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ABSTRACT.

A many-sorted first order caiculus, called ERP

[Wa83] , whose well formed formulas are typed
clauses and whose inference rules are factorization,
resolution, paramodulation and weakening is
extended to a many sorted calculus ERP” with
polymorphic functions (overloading) . It is assumed
that the sort structure is a finite partially ordered set
with a greatest element. It is shown, that this
extended calculus is sound and complete, provided
the functional reflexivity axioms are present. It is
also shown, that unification of terms containing
polymorphic functions is in general finitary, ie. the
set of most general unifiers may contain more than
one element, but at most finitely many.
We give a natural condition for the signature (the
sort structure), such that the set of most general
unifiers is atways at most a singleton provided this
condition holds.

1. Introduction,

The advantages of a many-sorted calculus in
automated reasoning sSystems are well known
[Hay71, Hen72, Wa83, GM84, GM85S, Co83, CD83,
0b62] , a fact that was also noticed in logical
programming [MO84, Mi84}:

In a many-sorted calculus we obtain a shorter

refutation of a smaller set of ghorter clauses, as

compared to the unsorted version.

Our interest is in using a many sorted calculus in

Automated Theorem Proving, especially in resolution

based ATP-systems. The most desirable properties of

such a calculus are:

1.) The unsorted problem and the corresponding
sorted problem are equivalent, ie. the unsorted
clause set is contradictory, iff the sorted version is
contradictory.

2.) The calculus is complete, ie. there is a derivation
of the empty clause, iff the clause set is
contradictory.

3.) The search space in the sorted version of a
problem is smaller than the search space of the
unsorted version (provided the problem has a
sort structure).

4.) The many-sorted caiculus has as much expressive
power as possible.

S.) The calculus should be based on standard
resolution and paramodulation [WR73] possibly
augmented by a modified unification algorithm.
Hence standard reductions like purity, sub-
sumption, tautology deletion, replacement
resolution and incompatibility of unifiers [KM84,
Ro64] can still be used. Furthermore resolution
based strategies such as Unit resolution and
Set-of -support should be applicable.

The ERP-calculus of C. Walther [Wa83] essentially

satisfies these requirements, but can be improved by

the additional incorporation of polymorphic functions

(overloading). This new extended caiculus is called

ZRP.

In ERP* it is possible for exampte to have a function

symbol + (sum) denoting the addition of (complex)

numbers with the implicitly stated property, that,
syntactically, the sum of integers is an integer, Lhe
sum of reals is a real and the sum of Gaussian
numbers is a Gaussian number. However we do not
allow to use the same symbol "+" for say the addition
of vectors, since we have the technical restriction,
that for every argument position in every function
there exists a greatest sort for that argument. Using

“+" for numbers and vectors would imply that eg.

1+(0,0) is well sorted, which does not make sense.

Without this restriction, the ERP*-calculus is not
complete in general (This however ocould be
remedied if either ill-sorted terms are aliowed during
equality deductions or an extended parallel para-
modulation rule is used).

The results presented in this paper concern
unification of polymorphic terms and completeness of
the ERP*-calculus. In particular it is shown, that the
complete and minimal set of most general unifiers



for two polymorphic terms is always finite.

Some authors present sort structures, such that the
upion, the intersection and the complement of sorts
are defined [Co83, CD83]. If such information is used
in a deduction, the rules of the ZRP*-caiculus are not
sufficient and extra rules would be necessary to
ensure completeness. But such 8xtra rules have in
general the very unplessent side effect that the
reductions amd sirategies of a resolution based
calculus are no looger applicable.

2. Basic Notions of the ERP*-calculus

In the following we specify the underlying logic.
The non standard part of the next definitions are the
polymorphic functions. We assign to every function
the set of all domain-range relations, e.g. for the sum
(+) of complex numbers we have:
+ . COMPLEX x COMPLEX -+ COMPLEX ;

COMPLEX x INT -+ COMPLEX ;

INT = INT » INT; ...
This is denoted as a set of (triples
{(COMPLEX COMPLEX ,COMPLEX), (INT,INT,INT),

(COMPLEX,INT COMPLEX), . . }.

Definition.: A polymorphic signature SIG is a triple

(SFP), where

1) 8 is the finite set of sorts, s is a partial ordering on
S with the greatest element T. < is extended to
tuples of sorts in the usual way (componentwise ).

