META-INTERPRETATION
OF RECURSIVE LIST-PROCESSING PROGRAMS

Daniel GOOSSENS
Université PARIS VIII
Route de la Tourelle
75012 PARIS

Presented is an implemented program understanding system called CAN.
which brings
meta-interpretation of recursive programs:

meta-interpretation process

These notions express CAN’s

data with abstract values and environments.

keywords: Meta-interpretation,

unification,

~og vicious circles and constructive
ability to extract from program code classes of data for
which interpretation of the code would not stop, and in general, to

CAN relies on a
concepts concerning
induction.

to Llight two new

relate classes of

conceptual representations, program

understanding, propagation, vicious circle, constructive induction.

1. INTRODUCTION

Works on program verification [10]1 [13]1 have
brought many useful technigues for proving
properties of programs, but all the imp lemented
systems which derived from them were to be used
by expert mathematicians rather than expert
programmers. That is, those systems may do
nothing with a program on its own. They are
intended to be interactively used by
programmers who are acquainted with formal
specifications manipulations and who understand
their programs.

Recent works on program understanding have
demonstrated the need of domain dependent
knowledge [7] [15] and other types of pragmatic

knowledge [19]1 [201. However, systems in these
areas are not equally efficient. More
precisely, the systems which support these

works may fail on simple tasks which are beyond
the scope of their effective specificity. That
is, their domain of application is far from
fitting with what an expert programmer would
consider as "simple", or "visually
understandable".

CAN is a powerful tool for such systems since:

- It understands programs independently of
traditionnal applications for
understanding (verification, correction,

lmprovement)

- It is particularly well suited for
extracting on its own only what is
"visually understandable" in a program.

This prevents CAN from getting stuck on
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intricate problems. This is a necessity
if CAN is expected to be a tool for
problem solvers. A part of CAN has been
especially developed for the visual
understanding of programs which manipulate
flat Llists.

CAN meta-interprets program bodies in abstract
environments [11 [2] [4] (5] (9] [14] [19]
FZI]. We use conceptual representations [21]
in order to represent abstract values of
program variables and relations among them.

Our conceptual representations are either
patierns, or predicate-style assertions which
may not be translated into patterns. Our

patterns involve element-type and segment-type
variables. segment-type variables include
index mathematical notations for flat Llists.
They also involve auto-references.

Conceptual representation of meanings is our
bypass of the traditionnal "set of properties".
Conceptual representations may be confronted
and compared more easily than assertions, most
often with unification procedures, which yield
valuable and non-trivial information [6].

CAN involves a sophisticated unification
process of conceptual representations.

2. META-INTERPRETATION

When confronted with LISP code, the
meta-interpreter most often faces the case
vhere a function is applied on its arguments.
The meta-interpretation of (F Al A2 ... An)
involves the following steps:



first, CAN meta-interprets each of the Ais
which should be evaluated on a simple
interpretation. this yields a set of possible

abstract values and environments for each Ai.
Second, CAN confronts each combination of

these values and environments with F’s CAN
definition. After this confrontation, CAN
knows:
- What conditions must hold on the Ais and
the erivironment so that F may apply
- which features of the abstract values and
the environment are relevant for the
contruction of F’s abstract value and

side-effects.

Third, CAN propagates this information over the
current environment and on the "prototype"
abstract value which is part of F's CAN
definition.

LISP functions are conceptually defined [21]
within CAN. Here are the conceptual
definitions of the CAR, CDR and MEMBER
functions:

("1" denotes an element variable and "?" a

segment variable)

(CAR O) = O

(CAR (la ?p)) = !a

(COR O) = O

(COR ('a ?b)) = (?b)

(MEMBER !x (!a1 e la Ix ?0)) = (Ix ?b)
n

lad)) = O
n

il1,n])

(MEMBER !x (!a1 oo s

(vhere: 'a = !x;
i

That is, the CAR function returns the first
element of a list, the COR function returns the
list without its first element. (MEMBER X Y)
tests wether the element X is contained in the
list Y, at the top-level. If it is the case,
MEMBER returns the part of the Llist which
starts from the first occurence of X.

CAN also handles the cases where F is a control
structure, a functional variable, an escape
Llabel, or an unknown atom. The
meta-interpretation of a LISP program is
expected to yield a conceptual representation
of its meaning.

