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Abstract

Compuiing representations of visible surfaces is a fundumental task of
early vision. i necessitates overcoming the problems of (i) integrat-
ing multiple sources of visual inforsnation, (i) dealing with surface
discontinuities, (iii) interpolating surfaces from sparse constraints, and
(iv) achieving computational efficiency. We have recently developed
multilevel surface reconstruction algorithms that solve the last two
problems. In this paper, we generalize our previous work by presenting
Jormal solutions to problems (i) and (ii). Specifically, we show how
scattered depth and orientation constraints can be integrated, and how
Lo treat discontinuities in both the depth and orientation of surfaces.
A substantially more complete computational theory of visible-surface
representations is thereby proposed.

1. INTRODUCTION

Surface perception is comprised of several stages of visual
analysis beginning with the retinal images and progressing to the
construction of visible-surface representations. "These representations
are explicit descriptions of the visible surfaces in a scene in terms of
their geometrical properties (local depths and orientations of surfaces
with respect to the viewer) and of their reflectance properties (colors,
textures, etc.). The concept of a visible-surface representation may be
envisaged as Marr’s [1982] 24-D sketch, or, almost cquivalently, as
Barrow and Tencnbaum's [1978] intrinsic images.

Numerous specialized visual processes contribute raw informa-
tion about visible surfaces. According to current theories, carly visual
processing is based on sparsely scattered events made explicit in early
representations that Marr named primal sketches (sce, c.g., [Marr,
1982]). Conscquently, most of the raw information gencrated takes
the form of scattered constraints on surface shape; however, surfaces
arc normally perceived as being dense and coherent. ‘This suggests the
existence of a visible-surface reconstruction process that computes from
the raw constraints visible-surface representations containing explicit
shape information almost everywhere. Morcover, dense surface shape
information, including depth or oricntation or both, is desirable in
that it greatly facilitates subsequent surface analysis tasks.

Whether the intention is to modcl human vision, or to guide
practical applications, it seems that the visible-surface reconstruction
process must solve at least four problems.

(i) The constraint integration problem: Fach spccialized visual
process may be thought of as an approximately independent
source of partial information about visible surfaces. Processes
such as stercopsis [Marr and Poggio, 1979] and analysis of mo-
tion [Ullman, 1979] naturally gencrate local information about
the distances of surfaces from the viewer, while processes that
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analyze texture [Witkin, 1981), contours [Brady and VYuille,
19831, and shading [Ikeuchi and Horn, 1981] are better suited to
providing information about local surface orientations. The sub-
sequent process which computes visible-surface representations
must integrate these multiple sources of (scattered) depth and
oricntation constraints.

(ii) The discontinuity problem: The gecometric properties of surfaces
will almost surcly be discontinuous at certain locations in the
scene. Typical examples of discontinuities are depth discon-
tinuitics across occluding contours and orientation discontinuities
across surface creases. Assuming that discontinuitics can be lo-
cated — and this is by no means a trivial task — they must be
dealt with appropriately.

(i) The interpolation problem: Ts it possible to infer the gcometric
properties of a visible surface in places where early visual
processing provides no explicit information about its shape? The
problem is to transform sparse constraints into a dense surface
representation consistent with perception and with the demands
of surface analysis — informally to “fill in the gaps”.

(iv) The computational efficiency problem: Spced is essential to both
biological and artificial vision systems. Any proposed theory
must lead to algorithms that can interpolate information quickly,
given suitable mechanisms, biological or artificial.

We have already presented viable solutions to the interpolation
and computational efficiency problems [Ierzopoulos, 1982, 1983a]
(carlier work on visual surface interpolation includes [Grimson, 1981]).
Our approach was to formulate a thin-plate model for surface re-
construction, governed by a variational principle, and to develop a
highiy-cfficient multilevel surface reconstruction algorithm. In this
paper we formulate solutions to the constraint integration problem
and the problem of dealing with discontinuitics, thereby gencralizing
our computational theory of visible-surface representations.*

2. CONSTRAINTS

In [Terzopoulos, 1982] we modeled the reconstruction of a single
visible surface, which projects onto a bounded domain ) in the image,
physically in terms of the ecquilibria of a thin plate whose lateral
deflection over €2 is constrained at scattered locations inside Q2. The
shape of the reconstructed surface may be characterized in terms of
a variational principle: The deflection of a visible-surface patch is that
Sunction u from a space V' of admissible functions v for which the total
potential energy &,(v) of the thin plate is minimal.