2) F is the set of function symbols. F = U Fy , where

Fy is the set of function symbois of arity n with

2 - wcstl
If Py = Z, then W satisfies the [ollowing
conditions:

- The sort of constants is unique. ie. W S implies
wi=1

- For signatures of functions W, which are not
constant:
a) W contains a unique greatest element

(SW".,Sw.z,. .. ,Sw’n,’l ).
b) For every (S;,S,,. .., Sy, ;) € W and every

that there exists a unique sort T, 4 < Sp
such that (T, .. . Ty, ;) € W. That means that
for every [ € F the related function

where *(S,..S5) =Sy, 1, H(S,..8,,1) € W,
is well defined and monotone.
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3) P is the set of predicate symbols. If Py is the set of

predicates with domain D, where D € S". We
define P= UPp,

4) For every sort S € S, there exists a constant ¢ of
sort S° < S. That means, that SIG is strict in the
sense of [HO80).

We use the following additional notation and

abbreviations: SO(f) = W,iff fe Fy. SO(P) - V, iff

Pe l'v. C denotes the set of all constants, Cs denotes

the set of all constants of sort S.

If the set of ranges of a function [, ie. the set
{Sps1MSq.-Sp.1) € SOT)} has more thaa one eiement,

thea f is called a polymorphic function. If no
polymorphic function is in F, thea SIG corresponds to
a signature of the ERP-caiculus (Wa83).

In an actual implementation, it is not necessary, that
the whole signature of a function is explicitely
specified. It is sufficient to give enough information
to compute the signature of a function uniquely. For
functions, which are not polymorphic, the
specification of the maximal domain and maximal
range suffices.

Let Vg be the (infinite) set of variables af sort S and

let V = U Vg. Terms (including ili-sorted terms) are

defined as usual. The set of all terms is called TERM.
The sort of t , namety [t] , is defined as follows:

The function [..] maps constants and variables to their
respective sorts and is recursively extended to terms
by [f(t),..t5)] = Sp,q. #F S; = [t;] and

(Sy,-Sp+q) € SOU). We define ETERM, the set of all

well-sorted terms as the domain of the function [... ],
i.e. the terms, for which a sort is defined.

The functional reflexivity axioms are the axioms
Vixex and Vg, X f(x),..X5) 8 f(xy,..25).

Example Let S = (N, NZ, Z}, where N denotes the
nonnegative integers, including 0, NI denotes the
positive integers and Z = {0}. Then N2 NZ and N2 Z
The function + has the following signature:

SO(+) = {(NNN); (NNZNZ); (NLNNZ); (ZNN); (NLN);
(LNZNZ); (NLZNZ), (LZL), (NLNLNZ) }.

Then for example [0+0] =Z and [0+1] = NZ
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Definition. For a given signature SIG = (S,FP) we say
the triple (ASF) is an algebra of type (SF) il the
following is satisfied:
- A is a nonempty set.
- To every oort S € 8§ is assigned a subset SA of A
such that TA . A andfor
aliSTeS: S<Te sAcTA
- For ¢ € Cg, an eloment cA € A exists, such that

AesA
- For functions f, fA- AD + A is a mapping such
that the image dSIAx... xsnA iainsmlA for

all (Sy.... Sp,q)€S0(). O

By the definition of a signature, we have that SA « &
for every S € § since every sort contains at jeast one
constant.

Definiton. A mapping ® : A » B , which has the
properties, that

a)c(SA)GQ(SB) r«mmsum

b) pirA (ay,....ag) =T (O(il) ..9(ay))

is called o £ homomorphism. U

(ETERMSP) is the free algedra of type (SF) and
(ETBRM',S.F) is the initial aigebra of type (SF),

where }:TBRM', is the set of terms without variables.

A mapping o ETERM -» ETERM, which is a
T -endomorphism where (x € V | 63 = x) is finite, is
called a §-pubstitution Let ESUB be the set of all
£ -substitutions. E-substitutions are exactly those
mappings, which are substitutions in the normal
sense and have the additional property that
[sx)lsixlforalixe V.

