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Abstract. By extending ensemble theory, we obtain a mathematical
foundation for representing and reasoning about dynamic systems with
continuous objects, such as liquids, and continuous processes, such as
chemical reactions. This facility is embedded into the DREAM represen-
tation framework that, using object-oriented mechanisms, integrates a
variety of representation approaches.

1. Introduction

We consider the problem of representing and reasoning
in physical systsms, such as the operation of
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Figure 1-1: Chemical Plant Example
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abstract data type specification and object-oriented languages, objects to be
carriers of information ( states) together with the facilities to manipulate
such information (time, acti inf ), thus com terminological
and amertional levels [2] P are porally d | of situs-
tions and events describing dynamic changes.
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2. The DREAM Representation Framework

2.1 Agents

DREAM represents objects as agents, adopting an object-oriented viewpoint
where changes are brought about by agents carrying out operations. An
operation may change the local state of an agent, and communicate information
stimulating other agents to execute operations. This information flow represents
cause-effect relationships, and causal pathways if it p ds along specific
routes. States prise the inf ion that, tog with operation specifica-
tions, determine an agent's behavior. The behavior of an agent changes because
its state changes. Operations quantize all potential activity of an agent.

From object-oriented computation, we also adopt the notion of classes, or types
of agents with identical specifications of operations and state spaces. Agents of
the same type may differ not only in state, but must differ in properties that
remain unchanged as as they exist, establishing an agent as an individual
A simple and efficient property is a unique name. Type-wide
constant properties and individuation concepts are specified in a CHARACTER
clause.

For example, agents of type ‘valve’ (Fig. 2-1) have a imal openi

v

Operations are specified in terms of the following cl
by capitalized keywordsk: A PRECONDition is a proposition on states defining
when the operation is applicable. The PRECONDition needs not be true after
the operation has begun execution. A ‘Transition INVariant' describes changes
when the operation is being carried out, specifying conditions that persist as
long as the operation is executed. A TERMination OONDition is a

ecution. A POSTcondition describes resulting states as far as they are not im-
plied by the other clauses. DURation provides information about how much

To describe the operations of ‘valve’, we need only three of these clauses. A
valve can only ‘open’ when its prior state is ‘closed’. The first transition in-

)
opera has termina Operation ‘flow’ is
thereby enabled if the inport ‘in’ ¢ (ie, empty). As agents will only
execute valve must tell itself to let

We briefly introduce those concepts of the dynamic
[6] that are subsequently needed. DTIL embeds the time interval logic TIL into

a dynamic logic that connects time intervals with situations and events. TIL is
a “temporal framework” extending an arbitrary first-order logic L=(TFR) of
terms T, formulas F, and rules R inductively with interval terms Ti and inter-

val formulas Fi, where

(1) (Intv, <) is an infinite, partially ordered set of time intervals.
(2) IntvCTi {intervals are the simplest interval terms}.

(3) vijeTi iz {ijh GJ), beg(i), end(D) € Ti.

(@) VijeTL ily i<} i=j il§ ilj € Fi



The statement below creates the ‘valve-agent v2, whose in- and out-ports are

then connected to pipes pl and p2.

AGENT-TYPE valve =

CHARACTER CONST $max—opening:Area
INDIVID nome:Name

STATES closed,opened:Bool, opening:Area
WHERE (1) @ < opening < $max—opening,
(2) opening = @ <=> closed,
(3) opening>® <=> opened
INPORT in:Liquid -
OUTPORT out:Liquid

OPN close =
PRECOND opened
TINV Qopening’ = -1
TERMCOND closed’

OPN open(te:Event) =
PRECOND closed
TINV Qopening’ = +1 AND
~(in* = @) => Jin’ = =1
CAUSES flow
TERMCOND opening’ = $max—opening OR te

OPN open—further(te:Event) =

PRECOND opened AND opening < $max—opening

TINV Qopening’ =, +1 AND

%in* =, -1

TERMCOND (opening’ = $max—opening OR te) AND opening’ > opening
OPN flow =

PRECOND opened AND ~(in' = ¢)

TINV din’ + Jout’ = @

TERMCOND in' = empty OR closed’

AGENT v2 := valve[nome = v2, $max—opening = 10.6 sqin]

AGENT conduit3 := {p? CONNECTS-TO in.v2, out.v2 CONNECTS-TO p2}

Figure 2-1: Agent Type ‘valve’

iand j
j must not be <-comparable). beg(i) and end(i) denote
#j iff i meets j[1} ilj iff i and j
are simultaneous (overlapping).

