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Abstract: Frolog is presented in a rigourous way,
through 10 easily understandable figures. Its
theoretical model is completly rewrought. After
introducing infinite trees and inequalities, this
paper puts forth the minimal set of concepts
necessary to give Frolog an autonomous existence,
independent of lengthy considerations about first
order logic and inference rules. Mystery is
sacrificed in favor of clarity.
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Artificial Intelligence interacts with many fields
including psychology, linguistics, history.
geology., biology, medical science ... These
sciences are complex, and special toocls are needed
to represent and process the knowledge they deal
with. Furthermore, these tools should not
irntroduce new problems, inherent to computer
science. Traditionally, the science of knowledge
has been mathematical logic. Therefore 1t was
reasonable to twn to logic for help in developing
a tool for Artificial Intelligence: that was how
Frolog was born.

Frolog, developed in 1972 by A.Colmerauer and
F.Roussel, was at first a theorem prover, based on
A.Robinson™s resolution principle  (1985) with
strong restrictions to narrow the search space.
Credit 1is given to R.Kowalskil and M.van Emden for
having pointed out these restrictions as
equivalent to the use of clauses having at least
one positive literal (Horn clauses), and for
having proposed the first theoretical model of
what 15 computed by Frolog: & minimal Herbrand
interpretation.

However, Frolog's close links with Logic proved
sometimes ta be inhibiting vis—a-vis its
implementation. It was necessary to reformulate
the theory to take into account implementation
constraints: this new theory is unencumbered by
distinctions necessary only in logic, and 1is
enriched by concepts indispensable for programming
purposes (such as inegualities). We can say that,
after a careful implementation, a new theoretical
model of Frolog emerged and it is this new model
that we present here in 10 commented figures.

The reader interested in further readings on this
subject 1s referred to the following:

On automatic thecrem proving and logic:

ROBINSON J.A. (1979). "Logic: Form and Function",
Edinburgh University FPress and Elsevier North
Holland.

On the links between logic and Prolog:

KOWALSKI R.A. (1979). "Logic For Problem Solving",
Artificial Intelligence ceries, (Ed. Nilsson,
M.J.), North Heolland.

On the genesis of Prolog:

COLMERAUER A., KANOUI H., PASERO R. et ROUSSEL Fh.
(1973), "Un systeéme de communication homme-machine
en frangais", Research Report, Groupe Intelligence
Artificielle, Faculté des Sciences de Luminy,
Marseille.

ROUSSEL  Fh. (1975). "Prolog, Manuel de Référence
et d’Utilisation, Groupe Intelligence
Artificielle, Faculté des Sciences de Luminy,
Marseille.

A Prolog system, based on the ideas developed
here, and implemented on several computers (Apple
11, Vax/VYms, etc.), is described in three Internal
Reports of the Groupe Intelligence Artificielle,
Faculté des Sciences de Luminy, Marseille:

COLMERAUER A. (1982). "Prolog II, Reference Manual
and Theoretical Model”.

VAN CANEGHEM M.
Manual".

(1982). "Prolog 1II, User’s

KAMOUI H. (1982). "Prolog II, Manual of Examples.

1. TREES

From an abstract point of view, one may éay that
the knowledge of an intelligent being on a given
subject, is the set of facts that he or she «can
generate on the subject. Therefore, knowledge can
be viewed as a set of facts, specified by a set of
rules. Each of these facts can be represented by a
declarative sentence. In our case we represent a
fact by a tree, drawn upside down, as the one
showrn in Fig 11a. Each leaf and each node 1is
labeled with an "atom" of information: this atom
can be a word, a group of words, a number, or a
special character. Only the structure of the tree
is relevant. Therefore, Figs 1la and la" are
equivalent. Trees in Figs 1la, b and lc are
examples of facts in three different fields:
arithmetic, (stylistic) permutations, and meal
planning. Facts are always trees, but not all
trees are facts: obviously the trees in Figs 1d
and le are not facts in arithmetic, even if tree
in Fig 1d is a sub-tree of the fact in Fig la.

Trees were purposely chosen as data structures:
they are capable of expressing complex information
and, at the same time, simple enough to be handled
algebraically, and by a computer.

2. TERMS

Formulas are used to represent tree patterns.
These formulas called "terms", consist of atoms of
information, variables, parentheses and commas.
Recall that an atom of information is either a
group of words, a number, or a special character.
In the 1left column of Fig 2a the syntactic
structure of a term is defined; this is a
recursive definition where complex terms are
defined from simpler terms; the simplest terms are
variables or atoms of information. Examples of

terms can be found in the left part of Figs 2b and
2c.