P(t),...1,) is an atom, where P is a predicate symbol
and the t;'s are terms such that [t]) s S; where

(§.--Sq) = SO(P). A literalis a signed atom. A clause

is & set of literals, ie. an abbreviation for the
disjunction of the literals, where all variables are
universally quantified. A ground atom. a ground
literal or a ground clause is one without veriables.
Instances of atoms, literals and clauses are their
images under a E-substitution. Eguality () is a
distinguished binary predicate with domainsorts
SO(s) - (T.7).

Since a clause set CS is said to be satisfiable, if and
only if a model for CS exists, there is the need for a
precise definition of a model respecting polymorphic
signatures.

Definiton. A £E-model for a clause set CS is a triple
(D,SIG,R), which satisfies the following conditions:

- (DS.P) is an algebra of type (S,F).

- For every predicate P there exists a relation PDeR
of the same arity.

- Al clauses in C are valid under all
E-homomorphisms @: ETERM » D, ie.
all clauses are valid under all assignments of
values in D to variables in clauses, where sorts are
respected. (A literal +P(. . . ) is valid under @, if it's
image under ¢ is in the relation D).

- The equality predicate is represented as the
identity on D.

3 Unification of Polymorphic Terms.

For 6 € ESUB we use the notation:

DOM(s) = {x € VI 6x = x} ; COD(6) = {x | x ¢ DOM(S)}

and VCOD (o) is the set of variables in COD(g). A

uaification problem for two terms s and t is denoted
as < = ©>. The set of variables of a term t is denoted

as VAR(1).

For We V andetezsun define & = T [W], iff

ox = Tx for all x € W. Furthermore definesc t [W],

iff & = At [W] for some A € ESUB. Obviously & [W] is

a reflexive and transitive relation on £ -substitutions.

For a subset U ¢ ESUB we say U is separated on a set

of variables W, iff DOM(¢) = W and VOOD(8) n W = @

for all 8 € U and all VCOD's are disjoint. Note that such

a set consists of idempotent £ -substitutions only.

Definition A set of most general unifiers pUE(st) for

two terms s and t is defined as a subset of £SUB,

which is separated on W = VAR(s,t) and satisfies:

- s = @t for all 6 € pUE(st). (correctness).

- For all & € ESUB with 88 = 5t we have 5 £ 6 [W] for
some &€ PUE(st). (completeness)

-6t [Wl = 6 =1 for all 6T € pUE(s1).
(minimality) O

Defipition A E-substitution is a weakening

substitution (coercing) [Wa84 GM8S]., iff

(i) © substitutes variables for varisbles and

(i) @ is injective on DOM (o) and

(iii) DOM(s) n YOOD (8) = @. O

The set of all weakening substitutions is called

ZWSUB. In the computation of a set of most general

unifiers, weakening substitutions are used to solve

unification problems like <x = 1> , where [t] is not a

subsort of [x].

Defiition. The et of most geperal weakening

aubstitutions for 1 and S MWEG(t) is a set of

weakening substitutions which is separated on

W = VAR(t) and satisfies:



-[6t] s S for all 8 € uWE(t). (correctness)
- 6 € ESUB with [5t] £ S there exists a 6 € pWE(t)

such that 5 € 6 [W]. (completeness)
- V8T € UWEG(1): 66 TIW] = 6 - . (minimality) O

This definition is of course only useful for terms ,
which are ill-sorted or for terms t where [t] is not a
subsort of S and the outermost function symbol of t is
polymorphic.

The following theorem is valid in the ERP-calculus
{Wa83,Wa84] and can be extended to ERP".
Theorem 1. [Sch8S5a). Let t € TERM and S € S. If there
exists a 8 € ESUB such that [61) s S, then pWE(1)

exists, it is not empty and it is atways finite.

An immediate consequence is:

Theorem 2. For unifiable x and t the set pUE(xt)
exists, is not empty and [inite. O

The proof follows from the fact that pUE(x,t) -

(@elx - &1} | 8 € UWE[4(1)), if x4 VAR().

Example. The following example demonstrates, that
for a unification problem <x=t> the minimal set of
most general unifiers can grow exponentially.

Consider the sort structure S = {NNNZZ), where N, NZ
and Z have the same meaning as in the example
above. Let x € V; and x; € V). The signature of the

function "»" (product) is:

SO(+) = {(NNN), (NZNN), (NNZN), (ZN2), (N22),
(ZN22), (NZZ2), (ZZ2), (NZNZNZ)). The unification
problem <x = (X;+Xpk . #(Xpn_+X4)> produces 21
unifiers, since for every factor there are two
independent solutions { X5; ¢+ y5; ¢} and {xy; ¢ y,},
where [yj] = NZ. These solutions have to be combined
independently.

