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Abstract

Most of the geometric information in a scene is captured
by local coordinate frames oriented according to local
eometric features. In polyhedral worlds these features are
aces, vertices and edges. Such features lead naturally to
parallel algorithms for building such a scene description
from stereo input that are insensitive to noise and
occlusion. This representation can be used for object
location, object recognition, and navigation.

1. Introduction

The critical problem of form perception is that of picking the
right representation. In previous papers we have argued that if frame
primitives are picked as the underlying geometric representation, then
many problems related to form perception can be solved in an elegant
way [2.3.4.5.6.7.23]. Frame primitives are geometric coordinate frames
that can be extracted from more primitive image features. These
primitives play a dual role: they can be regarded as features in their
own right and used in the form matching process directly, or they can
be used to specify transformations between themselves and other
features.

In this paper, frame primitives are developed with respect to a
polyhedral model of the geometric environment. The advantage of a
polyhedral model is that the polyhedral primitives are intimately
related to the frame primitives. However, any substrate related to
coordinate frames such as symmetries [8] may be used as well.

Frame primitives express the fundamental nature of rigidity:
two shapes are equivalent if there exists a rigid transformation that
maps one into the other. 'This idea can also be extended to the
matching of a prototype with portions of a scene. A portion of a scene
is said to represent an instance of a prototype if there exists a rigid
transformation mapping the prototype into portions of the scene. The
use of rigidity distinguishes the approach from topoplogical matching
[11.17.24].

I'he problem of matching a 3d prototype to an image can be
nierarchically organized into: (1) the recovery of 3d lines trom stereo
image  data  (for monocular approaches, see [21.11]); (2) the
construction ot a 3d polyhedral scene model: and (3) the matching of
portions of that model to a library of stored prototypes. This
hicrarchical strategy is similar to that of [9] and has several advantages
over the methods that try to match the image to the 3d prototype in
one step. For example, [19,20] try to match the 3d prototype directly
with the 2d line drawing.

['he computation is implemented in a connectionist architecture,
motivated by biological information processing systems [2]. The
complete processes of extracting 3d structure and matching is carried
out by a parallel probabilistic relaxation algorithm.
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2. Basic Concepts

2.1. Geometrical Primitives

A 3d plane is defined by aX + bY + ¢Z + d =0 where n =
(a. b, c¢) is a unit normal to the plane surface and d is the distance of
closest approach to the origin.

A 3d line is defined by the equation x = D + se where D is the
closest point to the origin that the line passes through, e is the unit
vector direction of the line, and s >0 is a scalar parameter.

Each of the above can be seen as the parual spectfication of
local coordinate frames where the frame parameters are synonymous

with geometric features. In other words, these geometrical entities
provide natural choices for the orientation of local geometric features.

2.2. Frame Descriptions

A coordinate frame is defined by a transformation with respect
to a base coordinate  frame which has vectors
(v1, v, v3) = ((1,0,0)(0.1,0)0,0,1)). This transformation is specified by
scale factor s, a rotation of the frame by an angle # about a unit
vector w with respect to a base coordinate frame, and a translation of
the origin by xg. Notationally we will refer to the complete frame as
F, the rotation part as E. Thus F = (E, xg), where E = (e. e;, e3) is
an orthonormal basis.

A virtue of the geometric primitives is that the transformation
itself allows one to change the point of view. Thus to make an
arbitrary frame F = (e, e, €3, x() the base frame, one need only
apply the transformation in reverse to all the frame primitives. That is,
T = (w, -8, —xy), where w and @ are determined from e, e,, and
ey (we show how this is done in Section 3.3).

This extremely important point is the main virtue of frame
primitives: frame primitives contain all the information necessary (o
change the point of view. Any particular primitive may be chosen as a
reference for all the other primitives by applying the reference
transformation to each primitive.

2.3. Matching Different Frame Descriptions

An instance of an object in the viewer-centered frame may be
related to a prototypical internal representation in an object-centered
frame by a viewing transformation. but this problem is generally
underdetermined [5]. Furthermore. the image usually contains many
tfeatures that belong to different objects, and these tend to confound
the perception of a particular shape.