The potential energy functional is the small-deflection strain
cnergy of the frec plate [Courant and Hilbert, 1953]: &,(v) =
J Jo 3(8v)? — (1 — 0)(vaevy, —v2 )dzdy. It is an integral of
a quadratic form in (the small deflection approximations of) the
fundamental curvatures of the plate’s surface: its mean curvature
A, where A = 25 + £z is the Laplacian operator, and
its Gaussian curvature (vgzv,y — v2,). The combining factor o,
called the Poisson constant, accounts for the change in width as the
platec material is stretched lengthwise. An analysis of existence and

* The length limits on this paper preclude a satisfactory presentation of the
work. A full discussion will appear in [Terzopoulos, 1983b].
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uniqueness shows that we may choose o = 0 [l'erzopoulos, 1982] to
obtain the simplified functional

&) = / /‘; vl + 202, vl dady, (1)

and this choice can be shown to be valid for the generalized devel-
opment in this paper (sce [Terzopoulos, 1983b] for details).

The admissible function space V' turns out to be the second-
order Sobolev space ¥ %(Q) [I'erzopoulos, 1982]. Member functions of
¥2(Q) which are physically meaningful plate configurations possess at
least the necessary smoothness (C! continuity) required to interpolate
between depth constraints [Terzopoulos, 1983a], as dictated by the
psychophysics of surface perception [Grimson, 1981].

Depth constraints were modcled as rigidly-fixed vertical pins,
located at a scattered set D of points in 2, with heights (i.c., known
depth values) given by real scalars d,, ) for all (z;,y;) € D. The
pins constrain the plate by way of (zcro natural length) ideal springs
connecting the plate surface to the pin tips. The influence of each
constraint may be controlled by assigning positive spring constants
(stiffnesses) Bz, ). As the springs deform, they contribute a total
potential energy to the system which is given by

G =3 ¥ elleow) —dol”. @

(zi,9:)ED

This expression is as an additive penalty functional which penalizes
local mismatches between admissible surfaces v(z,y) and constraints.

In addition to explicit depth constraints, information about the
local orientation of surfaces may be available at scattered locations
within Q. The normal vector [v;,v,, —1] to the surface v(z,y), is
specified completely at any point on the surface by the values of the
partial derivatives p = v, and ¢ = v, at that point. Oricntation
constraints can be handled analogously to depth constraints by locally
cocrcing the surface into aligning as consistently as possible with
known p-constraints, p(z,y.), (z:;9:) € P, and g-constraints, g(z,,y.),
(zi,v:) € Q. The quadratic penalty functional

1
&ofv) = by E ap(z,-,y‘)[”z(zi: i) — P(za.y;)]z
(ziyyi)EP (3)
1 2
=+ 3 Z aq(z,-,y,-)[uy(zi:yi) - q(z.-,ys)]
l(zi,y-‘)GQ

is suggested, where v.(z,,y:) and vy(z;,y;) are the values of the first
partial derivatives of the surface v at points in P and @ respectively,
and where a,(, o and o, are associated constants analogous
to the spring constants for the casc of depth constraints.

In summary, the cxtended variational principle for visible surface
reconstruction integrating both depth and orientation constraints, in
the case of a single visible-surface patch without discontinuities, is
posed as a variational principle involving the minimization of the
functional £(v) = €,(v) + &4(v) + &(v). Hence, the reconstructed
surface is given by a deflection function u(z,y) defined over 1 that
represents the plate’s surface in equilibrium.  The reconstructed
surface is the “best” possible given all available constraints from
carly visual processing. Given sufficient constraints, there will exist a
unique surface u(z, y) which solves the variational principle and which
depends continuously on the constraints. It can be shown that the
minimal conditions for existence and uniqueness are not restrictive,
considering the wealth of information gencrally provided by early
visual processing [I'erzopoulos, 1983b]. Hence our formulation of the
surface reconstruction problem is well posed in general.

3. DISCONTINUITIES

Depth discontinuities typically occur along occluding contours;
that is, loci along which one surface occludes part of itself or another

surface from the viewer. Occluding contours delimit visible-surface
patches and provide much uscful information about the shapes of
certain classes of surfaces.  Because there can in gencral be no
predictable relationship between propertics of surfaces on cither side
of an occluding contour, the presence of occluding contours imposes
strong restrictions on interpolation.  Constraints on one side of the
contour must not influence the surface reconstructed on the other side,
and conversely. In terms of the plate model for surface reconstruction,
this can be accomplished by “breaking” the plate along occluding
boundarics, thereby inhibiting the interpolation process across them.
This yields a piccewise continuous reconstructed surface.

