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Abstract: Prolog is presented in a rigourous way, 
through 10 easil y understandable figures. Its 
theoretical model is completl y rewrought. After 
introducing infinite trees and inequalities, this 
paper puts forth the minimal set of concepts 
necessary ~o give Prolog an autonomous existence, 
independent of lengthy considerations about first 
order logic and inference rules. Mystery is 
sacrificed in favor of clarity . 
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Arti f ic i al Intelligence interacts with many fields 
includi ng psychology, li ngu i s ti cs , h i st or y , 
geo l ogy , biology, medica l sc 1ence These 
sci enc es are complex , and spec i a l too l s ar e needed 
to r epresen t and process t he knowl edge they deal 
with. Furt he rmore, t hese too l s s hould not 
introduce new probl ems , inherent to computer 
scJ ence . Trad i tional l y , the s c ienc e of knowled ge 
has been mathemat i ca l logic . Ther ef ore it was 
reasonab l e to turn to logi c for he l p i n developing 
a t oo l for Arti f icial I nt e l l i gence : t ha t was how 
F' r ol og was bor n. 

Pro l og, developed in 1972 by A. Col merauer and 
P. Rousse l, was at first a t heorem p r over ~ based on 
A.Robinson ' s resolution princip l e 11965 1 with 
strong rest ric t ions to narrow the searc h space. 
Cred1t is g1ven t o R. Ko wa l sk i and M. van Emden f or 
havi ng pointed out these res tri ctions as 
equiva len t to t he use of c lauses hav 1n g a t leas t 
one pos i tive literal (Hor n c l auses>, and for 
having proposed the firs t theoretical mode l of 
what i s computed by Pro l og : a mi nimal Herbr and 
interpretation . 

However, Pr olog' s c l ose links with Logic proved 
someti mes to be i nhibiting v i s-~ -vi s i t s 
implementation . I t was nec essary to r eformu late 
the theory to take into account i mpl ementat i on 
constrain t s : t his new tt1eor y is unencumber e d by 
distinct i ons necessary onl y i n logic , and i s 
en ri ched by concep ts indispensable f or pr ogramming 
purposes (suc h as i nequa lities) . We can s ay tha t, 
after a carefu l imp l emen t a t ion , a new theoreti c al 
model of Prolog emerged and it is th i s new model 
that we present here in 10 commen ted f i gures. 

The reader interested in further readinqs on this 
subject is referred to the following: -

On automatic theorem proving and logic: 

ROBINSON J.A. 11979 ) . 
Edinburgh University 
Holland. 

"Logic: Form and Function", 
Press and Elsevier North 

On the links between logic and Prolog: 

KOWALSKI R.A. 119791. "Logic For Problem Solving", 
Artificial Intelligence series, lEd. Nilsson, 
N.J.), North Holland. 

On the genesis of Prolog: 

COLMERAUER A., KANOUI H., PASERO R. et ROUSSEL Ph. 
119731, "Un syst~me de communication homme-machine 
en fran9ais", Research Report, Groupe Intelligence 
Artificielle, Facult~ des Sciences de Luminy, 
Marseille. 

ROUSSEL Ph. 119751. "Prolog, Manuel de R~ference 
et d'Utilisation, Groupe Intelligence 
Artificielle, Facult~ des Sciences de Luminy, 
Marsei II e. 

A Prolog system, based on the ideas developed 
here, and implemented on several computers !Apple 
II, Vax /Vms, etc.), is described in three Internal 
Reports of the Groupe Intelligence Artificielle, 
Facult~ des Sciences de Luminy, Marseille: . 

COLMERAUER A. ( 19821. "Pro! og I I, Reference Manual 
and Theoretical Model". 

VAN CANEGHEM M. 11982) . "Prolog II, User's 
Manual". 

KANOUI H. 11982) . "Prolog II, Manual of E>:amples. 

1. TREES 

From an abstract point of view, one may say th a t 
the knowledge of an intelligent being on a g iven 
sub j ec t, is the set of facts that he or she c an 
gener ate on the subject. Therefore, knowledge can 
be v iewed as a set of facts, spec ified by a set of 
r ules. Each of these facts can be represented by a 
dec lar a ti ve sentence. In our case we represent a 
fact by a tree, drawn upside down, as the one 
shown in Fig 1a. Eac h l eaf and ea ch node I S 
label ed wi th an "atom" of informati on : this at om 
can be a word, a group of words, a number, or a 
s pecia l c ha racter. Onl y the structure of the tree 
i s r e levant. Therefor e, Figs 1a and 1a ' ar e 
equi valent. Trees in F1gs 1a, 1b and 1c a r e 
examples of facts in three different fiel ds : 
arithmeti c , (st y! isticl permutations, and mea l 
p lann ing . Facts are always trees, but not al l 
tree s are facts: ob viously the trees in Fi gs 1d 
an d 1e are not facts in arithmetic, even if tree 
in Fig 1d is a sub-tree of the fact in Fig 1a. 

Trees were purposely chosen as data structures : 
they are capable of expressing complex informati on 
and, at the same time, simple enough to be handled 
a l gebr ai call y , and by a computer. 

2. TERMS 

Formu l as are used to represent tree patterns . 
Thes e f ormul a s called "terms", c onsi s t of atoms of 
information, variables, par~ntheses and commas . 
Recall th a t an atom of information is either a 
group of words, a number, or a special character. 
In the left column of Fig 2a the s yntac ti c 
s tructure of a term is defined; this i s a 
recursive definition where complex terms ar e 
defined from simpler terms; the simplest terms a r e 
variables or atoms of Information. Examples of 
terms can be found in the left part of Figs 2b an d 
2c. 

Je remercie Jacques Cohen de m'avoir aide ~ 

r~diger cet article en anglais. 
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Va~iables occu~~ing in te~ms ~ep~esent unknown 
t~ees . The~efo~e , the tree ex p~essed by a te~m 
will dep en d upon the trees assigned to the 
va~ iables . Such an assign ment "X", called a 
"t~ee-assi gnment" , is just a set of pai ~s 
" ;< i : =ai ", "ai" be ing the t~ee assigned to the 
van able " :q ". The ~ight column of Fig 2a gives 
the b-ee "a" represented by the term "t" after the 
appl ication of t~ee-assignment "X" . It is assumed 
that if "t" contains no variable, an empt y 
tree-assi gnment can be applied . 