A key simplifying assumption is that the internal representation
contains only a single object. In this case the viewing transformation
can generally be computed and parts of the object in the image can be
identified despite other image clutter [3,6]. The task of determining if
a known object is in an image is posed as: is there a transformation of
a subset of image features such that the transformed subset can be
explained as the object? If the answer to this question is no, then the
object is not present. [f yes, then the transformation provides all the
necessary information about the object.



The principal feature of our method is that it decouples the
computations for orientation and translation. In other words, the
orientation of the object can be detected without knowing its
translation.

3. Specification of Constraints

3.1. Matching Two-Dimensional Stereo Lines

A line in the image plane defines a plane which passes through
the focal point (Z = 0) as well as the line itself (this development is
similar to that of [12]). Consider the intersection of this plane with
the image plane. At the intersection locus: X = x, Y = y,and Z =
1, so that the equation of the line in the image plane is

ax + by + ¢ =0

The different imaging geometries of stereo images will produce two
different lines, and correspondingly, two different planes. In order to
relate these two planes, they must be expressed in the same coordinate
frame. For the simple case of parallel views separated by A | the
equation of the second plane (a,, by, ¢;) in terms of the first frame is
simply

d2X+b2Y+C3Z—(12A:O

The two planes, when intersected, define a 3d line (D, e). Given
the two normals n; and n», e can be readily calculated as
e=<ny; Xn,> 3.1

where the operator < > normalizes its vector argument. [he vector
from the origin D) may be calculated by solving:

D=V (3.2)

where

ny Ny, Ny,
N = |ny ny my| and d7 =(0,d5 0)

&, e, &

3.2. Building Polyhedral Scene Descriptions

Given a collection of 3d lines, the problem now becomes one of
recovering additional 3d structure. To do this one can exploit an
instance of Barlow's notion of "suspicious coincidences.” Applied to a
polyhedral world, this idea is as follows: it is unlikely that two three-
dimensional lines will happen to be coplanar or meet at a vertex
accidentally. Thus we consider constraints between all pairs of 3d
lines, assuming that intersections usually reflect rigid polyhedral
structure. The constraints are simple applications of vector geometry
of R3[7.23] and are as follows.

I. Two planes define a concave or convex edge. Pairs of planes
Py=(ny dy) and P,=(n, d;) produce edges which have an
associated coordinate frame (e, e», ¢3) where

(e, e2,e3)=(Kn; Xny. ey Xep,<n+ ny) (3.3)

The distance of closest approach of the edge to the origin. D, can be
calculated from the following three equations:

Ill’D—_-dl,ﬂ‘l'Dzd*_).el'D:O

[I. Two edges can determine a plane. Coplanar 3d lines with
orientations e; and e, must lie in a plane (n, d), where

n=eq X €n (34)

and d is specified by
n-Di=n-Dy=-d (3.9)
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III. Two edges can determine a vertex. If two coplanar 3d lines
intersect, then the intersection points can be determined by solving
two equations from

Dy— D)= aepn - Bey (3.6)

1V. Two planes and a 3d line can define an edge. A 3d line only has a
direction e, but additional orientation information can be computed in
the case where the line is also the interscction locus of two planes. In
this case a frame can be specified that has the orientation given by
(3.3) where n and n, are the normals of the two plancs.

3.3. Matching a Scene Frame with a Prototype

. Rotational Constraint. To develop the rotational constraint, we
show how given two orientation frames £, and £ from the prototype
and scene, we can compute the rotation 8 about a unit vector w. The
mathematics of quaternions, e.g., [25], states that the rotation of one
unit vector, u, into another unit vector, v, around a unit vector axis, w.
1S given by:

R=V—(wXv)iw X u) (3.7)
We will use the orientation vectors e, from both the model and image
as u and v, respectively. How do we define w? Since w must be
perpendicular to both u and v, it can be defined in terms of the two
orientation frames as

w:(elp_.els)x(em-els) (3.8)

In the special case of where ey, equals e;; and ey, equals e,;. we
arbitrarily set w = (1, 0, 0) and § = 0. This procedure and (3.7)
specify the axis of rotation.

The next step is to compute 8 for the general case. The rotation
from u to v is also given by

R = cos(62) + sin(6/2)w (3.9)

where § is the angle of rotation around the unit vector axis w. Thus
the angle @ can be computed from (3.7) and (3.9).

