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Abstract

We shall make use of a programming calculus to derive the cor-
rect result a program is expected to compute. In this way, the decision
by an oracle whether or not a result is correct can be derived formally
from a specification (model) of the program, and thus the oracle can
be mechanized. The debugging system consists mainly of a derivation
editor and a fault finding program that collects an erroneous proce-
dure.
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1. Introductlion

The problem of correcting programs has troubled computer sci-
entists since the very first computer programs. Studies of the debug-
ging process itself have, for example, led to a theory of skill acquisition
{Sussman, 1975) and to inferring theories (Shapiro, 1981). We shall
take up the debugging problem from what seems to be a new point of
view, namely a verified test that can lead to a mechanized oracle.

Let us first briefly take up the relations between formal deriva-
tions, verification and formal tests of programs before we go into
details of the latter idea. The situation, especially for logic programs
(Kowalski, 1974) is currently changing its character entirely. The ad-
vent of derivation editors (Eriksson, Johansson and Tarnlund, 1982)
makes it possible to semi-automatically and formally derive correct
non-trivial programs from their specifications, for example, deriva-
tions of the programs in (Hogger, 1979) and (Hansson and Térnlund,
1979) and in (Clark and Darlington, 1980) are reported in (Blomberg,
Carlsson and Eriksson, 1982) and (Johansson, 1983). They also re-
port on semi-automatical formal proofs of correctness of non-trivial
programs, for example, the programs in (Clark and Tarnlund, 1977).

The idea of deriving a program from a specification is to con-
struct a correct program. In contrast, the idea of verifying that a
program is correct requires that the program is constructed by an
oracle. When it is correct we intend to confirm this fact, but when
it is not we have, eventually, to ask an oracle for another program to
verify. However, when debugging a program we know that we can not
confirm that a program is correct even after arbitrarily many tests,
but still worse even a single test is not verified correct, since it has
to rely on a judgment by an oracle i.e., an oracle decides whether or
not a computed result is correct. It is this judgment that we shall
formalize so the answer can be proved correct and furthermore lead
to a mechanization of the oracle.

In order to carry out this idea we shall make use of a specification
(model I') of a program, ¥, in particular, a sub-specification (sub-
model & C I') that exactly specifies a particular program. We shall
use a derivation editor to derive an object w corresponding to an input
object 4 from the sub-specification © that a program ¥ is supposed
to compute i.e.,

6(7,w) F ¥(v,w) (1)
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2. Specifications of a class of programs and sub-specifications
for a particular program

Some of the main advantages of a specification, I', are its ab-
stractness, clearness and shortness, as a consequence we often not
only specify one program, ¥, but a class {2 of programs ¥ i.e.,

N={¥:T'+ v} (2

This is fine both when we develop programs formally and verify
correctness of programs, but not so good when we want to compute,
from the specification, objects that a particular program should com-
pute. For example, it could happen that we derive the input-output
pair 7, w of a predicate @ i.e., I'(y,w) F ®{y,w) , but that we could
not derive this pair from the program ¥ i.e., ¥(7,w) k ®(7,w). What
we want to find is a sub-specification & C I' such that a derivation of
the objects 7, w’ from the sub-specification 8 i.e., 6(7’,w’)F H(7’,w’)
necessarily implies that there exists a derivation of these objects from
the program ¥ i.e., ¥(y,w') F &(y",w’).

Let us now explain the situation more generally. Suppose that

we have a specification I and a set £2 of programs as in (2) and a

program ¥ € (1 that we shall test, then we want to find a specifica-

tion 6, from which we can derive exactly the objects that ¥ should

compute. A sufficent condition is to find a relation, A, that gives a
sub-specification 6 i.e.,

6—~IAA (3)

such that the program, ¥, is the conly element in the set
A={¥:6+ ¥} (4)

The relation, A , must satisfy the condition,

AR L (5)

where,
r—ral (6)

hence,
6~IIAA ()

he relation A eliminates X of I' from © and can in this way, as
we shall see below, shorten the computation of objects from € c I
in comparison to a derivation from I'.

3. Deriving objects from a specification of a particular pro-
gram

Suppose that we have a specification of an insert relation I", then
according to the relations (3) and (4) we want to find a condition A
leading to a sub-specification € of our logic program ¥ for inserting
a label into an ordered binary tree (ob-tree). Let us now write down
these expressions, in more detail in English followed by a formaliza-
tion.
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We have first the specification, I', of an insert relationship be-
tween two ordered binary trees (ob-tree) and a label. The ob-tree w’
is the result of inserting the label u to the ob-tree w if and only if
all elements that belong to w’ also belong to w or is the label u, and
moreover w and w’ are both ob-trees and u a label. We write this
formally as:

VwVuVw'(insert(w, u, v') +
obtree(w) A obtree(w’) A label(u) A p(w,u, w’))  (8)

YuwVYuVw'(p(w,u,w’) < Vo(v Ew Vv =u v €w)) (9)

A label u belongs to an ob-tree w if and only if u is a label and w an
ob-tree constructed as ¢(z,y, z) and u is the label y or u belongs to
the ob-tree z or u belongs to the ob-tree z. Formally,

VuVw(u € w + label(u) A tree(w) A
3z3y3z(w = t(z,y,z)A(lu=yVu€zVvuez))) (10)

An ob-tree w is either empty ,@, or constructed t(z, y, z) where both
z and z are ob-trees and y a label, moreover, all elements that belong
to z are less than or equal to y and all elements that belong to z are
greater than y. Formally,

Vw(obtree(w) — w = ¢ Vv Iz3yIz(w =t(z,y,2) A
obtree(z) A obtree(z) A label(y) A
Vufuez—u<y)AVuluez—-u>y)) (11)

A tree is either empty or constructed of subtrees and a label.