Je remercie Jacques Cohen de m’avoir aidé &
rédiger cet article en anglais.
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Variables occurring in  terms represent

unknown

trees. Therefore, the tree expressed by a term

will depend upon the trees assigned

to the

variables. Such an assignment "X", called a
"tree-assignment”, is just a set of pairs
"wii1=a;", "aj" being the tree assigned to the

variable "xj". The right column of Fig

Za gives

the tree "a" represented by the term "t" after the
application of tree-assignment "X". It is assumed
that if "t" contains no variable, an empty

tree-assignment can be applied.

Figs Zb and 26 depict two examples of
tree-assignments. Example 2b shows that 1t 1is
possible to find in the assignment "X", variables
which do not occur in the term, but the contrary
15 not possible. In example 2c, the term contains
no variable; this means that the corresponding
tree does not depend on the assignment. The last
example shows a systematic way of coding a finite
tree by a term without variables.
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I. CONSTRAINTS

Frolog 1is a language which "computes" on trees

n "

2

represented by variables L5

5 This

computation 1s done by accumulating constraints
that final trees must satisfy. These constraints
limit the values variables can take, that is the
tree-assignment of variables "xi" by trees "aj".
As shown in Fig Za, a constraint "C" consists of a
set of elementary constraints, each of them to be
satisfied. An elementary constraint is either a
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atom O(— M{—ormu.hov\ ] 'b)’ no?rll\ccan K ow
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. . . times 4
equals(times (5, minvs (Eimes(4,3),4)),10) —> ¢
pair of terms "(sj,5;7)" which will represent

equal trees, or a pair of terms "(tp,typ")" which
will represent unequal trees. Fig ZFa illustrates
the general condition under which a
tree-assignment "X" satisfies a constraint L
"¥" ig also said to be a solution of "C". Fig 3Ib
shows an example of a constraint "C1" satisfiable
by the tree-—assignment "X1". In Fig 3c there are
three constraints which cannot be satisfied by any
tree—assignment.



During the execution of a
basic operation consists of
constraint is ‘"satisfiable"
cne tree-assignment). This is done by "reducing”
it, as seen in Fig Zd: the purpose of "reducing"
is to simplify the constraint in order to make all
its solutions explicit. This involves exhibiting
variables distinct from each other as left members
of equalities. To do so, we use a specific
property of trees: the unique decomposition of &
tree into immediate subtrees. This property
permits us to replace:

Frolog program, the
verifying whether a
or not (by at least

{pair (equal (y,10),y)=pair (x
by
{equal (y, 10)=x, y=times(3,z)I}.

+times(5,z)) 3

Note that if this property would hold for numbers,
we would wrongly conclude that the two constraints
"eA3=24y 3" and "{x=2,3=y3}" are equivalent! If we
succeed in producing equalltles where left members
are distinct variables and where there are no
inequalities, then the constraint is satisfiable.
Its solutions are directly obtained by assigning
arbitrary trees to variables not appearing as left
members.

If inequalities are left, let "n" be their number.
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Another basic property allows us to split the

initial problem into "n" independent and simpler
sub-problems: a constraint of the form
"Cultydty "y tp#tp 0" is satisfiable if and only

if each of the constraints "Cult,#t, 3", ... .

"Cultp#tn™ 2" is also satisfiable. Again, this is
not true in the domain of natural integers
"0,1,2,...", because 1t would be possible to show
that the constraint "{o+y=2,2#0,2#1,4#23" has at

least one solution since the constraints
"inty=1,x703", Uaty=1,0# 10" and "laby=1, #2300
have at least one'! In order to wverify that the
constraint "Cu{tj#ti 3" 15 satisfiable (knowing
that "C" already 1is) we must check that the
constraints e and "Cutti=ti 3" are not
equivalent. If the constraint "Cuftj=t{ 3" 1s not
satisfiable, we can even remove the i1nequality
"ti#ti"", as in example Id.

In the same way as we simplify equalities, 1t 1is

possible to simplify inequalities. This allows us
to present any satisfiable constraint in a
"reduced form": this reduced form shows that the

constraint 1is satisfiable by making all its
solutions explicit. The general form of a reduced
constraint containing inequalities is beyond the
scope of this paper (see Colmerauer 1982).
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4. INFINMITE TREES

As surprising as it may be, it is also possible to
handle infinite trees. Such a tree is shown in Fig
4a: it represents an endl path along the
cross—-like figure shown in Fig 4b. It is possible
to present this tree by the diagram with a loop in
4c, obtained by merging all the nodes from which
isomorphic subtrees arise, that is, from which
equal subtrees arise. If we omit to merge a few
nodes, we obtain the different diagrams in 4c’ and
4c77 which still represent the same tree. That Fig
4c is a finite diagram means that the initial tree
in 4a contains a finite set of configurations or,
more precisely, that the set of its subtrees is
finite: this is the definition of a ‘"rational”
tree. 0Of course, all finite trees are rational.
Although finite trees can be defined by simple
terms without variables, infinite rational trees
can only be defined by the constraints they must
satisfy. Taking into account successively all
sides "1,%,...,12" of the cross-like figure in 4b,
we construct the constraint 4d which is satisfied
only 1in case of the assignment of "x" by the tree
in Fig 4a. From the diagram shown in Fig 4c, we
can construct a simpler constraint 4d®, having the
same property.

