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During the past several years, the emergence of expert systems as a field of considerable prac-
tical as well as theoretical importance within AI has provided a strong impetus for the develop-
ment of theories of approximate reasoning and credibility assessment of inference processes in

knowledge-based systems.

The approach to approximate reasoning described in this paper is based on a fuzzy logic,

FL, in

which the truth-values and quantifiers are defined as possibility distributions which carry
linguistic labels such as true, quite true, not very true, many, not very many, several, almost

all, etc.

Based on the concept of a possibility distribution, a set of translation and infer-

ence rules is developed and their application to inference from imprecise premises is illus-

trated by examples.

1. INTRODUCTION

It has long been recognized that much, perhaps
most, of human reasoning is approximate rather
than exact in nature.** And yet, logicians and
cognitive sclentists have devoted scant atten-
tion to the development of theories of approxi-
mate reasoning, partly because of the deeply
entrenched tradition of respect for what is
precise and disdain for what is fuzzy, and
partly because there was no compelling need for
such theories before the advent of artificial
intelligence.

In recent years, however, the rapid growth of
interest in natural language processing and the
emergence of expert systems as an important
application area within AI have made it increas-
ingly clear that a better understanding of the
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**The terms "approximate reasoning' and
"fuzzy reasoning' are frequently used inter-
changeably in the literature. A comprehensive
exposition of the foundations of fuzzy reason-
inﬁ may be found in the paper by B.R. Gaines
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processes of approximate reasoning is a prere-
quisite to the development of knowledge-based
systems which can manipulate information that
is imprecise, incomplete or not totally
reliable.

In a series of papers starting in 1973 [2-7],
we have advanced the view that conventional
logical systems do not provide an appropriate
basis for approximate reasoning and have sug-
gested a fuzzy logic, FL, for this purpose. In
contrast to two-valued and multi-valued logics,
the truth-values of FL are linguistic rather
than numerical, as are quantifiers exemplified
by many, most, not very many, few, several,
almost all, etc. Furthermore, the rules of
inference in FL are approximate rather than
exact. Thus, in spirit as well as in substance
FL represents a sharp break with the long-
standing tradition of extreme precision in
logic and a move toward an accommodation with
the pervasive imprecision of human thought,
perception, language and decision-making.

Another important difference between FL and
classical logical systems centers on the con-
cept of truth. Thus, whereas in the latter
systems [8,9] the truth of a proposition
serves as a starting point for the definition



of various basic concepts, the corresponding
role in FL is played not by truth but by the
concept of a possibility distribution, by which
is meant a mapping associated with a variable X,
myx: U -+ [0,1], which assigns to each point u in
the domain of X, U, the possibility that X
could take u as a value. The concept of truth,
then, is employed to express the compatibility
of the possibility distribution induced by a
proposition p with that of a reference proposi-
tion r. 1In this sense, the truth of a proposi-
tion is a relative concept and is a measure of
its compatibility or consistency with a collec-
tion of propositions which constitute a
database.

Cur main concern in the present paper is with
(a) the establishment of translation rules for
various types of imprecise propositions;

(b) inference from such propositions; and

(c) the development of a conceptual framework
for dealing with the issues of belief and credi-
bility. The latter issues play a particularly
important role in expert systems [10-17] as well
as in the theories of evidence and decision
analysis [18-24].

2. THE CONCEPT OF A POSSIBILITY DISTRIBUTION

As a preliminary to the consideration of trans-
lation rules for various types of propositions,
it will be helpful to establish some of the
properties of possibility distributions which
will be needed in later sections.*

Informally, if X is a variable taking values in
U, then a possibility distribution, HX’ asso-
ciated with X may be viewed as a fuzzy (or
clastic) constraint on the values that may be
assigned to X. Such a distribution is charac-
terized by a possibility distribution function
Ty: U > [0,1] which associates with each u € U
the "degree of ease" or the possibility that X
may take u as a value.

In some cases, the constraint on the values of X
is physical in origin. For example, if X is the
number of students in a classroom which has,
say, 50 seats, then ﬂx(u) = 1 for u up to 50,
with my(u) gradually declining to O at, say,

u = 75. In this case, an intermediate value of
Ty, say Ty(65) = 0.3, would signify that, by
some explicit or implicit criterion, the degree
of ease with which 65 students could be crowded
into the classroom is 0.3 (on the scale from O
to 1).