Figs 2b and c depict two examples of 
tree-assignments. xample 2b shows that it is 
possible to find n the assignment "X" , variables 
which do not occur in the term, but the contrary 
is not possible. In e :: ample 2c, the term contains 
no variable; this means that the corresponding 
tr ee does not depend on the assignment . The last 
example shows a systematic way of coding a finite 
tree by a term without variables . 
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3 . CONSTRAINTS 

Prolog is a language which "computes " on trees 
"ai" repres ented by variables ":.: i ". This 
computation is done by accumu l ating constraint s 
that final trees must satisfy . These constraints 
limit the va lues variables can take, that i s th~ 

tree-assignment of vari ables "x i " by trees "ai"· 
As shown in Fig 3a , a constraint "C" consists of a 
set of elementary constraints , each of them to be 
satisfied. An elementary constraint is either a 
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pair of terms " C sj, ~ j 'l " which will represent 
equa l trees, or a pair of terms "ctk,tk' l" whi ch 
will repres ent unequal trees. Fig 3a illustrates 
the general condition under which a 
tree-assignment "X" satisfies a constraint "C" . 
"X" is also said to be a so lution of "C". Fig 3b 
shows an e xample of a constraint "Cl" satisfiable 
by the tree-ass i gnment "XI". In Fig 3c there are 
three constraints which cannot be satisfied by any 
tree-assignment. 



During the execution of a Prolog program, the 
basic operation consists of verify ing whether a 
constraint is "satisfiable" or not (by at least 
one tree-assignment). This is done by "reducing" 
it, as seen in Fig 3d: the purpose of "reducing" 
is to simplify the constraint 1n order to make all 
its solutions explicit. This involves exhibiting 
variables distinct from each other as left members 
of equalities. To do so, we use a specific 
property of trees: the unique decomposition of a 
tree into immediate subtrees. This property 
permits us to replace: 

{pair (equally , 10) ,y l=pair l>: ,timesl5 ,z ))} 
by 

{equally, 10) =;.: , y=times 15, z)}. 

Note that if this property would hold for numbers, 
we would wrongly conclude that the two constraints 
"{i<+3=2+y} 11 and ••{:-:=2,3=y}" are equivalent~ If we 
succeed in producing equalities where left members 
are distinct variables and where there are no 
inequalities , then the constraint is satisfiable . 
Its solutions are directly obtained by assigning 
arbitrary trees to variables not appearing as left 
members . 

If inequalities are left, let "n" be their number. 
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Another bdsic propert y allows us t o split the 
initial problem into "n" independent and simpler 
sub-problems : a constraint of the form 
11 Cu{t .1 ;it .1 ~ , ••• ~tn;-ttn~}~~ is satisf i ab le if and onl 'y' 
if each of the constraints "Cuct 1 #t 1 '}", ••. , 

"Cu{tn#tn'}" is also satisfiable. Again, this is 
not true in the domain of natural integers 
"0,1,2, ... ", because it would be possible to show 
that the constraint '1 {:<+y =2, ;< ;i0,:-:;i1,>:#2} 11 has at 
least one solution since the constraints 
''{ :-: +y=l, :-: #0}~~, 1/{>i+y=l,:-:#1} 11 and • •{;-: +y= l, :-~ ~2 } 11 

have at least one' In order to veri f y that the 
constraint "Cu {ti#ti '} " i s sa ti s fi abl e (knowing 
that "C" already 1s l we must check that the 
constraints 11

[
11 and "Cu{ti =ti ~}" ar-e not 

equivalent. If the constraint "Cu{ti=ti' }" 1s not 
satisfiable, we can even remove the 1nequality 
"tp<ti' ", as in e:-:ample 3d . 

In the same way as we simplify equalities, it is 
possible to simplify inequalities . This allows us 
to present any satisfiable const rain t 1n a 
"reduced form" : this reduced form shows that the 
constraint is satisfiable by making all its 
solutions explicit. The general form of a reduced 
constraint containing inequalities IS beyond the 
scope of this paper (see Colmerauer 19821. 

t'l\. } X= { -x, : ::~J· .. ->xp:::a.r} J th :/= 
{!, J1, 
c,.. C', 
tr<Ls c;\; ~H~.,t; 

fro"' on<!. ctnofkv 
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4. INFINITE TREES 

As surprising as it may be, it is also possible to 
handle infinite trees. Such a tree is shown in Fig 
4a: it represents an endless path along the 
cross-like figure shown 1n Fig 4b. It is possible 
to present this tree by the diagram with a loop in 
4c, obtained by merging all the nodes from which 
isomorphic subtrees arise, that is, from which 
equal subtrees arise. If we omit to merge a few 
nodes, we obtain the different diagrams in 4c' and 
4c'' wh1ch still represent the same tree. That Fig 
4c is a finite diagram means that the initial tree 
in 4a contains a finite set of configurations or, 
more precisely, that the set of its subtrees is 
finite: this is the definition of a "rational" 
tr-ee. Of course, all finite trees are rational. 
Although finite trees can be defined by simple 
ter-ms without variables, infinite rational trees 
can only be defined by the constraints they must 
satisfy . Taking into account successively all 
sides "1,2, •.. ,12" of the cross-like figure in 4b, 
we construct the constraint 4d which is satisfied 
only in case of the assignment of "x" by the tr-ee 
in Fig 4a. From the diagram shown in Fig 4c, we 
can construct a simpler constraint 4d', having the 
same property. 

For the curious reader­
example of a non-rational 

we provide in Fig 4e an 
infinite tree. After 
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merging all possible nodes this tree yields the 
infinite diagr-am in Fig 4e'. Note that it would be 
necessary to have a constraint, made from an 
infinity of e lementary constr-aints, to completely 
descr-ibe this type of tree. · 

5. A PROLOG PROGRAM: LET'S EAT WELL 

We now interrupt our­
present an example 
program computes the 
and consists of the 
5b and 5c. 

theoretical development to 
of a F'rolog program. The 

composition of "light" meals 
thr-ee parts shown in Figs 5a, 

In Fig 5a we describe, by 11 rules, a possible set 
of meals, r-egardless of their dietetic qualities. 
The first rule states that: 

- if "a" is an appetizer and, 
- if ''m'' is a main course and, 
- if "d" is a dessert, 
then the triplet "a,m,d" is a meal. 

The ne:-:t two rules state that: 
- if "m" is a fish, "mu is a main course and, 
- if "m" is a meat, "m 11 is a main cour-se. 

The remaining eight rules classify a few cour-ses. 
In Fig 5a', the computer answers two questions 
based on the knowledge described in Fig 5a. The 



A. Colmerauer 493 

first question is : computer 's answers to a few questions about 
arithmetic. Observe t hat, according to the 
f ormu l ated questions , the same small Prolog 
program of Fig 5b also computes the sum, the 
difference, or decomposes a number in all possible 
sums of two numbers. 

what are the values of "m", 
that make "m" a main course? 

There are s everal possible answers and each answer 
is given as a reduced constraint on "m". The 
second question is: 

what are the triplets "a ,m,d" 
which constitute a mea l ? . . 

The corresponding answers are also presented in 
Fig 5a'. 