85

For the cwious reader
example of a non-rational

we provide in Fig 4e an
infinite tree. After

merging all possible nodes this tree yields the
infinite diagram in Fig 4e”. Note that it would be
necessary to have a constraint, made from an
infinity of elementary constraints, to completely
describe this type of tree.

T

A FROLOG FROGRAM: LET"S EAT WELL

We now interrupt our theoretical development to
present an example of a FProlog program. The
program computes the composition of "light" meals

and consists of the
5b and Sc.

three parts shown in Figs 5a,

In Fig Sa we describe, by 11 rules, a possible set
of meals, regardless of their dietetic gqualities.
The first rule states that:

"

- if "a" is an appetizer and,
- if "m" is a main course and,
- if "d" is a dessert,
then the triplet "a,m,d" is a meal.
The next two rules state that:
- if "m" is a fish, "m" is a main course and,
- if "m" is a meat, "m" is a main course.

The remaining eight rules classify a few courses.
In Fig Sa’, the computer answers two guestions
based on the knowledge described in Fig Sa. The



first question is:
what are the v
that make "m"

is given as a reduced
second question is:

alues of

a main course?
There are several possible answers and each answer
constraint

e
L]

computer”s
arithmetic.
formul ated
program of Fig
difference,

on "m". The

A. Colmerauer 493
answers to a few questions about
Observe that, according to the
guestions, the same small Frolog

Sb also computes the sum, the

or decomposes a number 1in

sums of two numbers.

what are the triplets "a,m,d"

all possible

which constitute a meal? Fig 5c defines a light meal (based on Figs 5Sa and
The corresponding answers are also presented in Sb) by assigning a certain amount of caloric units
Fig Sa’. to each course, and restricting to meals which add
up to a number of units smaller than 10. The main
In Fig 5Sb we introduce a minimal knowledge of rule of Fig Sc states that:
arithmetic of positive integers: the addition - if the triplet "a,m,d" is a meal and,
Uy by=g " with ML denoted by - 1f the number of un%ts of "a" is "x" and,
"small-sum(x,y,z)". The fact that "x+y=:z" implies =« 14 the aumher af upits of g 38 “y" ahd,
"Oi+l)+y=(z+1)" is used to define the notion - if "x+y=u" and "ui{10" and,
"small-sum" from the notion "small-successor", - if the number of units of "d" is "z" and,
utilizing two rules. The notion "small-successor"” - if "z+u=v" and "v{10",
is defined by eight rules so  that then the triplet "a,m,d"” is a light meal.
"small-successor (x,y)" corresponds to the equality In Fig 5S¢, the computer lists the seven allowed
"y=xu+1"  with "y<10". Fig  5b° presents  the meals!
S5a meal (a,m,d) - 5b 5c
appetizer (a) .
main{m) light-meal (a,m,d) -»
dessert(d): little-sum(l,x,y) - meal {a,m,d)
’ little-successor (i,y); units{a,x)
main(m) -> fish(m); little-sum(x’,y,z") -» unitsi{m,y)
HEAH () =5 meat o) little—successor (,x") little-sum{x,y,u)
i little—-sum(x,y,z) unitsid,z)
appetizer (radishes) —»j little-successor(z,z"); little-sum{z, u,v);
spptizeripatal =3 little-successor (1,2) units (beef, )
fish(sole) -»; little-successor (2, 3) un@ts(fruit,l) =
fiERCkuna) —bs little-successor (3, 4) un}tstcake,ﬁ)
) little-successor (4,5) units{pate,b)
weat fpoee little-successor (5,6) un§t5(90r§s7) =¥
meat (beef) little-successor (6,7) un%ts(radxshes,l) =4
little-successor (7,8) units(sole,2) ->;
dessert (cake) —3s little-successor (8,9) units(tuna,4) ->;
dessert (fruit) -i;
’ ] = 1
e Sk dc
{m=solel g - -
{m=tunal iittie—sum(4,a,x)f light-meal (a,m,d)"?
{m=porc? T {a=radishes, m=sole, d=cake}
{m=beef> . . " {a=radishes, m=sole, d=fruit’
i:f:ie—sum(4,x,7); {a=radishes, m=tuna, d=fruit:’
meal (a,m,d)? D {a=radishes, m=porc, d=fruit’
{a=radishes, m=sole, d=cake} . | s {a=radishes, m=beef, d=cakel
{a=radishes, m=sole, d=fruit} ifftle-fuT(x’y’”): {a=radishes, m=beef, d=fruit}
{a=radishes, m=tuna, d=cake} ;f:i’ y:gi {a=pate, m=sole, d=fruit}
{a=radishes, m=tuna, d=fruit} (i Yo
{a=radishes, m=porc, d=cake} et Lo
{a=radishes, m=porc, d=fruit} k=4, y=13
{a=radishes, m=beef, d=cake}
{a=radishes, m=beef, d=fruit}
{a=pate, m=sole, d=cake}
{a=pate, m=sole, d=fruit?
{a=pate, m=tuna, d=cake}
{a=pate, m=tuna, d=fruit?}
{a=pate, m=porc, d=cake}
{a=pate, m=porc, d=fruit?
{a=pate, m=beef, d=cake}
{a=pate, m=beef, d=fruit?
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&. FORMAL MEANING OF FROLOG FROGRAMS

