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ABSTRACT

We usc some ideas from the theory of Lie groups and Lic algebras
to study the problem of recovering rigid motion from a time-varying
picture. We are able to avoid the problem of finding corresponding
points by considering only what can be determined from picture point
values and their time derivatives. We do not assume that we can track
individual points in the image, nor that we are given any of their
velocitics (i.c., the optic flow). Among our results are:

The 6 point df/dt theorem, showing that generically*** the
values of df /dt at 6 points of the monochrome image f arc necessary
and suflicicnt to specify the motion of a given object.

The 2-color theorem for optic flow, which states that the optic
flow vector is uniquely specified at a generic point of the image if there
are 2 or more color dimensions.

Also, we get the color version of the 6 point theorem, the 2 colors,
3 points corollary, which reduces the number of points required to
3, if there are at least 2 color dimensions.

I INTRODUCTION

For the past several years, many researchers have been investigat-
ing problems of moving objects and obscrvers (sce e.g., [Tsai and Huang
1984], [Prazdny 1983], [Nagel 1983], [Horn and Schunck 1980], [Bruss
and lorn 1983], [Ullman 1979]). A conventional paradigm is to consider
2 subproblems: finding the optic flow in the image, then computing 3-
dimensional motion. Finding the optic flow in monochrome images by
point tracking is, however, degencrate except for special points, just as
for the point matching problem [Blicher 1983, Blicher 1984]. E.g. at a
single point, the image lunction and its time derivative tell us nothing
about motion perpendicular to the gradient of the image function.

We consider a rigid object undergoing an arbitrary motion in
space. Our data is a time-varying image, i.e. a map [ : I X M? —
R", where I is a time interval, M? is some 2-dimensional manifold,
specifically the image plane, and n is the number of independent color
dimensions; n = 1 for monochrome picturcs. We concern ourselves
here with the problem of finding the motion of the object, particularly,
how much data is nccessary and suflicient. Rather than make assump-

tions about lirst flinding point correspondences or optic [low, we con-
sider the Tull situation of a map from the rigid motion group to the
time-varying image (but only for the interior of a single object), and
we develop the dilferential theory, based on the data of the picture and
its time derivative.

We regret that space limitations preclude defining mathematical
terms. A Tuller presentation, as well as more extensive references, can
be found in [Blicher 1984].

I THE MATIIEMATICAL STRUCTURE
The situation is that of INig. (), just as in [Blicher 1983], except
now the nature of the transformation g will be paramount.
We are interested in rigid motions in R*, so g ¢ F(3), the
Buclidean (rigid motion) group of R*. The time evolution of the mo-
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*%* A generic properly is one which is truc for a typical clement of a space, i.c for a

very dense subsel of the space. FFor Lhis paper, we take this to mean an open dense
subset. Sce [Blicher 1984] for a discussion of genericity.

tion is then given by v : R — I9(3), i.c.,, as a path in the transfor-
mation group. In fact, v defines a I-paramecter family of transforma-
tions. Since we arc interested only in small changes from the current
state, we take 4(0) = I, the identity in [5(3) (we could have donc this
anyway by using the group structure to translate back to the iden-
tity). For cvery t, 4 gives a rigid motion of R?, since we arc identify-
ing F(3) with the rigid motions of R3, i.c. 4(t) : R® —» R®. Kach
point of R3 is carricd along with this motion, and describes a path
in R? (defined by 7,(t) = (Y(t))(»), » € R®). In particular, every
point of our surface of interest, cmbedded in R®, has such a path.
Now apply the imaging projection, and restrict attention only to the
visible surface of the embedded object. By composition, this leads
to a path through each point that gels hit in the image. (defined by
Aot) = 7((v()(p)), g € M?). Now consider only asingle time, t = 0.
The structure we have presented thus far is summarized in Fig. (llow).
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Ilach such path in the picture has a vclocity vector, and cach
point in the image has a path, so there is a vector ficld defined on the
image. This is usually called the optic flow, but il is more consistent
with mathematical terminology to call its integral, i.e. the paths in
the image, the optic flow. We will reserve the term optic flow for
this integral, i.c. the map @ : U — R? which specifies the paths of
corresponding points in the picture with initial points in the region U,
while using optic velocity field or optic vector ficld for ils instantancous
velocitics, the vectors dig/dt. Similarly, the paths in R? define a vector
field on R®, and the path v in E(3) dcfines a tangent vector at the
identity in J7(3).

The available data, however, is not the optic flow or vector ficld,
but, the time-varying picturc function f; which is just the projection of
the intrinsic surface function I', which we assume is carried along with
the motion, i.e. we neglect changes in f due purely to photometric
effects, such as specular reflection. Since we are considering only the
differential theory, we regard our data as telling us only the instan-
taneous value fo, and all the time derivatives at ¢ = 0. This is the
same as knowing the Taylor serics for f;. We will only use the 1st
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derivative. At a point p of the image, call the optic flow vector v.
Then in a frame with velocity v at p in the image, [ does not appear
to change; the optic flow specifies the motion of corresponding points.