.

term, but with some interval types instead of intervals. For example,
T-workday = IT-sleep;IT-breakfast;IT-commute;IT-work;IT-commute;IT-eat
hmmpommndwrmygmrr—my'mcdwkwn
An interval term describing a particular workday is obtained by admissible

of intervals for interval types, constrained by the requirement
that it produces only admissible interval terms (with proper order-relas
among in In our example, an interval substituting IT-sleep must meet
the interval substituted for IT-breakfast.

A sitvation [si] is a proposition saying that state s persists throughout time in-
terval i An event aboplik’> is a proposition describing that operation op is

2.3 Processes
A process specifies a porally ded p of ity a
system of agents. Executing a process generates a history network of situations

event always terminates in a situation, the notion of events causing situations is
of causation exhibit different

® A caustion rule <ituation-pattern> —> <event-pattern> denotes
spontanecus causation, where just the of a situati
causes an event.

® A caumtion rule <event-pattern> -—> <event-pattern> denotes
transmitted causation, where executing an operation causes that of

hierarchies
3. Ensembles: Mathematics for Continuous
Objects

For underlying mathematical concepts, ordinary set theory is inadequate to ex-
plain phenomena related to objects with continuous parts. Bunt [3, 4] has
developed ensemble theory to account for such concepts. The tation
theory developed in this paper applies an extension (sect. 32 - of Bunt’s
ensemble theory (sect. 3.1).

3.1 Basic Ensemble Theory

Basic notions of ensemble theory are (x,y,.. stand for ensembles):
1. Part-whole relation C. xCy denotes ‘x is part

empty part of an ensemble is also called a genuine part.
2. Merge and overlap functions U, N. For a collection C of en-
bles, the merge U(C) is the least ensemble s.t. every non-¢ part
U(C) has at least one part that is also a part of some member of
ie. U(C) is the minimal ensemble that has all members of C as
parts. The overlap N(C) of C is the least ensemble containing
all common parts of all members of C.
For an ensemble X, and a part xCX, x° is the completion of x
wart. X, defined as the minimal ensemble with xU x° = X.
For an ensemble X, (OX)U N S5¢X) is a Boolean algebrs, where
QOX) is the set of all parts in X.

and the unicle-whole relatiom €. A non-
empty ensemble is atomic iff it has no other parts than ¢ and it-
self. For an atomic object x, there is a unique non-¢ part of x,
called

F0R

v x(atom (x)—3 ,y.y € x)

v x(~ atom (x)}—-3 y.y € x).

The unicle-whole relation admits an extensionality axiom stipulating
that x€y iff all parts of x are parts of y and, if x is atomic, the
unicle of x is the unicle of some part of y.

4. Member-whole relation €. x€y iff x is the unicle of some part
of y. Hence the unicle of an ensemble x is a member of x, relating
ensemble to set theory.

5. Continuous emsembles. A non-empty ensemble x is continuous if
every genuine part of x has a proper genuine part. Hence, a con-
tinuous ensemble cannot have any minimal parts, and continuous en-
sembles have no members.

6. Discrete emsembles. An ensemble is discrete iff it is equal to the

The continuous merge of two continuous ensembles x:X and y:Y is the least
ensemble z with
(®) VuCz3wCxyCyu=wyv.
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We denote the set of all bles obtained by i ly ging ensembles
from X and Y as XwY, ie. zZ with Z=XwY.
Note. We omit the proof that z in (*) is unique (ie, ¥ is well-defined).

3.3 States

Howunwedacnbemumpmtundhmbuuonin-hnlnm?
is the phenomenon that, especially for deep lakes, the bottom
cooler than regions closer to the surface, and there is usually
of temperatures fmm botwmto-urfwc. unless disturbed by underwater
Likewise, two y g rials may not start reacting unless their
d inimal value. In such cases, we would want to

ascribe a ‘Iempenture-pmperty to ensembles that may change over time.
Definition 2: [States of ensembles]
A state of an ensemble is a property that may change its value over time. We
use two specific notions of states:

e A propositional state is a prop about an ensemble.