*An introductory exposition of possibility
theory may be found in [29]. A historical
account of the concepts of possibility and pro-
bability is contained in [30].
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In most cases, however, the possibility distri-
bution which is associated with a variable is
epistemic rather than physical in origin. A
basic assumption in fuzzy logic is that such
epistemic possibility distributions are induced
by propositions expressed in a natural language.
In more concrete terms, this assumption may be
stated as the

Possibility Postulate. TIf F is-a fuzzy subset
of U characterized by its membership function
ug: U > [0,1], then the proposition "X is F"
induces a possibility distribution Ily which is
equal to F. Equivalently, "X is F" translates
into the possibility assignment equation Hx =F,
1:8ay

XisF—*HX=F (1)
which signifies that the proposition "X is F"
has the effect of constraining the values that
may be assumed by X, with the possibility dis-
tribution HX identified with F.

As a simple illustration of (1), if in the pro-
position "X 1is small" small is regarded as a
label of a fuzzy subset of U = {0,1,2,...}
which is defined by*

SMALL = 1/0+1/1+0.8/2+0.6/3+0.4/4+0.2/5 (2)

then Poss{X=0} = 1 3)
Poss{X=1} =1
Poss{X=2} = 0.8
Poss{X=5}="0.2"

where Poss{X=u} = 7_(u) is the possibility that
X may take u as a va%ue.
An important aspect of the concept of a possi-
bility distribution is that it is nonstatisti-
cal in nature. As a consequence, 1f Py 1is a
probability distribution associated with X then
the only connection between Il and Py is that
impossibility (i.e., zero possibility) implies
improbability but not vice-versa. Thus, Iy can-
not be inferred from Px nor can PX be inferred
from HX.

As in the case of probabilities, one can define
joint and conditional possibilities. Thus, if
X and Y are variables taking values in U and V,
respectively, then we can define the joint and
and conditional possibility distributions

*The notation F‘=ul/x +---+un/x signifies
that F is a fuzzy subset of the set ?xl,...,xn},
with py, £=1,...,n, being the grade of member-
ship of x; in F. Uppercase symbols (e.g., F,
SMALL) are employed to denote names of sets
(fuzzy or nonfuzzy).



through their respective distribution functions:

=Poss{X=u, Y=v}, u€U, vEV (4)

(x,y) ()

and

(ulv) = P()sS{X=U‘Y=V} (5)

m
X]Y)
where (5) represents the conditional distribu-
tion function of X glven Y.

If we know the distribution function of X and
the conditional distribution function of Y
given X, then we can construct the joint dis-
tribution function of X and Y by forming the
conjunction (~ 2 min)

(6)

(u,v) = Ty (u) ~

‘"(X,Y) TT(Y|X) (vlu)

However, unlike the identity that holds in the
case of probabilities, we can also obtain

n(x Y)(u,v) by forming the conjunction of
H(XIY)(ulv) and W(le)(vlu):

Tex,y) (V) = ﬂ(xly)(uIV)f~w(Y|X)(Vlu) @)
In yet another deviatlon from parallelism with

probabilfties, the marginal possibility distri-
but ion functlon of X may be expressed in more
than one way In terms of the joint and condi-
tional possibility distribution functions.

More specifically, we may have

(a) my(u) = Vv“(x,Y)(u’V) (8)
where Vv denotes the supremum over v € V;

(b) me (u) = vvn(le)(ulv) (9
and

(c) me(u) = ﬂ(le)(u,V(U)) (10)
where, for a given u, v(u) is the value of v at
which 7 (vluw) =1, if v(u) is defined for

|x)
every u € U,

Tntuitively, (a) represents the possibility of
assigning a value to X as perceived by an ob-
server ((X,Y) observer) who observes the joint
possibility distribution H(X v’ Similarly,

(b) represents the perception of an observer
((X|Y) observer) who observes only the condi-
tional possibility distribution H(XIY) and 1is

(Y‘X)' And (c)

expresses the perception of an observer who
assumes that v is assigned that value, if it
exists, which makes H(le)(v|u) equal to unity.

unconcerned with or unaware of Il
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In relating m through the operator V

X to Tl'(le)
(supremum), we are tacitly invoking the princi-
ple of maximal restriction [4], which asserts
that, in the absence of complete information
about Ily, we should equate Ily to the maximal
(i.e., least restrictive) possibility distribu-
tion which is consistent with the partial infor-
mation about ﬂx. In the case of (a), for exam-
ple, this would be the supremum of 7,6 - (u,v)
(X,Y)
over v E V.