In Fig 5b we introduce a minimal knowledge of 
arithmetic of positi ve integers: the addition 
":-: +y=z" with "z o:: 10" , denoted by 
"smal l-sum (:-: , y ,zl ". The fact that " >: +y=z" implies 
"(:-:+1l+y=(z+ 1)" is used to define the notion 
"small -sum" from the notion "small -successor", 
uti lizing two rules. The notion "small-successor" 
is defined by eight rules so that 
"small-suc cessor<:-:,yl" corresponds to the equality 
"y=:-: +1" with "y< 10 ". Fig 5b' presents the 

Fig 5c defines a light meal (based on Figs 5a and 
5bl by ass igning a cer tain amount of caloric units 
to eac h course, and restricting to meals which add 
up to a number of units smaller than 10 . The main 
rule of Fig 5c states that : 

So... meal <a,m,dl -> 
appetizer(a) 
inain (ml 
dessert(d l ; 

main(m) - > fish (ml; 
mainlml - > meat (m); 

appetizer<radishes) - >; 
appetizer(patel - ·~ .. 

~· ' 

fish(solel -> ; 
fish(tunal - >; 

meat(porcl - ·· .. . / ' 
meat(beef) - >; 

dessert(cakel - ·· .. . / ' 
dessertlfruitl - >; 

50.: main (m)? 
{m=sole} 
{m=tuna} 
{m=por-c} 
{m=beef} 

meal<a,m,dl? 
{a=radishes, m=sole, d=cake} 
{a=radishes, m=sole, d=fruit} 
{a=r ad·i shes, m=tuna, d=cake} 
{a=radishes, m=tuna, d=fruit} 
<a=radishes, m=porc, d=cake} 
<a=radishes, m=porc, d=fruit} 
{a=radishes, m=beef, d=cake} 
{a=radishes, m=beef, d=fruit) 
{a=pate, m=sole, d=cake} 
{a=pate, m=sole, d=fruit} 
{a=pate, m=tuna, d=cake} 
{a=pate, m=tuna, d=fruit} 
{a=pate, m=porc, d=cake} 
{a=pate, m=porc, d=fruit} 
<a=pate, m=beef, d=cake} 
<a=pate, m=beef, d=fruit} 

- if t he triplet "a, m,d" is a meal and, 
-if the number of units of "a" is ":-:" and, 
- if the number of units of "m" is "y" and, 
- if '' >: +y=u .. and "u< l O" and, 
- if the number of units of "d" is "z" and, 
- if ":+u=vu and 11 V< l O" , 
then the triplet "a,m,d" is a light meal . 

In Fig 5c', the computer lists the seven allowed 
meals' 

Sb 

little-sum l 1, :-: , yl - > 
little-successor <:-: ,yl; 

little-sum (x' , y ,z 'l - > 
little-successor< x , x' l 
little-sum< x , y ,zl 
little-successor<z,z'l; 

little-successor<1,2l - >; 
little-successor (2 ,3l - >; 
little-successor <3 ,4l - >; 
little-successor<4,5l - >; 
little-successor <5 ,6l 
little-successor (6, 7 l 
little-successor (7 ,8l 
little-successor <B ,9l 

Sb' 

little-sum <4,3, xl? 
{>:=7} 

little-sum<4, x,7l? 
{ x =3} 

little-sum< x,y,5l? 
{>: =1, y=4} 
{>:=2 , y=3} 
{x=3, y=2} 
{>:=4, y=l} 

- ' · / , 
- >; 
- "·· · / ' 
- >; 

.Sc 

S c' 

light-meal <a,m,dl - .> 
meal <a, m,dl 
units<a,>: l 
units<m,yl 
little-sum< x,y ,u l 
uni tsld, z) 
little-sum <z ,u,vl; 

unitslbeef,3l - >; 
units <fruit,ll ->; 
units <cake,5l - >; 
units(pate,6) - >; 
units(porc,7l - >; 
units<radishes,ll - >; 
units<sole,2l - >; 
unitsltuna,4l - >; 

light-meal (a,m,dl ? 
{a=radishes, m=sole, d=cake} 
{a=radishes, m=sole, d=fruit } 
{a=radishes, m=tuna, d=fruit } 
{a=radishes, m=porc, d=fruit} 
{a=radishes, m=beef, d=cake} 
{a=radishes, m=beef, d=fruit } 
{a=pate, m=sole, d=fruit } 
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6. FORMAL MEANING OF PROLOG PROGRAMS 

Fig 5 informally described a Prolog program. We 
now formalize its meaning. For most languages, the 
meaning of a program is given b y the succession of 
elementary operations which the computer is 
supposed to perform. This is not true of Prolog 
which, as presented, is a formalism capable of 
representing knowledge and to e xpress questions 
about it, independently of an y computer . The 
computer 's simply computes the answers to these 
questions. 

In Fig 6 we derive in two steps the set of facts 
(a circle) specified by a Prolog program from the 
original program (a block). This set represents 
the potential knowledge contained in the program. 
Each of the facts is a tree, taken from all 

SE.'T Of 

r,..~o.l 

Vto:( ~~ V..o.l I'>\ to.\ 

/ \ ------
tnto.l ?).lL ca..~ 

/ I ---....._ 
'i-ole. pciti f\'v i t 

possible trees. The first step is required since 
the rules of a Prolog program are, actuall y , 
pattern of rules, and since it is first necessar y 
to generate precise rules dealing with trees. The 
second step can be per~ormed in two ways: either 
by considering the rules as rewriting rules 
(definition I>, or by considering them as logical 
implications (definition II). 

Fig 6 also caracterizes the set of facts which 
y ield the answer to a Prolog question. A question 
is a single term "t" which stating: 

what are the facts of the form "t"? 
The set of valid answers is the intersection of 
the set of specified facts with the sub-set of 
trees, obtained b y assigning all conceivable trees 
to the variables of term "t". 
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C.t \ C, L> {Off>..t"iz.tr(O:)=opptt<u:~rcui.l~~j 

{ ~1-= Yo.diskes 1 111: rn', d = d' J 

C3\ C~u£11\o.in(m')-::. tna.i.,(ve.a.l)} 

{o.' :vcul.lshe.s ,m=m', d: ol',rn': ~o.\1 

~ \ cless~r-!: (d' ) 

~J C~ u {dts~e.w-c(d')=&esl~t(co.~ 
l {({ :r-o&isM5,m :m',d: d~ ....<.eo.! 1 d~c:ai"l 

c~, Tc., v fdessnt{d') = d.e£S(r~ (fNit)} 

I {a!=- rod<\kes, 111:: "'', d: c(rn':-\.lef>.\1 d~{4<uitj 

114 I l 
ltll~wev t:{m::ve0ll 1 4-=ft"oit} 

7. THE SEARCH SPACE 

Fig 6 illust~ated the double definition of the 
meaning of a P~olog p~og~am. Althougt both 
definitions a~e conceptually satisfying, they 
cannot be di~ectly used to compute the answe~ to a 
given question. 