Surface creases usually give rise to orientation discontinuities—
loci along which depth remains continuous, but surface orienta-
tion changes abruptly. The smoothness afforded by the thin plate
must be relaxed at known orientation discontinuitics so that the
reconstructed surface remains continuous but offers no resistance to
bending. Physically, the reconstructed surface should behave as a
membrane surface in the immediate vicinity of orientation discon-
tinuitics; elsewhere within visible-surface patches it should behave as
a thin plate. Now, the deflection of a membrane at equilibrium is that
Sunction w from a set' V of admissible functions v for which the total
potential energy &,,(v) for the membrane is minimal. Here, the cnergy
& (v) is proportional to change in arca of the membrane. Assuming
small deflections [Courant and Hilbert, 1953],

Bolle) = / /ﬂ %(vi—{-vg)dzdy‘ )

The admissible function space V is the first-order Sobolev space
X¥'(9). Member functions of ¥'(Q) which are physically meaningful
membrane configurations must be continuous (but, unlike the plate,
need not be C1).

To summarize, the reconstructed surface is modeled as con-
strained thin-plate patches joined by membrane strips along orien-
tation discontinuities; and so: The solution of the general surface
reconstruction problem is defined by a configuration which minimizes
the total potential energy & of the physical system comprised of the
thin-plate paiches, membrane strips, and springs.

4. DISCRETIZATION VIA FINITE ELEMENTS

We need to approximate the solution w in terms of functions
that are convenient representations of visible surfaces. A set of
theorems from functional analysis guarantee that, because our problem
is well-posed, an optimal (closcst in the strain energy norm) discrete
approximation can be obtained within a finite dimensional subspace of
the admissible space V' [l'erzopoulos, 1982, 1983a). The finite element
method is a systematic procedure for constructing a subspace S*,
called a finite element space, of functions v™ that are very convenient
for numerical computation by virtue of the fact that the basis functions
of 8" are simple, local support polynomials [Strang and Fix, 1973].

The finite clement E shown in Fig. 1 was defined in [Terzopoulos,
1982] and shown to be applicable to surface reconstruction because
it satisfies certain completeness and consistency conditions. Since the
clements imposc a uniform tessclation 7" over Q and the nodes
form a uniform square grid, it is convenicnt to index the nodes by
(v,7). The (unknown) displacement at node (s, 7) is denoted by the
nodal variable vf‘, ; and all the nodal variables together by a vector
v" € ®". The plate energy functional can be now be expressed as
a sum of integrals over the individual element domains, wherein the
second-order partial derivatives of p% are constants. Noting that the
area of each clement is A% and substituting the expressions for the
derivatives into (1) yiclds

e =3 5 [ [ohr + 205 + o5 deay
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Figure 1. A simple (nonconforming) square finite element with sides of length
h. The displacemcnls of the plate (values of the approximating function
»" € 8") at the six p®-unisolvent nodes, vo,o,..., uniqu:]y determine the
coefficients of the quadratic local interpolating polynomial p”(z,y) == az* +
by® 4 czy -+ dz + ey + f, defined within E, where a = (V1,0 -— 2Vo,0 +
V_1,0)/2h% b = (Vo,1 — 2Vo,0 -+ Vu,—l)/2h2§ ¢ = (Vi,1 — Vo,1 — V1,0 +
Vo.0)/h*; d = (Vi,0 — V—1,0)/2h; e = (Vo,1 — Vo,--1)/2h; and f = vo 0.

5. PLATE MOLECULES

The energy-minimizing vector of displacements u® satisfies the
condition V&"(u" )_ 0, where V is the gradient opcrat()r. Since the
discrete functional is a quadratic form in the v ;» the minimizing
vector is the solution of a system of lincar equations. We nced the
partial derivative of €%(u*) with respect to uf*;. From the above
cquation, we get
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IFor reasons that will become apparent shortly, the terms on the
right hand side of (5) arc best visualized as the sct of computational
molecules shown in Fig. 2. When (¢, 5) is an interior node — a node
in the interior of €1, away from both discontinuitics and constraints —
the cquilibrium condition is expressed by sctting to zero the sum of
all the terms in (5). This gives a linear, local-support nodal equation
(sce Fig. 3).
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Figure 2. Plate molecules for node (i, 7). The circles, or atoms, denote (h?
times) the nonzero coeflicients of the nodal variables appearing in each term
of (5). Node (4, 5) is indicated by a double circle in each molecule.
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Figure 3. The nodal equation, which relates uf ;, for an interior node (i (', j)
to the nodal variables of the other nodes in 0, is glven by 0 = (20/h%)uf
8/”'2) “1-—1,; +u:+1,1+u‘,1—1 +‘”x.]+1) (2/’12 .—1 e 1+U«+1 ;—1+
Uy Ul ) (/R (g, -ty 0P Ul ), which
is represented by the above nodal molecule formed by the summation of the
plate molecules in Fig. 2. Notice that the nodal equation has local support
— it relates node (3, 7) to just 13 of its nearest neighbors. This important
property is a direct consequence of the local support of the finite element.