I1. Rotating the Model. Once the rotation between the prototype and
scene has been established, then the origins of the prototype frames
can be appropriately rotated by (for details, see [25]):

¥p = Rx,R7! (3.10)
This results in a new set of origins that only differ from their
counterparts in the scene by a translation vector.

[11. Translational Constraint. ‘The translational constraint is trivially
computed if the correspondence between a scene frame origin x and
a rotated prototype frame origin x’, is known. The answer is the
difference vector

Ax = x'p — X (3.11)

4. Algorithms

4.1. Energy Minimization

The parallel algorithm uses a form of relaxation developed for
binary threshold units by [15,14]. Each unit has a state, s, which is
either on (s = 1) or off (s = 0). In the case of ternary constraints, a
unit k will receive a weighted input from pairs of other value cells i
and j in an amount given by w;;s;s;. Each unit turns on according to
the following computation:

1)  Compute the input

Pk = 2 Wijk Si Sk
i, j connected to k

2)  Substract a threshold

Pk = pi—0k
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3y  Turn s, onif p; > 0. else turn it off.

Units are turned on and off acording to steps | through 3 until
convergence is achieved. Formally, if all the weights Wik are
symmetrical (wy = wy = wy;) then the converged set of states will
minimize the energy function £ = — 2 wy s; s; S¢. In practice, the
examples that we have tried are well conditioned, so that convergence
is achieved in one iteration.

[f the algorithm takes one iteration to converge, it is roughly
equivalent to correlation. If more than one iteration is required, i.c., a
sequence of states s* converges to a fixed point s* then the algorithm
specified by steps 1-3 is equivalent to gradient search. Gradient
search will work if the constraints have a single minimum. The case
where E has more than one local minimum can be handled by
simulated annealing [13,14,10].

4.2. Value Cells

The constraints are represented using special connectionist
architecture based on value cells. In the value cell approach, a
particular vector variable is represented as a discrete collection of cells
where the central location of the cell is a particular value for the
variable and the width of the cell is its accuracy. For example,
representing edges in an image requires a three-dimensional cell type
with location (xg, yg, #p) and width (Ax. Ay, Af). Collections of
these cells cover the range of all possible edge positions and

orientations.

Since value cells are described in terms of threshold units, they
can be either off or on. An on value signifies the presence of an edge
at the associated position and orientation. Additional accuracy and the
avoidance of certain computational problems can be achieved through
the use of overlapping cells. The technical details ot overlapping cells
strategies are discussed in a separate paper [22]. Value cells
representing different variables are related via constraints. [n the
familiar example of line detection. an edge cell (xq, yq, 8p) is related
to the line cell (pg, 8g) through the constraint xocosfy + yesindy = po.

The previous line constraint was binary in that a value cell for a
specific edge value was connected to a cell for a specific line. A special
kind of constraint is a ternary constraint, in which three value cells are
related. A ternary constraint can improve the accuracy of line
detection by using two edges, (x. vy, 8y) and (x», y,, 6,), that are on
the same line iff 8, ~ @, ~arctan(y,—y1, x—xy). If this constraint is
satisfied, then the (p, @) cell is determined by

6= arctan(yz—-yl, Xg‘Xl) (41)

p = xjcosf + ysind

4.3. The Overall Network

Representative value cells in the overall network are shown in
the following Figure. Part A) denotes the prototype frame primitives,
B) shows the cells related to the view transformation, C) shows the
polyhedral network, and D) shows the
stereo network. Ternary constraints are denoted with an arc
connecting pairs of inputs. In each parameter network, only
representative cells are shown.

5. Implementation

5.1. Data Structures

The overall algorithm is conceptually simple: asynchronously,
each cell evaluates its input and turns on or off. When the entire
network converges, the on units represent the solution to the
particular problem. This simple description can lead to inefficient
implementations, since most of the cells are off in any given instant

(4.