Howeve~, this computation can be pe~fo~med on the 
light of definition I by ~ew~iting t~ees patte~ns 
instead of t~ees, with the use of a finite set of 
~ules patte~ns instead of an infinite set of 
~ules. A t~ee patte~n is a "te~m-const~aint" pai~, 

the const~aint limiting the ~ep~esented t~ees; a 
~ule patte~n is, in fact, just a P~olog ~ule. 

In Fig 7b the question on p~og~am ?a, states: 
unde~ which const~aints does "meall~adishes,m,dl" 

~ep~esent only facts? To compute these const~aints 
the compute~ inspects the t~ee-shaped sea~ch space 

C3 IC.t u{mo.in(rn 1)::mo.< .. (sole)1 

I { 11.':: Voq<sh<s, 11\::h\1
1 .oi=q',,...'. sole.} 

-r;l 

c4 c~ l> {&essert(_d·)= ckswl:(~uit)lj 
{~=vDJisltes1 m' m',d,d~"''=sole, ~fl""itn 

kl 
c4 \ C; u{ de.sserr(d') :c(esstwt(Coie~)} 
"{o!:lbdi5.e~, I'll= m:d:d; m':solt,d~C4~J 

of Fig ?d . At each node the~e lS a pai~ "<Ci,Til", 
"Ci" being a const~aint to be satisfied, and "Ti" 
being a sequence of te~ms to be e~ased. At the 
~oot of the t~ee we have the pai~ "IC~;T;>", whe~e 
"Co" is empt y and the sequence "To" is the term 
which constitutes the P~olog question. If at a 
given node the const~aint "Ci" is not satisfiable, 
this node becomes a dead end. If not, the~e will 
be as many a~~ows emanating f~om this node, 
labeled "ICi,Til", to nodes labeled "(Ci+s,Ti+sl"; 
as the~e a~e ~ules. In this pa~ticula~ example 
the~e a~e seven a~~ows . The const~aint "Ci+s" is 
obtained by adding to the const~aint "Ci" the 
const~aint "{b 0 =a 0 }", whe~e "b 0 " is the fi~st 

element of sequence "Ti" and "a 0 " the left membe~ 
of the ~ule which one attempts to apply. "Ti+s" is 
obtained by ~eplacing the fi~st element of "Ti" by 
the ~ight membe~ of the ~ules which is being 
applied. Befo~e conside~ing a ~ule, it is 
impo~tant to ~ename vahables (e.g. by adding 
p~imesl, so that the ~ule has no va~iables in 
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common with alr-eady e:.:i sti ng var-iables . 
constr-aints "Ci" which 
which can be r-educed; in 
reduced form s just below 

8 

8 . THE PROLOG CLOCK 

ar-e s atisf iable ar-e 
this case~ we place 

them. The answers 

in COLS~ C~ 
is sor:s f•·o.ble. 

f>Y;nt the. 
re l~v""t 

t o~ c~ 

The 
those 
their 

are 

y~s 

The best way of e xpl a ining in detail how a Prolog 
program r uns on a computer is to idealize this 
computer by a si mple abstract machi ne. We call our 
abstract machine "the F'rol og clock" because its 
basic function is t o keep track of the time . This 
machine consists of : 

1. a cell "i" , containing a non negati ve in teger 
representing the time; 

2 . an infinit y of cells • •c 0 ~C 1 ,C 2 ~···'' 

containing the constraints to be satisfied 
at times 0,1,2, ... ; 

3 . an infinity of cells "T0 ,T1 , T2 , ••. " 

containing the sequences of terms which, at 
times 0,1,2, ... , remain to be erased; 

4 . an infinit y of cells "R 0 ,R1 ,R2 , ••• " 

containing the numbers of the rules which 
have been chosen at times 0 ,1,2, ... 

The rules are numbered "1" to "rma:·: " an d the 
machine has means of acessing them. 

The machine ' s operation is depicted by two 
concentric circles in Fig 8: one of them is swept 
clockwise as time i ncreases by one unit, the other 
is s wept in the opposite directi on as time 

subpar- ts of the r- educed constr-aints "Ci ' s " 
appear-ing in nodes which cannot longer- be 
e:-: panded, since their ''T i 's" are empty. The four 
va lid answers are found in Fig 7c . 

~ : conro.in.s O..h ,·n te.~er 
1tprt<>tntin~ time., 

(<. : Collt"Gl.in.s tht. Cot~<;h-Gl.int to 
be c;Cl.hsf-ie.d a.!:- tt·me. l., 

T-. : co..,l-a.ins 1-ht.. s~.re"c.e. of 
.te.n..s which re.,., Cli n to be 
er~sed o..!: ti,.,e. <- J 

R_ (. : (01·-d·~ 'r\S 1-+>t. 1'\U l'rl ~r ot th~ 
rule. chost.h o..t t<me. (_ J 

r,.,o.x ·. Is the. humber of- ~e. 
las~ rule 1 

-the. v-e.leva.l'\t 

ro-~t c.{- Ct ; i5 t+.e subco...,h-Q.ll\t in C\ 

~O.u c.u( f<;irm, co"Ctl"ni" ~ 

ti.L \A>. rio. bles oocuri~ in 

+he. que.shon . 

decreases by one unit . 
the time progress1on 
one- way br idges which 
other. 

It is possible to reverse 
by crossing one of the two 
link one c ircle to the 

The e xecution of a Prolog program consists of 
answer ing a question represented by a term . All 
answers to be computed are constraints by which 
the term represents specified facts. We start with 
the pair "<C 0 ,T 0 >", "C 0 " being empty and the 
sequence of terms "To" being reduced to the term 
that constitutes the question. Each turn around 
the outward circle increases the current 
constrai nt "C i" and transforms the sequence "Ti" · 
Note tha t if the r ule already contains a 
constraint "B", this constra int is add ed to the 
current set of elementary constraints. The process 
stops as soon as a non-satisfiable constraint is 
generated, or the sequence "Ti" becomes empt y : in 
these cases, we backtrack to the "past", to tr y 
other rules . . On the fly, if "Ci" i s satisfiable , 
an answer is printed . 

In fact, the above process corresponds to sweeping 
the tre~-shaped search space of Fig 7 , from top to 
bottom and from left to right, the time "i" being 
the level of the visi ted node. 

The two programs in sections 9 
additional examples of more 
programs. 

and 10 provide 
intricate Prolog 



A. Colmerauer 497 

~ ~ · "'-.... -> . c 3) . c 1) . z.) ..,...~ f l 1) :> ( J . c =t. r z . "'-,e) ) ) -=7 3 . ~. :z. . "'·,e. 
3 / ·-........... . prLf-IJ( 'l\oto.JI a\<'\ i »fi JC llo\-o-ho"-

9o._ 1. "beautiful mal"quise" 
2. "your beautiful eyes~~ 

. .:: .. "make me .. 
4. "die" 
~ 
J . ''of love .. 