6. CONSTRAINT MOLECULES

The effects of depth constraints on the reconstructed surface
were specified quantitatively in terms of the penalty functional given
by (2). Assume for simplicity that all depth constraints d(z,,,,) €
D coincide with nodes (4,5) in T". Henceforth, the constraints
will be denoted by d”' . The penalty functional becomes & 5(v*) =

2
} TijenPis(vh; —db;)". Now,
A&M(uh)

L. [T S
N Biui,; — Biidiss (6)
%

which can be represented by the trivial depth constraint molecule and
associated constant term shown in Fig. 4.

The trecatment of orientation constraints follows analogously
from that of depth constraints. Assume for simplicity that all oricn-
tation constraints p(z,,,,) € P and g, ,,) € @ coincide with interior
nodes (¢,7) in T%. Henceforth -denote them by p? ; and qf 5 and
denote the partial derivatives of the surface at (7, j) by pw and
q! ;- Then, the orientation constraint pcnalty functional (3) becomes

) h h 2
¢ l(v ) - 2 Z(z 1)EP Qpy, ](pl,] - p ) +'12 E(h])EQ aqhﬂ (q‘v] - q?v]) :
Expressing the partial dcrlvmncs in terms of nodal variables via the
finite clement gives p?, = p¥(0,0) = (v, , — Vi, ,)/2h, and
qr; = pP(0,0) = (V! — VI, _,)/2h. Substituting, we obtain

h
aEHuM) _ %Pigyh h A h
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a"?vi h h h h 0
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R (ph h h (qh h
—apl (py; + Piyr,;) — @l (a0 + a8 41)s
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B ds
Figure 4. Depth constraint molecule. If node (1, 5) is a depth constraint, (6)

must be added to (5). This is accomplished by summing the above depth
constraint molecule and constant term with the nodal molecule for (3, 7).

<;},,’3 f:’..‘i
u(:",.-- {J,;-»
Figure 5. Orientation constraint molecules. If node (4, 7) is an orientation
constraint, (7) must be added 1o (5). This is accomplished by summing
orientation constraint molecules, including constant terms, with the nodal

molecule for (z,5). The two upper molecules sum with the nodal molecule
only if node (1, 7) € P, while the two lower ones sum only if node (4,7) € Q.

b
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which can be represented by the orientation constraint molecules and
associated constant terms shown in Fig. 5.

7. DISCONTINUITIES AND MOLECULAR INHIBITION

Discontinuities inhibit the summation of plate and constraint
molecules. In the following discussion, assume for simplicity that all
depth discontinuities coincide with nodes in the tesselation T* of .

Depth discontinuities must be handled as free boundarics which
can be introduced by removing finite clements, thereby modeling a
fractured plate. Missing elements can be handled as follows: Depth
discontinuity nodes are special in that (i) the displacement is undefined
there, and (ii) they it inhibit plate and constraint molecules. The first
property implies that a depth discontinuity node has no nodal variable
and, hence, no nodal cquation. Conscquently, it is meaningless for a
depth discontinuity to coincide with a depth constraint. Regarding the
second property, consider a boundary node (1, 5) that is near enough
to a depth discontinuity such that the discontinuity coincides with
any of the atoms of a plate or constraint molecule associated with the
node. If this occurs, the depth discontinuity inhibits the summation
of the molccules in question (sce Fig. 6).

X X X O

-O-® X~

OO <6~
X X X

Figure 6. Examples of nodal molecules for boundary nodes (marked as
double circles) which are near depth discontinuity nodes (marked by X’s).
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Figure 7. In view of the completeness condition [Strang and Fix, 1973],
since the membrane energy functional (4) involves only first-order partial
derivatives, the triangular element E shown above may be used. Its local
interpolating function is a full, linear polynomial of the form p®(z,y) =
az + by + ¢, with @ = (v; 0 — Vo,0)/h} b= (Vo,1 — Vo.,0)/h; and ¢ = Vo0,
where vo,0, Vo, 1, and v, o are displacements at the p” -unisolvent set of nodes
(vertices). Since local polynomials for adjacent elements are continuous along
interelement boundaries, this element satisfies the conformity condition for
the membrane variational principle. Convergence is therefore guaranteed as
the fundamental size of the tesselation h — 0 [Strang and Fix, 1973].