Vuw(tree(w) — w = ¢V
3z3yIz(w = t(z,y, 2) A tree(z) A tree(z) A label(y)))  (12)

Now all ob-trees are trees (but not conversely).

Vuw(obtree(w) — tree(w)) (13)

All constructed trees are different from the empty tree.

VazVyVz(-t(z,y, z) = ¢) (14)
However, the set I" of programs is not unique, so we need a sub-
specification @ (see (7)) that characterizes our particular program V.
We introduce the following condition as our A (see (5))
YuwVuVYw'(s(w, u, w') — tree(w) A tree(w’) A label(u) A
(w=¢A0 =t(¢,u,d)Vv
3z3y3232'3Y'32 (w = t(z,y,z) Aw' = t{z, ¥, Z') A
Y=y Az =12 Aslz,u,2)Vz=2As(z,u,2'))))) (15)
which satisfies A F £ | where X is (9), and leads to the foliowing
sub-specification © of our program ¥
VwVuVw'(insert(w, u, w’)
obtree(w) A obtree(w’) A label(u) A s(w, u, w’))  (186)
Let us write down three statements that comprise our program,

v.

The result of inserting a label u into an empty tree ¢ is t(¢, u, ¢).

insert(¢, u,t(o, u, ¢)) (17)

The result of inserting a label u into an ob-tree t(z,y, 2) is t(z', y, 2)
il u is less than or equal to y and z’ is the resulting ob-tree from
inserting u into the ob-tree z.

insert(t(z,y, z), u, (2, y, 2)) — u < y Ainsert(z, u, z') (18)

There is a symmetrical case when the label u is greater than y.

insert(t(z, y, z), 4, t(z,y, 2')) — u > y Alinsert(z,u, 2') (19)

So, we can now derive from our sub-specification € objects that
our program ¥ shall compute. In contrast, we notice that from the
specification I" we can derive objects that ¥ should not compute.

4. Example

The result of deriving a formula , 3w insert(t(t(¢, 5, ¢),9, ¢),7, w)
from the specification, © gives the result that w is the ordered binary
tree, t(t(,5,t(¢,7,4)),9.¢). For reasons of space, we show in the
appendix the main structure of the derivation carried out in NATDED
(Eriksson, Johansson and Tirnlund, 1982).

5. Conclusions

We have described the essential part of a debugging system which
is based on the the programming calculus of (Hansson and Tarnlund,
1979). We use the derivation editor to compute elements of the input
output pair and then ask the program to compute the same result, or
conversely verify by the editor the pairs computed by the program.
This leads to a formal treatment of testing, and moreover the decision
by an oracle whether or not a result is correct is substituted by a
{semi)mechanized oracle. When a program does not compute a correct
result a fault finding system selects the procedure that is responsible
for the wrong instantiation. An oracle is then supposed to produce a
better procedure and we can restart the testing cycle. Mechanization
of the latter oracle is a goal of formal program development.

The programs we are debugging are logic programs. The system
is programmed in Prolog (Colmerauer, Kanoui, Pascro and Roussel,
1973) and running on DEC TOPS-20 Prolog (Warren, Pereira and
Pereira, 1979).
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Appendix

SPECIFICATIONS
VuwVuVw'(insert(w, u, w’) —
obtree(w) A obtree(w’) A label(u) A s(w, u, w'))

Vw(obtree(w) « w = ¢V
3z3y3z(w = t(z, y, z) A obtree(z) A obtree(z) A label(y) A
Vu(u€z —»u<y)AVu(u€z - u>y))

Vz label(z)

VwVuVw'(s(w, u, w’) < tree(w) A tree(w’) A label(u) A
(w=9¢Aw =t($,ud)V
3z3y3z32'3Y 32 (w = t(z,y, 2) Aw = t(z, Y, Z) A
V=V A(z=2As(z,u,2)Vz=2As(z,4,2))))

Vw(tree(w) « w= ¢V
3z3y3z(w = t(z, y, 2) A tree(z) A tree(z) A label(y)))

Vw(obtree(w) — tree(w))
VzVyVz(-t(z,y,z) = ¢)

VuVw(u € w « label(u) A tree(w) A
3z3y3z(w = t(z,y,2) A(lu=yVUEZVuUE 2)))

Vu(-u € ¢)

VzVyVzVzVyVz'(f (2,4, 2) = f(z, ¥, Z) —
=zAY=yAZ=2)