Examp le:

Suppose that F is MEMBER, and that the
meta-interpretation of its two arguments gave
the two abstract values: (on !'1 12) and
(?3 '1).The application of MEMBER on
"(on !'1 12)" and "(?3 !1)" amounts to checking

whether the Llist (?3 !1) contains the structure
(on !1 !2). The confrontation of these values
with MEMBER’s prototype values is performed by
a unification process of conceptual
representations [6].
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The unification of

[ Ix (la s¢e la Ix 2b)]
1 n
with [(on 11 12) (?3 1) ]
(where 'a = !x) gives only one case:

i

Ix = (on !1 !2)
23 =1la ... 'a
1

b = ?bl !l

(on !1
n

12) ?bl

since !'1 in (23 !1) may not contain (on !1 12).
The propagation of this (information on the
prototype value (!x ?b) of MEMBER gives the
returned abstract value: ((on !1 12) ?b1 !'1).
This value is still functionally related to the

environment since ?3 is also replaced in the
environment by what it is associated to.
The reader is invited to perform the same task

for the second rule of MEMBER’s definition.

3. UNIFICATION OF CONCEPTUAL REPRESENTATIONS

given two conceptual
find the complete set of
general unifier [16]

The problem tis,
representations, to
its unifiers (it’'s most
[171 [181).

For theorem proving purposes, The task of
unification may be limited to checking wether
two structures can fit or not [11]. In that

case, it suffices to find one unifier or show
that there is none. Rather, CAN needs a
conceptual representation of the complete set

of unifiers of two conceptual representations,
since it needs to know not only if they fit
together, but under what exact constraints [S].

In the case where segment variables are
restricted to ?-type variables (that is, when
index notations are excluded), the problem
amounts to solve an equation in a free monoid
with a neutral element (the empty sequence).
Our implemented unifier exhibits about the same
performances as [16] and [17] (the neutral
element makes very few differences). It
involves too the algorithm for A-C Unification
[12] [18] and a splitting algorithm [17]
extended for index mathematical notations.

is new within CAN's unification
the unification of patterns which
index notations, auto-references,
variables with restricted domain,

What
concerns
include

element-type
and negation.
A detailed description of
performances is given in [6].

procedure

its actual

META-INTERPRETATION QF  ITERATIVE  AND
BEE.UBS.IXE%D_QBAMS.

At some stage of the process, the following

program:



(DE MEMBER (X L)
(COND ((NULL L) NIL)
((EQUAL X (CAR L)) L)
(T (MEMBER X (CDR L)>>)))

is transformed into:

1 (MEMBER !x ) = O

2 (MEMBER !x (!x ?b)) = (!x ?b)

3 (MEMBER !x (!y ?b)) = (MEMBER !x (?b))
(vhere !x = ly)

This says among other things that if MEMBER’s
first argument is different from the CAR of its
second argument, then the value is  the
recursive call: (MEMBER !x (?b)). If CAN wvere
to go on Llike previously, it would confront the
arguments !x and (?b) with each of the three
cases. In fact, this is exactly what CAN will
do, but more carefully, so as to avoid looping
forever.

Application of rule 3 on !x and (?b) needs the
following preconditions:

I = 1’
?b = ly ?b° (:)

in which case the value is (MEMBER !x’ (?b')).
But this is what CAN was meta-interpreting
(modulo a change of the variables’name). We
cons ider i as a "vicious circle". The
meta-interpretation process stops at each
vicious circle, and CAN "multiplies" it by a
fictive number n of recursions. From C), CAN
is able to obtain abstract representations of
flat Llists:

Ix = Ix
=!ly ... !y ?
1 n
(uhere 'y = !x and n=0)
i

This says that if the second argument of MEMBER
is a list whose n first elements are different
from its first argument, then they will be
deleted after the nth recursive call. The
meta-interpreter will then go on with the two
first rules of MEMBER, and obtain the final
conceptual representation of MEMBER which we
used in the second paragraph.

The concept of vicious circle is important
since it does ngt coincide with the first
recursive call in a program.

