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ABSTRACT

In this paper we present a new heuristic search-

ing algorithm by introducing statistical inference
method on the basis of algorithm A%, Tt's called
algorithm SA*, The following results have Lteen
proved,

(1) Algorithm SA* is superior to algorithm A%,

(2) The mean complexity of SA¥ is oN? , but in
some case A* exhitits exponential complexity (e%).

(3) In a (N,d,F)-game tree, the mean complexity
of SA*¥ is CN", but the complexity of other known
game-searching algorithm (& =g, S$SS* etc.) is at
least d¥.

(4)The maximal storage-space required by SA¥* is
CyN.

This shows that under a given significance level

SA* is superior to other known algorithm (e.g. A%,
B*, a =8 , SSS* etc.).

1. INTRODUCTION

The heuristic search theory has beer investigat-
ed by many researchers (1)-{9). All results obtain-
ed can't completely avoid. the exponential explosion
of searching complexity. We improve it by applying

statistic inference method (s. i. m.) to heuristic
search. The results we obtain are that the mean
complexity of SA* is CN?* and the maximal storage-

space is CN.

2. ALGORITHM SA* IN TREE G

2.1, Statistic a(n)

For simplicity, we assume the following search
space: A uniform m-ary tree G has an initial node
S (root) and a unique goal node S,at depth N, Let
1= (sa,s‘...,sN) be the shortest-path from S, “to Sne
The subtrees having root S¢ are called T;-type
subtrees, They are Tt,Tt,....T‘, 1=0,1,e0s Assume
that T is an T;-subtree, If n is a node cf T, the
generation(depth) of the node is n, and T doesn't
contain 1., We have

* ;
Fou=n, K ny=(N-Cr+n-1),
* . ; ;
o =n+N-C+n-¢ =N+2(n-1).
(We use the same symbols as thoes used in most

books,e.ge (4)).
et ¥ny - -
oy = =N ao) = 1G22

2”7n )
h(n) is a heuristic estimate of h*(n), so a(n)
is an estimate of a*(n)., While nel, f*(n)=N,
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a*(n)= i% =0, While né1,

¥
a*(n)= -ii%%r“— =1- %, Given i, We have a*(n)= =L
In a word, for any node the statlstlc a(n) can" " be
computed from h(n), (If N is urknown, we may

replace a(n) with some other statistic. For
example, let the number of all nodes being
expanded be k(n), the number of all nodes being

expanded in T¢-subtree be ki(n)., We replace a(n)
with b(n)= J’%((_;'l’; as the statistic of Té-subtree,and
so on,)

Hypothesis I: Assumef{a(n)}is ‘an  independent
and identically distribution random variable. The

mean of a(n) 1in the solution path 1 1is ., . The
mean of a(n) off 1 is M, M, > U, » Under this
hypothesis, when h(n) of each node is computed
using A*, an a(n) is obtaireds This {a(n)} forms

a random sample, using testing statistical hypo-
theses(t.s.h.){10) (11) , we exercise the statisti-
cal inference method(s.i.m.) over it, Under a

given significance level of the test, whether a
subtree contain 1 is decided. If not, the subtree
is pruned off., Otherwise, algorithm A¥ and t.s.h.
will be continued until the goal node is found.

The sampling of statistics in subtree T

Let T be a subtree , a,be the statistic of the
root in T, Assume T is expanded by A*, and in some
stage the corresponding statisties {a,, Aypeeeydyf
have been obtained. We say "observing T is conti-
nued.” It means expanding node p at which f(n) is
minimal among all nodes not being expanded in T.
(If there exist several such nodes, choose one
which has maximal generation., If  there still
exist several nodes, choose any one at your op-
tion.) Thus we obtain m successors of p and
corresponding a(n)'s. Let a ¢, be the minimal value
among these a(n)'s, then af+1is referred to a new
observed value during the observation of T. we say
"exercising some t.s.h, over T." It means exercis-
ing some t.s.h. over the statistics {ag} corres-
ponding to T.

2¢2. Algorithm SA*

Given a testing hypotheses method S. Applying
this method to A*, We obtain algorithm SA¥:

Step 1: From initial state S,, m T,-type sub-
trees are expanded. A set U; is composed by these
subtrees., Let t«1. go to Step 2.

Step 2: Exercise the statistical
over Ut

(1) If U¢ is an empty set, stop.
(2) If there is only one T;-type subtree T in
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Uy, expand the (i+1)-th generation nodes in T and
obtain m Tiy-type subtrees. Merging the Ti.-type
subtrees intc Uy, obtain U.,;s Let t<t+l, go to
Step 2.