The situation for orientation discontinuities is somewhat more
complicated. The effect of orientation discontinuity nodes on interior
nodes is precisely the same as that of depth discontinuity nodes
— they too inhibit the summation of the aforementioned computa-
tional molecules. On the other hand, unlike depth discontinuity
nodcs, orientation discontinuity nodes do have associated nodal dis-
placements; however, these displacements are governed by the varia-
tional principle for the membrane. A discrete approximation for the
membrane problem is obtained via the finite element method (see
Fig. 7).

Suppose that node (3, 5) is an interior orientation discontinuity,
none of whose ncighbors are depth discontinuities. The patch of
membrane surrounding the node contributes potential energy to the
total encrgy functional. We discretize the patch by triangulation using
the linear element above. Only the six elements Ey, ..., Eg shown in
Fig. 8 depend on node (3, ), and they contribute the energy

en, =33 [ [ 657 + e dsay

=1
1 2
= Z((V:l-l-l,j - Vw‘)2 + (¥ — V)
2 2
+ (Vi = Vi) (Vi1 — Vi)
2 2
+ (v =) (e — )
2 2
+ (v = Vi) (v =)

2 2
+ (V:l—f—l,j—l - V?,J—l) + (V:'t,j - V:l,i-l)

2
+ (V?ﬁ-l,j - Vfl,j)2 + (V?—i-l,j - V:I—{-l,]—l) )

Therefore,
aEn (M), .
auh .—i = ux,j_u?—l,j)+(ulh,]'_—u?§—l,j) (8)
]

+ (u:l,j - u?,j—l) + (u:l,j - ur}'l,j-ﬁ—l)'

whose terms are represented by the membrane molecules shown in
Fig. 9. Fig. 10 illustrates the resulting nodal molecule at an interior
oricntation discontinuity.

Note that depth discontinuities inhibit the summation of mem-
brane molecules (Fig. 11). Orientation discontinuitics inhibit orienta-
tion constraint molecules. On the contrary, depth constraint molecules
are not inhibited by oricntation discontinuities since it is perfectly
rcasonable to constrain membrane strips in depth.
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Iigure 8. The six elements that share orientation discontinuity node (z, 7).

5 &

Figure 9. Membrane molecules. If node (¢, ) is an orientation discontinuity,
(8) replaces (5); i.c.. the above molecules replace the plate molecules.

9.
Q20290
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Figure 10. At an interior orientation discontinuity (%, 7), all four membrane
molecules superpose to yield the above nodal molecule representing the nodal
equation 4u}; —ul_, ; —uly, ; —ul,_, —ul; 4, = 0. Clearly, this
specifies a local computation.

O O, O,
X X-0-0 x-0-x
> v X

Figure 11. Depth discontinuities inhibit the summation of membrane molecules.

Fxamples of nodal molecules at boundary orientation discontinuities (double
circles) next to depth discontinuities (X's) are shown above. Note that it
is meaningless for an orientation discontinuity node to be an orientation
constraint because surface orientation is undefined at such a node.

8. CONCLUDING REMARKS

Our computational theory of visible-surface representations has
been made more complete. We have formulated the construction of
nodal equations under the influence of constraints and discontinuitics.
The casily-implementable construction was envisaged cssentially as
the summation of basic computational molecules subject to possible
inhibition from ncarby discontinuitics. It is important to rcalize that
what we cnd up with is a large system of lincar cquations (one for
cach node. excluding depth discontinuities). This system, however, is
sparse and can thercfore be solved rapidly by the multilevel algorithms
described in [Terzopoulos, 1982, 1983a] (sce [Terzopoulos, 1983b]).

We showed how discontinuitics in surface gecometry can be

represented, and characterized their influence on visible-surface reconstruc-

tion, but we have ignored the important problem of detecting them. Tt
is clear that prominent discontinuitics can be inferved prior to surface
reconstruction by (in general, interactions among) the carly visual
processes. while subtle discontinuiues must await detection until sur-
face reconstruction, during which full depth maps become available
[T'erzopoulos, 1983b]. Fig. 12 illustrates the performance of a surface
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reconstruction algerithm that incorporates discontinuity detection in
depth maps.
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