Fig 5 informally described a Frolog program. We
now formalize its meaning. For most languages, the
meaning of a program is given by the succession of
elementary operations which the computer is
supposed to perform. This is not true of FProlog
which, as presented, is a formalism capable of
representing knowledge and to express questions
about it, independently of any computer. The
computer’s simply computes the answers to these
questions.

In Fig 6 we derive in two steps the set of facts
(a circle) specified by a Prolog program from the
original program (a block). This set represents
the potential knowledge contained in the program.
Each of the facts is a tree, taken from all

possible trees. The first step is required since
the rules of a Prolog program are, actually,
pattern of rules, and since it is first necessary
to generate precise rules dealing with trees. The
second step can be performed in two ways: either
by considering the rules as rewriting rules
(definition I), or by considering them as logical
implications (definition II).

Fig & also caracterizes the set of facts which
yield the answer to a Prolog gquestion. A question
is a single term "t" which stating:
what are the facts of the form "t"?

The set of valid answers is the intersection of
the set of specified facts with the sub-set of
trees, obtained by assigning all conceivable trees
to the variables of term "t".
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7. THE SEARCH SFACE

Fig &6 illustrated the double definition of the
meaning of a Prolog program. Althougt both
definitions are conceptually satisfying, they

cannot be directly used to compute the answer to a
given gquestion.

However, this computation can be performed on the
light of definition I by rewriting trees patterns
instead of trees, with the use of a finite set of
rules patterns instead of an infinite set of
rules. A tree pattern is a "term—constraint" pair,
the constraint limiting the represented trees: a
rule pattern is, in fact, just a Prolog rule.

In Fig 7b the question on program 7a, states:
under which constraints does "meal (radishes,m,d)"
represent only facts? To compute these constraints
the computer inspects the tree-shaped search space

of Fig 7d. At each node there is a pair "(Cj,Ti)",
"Ci" being a constraint to be satisfied, and "Ti"
being a sequence of terms toc be erased. At the
root of the tree we have the pair "(Cq,Tg)", where
"Co" 1is empty and the sequence "Tp" is the term
which constitutes the Prolog question. If at a
given node the constraint "Cij" is not satisfiable,
this node becomes a dead end. If not, there will
be as many arrows emanating from this node,
labeled "(Cj,Tij)", to nodes labeled "(Cj+y3.Ti+1)",
as there are rules. In this particular example
there are seven arrows. The constraint "Cj#" 1is
obtained by adding to the constraint "Ci" the
constraint "{bg=agi", where "bg" 1is the first
element of sequence "Ti" and "ap" the left member
of the rule which one attempts to apply. "Ti+1" is
obtained by replacing the first element of "Ti" by
the right member of the rules which 1is being
applied. Before considering a rule, it 1is
important to rename variables (e.g. by adding
primes), so that the rule has no variables in



496 A. Colmerauer

common with already existing variables. The
constraints "Ci" which are satisfiable are those
which can be reduced; in this case, we place their
reduced forms just below them. The answers are

"

subparts of the reduced constraints "Ci's
appearing in nodes which cannot longer be
expanded, since their "Tj's" are empty. The four
valid answers are found in Fig 7c.

8

Cc is safistiable
@nd T (s not empty

in case Co
is safisfiable
pPrint the

relevant

lek "tth,)...)t,," be the
sequence T

Ttz "5,y 5m, bpebn’

Liconfains  oh integer
Rprsnting time
Ci: containg the conshraint to
be sahisfied af time ¢,
T - contains the sequence of
terms which remain to be
erased at time ¢,
Ri: Contnins the number of the
wle chosen at time ¢,
Fmox: 1S the humber of the
last nile,
the relevant
port of Ci: is Hhe sobconstrant in a
rduced form, concerning
the voviables oa:ur{hs n
Hee ouestion .

