursive argument position and 
structure of a function give us as to the best induction 
schema and · induction variable to use have been incorpo­
rated, in the form of heuristics, into the Oyster system. 
Boyer and Moore have done extensive work on heuristics 
for inductive proofs [Boyer and Moore, 1979]. The re­
lationships between induction and recursion which they 
established have been generalized such that most recur­
sive structures have a corresponding induction schema 
which can be employed to synthesise programs ex­
hibiting the desired recursive behaviour [Aubin, 1975, 
Stevens, 1987]. 

There is ample in the literature concerning recursive 
structures and there relative efficiency. For a general 
and well established account see [Peter, 1967]. The rel­
ative efficiency of recursive structures synthesized with 
the Oyster system has been investigated in [Madden, 
1987]. 

We can now see how the proof refinement environment 
assists the automatic optimization: A proof from which 
a program is derived will contain more information than 
that required for simple execution. Using notions from 
analogy and past work on synthesizing recursive algo­
rithms, my thesis research involved systematically relat­
ing proofs in such a way that more efficient programs 
can be obtained by transforming the associated proofs. 
The crucial element in the transformation is that recur­
sive programs are optimized by transforming the induc­
tion schema employed within the corresponding synthesis 
proofs. 

For ease of explanation we will consider a very sim­
ple example: the transformation of an algorithm which 
computes the fibonacci function. 

At least two alternative induction schemata can 
be employed when synthesizing the fibonacci program: 
course of values induction and stepwise induction. 

To employ course of values induction in the synthesis 
of an algorithm which takes as input n requires appealing 
to all, or a subset of, the output values obtained when 
the input is any value less than n. We will not show 

the proofs since they are very lengthy but the extracted 
algorithm can be represented thus: 

1: source: 
fib!O) <== 1 
fib 1)-¢= 1 
fib n + 2) <== fib(n + 1) + fib(n). 

By employing course of values induction we obtain an 
algorithm such that in order to calculate fib(n) one must 
first calculate fib(n- 1) and fib(n- 2). Each of these 
sub-goals leads to another two recursive calls on fib and 
so on. In short the computational tree is exponential 
where the number of recursive calls on fib approaches 
2n. 

However, we can, with relative ease, transform the 
course of values inductive proof into a target proof that, 
in effect, employs stepwise induction without having to 
do the synthesis from scratch. When we are dealing with 
integers as input/output values then stepwise induction 
simply corresponds to the standard mathematical induc­
tion on integers. 

Although the automatic Oyster proof transformation 
system operates on proofs, as opposed to programs, 
the rationale employed by the system falls within the 
fold/unfold framework: We first construct a function, 
say g, which combines the values of the two step cases of 
the less efficient course of values definition {the function 
maketuple(x, y) can loosely be interpreted as a variadic 
which simulates the action of tuples). 

By folding the base and step cases of this new function 
definition with the original source equations, or unfolded 
versions thereof, we end up with a proof that yields a 
function definition which corresponding to the following; 

2: Target: 
g{O) = maketuple([1, 1]) 
g(n + 1) <== maketuple(u1 + u2, u1) where 

maketuple(u1, u2) = g(n) 

In this case there is no recourse to the original fib defi­
nition and g(n) requires only n recursive calls (stepping 
down to the base case g(O)). In other words, the compu­
tational tree resulting from stepwise induction is linear 
and hence the resulting algorithm requires far less com­
putational effort in computing fib(n) than that synthe­
sized by employing course of values induction. 

4.1 Automation: Generating New 
Function/Predicates and Their Definitions 

In general, the transformation of the source into the tar­
get is controlled by "collapsing" the less efficient induc­
tion schema into the more efficient one whilst making 
repeated checks that the type information and resulting 
syntax are correct. 3 

The process of providing new functions/predicates, 
along with definitions, is known in the transformation 
field as the Eureka step. Nearly all program transfor­
mation systems rely on generating such new procedures 
so that the resulting function/predicate can be folded 
with equations from the current equation set, thus intro­
ducing recursion into the target program [Burstall and 
Darlington, 1977, Darlington, 1981, Tamaki and T.Sato, 
1983, Grant and Zhang, 1988, Bruynooghe et al., 1988, 

8 Type errors occur when a (sub )goal of the proof is of the 
wrong constructive type. 
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Madden, 1988a, Madden, 1989]. Such a process is nc> 
toriously hard to automate and practically all such un­
fold/fold systems rely on user interaction. Even those 
that have achieved limited success in automating the 
Eureka step rely heavily on some form of user-provided 
control program. 

The reason for this difficulty is due to a trade of be­
tween the degree of automation in any particular appli­
cation (e.g introduction of tail recursion, avoiding redun­
dant computation, pruning mechanisms, partial evalua­
tion) and the size of the class of unfold/fold transforma­
tions one wishes the system to encompass. 

Within the Oyster proof transformation environment, 
the Eureka step has been completely automated for rela­
tively simple functions, such as fibonacci, the exponent 
function and some simple sorting algorithms, by work­
ing out from the source proof induction step exactly what 
the auxilliary function, or tuple, is comprised of. This 
task is also neatly combined with the procedures for ac­
cessing and mapping components of the source proof. 

This explanation is very much a simplification con­
cerning the workings of, and programs transformed by, 
the proof transformation system. 

A far more thorough and detailed account, especially 
of the flexibility of control that the induction schemas 
give us over the resultin,g recursive structures, can be 
found in [Madden, 1988a]. 
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