1- /"'-.... 
2, ""~ f 

9c pel"mutation(nil,nil> - -' ; 
pel"mutation(e. x ,z ) - > 

pel"mutati on <:·: , y) 
insel"tion(e,y,zl; 

pel"mutation(l.2.3.nil,x)? 
{:-: =1. 2 . . 3 . ni 1 } 

pel"mutation(3 .a.l.b.nil, 2 .4. c .d.nil )? 
{a=2, b=4 , c=3~ d=l } 

insertion(e,x,e . x> - >; 
insel"tion<e,f.x,f.y) 

insel"tion(e,x,yl; 

{;.~ =2.1. 3 . ni 1} 
{:-: =2 .3.1.nil} 
{;.: =1. 3. 2. ni 1} 
{;-:=3 .1. 2 .nil } 
{;.:=3 .2.1.nil } 

{ a=2~ 

{a=4, 
{a=4~ 

b=4, 
b=2, 
b=? -· 

c=l , d=3} 

c=3, d=D 
c= l , d=3} 

9e. pel"mutation("beautiful mal"quise"." youl" beautif ul eyes "."make me". "die" ." of love".nil, >:)? 

{• ~" b e~ utllul lllarqu i se · . · your be a u t 1 f ul e y es " · ,.a~e "'" " "dte "," o f t o .. ,· nit) 
(•• " your beautiful eyes · "b elut•f ul "'arQuls e · - ,. ,,e ,..e · " ale · ·o t t o" e" . nll) 
{ .. " you r be l ull f u\ e y es ".".a llke •e ". "be au llfu t IIU'Quls e " " Ol e " "o f t o .. , ·. rn t) 
{• :" your b eaut 1 l ui e yes · · ,.,ake ,.., • . " d1 e - ·o eautl f ul "'llrQul se · " of l ov e" nl 1) 
{• • " yo ur beautiful eyes · "mak e ,.e - ." dl e " of tove · . - be a u tlfu t '"•rau•se" . nll) 
{"' "be a utiful JlllrQuiSe · -.., .,ke ,.,.,. ·your be a uti f Ul e yes " , " dl e " " o f lOv ~ · . ntt) 

{• = · ,.ake • e " " bea uti ful "' '~' QUISt" · your bea u tif ul e y es " "dl <" - "of to"e" . nl t ) 
{x : - ,.a~e me· ·you r tle l vtl l u\ e y es " ·- be a u11fut mlr Qvl se · . - d• e · "o f to" e" I'll\) 
{x :· mal e ,.., . "you r be a utilvl e y e s· .· d1 e · "b e llutl f ul ~r~ ~ rqu 1 s e " nil) 
{x :" mllke 111e ·.·you r bellu tlful e y ts" . " dl e " " o f to .. e · "b taut llul ,. a rQu•s e . n • l) 
{x : " be .. utllut mllrQuts e · . -/ll ll~e ,., ., - , - di e · ·your beautiful eyes · ·o f t o .. e· . nt t) 
(x : ·,. .. ~e "'" "-"b ~llut•l vl marQuls e· "dl t " " yo u r be1 ut1ful e y e s" ." of tov ~ · _ nl\} 
t• ~ " mat e "'' • "d 1 • " . " beaut t I u\ "''' q ut s e ·. · your be a ut 1 I u \ eyes · · o t lov e- . 1"1 1 I ) 
{x:"llllk e Me "."dt e" . "your b ea utt fvt e yes" " b eOi u t llul "'arqul$ 1!' " "o f to"e" . f"' l l} 
{x : · .a~ke "'t". " die" . ·your bellvt 1 lui e y es· " of lov e ·. "!) ta ut 1 fu \ "''rqvtst • . nH ) 
(• :" b~ a u tlfut "' " 'Quis e · · make,.,,- ·a, e· .·o t lov e · "your b ea utiful e y et " . n lt ) 
(• = - ,.ll.le ~t~e" "be a u lllu l "'arQul se " "d1e· ·ot to"e " ·your b ea u tiful e yes· nil) 
( .. · ,.ate Me · . - d t e " . "be a utllut • • •Q uls e · "of to .. e · · yo ur tl ea u llf ut e ye t " . nl\) 
{•:·,. .. -..e ,. .,. "do e · " o f l ov e " " b ea ut>fut "' ' ' OU1 5e " ·your b<!' a uttlut e :,- f's" . f"'tl ) 
{• = · ,.a ~e "'e " " dl e· ·of \o" e · . · your betut 1 lu \ e y es · "' llea u t 1 I u\ "'lrQut se • ,, t ) 
{x : " beaut 1fu\ '"'''Qul s e· ·your b ea ull l ui eyes· " d l e • · ,.•ke .,e · . "of to .. e · nl \) 
{< :" your be a u ti ful e ye s "." bellutlf u l 11 a rqu1 se · · a • e · - ... . ~ .. .., ., · .· ot lo v~· 1"11\) 
{• • " yo ur braut1fut e y es " . -dl•" . • be•utlful "' 1 rou1 se · -,.,,.._e ,. ., . "of tov e " . nt\) 
{• :" your oeaut1ful e y es " "dle· .- ... a~e ,.e· ·o ea u ttlu\ llllr" Qul se · . ·o t t o" e ".nl\ ) 
{• : " your be a u tiful e y e s" ." dle· . -,. at e ,..e · "o f to .. e· "b et u tlf vl ,.arqut •e " . nt\) 
{x:"beautlfut "' • rau• se " . "dle· . -your oe a utt l ul e ye s · . ·m a"o.e ..,.,- ntt ) 
{x: " d • e· "b el utlfu\ Xl l rQul st ". "your b eluttlu\ r y es · " Make ,., e · "o f t ov e· . nt\) 
{x: " d1 e • ·your tle a u t 1 l ui e yes · ·o e• utlful "'lrQul se · · make me " "o f t ove· . ntt) 
{• • "d 1e" "your beau\1 l ui r y es" . · ,. ale ,.,e · " beaut 1 t ut "'' rav1 se " "of to .. e· . nl I) 
{• • " d l e · . ·your be a ul tfu t e y es · . -.., l te ,., e · .- o t to"e" . "bel u t lful "'a rQu lse" . nl \ ) 
{ • • " b e ~uttlu\ '" ' ' QUI St" . "d1 e · . "IPlllkt "'" • " your b ea ut 1 f ut e y et • . ·ot to " '· . nil) 
{x •" dle" "b elutlfut "' a rqulse· . - ,.a~e ..,e· ·your beautiful eyes· ·o f to .. e" . f"'l\) 
{< •" dl ~· ·,. ake ..,a· "beautiful ,. a rQu l se· .·your b eautiful ey et " "of t o .. e· . nl\) 
(••"d• e " ·., ake ,.,. "your b ea uti fu l r y et" . "beauttlu \ Ml rQut se" . "o f t o.,. ,· _nlt) 
{x:"d u · ·,.ak e 111e " "your b ea utlful ~ y et" · ot love· " bea utiful "' a r Qut se" . ntl) 
{<:"beauttful "'lrQu ls ~ · .- die" ," "'ll~l ..,e· "of to.,.e· . ·your beautllul e ye t" . nl \ ) 
(< : "d• e · " be a u t • fut .. a r qul st" - .., , .,_, ,.,.,- " o f t o .. e · . · your b ea ut i ful e y ee" . l"'l\) 
{••"d> r " · ,. ake ,.,- "bea u t iful "' a rQu l lt" , "o l lov e " "you r t) ~a u ttlu \ t y t t" . nlt) 
{<: " dt e • "m ake..,, . "o f tov e · . · be a utlfu\ IPla r q ul se · ·you r beautiful e yt: t" . ~"~H ) 
{ • :" dtt " · ..,ake me· "o f lov e · . · your beautiful e yes· · ora u ttf ul "' ar Qu tse" . l"'\1) 
{ x :"b ea ut•ful mtrQutt tl " "your b ea utiful • Yt l" . • d t e" ·ot to" • · · .., a te ••" . n t t} 
{•: " your be a utif ul eytt " . "b ea utt fut ourQu t se · . - dlt" ·o t to .. e · . ·.., akt .,,. nit) 
{• •" you r bea u tif ul eytl " "d l e "," betuttlu l ,., a rQu• a e· ·o f Lo ve· . nl\) 
{• · ·~our beautiful e y et· . -dlt" "o f to .. e· "beautif ul "'''CI UI Ie " . nit) 
{x ~ ·your b t llut•ful ey e • · "d l e· . -of lov e" "lll llkt "'•" " bea u tiful Ma rqu\at" .nl\ ) 
(• ~" bf'iutllu\ ll li i'QUl st " ." dte· . •your beaut i ful e y es · ·of lov e· . nit) 
{< ~ "dl e " . "b el utflut IRirQulse· .· your beautiful e y ea · ·of love· . nil) 
{ x:" dle" . "your belutlf u \ e y es " , "b esvtiful '""'QUilt" "of to"e· .nil) 
{• • "dle · . ·yovr be•uttful eyes" ." ot love· · beaut\fut llllrQu l se · · ..,ake Mt " . nll) 
(x :" dl e· . ·you r be t u t1f ul ey es · . -ot lo.,.e· ·.., , ke - - . -beavttfu t "'''Qu ltt" . nt t ) 
(• •" b ea ut 1 lui '" l r Qui se · . "d1 e ·. "o f t o .. e " . "you r be a ut 1 fut eyes· · ., •• , '"'' · . n il) 
{x ~· d,.· . ·oel u tlfu\ lll l rqut se ", "of to"e" . ·your btl u tlfu\ eyet • ·,.,-.., .,, ·.n tt) 
{•~-dl t" . ·of t o"e" , "btaut t l ul "'arqulle "."your bel utllu\ eyes" , " lll lkt .,,· _rill) 
{x •" d,.· . · o t to .. ,· ·your b ea utiful t y et" . -b etutlfu t •a rqu 1se" "M ake ,.,· _nit) 
{x ~· a 1 e" "o f to .. e · . · y our beautiful e y es · · oute .,,. _- beautt l ut llll r Qul tt" . ntl) 
{• •" besutl ful ftl t r q ul tt " . " d l t ". "of to .. e" . ·.,••e .,, . ·your be 1 ut 1 fut ey•e· . nil) 
(••" d t t" . "Oe a utlfut • • rQui e a· . ·ot t ov e ·. · • ake ,.,· , •you r bea u l\f u\ e y ea ". rll\} 
{x •" d t t" . " o l lo " e" . ·baautlful 111arqut tt " "10llkt 1111 ·.·your bea u llfut a y ee" . l'li\) 
( :u " d i e" "of lo.,.e· "1111le . ••· "be autHu l 10arquise ·.· your beautiful eyee· . ntt) 
{ x•" dlt ". "of to"e ". "lllak t 1111" . " your Ot a uttlul eyes · "bea ut iful .. arqutte " . nll) 