For a set of variables W and a set of E-substitutions
U, the set MAxdij) is a set of Z-substitutions ,

such that

i) MAdeU) ¢ Uand

ii) V6 € MAXgw(U). TeU: 6cTIW] »6-T.
i) Y € U: 36 € MAYqwyU): Tc 6 W],

Such a set exists, since elW] is transitive.

The polymorphic unification algorithm TUNIFY,
which is an extension of the algorithm for the
ZRP-calculus [Wa84], takes two terms st as input and
produces a set of most general unifiers as output.

It is defined as follows: [Sch85a]
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”UNEW = {e}.
2) RBPBAT UG‘D - UN“‘ Um =0.
For every & € Uqy; pp DO

Let (d.e) be the first disagreement pair of
the two terms &3, 6t.
IF d or e is a variable, THEN DO

UNEw™- Um’l"f |t e pUE(d, e)} .
oD.
oD.
UNTIL UNgw i8 @ set of £ -unifiers for st or

Um - b.
3) RETURN MAX s [VAR(s1)] (UN“) (]

We have the theorem, which is proved in [Sch85a)

Theorem 3. Let st ¢ ETERM be Z-unifiable. Then

ZUNIFY(st) terminates and returns a finite

nonempty set, which is equivalent to pUE(st). O

Definition, We say SIG is a unification unique

signature, iff

- ¢ §S< > is a semilattice with a unique greatest
element.

-For all f € F and all S € S the set

contains a unique greatest element.
The following theorem is proved in [Sch85a).
Theorem 4. Let SIG be a unification unique signature.
Then pUE(st) is at most a singleton for all st €
ETERM. O
In[Sch85a] it is shown, that the condition, that <S>
is a semilattice, does not restrict the expressiveness
of the many-sorted calculus ERP*. In the case that
<85> is a partially ordered set, it is possible to add
sorts to the signature, such that the resulting sort
structure is a semilattice and the sstifiabilty of
clause sets is unchanged.
4. The ERP" -calculus,

£ -factorization, E -resolution and £ -paramodulation
are defined as in [Wa83], however based on the
umifier sets pUE and UPE respectively. The set pPE
is the set of most general unifiers for para-
modulation, which is also always finite. The
£ -paramodulation rule includes the weakening rule
of [Wa83] . The proofs in [WR73] can be generalized
(see [Sch8SaD to the ERP*-calculus yielding the
following result:

Theorem S. Let CS be a clause set containing the
functional reflexivity axioms. Then:
CS |—ygpp: FALSE ¢== (S is unsatisfiable.
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Example. The functional reflexivity axioms are
needed for the completeness of the ERP-calculus:
LetS ={T,ABCDRE.

-
/‘;”(\
ABCDE
- Let abcd be constants of sort ABCD
respectively.

- Let P be a unary predicate with SO(P) = (E).

- Let f € F with a signature, such that [f(1,,1,)] - B, iff
{ty)s A andft))sClor ([tJsBand[t;)sD)
otherwise [f(t;15)]=S.

- Let CS be the clause set { {amb}, {o=d}, {P{f(a,c))},
{-P(f(b,d))} }.

This clause set is unsatis{iable, but £ -paramodulation
is not possible, since [f(b.c)] = [f(a,d)] = S. There is no
deduction of the empty clause in ERP*. If the
functional reflexivity axioms are present, then
f(ackf(bd) can be deduced from the functional
reflexivity axioms and the clauses in CS. Hence the
empty clause is then deducable. [
This result is somewhat theoretical. In practical
applications, the functional reflexivity axioms are not
used, since (i) they increase the search space
enormously and (ii) the subsumption rule would
delete all of them but the axiom x=x. Clearly, this
omission may be the reason for incompleteness.

5. The Sort-Theorem. For a polymorphic signature
SIG and a related clause set CS, we define an
unsorted relativization CS.g, [Wa83, 0b62] as follows:

For every sort S use a unary predicate PS.

The set of sort axioms AE oonsists of:
- VxPg(x) vPp(x) ifSsTforSTeS.

- Vx Pg(x) for the grestest sort S of S.