® A first-order state is a function from state variables to values

in a state space.
Notation. For an ble e, state(e) d its state. If we describe first-order
states, we write X6 = v for the fact that ¢ is in a state where state-variable
X assumes the value v. For a type X of ensembles, State(X) is the state space
of its members.

Applying a notion of states to ensembles requires a definition of how states of
parts relate to the whole ensemble.

Definition 3: [State combination function]

For a type X of continuous ensembles, a state combination function csy

maps the state of the parts of partitions of any X-ensemble e to the state of
e

i
i

cay is a state combination function for ensemble type X iff

for any partitioning ej of an ensemble eX,

(1) state(e) = cay({state(e;)i € 1)), and

(2) for any X-ensemble ', statele & ¢) = csy({state(e), state(e))).

{csy combines the states of all partitions to the state of the whole,
and exchanging any partition with another part having the same state
will not change the state of the whole (substitutivity property of
states). Clearly, the combined state of an ensemble is independent of
the chosen partitioning)}.

Example. For ensembles w:W of water, let state(w) be a function
that assigns numbers between O and 100 to the state variable ‘temp’.
Then, for any partitioning P(W) = {wy, ... ,wy} of W into water
ensembles, a useful state combination function would determine the
average temperature of w from those of the packages it consists of:

ma-(wi) x4
axllty - g = 2,

wmu-mﬂw)axwwld,howwu,nmhelmumumdm
function if it took just the maximum element of its argument set.

34 Streams

Imposing structure on i bl quires making parts distinguishable
without relinquishing continuity. Ascribing states to pu-u accomplishes just that.
Given a way of distinguishing parts, one can impose order among them. For
studying concepts of flow, we need a notion of streams as specialized partiti-
tions. A partition of an ensemble ¢ is a set p so that each element of it is

an ensemble of o
(1) vxy epn(xy) = ¢, and
) U(p) = e

The elements of p are the blocks of the partition.
Definition 4: A stream partition of an ensemble e¢ is a partition of e
together with a linear order of its blocks. Two stream partitions (p;.<;) and
(pp<p) of an ble ¢ are patible iff, for i=12,
VX3 € IF 1103y and 159y,

for Uy(x;) = {uepy | 32Cx,2Cu}, and

for Ux(y;) = {uep, | 32Cy;z€uk

VueUy(xg), veUy(ydu<yv.

{Uy(x)) is the set of all py-blocks containing parts of x; and Uy(yy) is the
set of all p)-blocks containing parts of y}

The stream product p = py*p; of two compatible stream partitions (py,<;) and
(py<p) of an ble e is the stream partition of e that refines both,
as illustrated in Fig. 3-1. If a stream partition (py,<;) of an ensemble ¢ refines
nmpuﬂﬁm(pz.ﬁ)ofe.thmbothmmplﬁhhmdpl‘pz-pl.
Stream partitions “chop” ensembles into pieces. This appears to defy intuitive
notions of liquid streams, where any such “chopping” is artificially imposed, yet

still part of the concept of a stream. By relativizing stream partitions, we ob-
tain continuous streams:
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(p,:<,)

(XS]

(p,*p;:<)

Figure 3-1: Stream Product

tion S5: A conti ble e is a ocontl iff each
partition of ¢ has a proper refinement. A set Ple) of stream partitions
e 80 that each stream partition in P(¢) has a proper refinement in P(e) is a
tinuous stream refinement system for e.
Every continuous stream refinement system provides an infinite supply of ar-
bitrarily refined stream partitions. This is the facility we need for merging con-
tinuous streams:
The smerge ¢ = ¢; @ ¢, of two continuous streams ¢; and e, is the least en-
semble ¢ at. for all continuous stream refinement systems P(e;) and P(e,), there
is a continuous stream refinement system P(e) with
Vpy €Meypy € P(oz)ape Ple).
(1) Vxep 3x) €pyX)€py X1CX A XCX
{each p-block contains parts that are p;- and p,-blocks}
(2) Vx5, €p1X2¥2 €52