9 . STYLISTIC PERMUTATIONS 

In Moliel"e's play , "Le Boul"geois Gentilhomme", a 
boul"geois who wants to act as a lol"d <gentilho~me) 
c ompliments a noble woman (mal"quisel: 

"Beautiful mal"quise, you!" beautiful 
e yes make me die of love." 

Let us constl"uct all of the compliment's possible 
val"iations, as the bou!"geois tl"ies to do in the 
play . The sentence is fil"st decomposed into five 
pal"ts, which a!"e gi ven in Fig 9a, each pal"t made 
up fl"om one, Ol" a few unsepa!"able wol"ds. Stal"ting 
fl"om an initial sequence with these five 
components we pl"oduce all val"iants by genel"ating 
al l the pel"mutations of the sequence. 

We fil"st have to choose a way of coding a 
by a tl"ee. Since it is necessal"y to 
notation fol" the empty sequence, the 
"3,7,2" is l"epl"esented by the tl"ee in 

sequence 
have a 

sequence 
Fig 9b. 

(• b,..l \J\ If ul "' ·~' '1 "'~ ~ y !l ur b~.l \J ! >lul " Y""' d i e n1l) 
( , : y ou " t>e ~u t 1 1 u l eyes · t>r ~u t 1 I u l "'a r q u' s e • · o! \ o v e • "d 1 e • n' l} 

( , - you r I)~ a •~ t 1 1 u 1 eye~ - · be a u 1 1 I u l "'a '<1U 1 '>" ' . n' l} 