8. THE FROLOG CLOCK

The best way of explaining in detail how a Frolog
program runs on a computer is to idealize this
computer by a simple abstract machine. We call our
abstract machine "the Frolog clock" because its
basic function is to keep track of the time. This
machine consists of:

1. acell "1", containing a non negative integer
representing the time;

P

an infinity of cells "Cp,Cq4Cop...”

containing the constraints to be satisfied

at times 0,1,2,...3

3. an infinity of cells "Tg.T3,T2,..."
containing the sequences of terms which, at
times 0,1,2,..., remain to be erased;

4. an infinity of cells "Rg.RpsRoy.ad”

containing the numbers of the rules which

have been chosen at times 0,1,2,...

The rules are numbered "1" to rmax" and the

machine has means of acessing them.

The machine’s operation 1is depicted by two
concentric circles in Fig 8: one of them is swept
clockwise as time increases by one unit, the other
is swept in the opposite direction as time

decreases by one unit. It is possible to reverse
the time progression by crossing one of the two
one-way bridges which 1link one circle to the
other.

The execution of a Prolog program consists of
answering a guestion represented by a term. All
answers to be computed are constraints by which
the term represents specified facts. We start with
the pair "(Cg,Tg)". "Cp" being empty and the
sequence of terms "Tgy" being reduced to the term
that constitutes the question. Each tuwrn around
the outward circle increases the current
constraint "Cj" and transforms the sequence "Ti".
Note that if the rule already contains a
constraint "B", this constraint is added to the
current set of elementary constraints. The process
stops as soon as a non-satisfiable constraint is
generated, or the seguence "Ti" becomes empty: in
these cases, we backtrack to the "past", to try
other rules. On the fly, if "Ci" is satisfiable,
an answer is printed.

In fact, the above process corresponds to sweeping
the tree-shaped search space of Fig 7, from top to
bottom and from left to right, the time "i" being
the level of the visited node.

The two programs in sections 9 and 10 provide
additional examples of more intricate FProlog
programs.
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"beautiful marquise” it TNy ___:>.(3), { By Z,w8))) —_—_—>(3 (F. (2. m6))N)=,3.3.2. nt

"your beautlful eyes" i N . e a .
"make me" 3 ™ pPrefix motation lh{nc nolotiow
idie" .4 /// ~_

"of love" 2, ~if

9d

[ I S % B

9C permutation(nil,nil) -:

permutation(e.x,z) -» permutation(1.2.3.nil,x)"7? permutation il , 2, ducadenil) 2
permutation Gi,y) Z.nil> fa=2. b=4,
insertionf(e,y,z); Z.nily r =2; '
1.nil> {a=4,
insertion(e,x,e.x) —i; 2.nil? {a=4;
insertion(e,f.x,f.y) —> 2.nil2 :
insertion(e,x,y): dapzlZ

EBQ permutation ("beautiful marquise”."your beautiful eyes”."make me"."die"."of love".nil,x