As will be seen in Section 3, the concept of a
conditional possibility distribution plays a
basic role in the formulation of a generalized
form of modus ponens and in defining a measure
of belief. What 1is as yet an unsettled issue
revolves around the question of how to derive
"(X]Y) and LN leg from L Somewhat differ-
ent answers to this que%tion are presented in
[25-27]. 1t may well turn out to be the case
that, in contrast to probabilities, there does
not exist a unique solution to the problem and
that, in general, the answer depends on the
perspective of the observer.

3. POSSIBILITY THEORY AND FUZZY LOGIC

As was alluded to already, the concept of a
possibility distribution and the possibility
theory which is based on it, play a central
role in fuzzy logic by providing a means for
the representation of the meaning of imprecise
premises and the generation of propositions
which follow logically from them.

Typically, a variable in fuzzy logic 1s treated
as a linguistic variable [4], that 1is, a varia-
ble whose values are represented as words or
sentences in a natural or synthetic language,
with each such value defining a possibility
distribution in the domain of the variable. In
effect, what this implies is that a linguistic
variable is a microlanguage with its own syntax
and semantics. For example, in the case of FL,
the linguistic values of the variable Truth may
be generated by a context-free grammar and
interpreted by an attributed grammar [28].
Thus, starting with (a) the primary term true
and its antonym false; and (b) a finite set of
modifiers and connectives such as and, or, not,
very, more or less, quite, extremely, etc., the
linguistic value of Truth may be represented as

false

not false

very false

not very false
more or less false
quite false

not quite false

true

not true

very true

not very true
more or less true
quite true

not quite true



not true and not false

not very true and not very false
In FL, a linguistic truth-value is regarded as
a composite label of a possibility distribution
in the interval [0,1], which is the set of
truth-values in Lukasiewicz's Lpjeph, logic.
What this means is that in FL we generally deal
not with numerically-valued truth-values but
with their possibility distributions.

An important distinction between FL and LAlephl
is that in LAlephl"aS in all other multi-
valued logics—--thére are only two quantifiers
all and some, whereas in FL we can employ a
large variety of fuzzy quantifiers exemplified
by few, several, many, most, almost all, very
many, not very many, etc. This feature of FL
makes it possible to translate, and infer from,
imprecise premises exemplified by

Most tall women are not very fat.

Among the many men who are heavy smokers,
quite a few are overweight and some are
heavy drinkers.

Carol has several close friends who have
many children.

The meaning of a quantifier in FL is based on
the concept of the cardinality of a fuzzy set.
Thus, 1if F is a fuzzy subset of a finite set
U= {ul,...,un} characterized as

F = ul/ul+»---+uN/uN

where My is the grade of membership of ug in F,
i=1,...,N, then the power of F--which is
roughly a measure of its cardinality--may be
defined as

(11)

Alternatively, and perhaps more appropriately,
the cardinality of F may be defined as a fuzzy
number, as is done in [6]. Thus, if the ele-

ments of F are sorted in descending order, so

that pu_ < um if n > m, then the truth-value of
the proposition

P Ly has at least n elements (12)

is defined to be equal to un, while that of q,

>

q F has at most n elements , (13)

is taken to be l—un From this it follows
that the truth-value of the proposition r,

A
r =

F has exactly n elements , (14)
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is given by u, ~ (1-H4). An illustration of
these alternative definitions of cardinality is
provided by Example 5 in Section 4.

The translation rules for propositions ex-
pressed in a natural language form an {mportant
part of PRUF--a meaning representation language
based on possibility theory [7].* 1In what fol-
lows, we shall present in a summarized form a
subset of such rules which play a basic role in
FL.

Translation Rules

1. Modifier rule. If

XisF—-*HX=F (15)

then X is mF — Il =F"

where m is a modifier such as not, very, more
or less, etc., and F* is a modification of F
induced by m. More specifically: If m = not,

then F* = F' = complement of F, i.e.,
= 1= €vu .

UF+(U) 1 UF(u) , u€u (16)

If m = very, then F+ = Fz, 14845
2

uﬂw)=uFW% u€EU . (17)
If m = more or less, then F+ = /E, 1.e.,

Hpt(u) = Vug(u) , w €U . (18)

As a simple illustration of (15), if SMALL is
defined as in (2), then

2

X is very small —» HX==F (19)

where

2

F°" = 1/0+1/1+0.64/2+4+0.36/3+0.16/4

+ 0.04/5 .

It should be noted that (16)-(18) should be
viewed as default rules which may be replaced
by other translation rules in cases in which
some alternative interpretations of the modi-
fiers very and more or less are more
appropriate.