{• · y o ur"""" ''' " ' ,. , ~~ ol ' """ ""·' "' " " ' "'·""" ' ~ " - doe · n•l ) 
(• your l:l"-'<1\> l •>l r ye~ o f t o v <' n,.aut> l ul O'larq u •~., - n>l) 
(• :" b e a u t 1 ful "'arqu•s e ynu r ll ~;.ut1f cd ey~ ~- o t tove d> e " "'\) 
{< o "''le "' " be~ut > lul '" .lrf1 u • se yo ur l)e~ut>f u l ~ ye~ of lov e·· Ill\) 
( • o ,.~ie ,.,., - you r t-e .. uto f u l e y ~'< · o .... u t l f V I "'"''<l V ISI' " ot tov f' " " do<" " not) 
{• - m~\ e ,~ - - ~ o u r r. ~ ~ u l>f u\ " Y "'> ' be~utd u l "'~ rqv > o: e " ·a• e · '" ') 
( " ~ .. "'" < e "'" y ou r De"" t 1 t u 1 e ye s ·be a u l ll u l rna r quI'> e ' . n I l} 
(• = "be, u tlf ul m)rqu•se " mlO~e me you r be~ ut llul eyes "," d l e · nil) 
( · =· ..,a~e me ·· " be,ut 1 t ul 101 ~ rQu1 se · y o .,r be/Ou\llu l e y e« " " d•e " n1l) 
{• " ma~e ,., .. - of l ov e '' " \le)U\Jtul '"'rq u 1 ~ e your be Hil> fu l e y es · " dt e " n1\) 
{" - ,.~l e ,.e ·· ·o t to" e ·. " y ou r b ell u t 1 f u t e yes· " be au t 1 I ul marQUIs e " " d1 e " . n 1 l) 
(< - ,., ~.,., m e · o f to"e ". "your b e ll u tllu l e y es " di e " " De ,u t•f u l mar Quls e " . n l l) 
(< b e~ utlful ,.,~ro uo"i e " · ma~e ,.,., - · o t t o .. e · " d l e ·.- you r bea u tif ul ey<"s· n1l) 
( • · m~<e me" " be,. ut 1 tut m~ r<1u •~~ y o ur b e~u \ll td eyes " nll} 
( , .,,~e rne " " o f t o" e • · be .. ut • f ut ,. .. rou• se • your b e a \Jt 1 I u l eyes " n' l) 
(• "''~e me · " of t o" e · o,e " be .. utll ut '""rqv1<; e " · y our beautiful ey es · n1l ) 
{< - ....... ,.., . " o l to"e a 1e " your b e) U\l f ul e y e s " " be,ut lfut ... a rQuls e " .ntl} 
{• " bea u t 1 I ul "'"rq u1 o; e - y our bea ut 1 I ul e~es · ' o t l o ve " "' make me - · O• e · n 1 l) 
{• " your be, u t 1 t ut eyes " beautiful '"'rou•s e · "o f t o" e · · .nl l} 
( • · your be• u t 1 t ul <" y es · · ot lo"e . be .. ut•lul mllrQulse · .. .,. al..e me " " d1e" n1l} 
(• · your Oellutllvl e y es · " of to"e " - ,.,01•e me· " be•utolu\ m~rQu1se " . " d1e " n1 1 ) 
( • your o e ~u I 1 t u 1 e yes· .. o I l o"e ma < e "'" - "a 1 e • " t.> e aut ' I u l '"" rQu I~ e • . n I \ l 
{ < - be aut If u l mar Qu 1 s e .. ·yo ur De ~ut 1 t u l e yeS ,. ~"- e me d' e • . n 1 l ) 
(< " of lov e .· oe~ut lfu t mil rQu• se " you r- b ell u tlf u\ e yes ·- ... .... me" . " d1e " no\) 
( • ·o t to"e - · you r beau\ 1 l ui e yes • ·· oe aut 1 fut m.Jrqu•se • - ,.~Ice "'e - " d1 e • . n 1 I} 
{ • ·o I \ o" e .. ·yo ur be ~ u t If u l ey e 5 " .. ,..,-.; e me · · De au I 11 u I "'~ r qu 1 se - . " d 1 e · 1"1 I l l 

~: : ~; .. ~~~~ ~~ - ~~~~ u~ ::~t ~~ ~ ~ ~ ~~: ~ : ~::: e , ;: - - ~~~ ~ · l)~~~:~~~:u~ y ;:~Q ~~ ~:: : ~:: ~ 
(~ ·o t to" e · . - b ea ut• l ul .... ~r qu1 se - ,.~;, e "' " -· your b e a u t1ful e y es ·, -ol e ·. nol) 
{ x ·o t to" e - - ,.,,~,_ ., '"e • ·· De ~ut llu l "' ''Qui s e · your bell ut llu l eyes · " d 1 e · nit I 
(• · o t to" e " -,.~ ~ e me· ·your beauto fu \ eye~· " be ii Uilf ul mllrQ u tse · ' dle ·. n•l) 
{• " of lov e " " n-. J'o. e me ·. -you r beilutllul e y es ·. d1 e " b eil u t Jiut m ~ raulse· . r-.,t) 
( • "be a ut 1 tu t m•rqu , s e - · a 1 t o" e - ,..,~e me at e - "you r be aut t l ui e y e s · . n 1 I) 
{< " o f to" e • "' beautiful "''rqu1se "'your be,u t 1 l ul e y es · . n1 I l 
{r ·of t o" e · . · ,.,~ e ,..,- " be, u tlf u t "'"rQuls e · ·a1 e · " your t>e~ut1fut eyes " n1\ ) 
(x · of tov e · _- ,.., .,., me · · a 1e " " Dea utllul mJrauls e · . · your beil ull ful ey es " . nl\) 
(• of t o " e - ,..., ... ., "'" • a 1e " " y our bea ut 1 t u l e y es " De llutl lui marQUIS e .n • \ } 
( ~ · be aut 1 f u t m~ r a u 1 s e .. . ·your be aut' f u l eyes o I l o"e d • e "' " k e "'e - n' \ l 
(• " yo u r b ea ut1fu t e y es " ." be,utlful m~rQuls e · o f \o"e · "d • e · . n>l} 
{• " your bea u t1fu\ e y es · ·o f tove · . · oe~ ut •f ul "'~rqu1s e "di e * " mil ke ,.e · n1t) 
( • -your be a u t 1 t u t e y es - • o I l o"e • - d,.. • " De ~ ut 1 I u l mar qu• se " · ,.~.._ e me· · n I I) 
{r · you r be,u\llu\ e yes·. " ol to.,.e · " d1e " · ,.,ake me · ' Deaut•ful . 1"111} 
{• · oe, ut lf ul '""rq u1 se· .· o t l ov e " "y our b e ~utllul e y e s " · m~ke me " n1l) 
{• ·o f to .. e " " beaut tlul marq u is e . " your be~ u t 1 l ui eye s nl I I 
{< ·o t to" e .. · your beaut 1 l ul eye s " " beaut 1 lui marq u1 s e d1 e " n1 l } 
{x ·o t lo" e - " your beaut 1 fu\ e yes · " die .. " bea ut lful "'arqu•s e •. male 101 e " nt \} 
(• · ot t ov e · "your o eJutl l u t e y es " "d1 e " · ,.a<e ,., ., - " beau t iful ma rQui se n1l} 
{• "D e ~utlful '"'Olro:j u15 e " of lov e · " dl e ·. ·you r be, ulllul e y e s· · ma.,e mf' " . n1 \} 
{ • · a I love· " b e aut 1 lui marq u 1 se ·.· a 1 e · · your IH a u\1 I u l e y e s· ·m~., e "' e " · n 1 I} 

1~ ~i\ ·im ,. :~; ~~: :l~Ll\;~;I~::~l: l : - : ~~!l:~~:~:;i~\~~;\~l: I~\~~~~\_ · ~\ t 1 
l: 'o l \o'O· ., ,. . -. ,., ., . '""'' ' '' • .,.,, , . · yooc O<>o\ 1\ u \ , , .,· . nil) 
{• ·ot lo"e · " dt e" - ,..,.._e ,.e .. ·your beaut lfut eyes· . " b e au \ I l ui "'a r Qu ls &" . 1"11 l ) 

Also, since each node is labeled with a sing le 
chal"actel", a dot, !"eadablit y is improved by us ing 
infi }: notation: "u. v" , instead of pl"efi }: notation: 
". (u,v)". To ful"thel" simplify, we omit pal"entheses 
whenevel" left-l"ight association is implied. 