{x="beauti1ful marquise”. “your beautiful eyes" “make me" . “die” . “of love~.nil) (v 'berautyful marquise your beautiful eyes make me-."a‘ love die” nit)
(x="your beautiful eyes".“beautiful marquise”. “make me". “die” “of love~.nil)  (r:'your beautiful eyes’ 'beautiful marquise” “make me' “of love’ "die” . nit)
(x="your beautiful eyes®. make me~.-beautiful marquise”."die”."of love .nil)  (x: your beautiful eyes” ~make me  ‘beautiful marquise’ "ol love’ ‘die’.ml)
(x “your beautiful eyes” ~make me”."die-."beautiful marquise” -of love .nil)  {(r: your beautiful eyes “make me  “of love  ‘heautiful marquise” ‘die”.nil)
=“your beautiful eyes”. make me*."die”. of love . beautiful marquise*.nil) (¢ your brautiful eyes™ “make me’.'of love® ‘die’. beautiful marquise’.nit)
(x. beautiful marquise” . make me"."your beautiful eyes”. die”.’of Love~.ntl)  (x:'Beautiful marquise’ “make me’ “your brautiful eyes®."of lover “dier.nil)
(x="mske me"."besutiful marquise”.your besutiful eyes". die”."of love.afl)  (xz make me’ bBeautiful marquise’ ‘your beautylul eyes ol \aves. 8teT 01k
(x="make me.“your beautiful eye besutiful marquise~. -die” “of love-.nil) (v="make me”.“your beautiful eyes”.“beautiful marquise’. “of ltove ."dre”.nil})
{x="make me".“your beautiful eyes” "die", "beautiful marquise” “of love .nil) (x: make me* . “your beautiful eyes’. of love” "beautiful marquise” "die”.ml)
(x="make me"."your beautiful eyes*."die”."of love*. besutiful marquise’.nil)  (x:="make me”."your beautiful eyes’.’of love".“die’.’beautiful marquise’.nit}
=*beautiful marquise*. make me-.-die-.-your beautiful eyes~.-of love-.nil)  (x=-beautiful marquise "make me . “of love'."your beautiful eyes”."die”.nil)
“make me*."beautiful marquise-.’die”. your beautiful eyes®. of love®.nil)  (x="make me’ “beautiful marquise’ “of love . 'your beautiful eyes' "die’.nil)
{x="make me"."die”."beautiful marquise”.“your beautiful eyes®."of love-.n1l) {(x="make me of love“."beautitul marquise your beautful eyes”."die” iy
{x="make me"."d1e". your beautiful eyes"."beautiful marquise™. “of love~.ntl) (x="make me"."0f love". "your beautiful eyes" nﬂutj'u\ marquise dye” nit})
(x="make me"."die"."your beautiful eyes™ ~of love. beautiful marquise”.nfl) (x="make me”.“cf love". your beautiful eyes”."die”."beautiful marquise”.ml)
(x="beautiful marquise" . “make me" f love" . “your beauttiful eyes~.ntl) (x="beautiful marquise” "make me of love"."die”. "your beautiful eyes” nt)
(x="make me".-“beautiful marquise f love" . “your besutiful eyes” nil) (x:-make me” . “beautiful marquise’ “of love’."die’ “your beautiful eyes”.nil}
(x="make me “."beautiful marquise “of love” “your beautiful eyes”.nil) (x:="make me" "of love’. "beautiful marquise” “die”."your beautiful eyes”.nil)
“make me “of love” . "beautiful marquise” “your beautiful eyes”.nil) (x="make me"."0f love  ~are” 'beautiful marquise”. your beautiful eyes”.ml)
ake me”."dre” . "of love" “your beautiful eyes” . “beautiful marquise” nil) (x="make me"."0of love die your beautiful eyes™. beautiful mal.'quvse‘,hll)
eautiful marquise’. your beautiful eyes”."die". make me"."of love  .nil) (x="beaut)ful marguise’ “your beautiful eyes” “of love". 'make me”. ‘die”.mt)
(x="your beautiful eyes" beautiful marquise” “die” make me*. "of love™.nil) {(x="your beautiful eyes beauti1ful marquise “of love" rake m=~ d\e“.nll)
{x="your beautiful eyes".-die". beaut1ful marquise~. make me~."of love~.nil) (x="your beautiful eyes”."of love™."beautiful marquise’. ‘rake me*."dre”.nil)
(x="your beautiful eyes®."die”. make me".“beautiful marquise”."of love~.nil) (x="your beautiful eyes”.“of love’ “make me™ “beautiful marquise”.’die’.nil}
“your beautiful eyes"."die make me”."of love"."beautiful marquise” nfl) (x="your beautiful eyes of love make me”."die” beautiful mar‘quvse“ n L}
{x="beautr1ful marquise”."dre”."your beautiful eyes . "make me"."of (ove” .nil) (x="beautiful marquise of love”."your beautitul eyes”.'make me". 'die niL)
{x="dre” . "beautiful marquise™. your beautiful eyes~. make me”.“of love .nil) (x="of love™."beaut)ful marquise’ “your beautiful eyes™ . make me”.'die”.nmt)
(x="d1e”."your beautiful eyes".-beautiful marquise”. make me.of love".nil) {x="0f love"."your beautiful eyes®.-“beautiful marquise”.’make me” ‘die”.nil)
“die”.“your beautiful eyes®. ‘make me-."beautiful marquise’.“of love .nil) (x="0f love". “your beautiful eyes®.“make me’ “beautiful marquise”."die”.nil})
“die”.“your beautiful eyes".“make me"."of love".“beautiful marquise-.nit) (x="of love . "your beautiful eyes"”. 'make me"."dre”."beautful ma(qu'sel»mk)
‘beautiful marquise” . “die”."make me". your besutiful eyes (x="beautiful marquise” . ~“of love . "make me your beautiful eyes”. ‘die” k)
“die”."beautiful marquise”. “make me".“your beautiful eyes"” . (x="of love beaut)ful marquise” “make me’ “your beautiful eyes”."die” niL)
“die”.“make m "beautiful marquise”."your besutiful eyes". “of love~.nil) {x="ot love"."make me"."beautiful marquise’.’your beautiful eyes”. "die”.nil)
“die” . “make “your beautiful eyes”. “beautiful marquise”. “of love~.nil) (x="0f love” . "make me". “your beautitul eyes~ beautiful marquise”. dva_ niL)
“die”."make me” . your bea ll’ul eyes” . “of love”. beautiful marquise”.nil) (x="of Love™. "make me”. “your beautrful eyes” dre beautiful 'V*l?quvs!k ni)
“beautitul mrquue "ot Love:.‘your besutiful eyes® (x="beautiful marquise*."of love . “make me”."die”."your beautiful eyes”.nil)
“die” .'DV love™ “your beautiful eyes {x="0f love beautyful marquise make me die”."your beautiful F)/ES'vl’l|\)
gre- "ot love" “your besutiful eyes (x=-0f love~. make me-.-beautiful marquise’ "die’.“your brautiful eyes”.nil)
“die* eautiful marquise. your beautiful eyes (x="of love~."make me". "die” “beautiful marquise”. your beautiful eyes” niL)
“die”."make me". your besutiful eyes.-beautiful marauis (x="0f love"."make me"."die” “your beautiful eyes™. ‘beautiful marquise”.nmil)
eautiful marquise” . “your beautiful eyes”. die”."of love™ . ~“make me~ (x="beautiful marquise”.“your beautiful eyes.’of love". "die”. make me7.nil)