DERIVATION

tret;(¢)
tree(t(4,7, 4)

H6.5.6.7,9)) = H4,5,68,7, ) A
tree(g) A tree(t{s, 7, ¢)) A label(5)

t(¢,5,t(¢,7,¢)) = &V 323y32(t(8,5,t(4, 7, ¢)) = t(z, v, 2) A
tree(z) A tree(z) A label(y))

tree(t(@, 5, t(¢, 7, ¢))) — £(¢,5,¢(¢,7,¢)) = ¢V
323y32(t(8,5, £($,7, 4)) = t{z, ¥, 2) A
tree(z) A tree(z) A label(y))

treei(t(tﬁ, 5,t¢,7,4))
treej(t(t(é, 5,¢(¢,7,4)),9,4))
obt;ee(é)

obt;ee(t(d’, 5,¢))
obz;ee(:(¢(¢, 5,¢),9,¢))
obtree(4,7, )

Vu(; €E¢—uc<s)
u€t¢,7,9)

3:5y32(¢(¢,7,¢) =t(z,y,z)A(lu=yVu€azVvVue€z)
—H$7.4)= t(z,y.2)A(u=yVu€EZIVUEZ)

u=7TVUEPVUE P
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UEP—u>5H
u> 5

u >

u€EP7,4)—~u>5
Yu(u € t(¢,7,¢) = u > 5)

{(6,5.4(6,7, 8)) = H9, 5,6, T, ) A
obtree(¢) A obtree(t(#, 7, ¢)) A label(5) A
Vu(u € ¢) — u < 5) A Vu(u € t(¢,7,4)) = u > 5)

.5, 66,7, 8)) = 6V FzIyTz(t(9,5, (8,7, ) = t{2,1.2) A
obtree(z) A obtree(z) A label(y) A
Vu(u € z) — u < y) AVu(u € 2) = u > y))

obt;ee(t(q&, 5,t(4,7,4))
obt}ee(:(:(qs, 5,¢(4,7,9)),9,¢))

b= At$7,6) = 7,9)

=9 NAt(,7,6)=1(0,7,¢)V
3z3y3z323y'32' (¢ = t(z,y, 2) A L($, 7, 8) = t(z', ¥, Z') A
y=yA(z=2As(2,7,2)Vz=2As(z,7,2")))

tree.(gt») A tree(t(d, 7, ¢)) A label(7) A
(6= At($,7.6)=1(6,7,4)V
3z3y3z32'IY32 (¢ = tz,y, 2) At(, 7, 0) = t(z" ., Z) A
y=yA(z=172As(2,7,2')Vz=2As(z,7,7'))))
s(@,7,t($,7, ) « tree(d) A tree(t(s,7, ¢)) A label(7) A
(=0nt(8,7,8)=1t(¢,7,¢)V
323y3z32'3Y 37 (¢ = t(z,v,2) AL, 7,0) = t(z, ¥, Z) A
y=vA(z=12As(2,7,2')V 3 =2 As(z,7,2))))

(6, 7.¢(9.7,¢))
t(¢v 5v ¢) = t(¢’ 5! ¢) A t(¢v ‘5) t(¢‘ 7v ¢)) == t(¢, 57 t(¢v7) ¢)) A
5=5A(p=0A5(¢,7,ts7,¢)Vé=1(670)As(8,7¢)
Jz3y3232'IY’3Z (L, 5, ) = t(z,p, 2) A
t(¢1 5v t(¢1 7v ¢)) = t(z" U'v Z’) A U= I/ A
(z=12'As(3,7,2")Vz= 2 As(z2,7,2)))
obtree(t(¢, 5, §)) — tree(t(d, 5, ¢))
tree(t(s, 5, 4))
tree(t(¢, 5, ¢)) A tree(t(d, 5, t(, 7, ¢))) A label(7) A
(t(¢,5,0) = ¢ A t(,5,t($,7,4)) =t(8,7,¢) V
3z3y3232'3y’'32'(t(4. 5, ¢) = t(z,y,2) A
te,5 48,7, 9) =tz 0, Z)Ay=0¥ A
(z =1z As(2,7,2')V z =2 As(z,7,7)))

S(t(,5,9).7,(6,5,(4,7,4))

S(E(t(,5, 6,9, 9.7, Ht(8,5,6(4,7, 4)),9.9))

obtree(t(t(¢, 5, ¢), 9, @) A obtree(t(t(s, 5.t(4,7, ¢)),9, ¢)) A
label(7) A s(t(t(#, 5, ¢), 9, 8), 7, t(t(¢, 5, 8($, 7, ¢)), 9, ¢))

insert(t(t(¢, 5, ¢), 9, ), 7, t(t(¢, 5, (4,7, ¢)), 9, 8))
obtree(t(t(¢, 5, 4),9, ¢)) A obtree(t(t(d, 5,t(¢,7, ¢)),9, $)) A
label(7) A s(t(t(¢, 5, ), 9, ), 7, £(t($, 5, (¢, 7, 4)), 9, ¢))

insert(t(t(¢, 5, ), 9, 8), 7, t{£(#, 5, (8,7, 6)),9, 8))