(3) If there is more than one subtree,expand
node p at which f(n) is the minimum among all
nodes not being expanded in all subtrees( If there
still exist several nodes, choose any one.)

(3.1) If there exists a goal node among the
successorg of p, stop.

(3.2) Assume p is .1in subtree T', observing T*
and exercising the t.s.h. S over it are continued.
If the hypothesis is rejected, let UgyeU¢-T', te
t+1, go to Step 2. Otherwise, let Ugye=Ug-T'+T"
( T" is a subtree formed by adding the successors
of pto T'), tet+l, go to Step 2.

Proposition 1: SA* is superior to A%, Assume
Ax and SA* both are directed by the same h(n).
Finding an optimal solution path by SA*, every
node expanded by SA* is also expanded by A*,

Proof: SA* is an algorithm formed by only
adding an additional pruning subtrees stage to A%
so the nodes expanded by SA* are not more than the
nodes expanded by A%,

It must be pointed out that the results obtain-
ed by SA*¥ have some error probabilities, because of
the application of s.i.m. . We'll discuss later on,

SPRT testing hypotheses method in algorithm
SA* (denited by SPAX)

SPRT (Sequential Probability Ratio Test) was
decribed in many books (e.g. (10)), We use SPPT
as testing hypothese here, Let {a(n)} be {xa} , ha-
ing an N(u, #2) distribution. Given a 51pn1f1cance
level (& ,8) and two simple hypotheses H,: M =4,
m:ﬂ‘ﬂ,,M#ﬂ“

Let fox; M)

}(x Alo)

A ~/uc X+ _L /agz;/f(ll

Sn a5 :ﬂLzﬁh ﬁ X + 2 44Z;%ﬁﬁi
AA’—/i, 54—#—, 2 fog A, b2 LogB.

Where f(x; M)= ﬁexp{ Lx-urt.

The stopping rules of SPRT are as follows:
H £:x 30 IU N ,bg-; -

Hypothe51s H, is rejected.
If z ) +

; s Ay - Ao M AégfzééL

Hypothesis Ho is accepted.

Otherwise, observing x,,, is continued.

Because parameters g v Mys M, are unknown, we
usually use S, = 5y (x,-x)to estimate & , where

X=7n 2 x;. Let a® be the minimum value of a(n)'s am-
ong all k-th generation nodes which a(n)'s have
been computed in G. Let the mean of {a*} be the
estimate of AL, and the mean of all a(n)'s, which
have been computed in G, be .

If in SA* as testing hypotheses S, SPRT is
exercised over m T¢-type subtrees, using a level
(e, 9Q:;—), i=0,1,..., we define this SA* as
SPA* under level (u » 2=), denoted by SPA* for
short,

2.3. The Mean Complexity of SPA¥
From the approximation of the mean of stop-
ping variable (sample size) N in SPRT (10) , if N

has an N( , ¢*) distribution, level=( & , 3 )
A:JiA 5 B—_‘é__‘_“ . /3,-—-—°“—m T» we have

Euy Ny {8 Log 152 + (1- ) 0og 7B ) 62

__L.(/u’_/u P (,l[-/l)"%al

s ﬂ)ﬁq-L¢L+ﬂBaq,_¢)a 26
l";u‘(N) LAy - My ) ,ﬂl.ﬂm]ﬂojuj
Lemma : The mean complexity (asymptotic) for

deciding m T¢-type subtrees in SPA¥ is

245
~Ambllog ot |+(i+1), wha@bsrﬂ_ﬂ,z
Proof: From SPRT we know that dec1d1np m Ti-
type subtrees under level (gé¢t! ,—&7+ ), the

mean complexity (asymptotic) is ~mbllog a'*' | =
mbllog et} (itl).

Theorem 1: Let &—mln(7qmq-. —ﬁ%ﬁ;). Using
SPA*, under level (& ,52=7) the mean complexity
of finding an optimal solution path in G is ~CN? ,
where C= Mbllygdl , The error probabilities of

Type I P, & otg« The error probabilities of Type I
Py LBe s
Proof': Deciding m T¢-type subtrees there are

m-1 subtrees not containing 1 but one., Due to the
probability P, “{%?#, (m- 1)“11—- at! subtrees
not containing 1 are left, Because of B= ottt
(1- x**!) subtrees containing 1 are left. Totally
o +(1- w€*1)=1  subtree is left. The mean
complexity for deciding one T;-type subtree is
~bllogoa|(i+l) (lemma). Thus using SPA*, the mean
complex1ty of' finding an optimal path is

~% mblzo,oqcun_muzojotlma’-
Logl | N* = NP
= ;

The probability P, (F,) is as follows:
Deciding m To-type subtrees P, =& , In general
deciding m T¢-type subtrees F, < «*7! Totally

N N-T o _oN
Pefut-aflatou et e ca,

Analogously, P, €3, .