1431 A 3p93)] —~

IXYEP XY A X XCX A §71,¥,CY-
{blocks in p preserve the orders on parts from p; and p,}
Examples
1. Metal alloy bar. b is a cylindrical brass bar, made of copper and zinc,
where one end is pure copper, the other pure zinc, and b is a “continuous”
Odh-dbyhmuobvbmlppmhhdambmgbwimafmdm
foy giving the differential Cu. ion at di r from its left end,
where the rest is zinc:
dfm(l‘)/dl’ const. with fm(o)-o. foi(ro)-lm
Wcumtbuamdnmmwhenwerymdnmmmﬁm-

P(b) has the property
Vpe bIVLyEp x<¥ o= rxany
VIyEp x<y = %Cux < %Cuy

2. Merging water and alcohol C two continuous
luumwuf“mmdlﬁdwmmfmnmkmnmm- wa We
a liquid a state that contains values for temperature and
m has the additional state variable %W (water contents).
Mthmdconunwwnurmucuholmrmrundeﬂnmm
fw@mhmg&ommdmpumfmthmd’thamngdw-mﬂn—

i

8
]

4. Representation of Continuous Objects

4.1 Example: Liquids

To describe liquids, we assume a simple view by saying that an object is con-
m.uquuﬂflumpannmnnguhtwmafneungmdalmhng
temperature that depend on pressures only, its ds on its
mmnndunl-lthhn'cabh’mu.hﬂmunﬁlummbls
ALhuuo-liquuh‘ by linear deg
ture, and fndndbdﬁqummmmmdmlummmﬁn&vﬂm
P ained as indicated. It has LiquidO-parts that can
haprﬂdmdintquuidO—puuwithmobvimu::: functi It
is only stable when all of its parts are stable.
self is a self-reference of any agent of type Liquid0. For brevity, POSTcon-
ditions contain some meta-logical notation: (1) A (2) .. stands for the formula
obtained by ANDing the indicated formulas, and {u/zelf} denotes a substitution
lnthofouawhgfomuhByiuPARMuu.qumdo-lmthmpudd
LiquidO-agents of LiquidO-agents, etc, with the state composition func-
tion defined in the use. As continuous agents can be partitioned in
mem“ummumﬂﬂmfuncﬂmmmbeindmdmtd
y particular partitioning. This is obviously accomplished in the WHERE-clause,
wmmww)dmmmmumdmmm«-m-o

LiquidO-agent:

X € Partition(u) o JICNX = {xficll,

and for any permutation g of I, u = l)(x‘(”)_

A ‘piece’ of liquid is stable, and thereby not flowing, if all its parts are stable.
mopcndonlmlpedﬂsdmnﬂmmthngupmzhdudam-ofm
equality of theory:

¥ x.y-Liquid0. x_yn-oi:uquido mgl(x) YA

X =Yoo xCy A yCX

Both relations are well-defined for Lig ts because ‘merge’ is defined in-
ductively. Obviously, Vx:Liquid0. merge.¢(x) = mergex(¢) = x, and C is a par-
tial order. POSTconditions (4) for merge, and (2) for overlap ensure minimality,



and thereby single-valuedness of these operations. By the above equality relation,
two LiquidO-agents x and y are equal, x = y, iff they are identical.

We consider two specializations of Liquid0: Superfluid liquids that always flow,
and drinkable liquids. As the semantics of an agent type is that of an abstract

data type denoting a clas of algebras (or, equivalently, a theory), we adopt the
notion of data type combinations for specializing an agent type:

AGENT-TYPE LiquidS = Liquid® + [STATE WHERE etable = false]

AGENT-TYPE LiquidD = Liquid® RELATIVE=-TO Humen
WITH V h:Humon. fal ive.hjdrink,h(:eelf)f{alive.h’}

LiquidD-agents are considered drinkable iff any human drinking it stays alive.
This is a different kind of specialization as restricting the state space in Li-
quidS, as LiquidD-agents are constrained by their environment. Most specializa-
tions of Liquid0 will specify substances of particular chemical composition and
associated properties:

AGENT-TYPE Water = Liquid® +
CHARACTER INDIVID chemcomp = M20
CONST  nome:Nome A
$oxtent = “function describing how volume depends
on temperature” A
$freeze—temp = @oC A
$bol I-temp = 1000C
. ote. ...
A particular water—agent is obtained by Iinstentiating es yet unbound
$-prefixed state identifiers, and specifying en initial state:
AGENT w = Water[$name=poo|—4;STATE vol=80cuft, temp=760,
press=iatm. stoblel