-V Xy, Xq -Psl(!] M. V‘ps.(ln) hps.‘,(f(xl,...,xn))
for every f € F and every (S;,..S,) € SO(T).

The relativization C.q of a clause C is the clause

itself, where the sorts of the variables are ignored
and for every varisble x of C a literal ~Fr.y(x) is

added 1o the ciause.We have CS. = AEy

The following theorem, which is proved in [Sch85a],
and which is proved for other signatures in [0b62]
and [Wa83), states the equivalence of the sorted and
the unsorted version of a clause set:

Theorem 6. (Sortensatz) Let C5 be a SIG-sorted clause
set. Then:
CS is unsatisfiable iff CS,¢, is unsatisfisble. [J

Example. This example is taken from [SM78), which
appears to be a goldmine for theorem proving
examples. During & course on automsted thearem
proving in the last semester, our students had to
transiate these puzzles into first order predicate logic
and to solve them with our theorem prover
(Markgraf Karl Refutation Procedure) [(KM84]. One of
these problems (Problem 47) reads as follows:
“When Alice entered the forest of furgetfulness, she
did not forget everything, only certain things. She
often forgot her name, and the most likely to forget
was the day of the week. Now, the lion and the
unicorn were frequent visitors to this forest. These
two are strange creatures. The lion lies on Mondays,
Tuesdays and Wednesdays and telis the truth on the
other days of the week. The unicorn, on the other
hand lies on Thursdays, Fridays and Saturdays, but
tells the truth on the other days of the week.
One day Alice met the lion and the unicorn resting
under a tree. They made the following statements:
Lion: Yesterday was one of my lying days.
Unicorn: Yesterday was one of my lying days.
From these statements, Alice who was a bright girl,
was sble to deduce the day of the week. What was
it?"

We use the predicates MO(x), TU(x), .., SO(x) for
saying that x is a Monday, Tuesday etc. Furthermore
we need the binary predicate MEMB, indicating set
Membership and a 3-ary predicate LA. LA(xy z) is
true if x says at day y that he lies at day z; LDAYS(x)
denotes the set of lying days of x. The remaining
symbois are self explaining. One-character symbols
like u,x,y,z are regarded as universally quantified
variables.

Arxiomization of the days of the week:

MO(x) & {TU(x ¥WE(x ¥TH(x MPR(X WSA(XVMSU(X) )
TU(x) e (WEB(x VTH(x VFR(x VSA(x VSU(X)VMO(x) )
WE(x) e {TH(X MFR(XVSA(x)VSU(x vMO(x VTU(x) )
TH(x) oo FR(XVSA(x)VSU(x WMO(x ¥TU(X WWE(x) )
FR(x) & {SA(x)VSU(xVMO(x MTU(x VWE(x VTH(x) )
SA(x) e {SU(xWMO(x MTU(x VWB(x VTH(x)vFR(x) )
SU(x) e» {MO(xVTU(XVWE(x WTH(X VFR(X)VSA(x) )

Arxiomization of the function yesterday:
MO(yesterday(x)) o TU(x)
TU(yesterday(x)) « WB(x)



WE(yesterday(x)) * TH(x)
TH(yesterday(x)) o FR(1)
FR(yesterday(x)) & SA(x)
SA(yesterday(x)) o~ SU(x)
SU(yesterday(x)) & MO(x)
Aziomigation of the function LDAYS:

MEMB(x LDAYS(lion)) e¢ MO(XVTU(x)VWB(x)
MEMB(x LDAYS(unicara)) ¢» TH(X)WFR(X)VSA(1)

Axiomization of the predicate LA:
~MEMB(x LDAYS(u)) ALA(u 1 y) » MEMB(y LDAYS{(u))
~MEMB(x LDAYS(u)) A sLA(u x ¥) »

“MEMB(y LDAYS(u))
MEMB(x LDAYS(u)) ALA(u x y) » ~MEMB(y LDAYS(u))
MEMB(x LDAYS(u)) mLA(u x y) » MEMB(y LDAYS(u))

Theorem:
3x LA(tion 1 yesterday(x)) A
LA(unicorn x yesterday(x))

The MKRP proof procedure at Kaisersiautern fouad a
proof for this unsorted version after 183 resolution
steps, among them 81 unnecessary steps, hence the
final proof was 102 steps long. This proof contains a
ot of trivial steps corresponding to common sense
reasoning (like: if today is Monday, it is not Tuesday
elc.).