(20)

2. Conjunctive, disjunctive and implicational
rules. If

X is F—+HX=F and YisG—+HY=G

(21)

where F and G are fuzzy subsets of U and V,

*There are several implemented languages
which have extensive facilities for the mani-
pulation of fuzzy propositions and execution of
fuzzy instructions. Prominent among these are
FUZZY [23] and FSTDS [30].



respectively, then

a) Xis Fand Y is G — I =FxG 22

whérl XX W
2 n s =

Hpxg (W5 v) = Up(u) ~us(v) o ( min) (23)

(b) Xis For Y 1s G — II =FUG 24
wheri X,Y) o
F2FxV, G=2uUxgc (25)

and

“iu&(“"’) = uF(u) VuG(v) (26)

(c) If X is F then Y is G — II =F'®¢
(Y| X) 27

where I denotes the conditional possibil-

ity distribution of Y given X, and the bounded
sum ® is defined by
Hpreg (V) = 1~ (- (@H, () . (28)

As simple illustrations of (22), (24) and (27),

£ F 2 SMALL = 1/1+0.6/2+0.1/3 (29)
G = LIARGE = 0.1/1+0.6/2+1/3 (30)

then
X i3 small and Y 1is large — Il (31)

x,Y)
= 0.1/(1,1) +0.6/(1,2) +1/(1,3) +0.1/(2,1)
+ 0.6/(2,2) +0.6/(2,3) +0.1/(3,1)
+ 0.1/(3,2) +0.1/(3,3)
and

If X is small then Y is large — H(Y|X) (33)

= 0.1/(1,1) +0.6/(1,2) +1/(1,3) +0.5/(2,1)
+1/(2,2) +1/(2,3) +1/(3,1) +1/(3,2)
+ 1/(3,3)

3. Quantification rule. If U = {ul,...,uN}, Q
is a quantifier such as many, few, several, all,
some, most, etc., and

X 18 F =» HX==F

(34)
then the proposition "QX are F" (e.g., '"many

X's are large') translates into

HCount(F) =Q (35)

where Count (F) denotes the number (or the pro-

portion) of elements of U which are in F. By
definition (11), 1if the fuzzy set F is
expressed as
F = ul/u1 +u2/u2 o +uN/uN (36)
then N
Count(F) = ] u . (37)
i=1

As a simple illustration of (35), if the quan-
tifier several is defined as

SEVERAL = 0/1+0.4/24+0.6/3+1/4+1/5
+ 1/6+0.6/7+4+0.2/8

(38)
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then

Several X's are large — Il (39)

)

u

4, LARGE

= 0/1+0.4/2+0.6/3+1/4+1/5+1/6
+0.6/7+0.2/8

(u))

e

where ppapge(ui) is the grade of membership of
the ith value of X in the fuzzy set LARGE.

4, Truth qualification rule. Let T be a fuzzy
truth-value, e.g., very true, quite true, more
or less true, etc. Such a truth-value may be

regarded as a fuzzy subset of the unit interval
which is characterized by a membership function

ues [0,1] > [0,1].

A truth-qualified proposition, e.g., "It is T
that X is F," is expressed as "X is F is 1."
As shown in [5], the translation rule for such
propositions is given by

x1sFisr~—>nx=F+ (40)

uF+(u) = uT(uF(u)) (41)

As an illustration, consider the truth-quali-
fied proposition
Bob is young is very true

which by (40), (41) and (17) translates into

Tpge (Bob) = Mrrug2 yvounc () (420
Now, if we assume that
u,2,-1
Myoune® = A+ GHHT, u € [0,100]  (43)
_ .2
and UTRUE(V) =v', v€I0,1] (44)
then (41) yields
_ u,2.-4
nAge(Bob) =4+ (25) ) (45)

as the possibility distribution of the age of
Bob.

Uséd 1in combination, the translation rules
stated above provide a system for the determi-
nation of the possibility distribution induced
by a fairly complex composite proposition. For
example, the proposition

If X is not very large and Y is more or
less small then Z is very very large.

induces the conditional possibility distribu-
tion described by

)(wlu,v) =1~ (1- (u))

2
(-1 ARGE
(w))

T(z|x,Y

~UgmarL (V) +H1ARGE (46}



It should be noted that rules of this type have
found practical applications in the design of
fuzzy logic controllers in steel plants, cement
kilns and other types of industrial process con-
trol applications in which instructions expres-
sed in a natural language are transformed into
control signals [31-33].