AGENT-TYPE Liquid® =
CHARACTER CONST  $extent:Temperature => Volume IS |inear,
$freoze—temp, $boii-temp:Pressure -> Temperature
IS linear

STATE vol:Volume, press:Pressure, stable:B80ol, temp:Temperature, mase:Mass
WHERE vol=$extent(temp) A
(Otemp=® — QJvol=d) A
$freeze—temp(press)<temp<sbol I-temp(press) A
vol=® V mase=d — :gelf=g

PARTS :Liquide
WHERE V X € Partition(welf).

vol = L fvol.x|xEX} A

temp = (L {moss.x X temp.x|x € X})/mase.x A
stable <=> VX EX. stable.x

OPN flow
PRE ~stable
TERM stable

OPN  merge(x:Liquide)
POST (1) :self=g — :self'=x A
(11) (1) VxCmelf’.3yCx.yCz A
(2) V2Cx3yC »elf’'yCz A
(3) x* C :eelf* A
(4) Vu:Liquide. fu/eelfi[(1) A (2) A (3)]
— u=:gelf’

OPN  overlap(x:Liqulide
POST (1) V2C 2 C 3elf A 2Cx
(2) Vu:Liquide. fu/self}(1) — u = :eelf*

OPN  separate(<predicate>, n:Name)
PRE 3xC:self. <predicated(x)
POST (1) VxC:self.<predicate>(x) — -xC:self’ A
(2) Ju:Liquide.nome.u'=n A
VxC:eelf’.<predicated(x) <= xCu

Individuation

The above discussion gives an example of a  combined
specialization/instantiation/| (see Fig. 4-1). As thess notions were
adopted from similar idess in object-oriented data type specification languages,
we omit all further details about inheritance, encapsulation, specialization, and
instantiation. A crucial fi of this approach is that it provides a framework
for integrating vastly different concepts and styles.

Individuation is a procedure identifying entities such as concepts (ie, agent
types) and objects (agents) as unique individuals distinguishable from others.
Individuation includes an equality notion, provides a decision procedure for
equality, and a choice mechanism for one out of a collection of entities.
Z\ to individuation supported in are:

1

clause in the CHARACTER clause.

(2) Conceptual individuation. Liquid0 is identifiable by its character, state
parts, and operations. In gemeral, two agent-types are equal iff they
isomorphic algebras. This is often undecidable.

(3) Referential individuation consists of someone attaching a unique name
entity. The difference to (1) and (2) is that someone else provides
dividuating information.

The discussion of Hayes' car [5] shows the importance of being aware of the
kind of individuation one is about: midmdtyd‘mmu:
threatened by gradually exchanging its parts, including registration num
Individuation that is ptual or by intrinsic property would distinguish two
different cars. “X's” car is identified by referential individuation with the ref-
erence being maintained by a name. Hayes' requirement of spatiotemporal con-
tinuity of conceptual or intrinsic-property individuation is no solution: Under
thess equality relations, the original car and the ‘same’ car after exchanging all
its parts are different. However, the reference remains the same.
Liquide
Liquids LiquidD
Al or
ale=d 1-4
'
i |
| ]
+ i
drop-5656 warm—underwater—
stream
—=> specialization of agent types
+H> Instentiation of agent types to ogents
=w=> part-subpart relation

Figure 4-1:  Specialization/Instantiation/Parts-Hierarchy

42 Streams
We illustrate the DREAM-representation of the stream concepts developed in
sect. 3 in terms of specializations of Liquid0:
Partitions of an agent L:Liquid0 are agents of type
AGENT-TYPE Liquide-partition(l) =
CHARACTER CONST I:N-set
Il:l.lquld.
WHERE €T A | -nrnll.llEll

PARTS

tion of 1 is characterized by its parts and an index set I of natural
mm« enumerates  its  blocks. merge(ljlicl} stands for

...Mlﬁn)....udn.mmetmpiy)-mpy(ﬂ

Stream partitions of an t 1Liquid0 are similar to partition-agents for 1
with the addition that the order on index sets imposes a linear order on
its parts.

Continuous streams are specified by transferring our definition into proper
DREAM-syntax to specify PARTS-constraints and an smerge-operation.
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