Corollary: Using SPA*, under level ( o *T)
the maximal storage-space < mbllog o | N=C,N,

Proof: Deciding m T¢- type subtrees, all in-
formation about these subtrees is storaged at most,
That is, A~ mbllog o | N,

Note: Due to the process of pruning subtrees,
the storage-space required by SPA* is not more
than A¥*,

2.4. Comparson to recent results

Pear1(2) defined an estimate h(n) of &(n)-type
error and proved that when (n)-n the complexity
of A* is 0(eN). We'll prove that in the same case
the complexity of SPA¥ is CNZ%,

Theorem 2: Assume h(n) is an admissible esti-
mate, having &(n)=n type error., P(|h*-h|<h*)>0,
Then the mean complexity of SPA* is CNZ,

Proof: If M;> M, is proved (the proof is
omitted), according to Theorem 1, we obtatn
Theorem 2.

Corollary: Assume h(n) is an admissible esti-

Iim B <1
then the mean complexity

mate having @(n)-type error,
P(Ih*-h| € &(h*))>0,



of SPA* directed by h(n) is CN°,

Note: In SPA*, , , M,and M,are unknown. They
are replaced with their estimators. This will
cause some error, For elimilating this disadvan-
taze, we may use t-test as testing hvpotheses S in
sA*, The searching complexity is a little more than
SPA¥*, But we may prove that Theorem 1 also holds
and the mean complexity is ~CN2,

Theorem 2 also holds for {x,} having some
sorts of distribution except N( Ml , 6%).

3. ALGORITHM SA* IN GENERAL GRAPH

Assume h(n) is an admissible estimate , then
using b(n)= ~§%§}(see 2.1) as the statistic of

T:-subtree (subgraph), and so on, we may obtain
algorithm SA* for a general graph.

4 ,ALGORITHM SA* IN GAME TREE

We'll apply SA* to game-searching. A stand-
ard 2n-level game tree of degree m 1is indicated
by (n,m,F)-tree where F(v) is a distribution
function of terminal value (the symbols used are
the same as in (37 ). In(1),(5),(6]),(7), it has
been proved that any known algorithm which evalu-
ates a (n,m,F)-tree must evaluate at least m?
terminal positions. We'll apply SA* to a (N,m,F)-
tree, and conclude that the mean complexity of
SA*¥ in game-searching is C,Nz.

The Sampling of Statistics in Game-Tree
In a game-tree, the value f*(n) of each node
is obtained by searching backward from terminal
values (for example, from the standpoint of Max ).
Assume that for each node an estimate f(n) of f*(n)
can be computed. Let statistic a(n) be
ax (f(n¢), i=1,2,...4,m)
a(ﬁﬁfn n; is the successor of n, n is an even node
min (f(n¢), i=1,2,.00,m)
n¢ is the successor of n, n is an odd node,

Let T be an T¢-type subtree. The sampling of
its statistics is as follows:

Let a,=f(S,), So is the root of T,

Expanding S, ,Assume a,=f(S;)=max(f(n;)), n, S,
are the successors of Sg.

Expanding S;, Assume a,=f(S,)=min(f(n;)), ni, S,
are the successors of S;.

In general, we obtain {a,, @ ,ees, ag}e If
k=2j, let.
ag+t =f(8 A+|)=ma§s£5§£(na))- Ngy Sget are

successors of Sge
If k=2j+1, let
a £ +1 =£(S A +1 )=min . (f(né))o Ny Sp+l are
successors of Sp. letem
Assume the statistic {a(n)} satisfies the
Hypothesis I, Similar té tree search we apply
SA* to game-searching, and the following  theorem
holds.,

Theorem 1': In an (n,m,F)-game tree, the mean
complexity of SPA* under the level (o ,—p=r ) is
~ CyN*, Cf S09%] x 4=2mb|log &t | .

The P (P,) 1s &o(/8,)+ where o=min(73& »73%) .
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Corollary: The maximal storage-space of SPA*
in game-tree searching is C,N, Cymb|logat| .

Note: The storage-space required by SSS* is
at least m" (7).

(The proof of Theorem 1' is omitted).
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