Thus when a processor checks its input pairs (in the case of a
ternary constraint), most of the cells will be off. To take advantage of
this, we use pairs of on units to calculate incremental inputs, and
when all such pairs have been considered for any network, subtract
thresholds and determine whether to turn the units on or off. This
strategy is repeated for all the ternary constraints in the network. The
only differences are: (1) the different constraints that relate different
value cells: and (2) the set of on units at any given instant. [he above

strategy requires a data structure that only records on cells.

We use hash tables with collision resolution via chaining, e.g.,
[16, pp. 462-469).

5.2. Generic Relaxation Structures

For each ternary constraint, two tables must be indexed to
compute the index of a third. Then the input is added to the
appropriate cell, as follows.

Foreach u in 77 do
Foreach v in T do
{
w:=rule(u, v, Ty, T5)
Increment (w, 73)

}



The function of Increment is to add the appropriate weight to the p
field of the entry in the T.linetable. If there is no previous entry, an
appropriate cell is added. Next the entries are thresholded, and if
below threshold, deleted from the table:

Foreach u in T do
if u < threshold then
delete (u);

Given the generic format, we can specify the network of
computations by specifying collections of three tables, each group
having an associated update rule. The following summary table
represents this information.

T1 Tz T} rule
edge edge line Eq. 4.1
line line 3d line Egs. 3.1, 3.2

3d line 3d line plane Egs. 3.4, 3.5
3d line 3d line vertex Eq. 3.6
plane plane possible edge Eq. 3.3
possible edge 3d line edge Eq. 3.3, Sec. 2B
scene prototype orientation Eqgs. 3.8, 3.9
edge edge
orientation model rotated Eq. 3.10
vertex vertex
rotated image translation Eq. 3.11
vertex vertex

5.3. Implementation

The status of the current implementation is that the constraints
for matching an object in two coordinate frames have been shown to
work by [23]. The stereo portion of the constraints are currently being
implemented. Figure 2 shows the result for a simulated three-
dimensional wrench. In these first tests. the data for the wrench is

rotated and translated to obtain a scene copy and there is no selt
occlusion.

This is then matched against the original using the constraints
described in Section 3.3, implemented as described in Sections 4 and
5. The figure shows: A) the wrench, B) values for the direction of
rotation(magnitude not shown) and C) values for the direction of
translation(magnitude not shown). The multiple values are the result
of false pairings between scene frame primitive and prototype.

Although the greyscale does not emphasize this, the correct
transformation is found easily in this case.

6. High-Level Control

The prototype frames form a generic basis set. In order to
represent a particular object, an appropriate subset of value units must
be turned on: One way to do this is to represent objects as specific
links between an object token space and the prototype frame space.
This arrangement forms a basic architecture that can be used in
several different ways.

L. Object Location. If a particular object is sought, its prototype frame
description is turned on by activating its object token. This turns on
the appropriate frame primitives. Then if a match between the object
and a subset of the scene exists, a rotation and a translation unit will
be turned on in the transformation network.

[1. Object Recognition. If an object has been segmented (by other
methods. e¢.g.. range, color, etc.) and its identity is sought, the
prototype frame can be loaded with several candidate objects. If the
matching process can build a transformation between any of these
objects and the segmented object, appropriate rotation and translation
units will be turned on.
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Figure 2.

[11. Navigation. This architecturc can also be used for navigation in
the following way. At some initial time {q the current scene is lpaded
into the prototype frame by activating the ideptlty units in the
transformation space. This has the effect of turning on units in the
prototype frame that are a copy of the scenc units at that instant.
Henceforth, as the observer moves around, these units are locked on.
The result is that at any instant the transformation units will reﬁgct
the transformation between the current scene and that at fo. The
inverse of this transform corresponds to the observer motion.
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7. Conclusions

In this paper we have developed a number of interdependent
ideas. The main point is that geometric frames provide a natural way
of talking about shape. This idea has been present in psychology and
differential geometry for a long time. Our contribution has been to
develop the particular constraints for polyhedra and show how they
lead naturally to algorithms for extracting frame information from the
scene and matching it against stored prototypes.

‘The particular focus of the paper was on the extraction of linear

features from edge data and the matching of these features to obtain

th

re

ree-dimensional information.

It is extremely important to note that these algorithms all use
laxation as the computing engine and value cells as the

representation. The fact that all these problems can be handled in the
same way argues for the generality of the approach.
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