our beautiful eyes”. ~beautiful marquise” . "die”."of love . “make me~ (x="your beautiful eyes” eautiful marquise”."of love~."die”."make me”.nmit})
your beautiful eyes T."besutiful marquise”."of love". “make me" {x="your beautiful eyes “."peautrful marquise dre” make me.‘ niL)
“your beautiful eyes® “of love™."beautiful marquise”. “make me". (x="your beautiful eyes" “.7dve" "beautiful marquise: “make me’.nil)
your beautiful eyes”. “dre “of love™."make me”, “beautiful marquise” ( your beautiful eyes”. " “dre "make me”. “beaut1ful mzrquvse' nit)
beautiful marquise”."dre"."your beautiful eyes~. of love~. “mske me" ( beautiful marquise-."of love™. “your beautiful eyes”."die”. "make me”.nmil)
d1e . besutfful marquise”. "your beautiful eyes™."of love™ . make me~ {x="0f love". "beautiful marquise . your beautiful eyes . "die’.“make me”.nil)
die” . "your beaut{ful eyes". “beautiful marquise.-of love- (x="af love" . your beautiful eyes’. “beaut)ful marquise’.’die”."make me”.nil}
die”."your besutiful eyes”."of love . beautiful marquise” .~ (x="0f love" . “your beautiful eyes®.’die”."beautiful marquise”.make me”,nil)
die”."your beautfful eyes".- “."make me" . “beautiful marquis (x="0t love". “your beautiful eyes™ “die’ “make me” "beautiful marquise”.nil})
beautiful marquise”. “die” our besutiful eyes” ({ beautiful marquise of love™ “die”."your beautiful eyes”. ~"make me” nit)
.*besutiful marquise your beautiful eye (x="0f love~."beautiful marquise’. die” “your beautiful eyes”. -make me”.nil)
utitul merqui “your besutiful ey (x="of love"."d1e”."beautiful marquise”. your beautiful eyes”.~“make me”.atl)

r beautiful eyes”. “beautiful marquise ( of love™."die”."your beautiful eyes” “beautiful marquise make me_.ml)

.“your beautitul ey “beautiful marquis (x="0f love . die”."your beautiful eyes".'make me” . beautiful marquise”.nil)

(x="b nw\ marquise your beautiful eye ( beautiful marquise~. of love". “die”. “make me”.“your beautiful eyes~.n\l)
(x2°d “your beautiful (x="0f love~. beautiful marquise”.“die” “make me”. “your beautiful eyes”.mit}
(x="d U marquise. “your beautiful (x="0f love~."d1e”. beautiful marquise”. make me”.“your beautiful eyes”.nil})
“beautiful marquis “your beautiful e ( of love-."die~."make me".-beautiful marquise~ . your beautiful eyed; nil}

“your besutiful eyes” . besutiful marquis ( "dre” . “make me". “your beautiful eyes™.'beautiful marquise” .nil)

9. STYLISTIC FERMUTATIONS Also, since each node is labeled with a single
character, a dot, readablity is improved by using

In Moliere’s play, "Le Bourgeois Gentilhomme", a infix notation: "u.v", instead of prefix notation:
bourgeois who wants to act as a lord (gentilhomme) ".(u,v)". To further simplify, we omit parentheses
compliments a noble woman (marquise): whenever left-right association is implied.
"Beautiful marquise, your beautiful
eyes make me die of love." To assert that sequence "y" is a permutation of
Let us construct all of the compliment’s possible sequence "x" we write "permutationti,y)". The
variations, as the bourgeois tries to do in the first rule of Fig 9c states that the seguence of
play. The sentence is first decomposed into five length zero, that is the empty segquence, has only
parts, which are given in Fig 9a, each part made one permutation, itself. The second rule specifies
up from one, or a few unseparable words. Starting that, in order to permute a non-empty sequence,
from an initial sequence with these five that is a sequence of length "n+l", we remove its
components we produce all variants by generating first element "e" and obtain a sequence "x" of
all the permutations of the sequence. length "n"; we then compute any permutation "y" of
this sequence "x" and insert the element "e" in
We first have to choose a way of coding a sequence any position of this sequence and produce the
by a tree. Since it is necessary to have a desired sequence "z". To insert an element "e" in
notation for the empty sequence, the sequence a sequence "x" and obtain a sequence "y", we