Thus if we leave the frame fixed, we sce that

S 1dp) = =Dl )p) = ~v- VIp), *)

where D, means differentiation by the vector v, equivalent to v - V.
('This is well-known in the context of oplic flow; sce e.g. [llorn and
Schunck 1980], [Ballard and Brown 1982].) Equation (*) shows how
it is that we only have partial information about v: we only know
I component. We can immediabely see, also, that if [ had multiple
dimensions, i.e. il there were more than 1 color dimension, we would
have information about multiple components, and v would be uniquely
determined for generic [. This is the differential version of the 2-color
theorem we have proved carlier [Blicher 1983, Blicher 1984]. Finding
optic llow, like matching, is much casier with color. We formalize this
in

Theorem. (2-color theorem for optic ll()wj I'or a generie time-
varying image function fy : M2 — R™, the oplic llow vector is uniquely
specified ab a generie point of the image if n > 2, i.e. for 2 or more
color dimensions.

When we fix ¢ = 0, each side of equation () is just a number, so
for each p we have a map D (f)(p) : v — a real number. We have thus
delined a string of lincar mappings (v.f. stands for vector field, v.b. for
vector bundle): '

tangent vector on I7(3) — v.b. section on object —
v.f. on image — vector at p — recal number

(We must consider scctiona of a vector bundle on the object rather
than vector ficlds (sections of the tangent bundle) because the vectors
we are interested in are tangent veetors to paths in R* going through
points of the object. Since the paths generally do not lie in the object,
their tangent vectors needn’t be in the tangent space of the object, but
rather are merely tangent vectors in R:’.)

The Lic algebra g of a Lic group G is a veclor space which can
be identilied with the tangent space of G "at the identity. 19(3) is a
Lie group, and therefore associated with it is the Lie algebra ¢(3); and
since 14(3) is a 6-dimensional manifold, ¢(3) is a 6-dimensional vector
space. The tangent vector 4/(0), which is the instantancous motion,
can therefore be thought of as an clement of the Lie algebra ¢3).

We can do this for every path 7, hence for cvery clement of ¢(3),
giving us a homomorphism from the Lic algebra ¢(3) to sections of
the vector bundle on the object, and likewise again to a Lic algebra
of vector fields on the image of the object in the image plane. The
composition of these is a Lic algebra homomorphism. The sequence of
lincar maps can therefore be written

Lie algebra ¢(3) — v.b. sections on object —

v.f.’s on image — vectors at p — real numbers

This defines a map ¢(3) — R, i.c. an clement of ¢*(3), the dual of ¢(3).

Now we have enough machinery to attack some questions. The
first question is whether therc is cnough information in df/dt to
uniquely specify the instantancous motion, for generic f. The instan-
taneous molion is an element of ¢(3). As we just saw, for each point p of
the image, the gecometry defines an element of ¢*(3). The question then
becomes whether we can span all of ¢*(3) by ranging over all points
of the image, for knowing the valuc of applying a dual basis in ¢*(3)
uniquely specilies the original vector in ¢(3). ¢*(3) is 6-dimensional, so if
this is possible, it is possible for 6 points corresponding to a dual basis.
This doesn’t say anything yet about finding the shape or position of
the object; we only want to know whether we can recover the motion
for fixed shape and position.

Theorem (6 point df /dt thcorem). Let

[:IXU->R
(t,p) = J(¢,P)

be a time-varying picture for some time interval I around 0, and some

ncighborhood U in the image planc of regular values of the imaging
projection of some 2-dimensional object (i.c. a 2-manifold) embedded
in R3. If f comes from the projection of a generic intrinsic function on
an object undergoing rigid motion in R3, then the values of 9f /9t (0, p)
al 6 generic points p € U arc necessary and sullicient to uniquely specify
the instantancous motion of the object.