Later the sort structure and the signature of the
problem at hand was generated automatically by a
transiator module which accepts an unsorted clause
set as input and produces the equivaleni many-
-sorted version together with the corresponding
signature [Sch85b].

The sort structure snd the signature contain all the
relevant information about the reiationship of unary
predicates (like our days) and the domain-rangesort
relation of functions. The sort structure of the
subsorts of DAYS in our example is equivalent to the
lattice of subsets of (Mo, Tu, We, Th, Fr, Sa, Su)
without the empty set, ordered by the subset order.
Hence there are 127 (=27-1) sorts. The function
‘yesterday” is a polymorphic function with 127
domain-sort relations like yesterday ((MO, WE)) =
(SU, TU).

The unification algorithm exploits this information
and produces only unifiers, which respect the sort
relations, ie. (x « t) is syntactically correct, if and
only if the sort of the term t is less or equal the sort
of the verisble 1. We give an example for unification:
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the unifier of x:SO+TU and yesterday(y:MQ+TU) is
{x « yesterday(y: MO) ; y « y;:MO ). The MKRP

theorem-proving system [KM84] has proved the
theorem in the sorted version immedistely without
any unnecessary steps. The length of the proof is 6.
As the protocol shows, the final substitution into the
theorem clause was I « y:.Th Thus the ATP bas
found the snswer, Thursday, in a very sirgight
forward and humanlike way. Here is a proofl protscol:

C1  AllxMo MEMB (x LDAYS(lion))
C2 AllxTu MEMB (x LDAYS(lion))
C3 AllxWe MEMB (x LDAYS(lion))
C4 AllxTh MEMB (x LDAYS(unicorn))
CS AllxFr MEMB (x LDAYS(unicorn))
C6 AllxSa MEMB (x LDAYS(unicorn))
C7  All x,y:Days u:Animal
MEMB(x LDAYS(u)) ~LA(u x y)
MEMB (y LDAYS(u))
C8  All xy:Days u:Animal
MEMB(x LDAYS(u)) LA(u x y)
~MEMB(y LDAYS(u))
C9  All x,y:Days u:Animal
~MEMB(x LDAYS(u)) ~LA(u x y)
~MEMB(y LDAYS(u))
C10 All x,yDays u:Animal
~MEMB(x LDAYS(u)) LA(ux y)
MEMB(y LDAYS(u))
Ci1 Al x:Th+Fr+Sa+Su ~-MEMB(x LDAYS(lion))
C12 All xTu+We+Su+Mo ~MEMB(x LDAYS(unicorn))
Th  All x:Days
~LA(lion 1 yesterday(z))
sLA(unicorn 1 yesterdgy(x))

Prodf:

C4,1 &C10,1 - RI:
All x:Th y:Days LA(unicorn x y)
MEMB(y LDAYS(unicorn))
R1,2&C12,1 » R2:
All xTh y:Tu+We+Su+Mo LA(unicorn xy)
C3.1&C83 - R3:
All x:Days y:We MEMB(x LDAYS(lion))
LA(lion x y)
R3,1 &Ci1,1 » R4:
All xTh+Fr+Sa+Su y:We LA(lion x y)
R41&Th1 - RS:
All x:Th ~LA(unicorn x yesterday(x))
RS,1&R21 -+ Ré6: o
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7. Conclusion In a sense a polymorphic calculus is
more expressive than a monomorphic calculus: one
function symbol essentially denotes several
operstions. An alternative formulation with
additional equalities and different symbois surely
produces a larger search space.

The ERP*-caiculus atlows to express this information
and gives the possibility to use this information
directly in the inference mechanism. Thus the
ERP*-calculus has all the advantages of a many
sorted caiculus, but an increased expressive power.
Polymorphic unification is implemented in the MKRP
theorem proving system at Kaisersiautern [KM84]
and shows remarkable improvements in particular in
combination with a sort generating algorithm
[Sch85b], which sutomstically transforms a given
problem into it's polymorphic, many-soried version.
The ERP*-caiculus could advantageously be used as
the basis of a PROLOG impiementation, where the
present (Robinson) unification algorithm would be
replaced by an algorithm as proposed in this paper.
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