To assel"t that sequence "y" is a pel"mutation of 
sequence"}:" we Wl"ite "pel"mutation( }: , yl" . The 
fil"st l"ule of Fig 9c states that the sequence of 
length zel"o, that is the empty sequence, has only 
one pel"mutation, itself. The second l" ule specifies 
that, in Ol"del" to pel"mute a non -empty sequence, 
that is a sequence of length "n+l", we l"emove i ts 
fil"st element "e" and obtain a sequence "x" of 
length "n"; we then compute an y pel"mutation "y" of 
this sequence "x" and insel"t the element "e" in 
any position of this sequence and pl"oduce the 
desil"ed sequence "z". To insert an element "e" in 
a sequence "x" and obtain a sequence "y", we 
intl"oduce the tel"m "insel"tion (e,x , y)" . We eithel" 
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insert "e'' before ":-: 11 (third rule of Fig 9c) ~ or 
we insert "e" in the sequence which has its first 
element removed (fourth rule of Fig 9cl. These 
four rules of Fig 9c const itute the entire 
permutation program. 

Fig 9d presents the computer's answers to two 
questions : 

and 

what are all permutations" >: " of the 
sequence .. 1,2,3"? 

what are the values of the variables 
••au, "bn, 11 C'' and 11 d" so that "2,4,c,d" 
is a permutation of 11 3,a,l,b"? 

Finally in Fig 9e, we ask the question producing 
the 120 stylistic variants that the "bourgeois 
gentilhomme" might have said' 

10. SEND MORE MONEY 

The purpose of this example is to 
c lassical cryptarithmetic puzzle: 
different digits to the 8 
"S,E,N,D,M,O,R , Y", suc h that 
"SEND+MORE=MONEY" becomes va lid. To 

solve a 
assign 8 

letters 
the sum 

do so, we 
introduce in Fig lOa' the four carry-overs "rl", 
"r2", "r3" and "r4" which can be null and which 

have to be added to each column of the sum . 

The program consists of the three parts shown in 
Figs lOb, 10c and lOd. In Fig lOd, the table of 
sums up to 20 i s programmed : any elementary school 
student knows this table by heart but the machine 
has to compute it over and over again since it 
only knows how to add ''1" to a number . We use 
"plusb: , y ,z l" to mean ":.:+y=z". Each number. is 
represented by two digits, with a dot between them 
(we use infix notation as in Fig 91. Fig lOc 
presents the definition of a sequence without 
repetition (note that the last rule of Fig lOc 
contains a non-empty constraint!. In Fig lOb, it 
is stated that to compute a solution it is 
necessary to assign distinct values to the letters 
"S,E,N,D,M,O,R,Y", and that, in each column of the 
sum, a property called "admissible" , has to be 
satisf ied between the carry-over, the three 
letters of the column and the preceding 
carry-over. Of course, this propert y "admissible" 
is defined using the property "plus" and the 
property "plus-one". Si nce the numbers "SEND", 
"MORE" , and "MONEY" should not begin with the 
digit 0, an inequality ~onstraint i s added to the 
first rule of Fig lOb. In Fig lOe, we challenge 
the computer to provide us with the three mystery 
numbers . 



I o o.. 

10 b 

SEND 
+ MORE 

MONEY 

I 0 o.' 

solution(S . E . N .D~M.O .R.E~M .O.N.E. Y> - ~ 

without-repetition<S.E.N.D.M.O.R.Y.nil) 
admissib le(r1, 0 , 0,M,OJ 
admissib le<r2,S,M,O,r1 ) 
admissible(r3,E,O,N,r2) 
admissible(r4,N,R,E,r3) 
admissible( O,D, E, Y,r4 J, 
{5=0~ M=O}; 

admissible<O,u1,u2,u3,r) - > 
plus(O.ul,O.u2,r.u3J; 

admissiblel1,u1 , u2,u3,r) -
plus(O.ul,O.u2,x) 
plus-one(x ,r.u3) ; 

IO e 

solutionlx,y,z)? 
{:.:=9.5.6. 7, y=l.O.B .5, :::=1.0.6.5.2} 

I 0 c. 

r. rt r~r4 
SEND 

+ MORE 

MONEY 

without-repetition (nil ) - >; 
without-repetition(u .l ) - } 

out-of Cu, 1 ) 
without-repet ition (! ) ; 

out-ofl u,nil ) - >; 
out-of(u,v .l) -> 

out - of <u, 1), 
{ u=v} ; 

9567 
+ 1085 

10652 
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\0 d 

pl us (O . O, x , x) -> 
less- than-twenty <x >; 

plus(:.: ',y,z' ) - > 
plus-one<:·: , ::') 
plus( >:,y,z ) 
plus-one lz,z' ) ; 

less-than-twent yCO .O ) 
less-than-twenty Cy ) - > 

plus-one l:·: , y) ; 

plus-one(O.O , O.ll 
plus-one(0.1, 0 .2 1 
plus-onel0. 2 , 0 . 3 ) 
plus-one<0.3,0.4 ) 
plus-one(0.4,0.5 l 
plus-one(0.5, 0 .6) 
plus-one(0.6, 0 . 7 ) 
plus-one(0. 7 ,0.8 J 
plus-one(0.8, 0 .9J 
plus-one (0 . 9,l. OJ 
plus-one ( l. O, 1.1 ) 
p 1 us-one ( 1. 1, 1. 2) 
plus-one(1. 2 ,1. 3) 
plus-one(1. 3 ,1.4 ) 
plus-one l 1.4,1.5 ) 
plus-one l 1.5,1.6 ) 
plus-onel1.6,1 . 7) 
plus-one(1 . 7,1.8 ) 
plus-one (1.8,1.9l 

-> ; 
- :· · .· . 
- =· · .. . 
-> ; 
- :- • .. . 
- >; 
- > ~ 

- >: 
-> ; 
- >; 
- ;. • .. . 
- :- · .· . 
- ;. • .. . 
- >; 
- :- • .·. 
- :· · .·. 

.. -, 
- ::: ; 

- >; 