Rules of Inference

In our approach to approximate reasoning, the
translation rules for imprecise propositions
serve as a preliminary to the application of
various rules of inference to the possibility
distributions which are induced by such propo-
sitions, leading to other possibility distribu-
tions which upon retranslation yield the con-
clusions which may be drawn from the premises.

More specifically, the basic rules of inference
in FL are the following.

1. Projection rule. Consider a fuzzy proposi-
tion whose translation is expressed as

P~ Iy, .o0,xy) =F 2y
and let X s) denote a subvariable of the varia-

B (RyyeensXy)s dos,

ble X =

X(S) = (xil""’xik) (48)
where the index sequence s 2 (il,...,ik) is a
subsequence of the sequence (l,...,n).

Furthermore, let Ilx s) denote the marginal pos-
sibility distributiSn of X(s); that is,

M(s) = Produe)F L

where Uy, 1=1,...,n, is the universe of dis-
course associated with Xj;

Uy = Ui ™o Uy G0
and the projection of F on U(g) is defined by

the possibility distribution function

nxs(uil,...,uik) (51)

= Supujl, - ,,uijF(ul, cee ,un)

where s' = (jl,...,jm) is the index subsequence
which is complementary to s, and g is the mem—
bership function of F.

Now let q be a retranslation of the possibility
assignment equation

I = Pro F . 52
X(s) Jus) e
Then, the projection rule asserts that q may be
inferred from p. In a schematic form, this
assertion may be expressed more transparently
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as p—1I X)) =F

n

q — = Proj F
n"cs) Yes)

X,,...
. (53)

2. Conjunction rule. Consider a proposition p
which is an assertion concerning the possible
values of, say, two variables X and Y which
take values in U and V, respectively. Simi-
larly, let q be an assertion concerning the
possible values of the variables Y and Z, tak-
ing values in V and W. With these assumptions,
the translations of p and q may be expressed as

p =* P =F
;X,Y) (59)
49 My gy =€

Let F and G be, respectively, the cylindrical

extensions of F and G in UxV xW, Thus,
F=FxW (60)
and a
G =UxG . (61)

Using the conjunction rule, we can infer from p
and q a proposition which is defined by the fol-
lowing scheme (the reverse arrow <+— denotes
retranslation, i.e., reverse translation):

— 1P .
T = Wiy gy, = B (62)
— 1 =
q— My 5y =6 (63)
v Moy v gy ™ FNG (64)

On combining the projection and conjunction
rules, we obtain the compositional rule of
inference (67) which includes the classical
modus ponens as a special case.

More specifically, on applying the projection
rule to (64), we obtain the following inference
scheme

B My oy = F (65)
q— H?Y,Z) =G
ol HEX’Z) = FoG
where the composition of F and G is defined by
”Foc(“’w) = Supv(uF(U.V) AuG(v,W)) (66)

In particular, if p is a proposition of the
form "X is F" and q is a proposition of the
form "If X is G then Y is H," then (65) becomes

P — Hx =F (67)
1* Tyigy = 5" %8
r «— H(Y) = Fo(G' @ H)



The rule expressed by (67) may be viewed as a
generalized form of modus ponens which reduces
to the classical modus ponens when F = G and F,
G, H are nonfuzzy sets.

Stated in terms of possibility distributions,
the generalized modus ponens places in evidence
the analogy between probabilistic and possibil-
istic inference. Thus, in the case of proba-
bilities, we can deduce the probability distri-
bution of Y from the knowledge of the probabil-
ity distribution of X and the conditional pro-
bability distribution of Y given X. Similarly,
in the case of possibility distributions, we
can infer the possibility distribution of Y
from the knowledge of the possibility distribu-
tion of X and the conditional possibility dis-
tribution of Y given X.

It is important to note that
modus ponens as expressed by
to enlarge significantly the area of applica-
bility of rule-based systems of the type
employed in MYCIN and other expert systems.
This is due primarily to two aspects of (67)
which are not present in conventional rule-
based systems: (a) in the propositions "X is
F" and "If X is G then Y is H," F, G and H may
be fuzzy sets; and (b) F and G need not be
identical. Thus, as a result of (a) and (b),
a rule-based system employing (67) may be

the generalized
(67) may be used

designed to have an interpolative capability [6].

Note. Due to limitations on space, the sec-
tions dealing with credibility analysis and
examples of approximate reasoning have been
deleted. Full text of the paper 1is available
on request.
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