"3,7,2" is represented by the tree in Fig 9b. introduce the term "insertion(e,x,y)". We either
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insert "e" before "x" (third rule of Fig 9c), or
we insert "e" in the sequence which has its first
element removed (fourth rule of Fig 9c). These
four rules of Fig 9c constitute the
permutaticon program.

entire

Fig 9d presents the computer®s answers to two
guestions:
what are all permutations "u" of the
sequence "1,2,3"7
and
what are the values of the variables
"a","b","c" and "d" so that "2y cyd"
is a permutation of "3,a,1,b"?
Finally in Fig 9e, we ask the guestion producing
the 120 stylistic variants that the “bourgeoié
gentilhomme" might have said!

10. SEND MORE MONEY

The purpose of this example is to solve a

classical cryptarithmetic puzzle: assign g
different digits to the 8 letters
"5,E,N,D,M,0,R,Y", such that the sum

"SEND+MORE=MONEY" becomes valid. To do S0, we
introduce in Fig 10a’ the four carry-overs "ri",
"rZ", "rI" and "r4" which can be null and which

have to be added to each column of the sum.

The program consists of the three parts shown in
Figs 10b, 10c and 10d. In Fig 10d, the table of
sums up to 20 is programmed: any elementary school
student knows this table by heart but the machine
has to compute it over and over again since 1t

orily knows how to add "1" to a number. We use
"plus(,y,z)" to mean "wx+y=z". Each number is
represented by two digits, with a dot between them
(we use infix npotation as 1in Fig 9). Fig 10c

presents the definition of a sequence without
repetition (note that the last rule of Fig 10c
contains a non-empty constraint). In Fig 10b, 1t
is stated that to compute a solution it is
necessary to assign distinct values to the letters
"S5,E,N,D,M,0,R,Y", and that, in each column of the
sum, a property called "admissible", has to be
satisfied between the carry-over, the three
letters of the column and the preceding
carry-over. 0f course, this property "admissible"
is defined using the property "plus" and the
property "plus-one". Since the numbers "SEND",
"MORE", and "MONEY" should not begin with the
digit O, an inequality constraint is added to the
first rule of Fig 10b. In Fig 10e, we challenge
the computer to provide us with the three mystery
numbers.
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[0a 1o n kG
SEND SEND
+ MORE + MORE
10 b 10¢c
solution{(S.E.N.D,M.0.R.E,M.0.N.E.Y) - without-repetition{nil) —x;

without-repetition(5.E.N.D.M.0.R.Y.nil)

admissible(r1,0,0,M,O)
admissible(r2,5,M,0,r1)
admissible{r3,E,0,N,r2)
admissible(r4,N,R,E,r3)
admissible( 0,D,E,Y,r4),
{8=0, M=03};

admissible(O,ul,uZ,u,r) -

plus(0.ul,0.u2,r.u3);

admissible(l,ul,uz2,u,r) -

plus(0.ul,0.u2,x)
plus-one (:,r.ul);

without-repetition(u.l) -=*
out-of (u, 1)
without-repetition(l);

out—-of (u,nil) ->;

dut=ofdu v 1) =¥
out-of (u,1),
{u=vi;

10 e

solution(x,y,z)?

{%=9.5.6.7, y=1.0.8.5, z=1.0.5.5.2}

0 d

plus(0.0,x,x) -2
less—than—-twenty ()

plus (e’ yy,27) —>
plus—one{x,x ")
plus(x,y,.z)
plus-one(z,z7);

less-than—twenty (0.0) -

less—than-twenty(y) ->
plus—one(x,y):

plus—one (0.0,0.1)
plus—one(0.1 )
plus—ane (0
plus-one(0.Z,0.4)
plus-one(0.4,0.5)
plus—-one(0.9,0.4)
plus—one(0.6,0.7)
plus—one(0.7,0.8)
plus—one(0.8,0.9)
plus—one(0.9,1.0)
plus—one(1.0,1.1)
plus—one(l.1,1.2)
plus—one(1.2,1.3)
plus-one(l.Z,1.4)
plus-one(l.4,1.5)
plus—one(1.5,1.6)
plus—one(1.6,1.7)
plus-one(1.7,1.8)
plus-one(1.8,1.9) -=*

"