For the following example:

(DE FOO (L)
(IF (CAR L) (FOO (CONS (CDR L))
(COR L))

the meta-interpreter will never reach a vicious
circle, and yield the final conceptual
representation:

(FOO O) = O

(FOO (O ?b) = (?b)
(FOO (la)) = O
(FOO (la 20)) = O

(under lined variables may not be assigned the
NIL value)

S. VICIOUS CIRCLES

A vicious circle is encountered when the
meta-interpretation of some form f in an
environment E1 leads to the meta-interpretation
of f in an environment E2 such that E1 and E2
"may be identified".

Formally, the two environments will be
identifiable if their unification gives a
unifier wvhich contains no "transmitter". A
transmitter is a couple of variables bindings
of the form:

vl = f(v2)
v2 = H

With the restriction that if f(v2) contains vl
and H contains v2, the couple is considered as
a vicious circle.

Here are some examples of LISP programs where
the first recursive call does not coincide with
a vicious circle:

(DE FOO (X Y> (FOO Y X))

(DE FOO (L M)
(IF (NULL L) NIL
(FOO (COR M) (CONS (CAR M) L))))

(DE FOO (LM P Q
(COND ((NULL L) T)
((EQUAL (CAR L) M)
(FOO (CDDR L) P Q (CADR L)))))

6. %QNSIBUQII!E INDUCTION (multiplication by

Ilnll

The notion of vicious circle is motivated by
the fact that if a substitution (unifier) is a
vicious circle, it may be "multiplied by n" by
a simple algorithm (i.e its general form after
"n" recursive calls may be constructed).

From a variable binding of the form: v = f(v)
the algorithm will obtain: (x v n f(v)) which
may be seen as a complex variable whose name is
v and f(v) is a conceptual representation with
auto-references (everywhere v is). In other
words, f(v) restricts v’s domain. "n" names
the fictive number of successive recursive
calls. It relates different complex variables
to each other.

In some cases, the induction algorithm may
generate mathematical index notations such as
those involved in MEMBER’s CAN definition,
instead of conceptual representations with
auto-references. i.e in the case:

v = -A- v -B-
the algorithm will obtain:
vV = -A—1 eee -A- v -B- ... -B-

n n 1
(where n=0)

(uhere -A- and -B- are any
conceptual representations.

sequence of
They may involve



indexed elements and even sequences whose
length depend on the index)

The advantage is that the unification process
of conceptual representations is particularly
well suited for the unification of such forms.

7. BECURSIVITY

From the program:

(DE VECMAT (L ™M
(IF (NULL L) M
(DCONS (CAR L) (VECMAT (CDR L)
(CONS NIL M)))))

(DCONS 'x ((?a )...(2a )
1 n

where

= ((Ix ?2a )...(Ix ?2a ))
1 n

The meta-interpreter will get:

1 (VECMAT O m) = !m
2 (VECMAT (11 ?2) (?3)) = ((!1 ?a )...(!1 ?a))
1 k

and ((?al)...(?a )) = (VECMAT (?22) (O ?3))
k

Recursivity will be handled by the same
processes. )
as the unification of ((?a )...(?a ))

k

and ((!1 ?a’)...(!1 ?a’))
1 K’

yields a vicious circle, the induction
algorithm is applied. here, from:

?a =11 ?a
i i
CAN gets:

By propagation and with the initialisation:

((?a)...(?a)) = (O ...0O0 23
1 k 1 n

(the right conceptual representation is the
abstract value of M when case 1 is encoutered.
The tinitialisation is per formed via the

unification of the two conceptual
representations and propagation of the
results.)

CAN finally obtains the
representation of vecmat:

(VECMAT (!11

conceptual

1) ((?b)...(?b )
n 1 m

= (11 ... 11) ... A1 L0 11D
1 nl 1 nn

(1 e 11 26 YeoeCll o W1 9B D)
b n 1 1 n m

8. ITERMINATION

The meta-interpretation of a program yields a
set of rules which contain recursive calls, as
a first approximation. As was shoun, the same
meta-interpretation process may be pursued.
So, CAN may find which rules data can "go" to,
when "coming out" of a recursive rule. That
is, find which rules refer to which rules.