Proof. We arc in elffect measuring the optlic velocity field with
our image function; this is what cquation (#) says. To be able to tell
the difference between different clements of ¢(3), i.c. different motions,
the mapping from ¢(3) to velocity ficlds on the picture must be 1-1.
Since the mapping is a vector space homomorphism, this is the same
as saying it has no (nontrivial) kernel.  The homomorphism ¢(3) —
v.b. sections on object has no kerncl, because any kernel would leave
the entire object fixed, but a rigid motion of R* can lcave at most
a line fixed. So ¢(3) is mapped 1-1 to scctions of bundles on the
object,  Now we must show that the kernel of the homomorphism
v.b. scctions on object — v.[.'s on imagce doesn’ contain anything that
comes from the previous map from ¢(3). The kernel of the current map
is just the scctions whose vectors lic along the rays of projection to
the picture. Ior orthogonal projection, vertical translation would of
course be in this kernel, but we arc assuming a projective projection,
i.c. that the rays all meet al a point; for a planar retina this is the
usual perspeclive projection.
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We have to show that any such motion, where points move only
along rays, cannot come from a rigid motion. This is casy Lo sce; take
3 points a,b,c on the object not all on the same line in R®. Since
a rigid motion of R? can only lcave a single line axis (or nothing)
fixed, at least 1 of the points must move, say a. Il @ moves down
(toward the image planc), b must move up, to keep their distance
constant (rigid motion). Since b is moving up, ¢ must move down.
But then a and ¢ are both moving down and therefore narrowing their
distance, showing that the motion cannot be a rigid motion, .i.e. the
kernel of v.b. sections on object — v.[.’s on image is not in the image
of ¢(3) — v.b. sections on object (cxcept for 0, of course). So we know
that the composition ¢(3) — v.f.’s on.image has no kernel, i.e. is 1-1.
This means that every rigid motion gives a unique optic velocity field,
and the vector spacc of such fields is 6-dimensional.
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Fig. (3 points) Fig. (3 fibers)



Actually, we showed more than that. We showed that a generic
set of 3 points cannot stay fixed in the image—we didn’t even have to
consider the whole vector ficld. The set of vectors at 3 such points in
the image make up a 6-dimensional vector space, so what we showed is
that the map ¢(3) — vectors at 3 given points in image has no kernel,
ie. is 1-1.

That means that to specify a motion, i.e. an element of ¢(3), we
only have to figurc out the optic velocity vectors at 3 points. A generic
function, via equation (), tells us 1 component of cach of the vectors
(by genericity, the gradient is nonzero at all 3 points). If we had 2
generic functions, then we could recover both components of each of
the 3 vectors by using equation (*) for both functions (generically, the
gradients will be lincarly independent, i.c. in different directions at the
3 points). Parcnthetically, we have just proved

Corollary (2 colors, 3 points). For generic f taking values in 2 or
more color dircnsions, the values of 9f /8t (0, p) at 3 noncollincar points
p € U arc necessary and sullicient to uniquely specify the instantancous
motion of the object.

Now we must show that 1 component at cach of 6 points is as good
as 2 comporents at cach of 3 points. We saw carlier that df defines
an clement of €*(3). Thus the gcometry defines a map 7*R?% — ¢*(3).
What we saw carlicr is

Lemma (3 fiber lemma). If we choose 3 generic points in R?, and
2 lincarly independent covectors in each fiber over those points, the 6
resulting points of 7*R? are mapped Lo a spanning sct in e*(3).

What we will now show is that we can choose any 6 generic points
in T*R2, i.c. -6 generic points in the image, and 6 generic values of df
al those points (i.c. a generic f). This is pretty casy by making use
of the 3 fiber lemma. The lemma still applics for any ncighborhood
of R%, i.c. we can choose the 3 points arbitrarily close together. This
gives us

Lemma (local spanning). Every ncighborhood of every point in
T*R* contains 6 points which are mapped to a spanning sct in ¢*(3).

Proof. Choosc a point and neighborhood in T*R2. It projects to
a necighborhood of R2, in which we can choose 3 generic points. We
can then choose 6 points in T*R2, 2 to a fiber, by the 3 fiber lemma.
QED (local spanning).

W
J
R |

Fig. (6 points)

T
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Now we can sce what happens when we choose 6 points in the
image. df gives us 6 points in T*R2. We can perturb these points to
guarantee that df % 0. Now since every ncighborhood of cach point
maps Lo a spanning set of ¢*(3) (local spanning lemma), we can always
perturh the nth point so that it is mapped o something outside the
span of the first n-- 1 points (at least through n = 6, anyway). This
gives a perturbation of the 6 points which maps to a spanning sct. Since
spanning scls are open, these points will still span under sufliciently
small perturbation. (In general, one might need a perturbation of both
the location of the points and of f to guarantee a spanning set. The
degencerate situation occurs when the optic velocily vector is in the
dircction of constant f.) QEDI

or AFTERWORD
By virtue of the local spanning lemma and the 3 liber lemma, our
resulls are local, i.c. they hold in an arbitrarily small neighborhood—
generically every ncighborhood has 6 points yiclding sullicient data.
This is significant because it implies that an estimate of the motion
can be obtained from any neighborhood. In practice, of course, using a
very small neighborhood would lead to a very bad estimate. One would
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rather usec many points over a large region to obtain a least squares
estimate. But the localness means that estimates can be made over a
range of scales, and that a procedure for scgmentation based on local
estimates is well-founded.
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