If a recursive rule refers only to itself, or
if a group of rules which refer to one another
refers to no rule "outside", then a class of
data is determined for which simple
interpretation of the program never ends. Here
are some simple examples:

example 1:

(DE FOO (X Y)
(IF (ATOM X> (FOO Y X) X))

CAN yields:
(FOO !list !b) = !list
(FOO latom !list) = !list
(FOO '!atoml !atom2) = infinite-loop

example 2:

(DE FQO (L M

(IF (NULL L) M
(FOO (CDR M) (CONS (CAR M) L))))

CAN yields:

(FOO O 'm) = 'm

(FOO D O) = (O 2D

(FOO (2D (12)) = (12 21)

(FOO (1) (12 ?23)) = infinite-loop
éxample 3:

(DE FOO (X L)
(IF (EQUAL X (CAR L))

L
(FOO X (CDR L)>))
CAN yields:
(Foo O (!a1

with 'a =0

la)) = O
n

i
(FOO !b (!a1 ... 'a)) = infinite-loop
n

with 'a =!b

i
(foo !'c (la ... 'a !lc ?2d)) = (lc ?d)
1 n
with 'a =lc
i
(under lined variables may not be replaced by
the NIL value)



Here is an example of a different kind:

(DE FOO (L M)
(IF (EQUAL L M) T
(FOO (CDR L) (CONS (CAR L) M)»>))

CAN yields:
(FOO !'1 1) = T

(FOO (O (?2)) = infinite-computation
(FOO €11 was 11 11 wee 1Y 22) (R2)) =T
1 1

n n

and

(11 wew 11 11 ww 11 22) ¢ (11 L 11 22)
i+l n n ol i 1

il1,n]

For this last example, CAN is not able to

explicitly describe the class of data for which
there is infinite computation. It is
implicitly defined by the set of cases which do
not fit the rules above, plus those which fit
the second rule.

INTERACTIVE  PROGRAMMER

9. USING CAN: THE
ASSISTANT.

CAN is an interactive program understanding
system. When CAN is run, the user may type in
LISP functions, or LISP expressions. When an
expression is typed in, CAN gives its abstract

value. There may be several cases. If the
expression is (ATOM X) for instance, CAN will
respond:

CASE 1: X='atoml VALUE: t

CASE 2: X=!jatoml VALUE: nil

The user can focus on any of the cases or keep
them all.
A practical use of the CAN system, then, is the

following: the wuser first types in a program
he has just written. Once the program is
understood by CAN, the user may type in any

LISP expression involving calls to the program.
He will get the corresponding abstract values.
Note that CAN is a simplifier. That is, (f it
is not able to understand an expression E, E's
abstract value is E itself (with an implicit
meta-evaluation request). In other words, E
may not be simplified further.

If the expression is an assertion about the
program, it may meta-evaluate to T or NIL, but
CAN’s performances in this domain still raise
the need for a theorem prover.

One common use is to type a call to the program
on restricted classes of data. t.e if the
program has name FOO and argument X, the user
may define a unary LISP predicate P which is
true for a restricted class of X's, then focus
on the cases where (P X) may evaluate to T, and
call (FOO X).

For instance, if FOO is in fact a
pattern-matching function MATCH vith
back-referencing (two occurences of the same
variable must be assigned the same value) and
the user vants to test vether

back-referencing works fine, he may first
build several kinds of abstract values for
MATCH’s arguments by the "focus on" technique
described above, and then call MATCH on them

One future work will be to develop a system for
proving theorems about Llist structures by
structural induction, which uses CAN as a
simplification sub-system.

We expect that CAN will greatly help
of proving theorems by structural
since, for instance, many of the LISP theorems
proved in [22] already meta-evaluate to the
LISP truth-value T when given to CAN.

the task
induction

10. CONCLUSION

We have designed a system whose job is to
understand what an expert programmer could
consider as ‘"visually understandable". CAN
does no prob lem solving. CAN’s

meta-interpretation process is straightforuard,
and simple interpretation is a simple case of
meta-interpretation [S]. UWe then. think that
CAN should be put in the service of expert
programmers, or program understanding systems
which would be specialised in narrow areas,
since conceptual representations are much more

easily manipulated than LISP code, for
instance. It may effectively be expected that
the size of program understanding systems is

directly related to the
representing a relation
Llanguage.

The CAN system is written in VLISP-10 [3] [8]
and occupies about 20K words.

number of ways of
within a programming
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