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"Non-monotonic" logical systems are logics in which the Introduction of new axioms can lnva1ldate o1d 
theorems. Such logics are very Important In modeling the beliefs of active processes which, acting In the 
presence of Incomplete Information, must make and subsequently revise predictions In 1lght of new 
observations. We present the motivation and history of such logics, develop a model theory for one 
important non-monotonic logic, and prove the completeness of the first-order non-monotonic predicate 
cakulus. 

1. THE PROBLEM OF' INCOMPLETE KNOWLEDGE 

The relation between formal logic and the operation of the 
mind has always been unclear. Some of the more striking 
differences between properties of formal logics and mental 
phenomenology occur in situations dealing with perception, 
ambiguity, common-sense, causality and prediction. One 
common feature of these problems is that they seem to 
Involve working with incomplete knowledge. Perception 
must account for the noticing of overlooked features, 
common -sense ignores myriad special exceptions, assigners 
of blame can be misled, and plans for the future must 
consider never-to-be-realized contingencies. It Is this 
apparently unavoidable making of mistakes in these cases 
that leads to some of the deepest problems of the formal 
analysis of mind. 
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** This paper condenses the first part of "Non-Monotonic 
Logic I" (appearing as MIT AI Memo 486, and to appear in 
Artificial lnrtlligtnct), which discusses proof theory for 
non-monotonic logic, the evolution of logical theories, the 
relationship of non-monotomc logic to stronger logics, logics 
of incomplete information, and how non-monotonic logic 
models the logic of Doyle's Truth Maintenance System. 
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Some studies of these problems occur in the philosophical 
literature, the most relevant here being Rescher's [15] 
analysis of counterfactual conditionals and belief­
contravening hypotheses. In artificial intelligence, studies of 
perception, ambiguity and common-sense have led to 
knowledge representations which explicitly and implicitly 
embody much information about typical cases, defaults, and 
methods for handling mistakes. [ll,UJ Studies of problem­
solving and acting have attempted representing predictive 
and causal knowledge so that decisions to act require only 
limited contemplation, and that actions, their variations, 
and their effects can be conveniently described and 
computed. [1,21 Indeed, one of the original names applied 
to these efforts, "heuristic programming", stems from 
efficiency requirements forcing the use of methods which 
occasionally are wrong or which fail. The possibility of 
failure means that formalizations of reasoning in these areas 
must capture the process of revisions of perceptions, 
predictions, deductions and other beliefs. 

Classical symbolic logic lacks tools for describing how to 
revise a formal theory to deal with inconsistencies caused by 
new information. This lack is due to a recognition that the 
general problem of finding and selecting among alternate 
revisions is very hard. (For an attack on this problem, see 
[lSJ. U2J surveys the complexities.) Although logicians 
have been able to ignore this problem, philosophers and 
researchers in artificial intelligrnce have been forced to face 
it because humans and computational models are subject to 
a continuous flow of new information. One important 
insight gained through computational experience is that 
there are at least two different problems involved, what 
might be called "routine revision" and "world-model 
reorganization". 



World-model reorganization Is the very hard problem of 
revising a complex model of a situation when It turns out to 
be wrong. Routine revision, on the other hand, Is the 
problem of maintaining a set of facts which, although 
expressed as universally true, have exceptions. For 
example, a program may have the belief that all animals 
with beaks are birds. Telling this program about a platypus 
will cause a contradiction, but intuitively not as serious a 
contradiction as those requiring total revision. Classical 
logics, by lumping all contradictions together, have 
overlooked the possibility of handling the easy ones by 
expanding the notation In which rules are stated. That is, 
we could have avoided this problem by stating the belief as 
"If something is an animal with a beak, then unless proven 
otlttrrvist, it is a bird." If we allow statements of this kind, 
the problem becomes how to coordinate sets of such rules. 
Each such statement may be seen as providing a piece of 
advice about belief revision; for our approach to make 
sense, all the little pieces of advice must determine a unique 
revision. This is the subject of this paper. Of course, even 
if we are successful, the world-model reorganization 
problem will still be unsolved. But we hope factoring out 
the routine revision problem will make the more dlfflcuk 
problem clearer. 

2. APPROACHES TO NON-MONOTONIC LOCIC 
AND THE SEMANTICAL DiffiCULTIES 

Traditional logics are called monotonic because the theorems 
of a theory are always a subset of the theorems of any 
extension of the theory. ([11] introduced this name for this 
property of classical logics. [2] terms It the "extension" 
property.) In this paper, by tAeor1 we will mean a set of 
axioms. A more precise statement of monotonicity Is this: 
If A and B are two theories, and A ~ B, then 
Th(A) ~ Th(B), where Th(S) = {p: S .. p} Is the set of 
theorems of S. We will be even more precise about the 
definition of .. later. 

Monotonic logics lack the phenomenon of new information 
leadmg to a revision of old conclusions. We obtain non­
monotonic logtcs from classical logics by extending them with 
a modality ("consistent") well-known In artificial 
intelligence Circles, and show that the resulting logics have 
well-founded, if unusual, model and proof theories. We 
introduce the proposition-forming modality M (read 
"consistent"). Informally, Mp is to mean that p Is consistent 
with everything believed. (See [8].) One small theory 
employing this modality is 
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( 1) noon 1\ M[sun-shining] :;, sun-shlnlnf 
(2) noon 
( 3) eclipse :;, .. sun-shining, 

In which we can prove 

( 4) sun-shining. 

If we add the axiom 

( S) eclipse 

then (4) is inconsistent, so (4) Is not a theorem of the 
extended theory. 

The use of non-monotonic techniques has some history, but 
until recently the intuitions underlying these techniques were 
inadequate and led to difficulties Involving the semantics of 
non-monotonic inference rules In certain cases. We mention 
some of the guises In which non-monotonic reasontnr 
methods and belief revising processes have appeared. 

In PLANNER [3], a programming language based on a 
negationless calculus, the THNOT primitive formed the basis 
of such reasoning. THNOT, as a goal, succeeded only If Its 
argument failed, and failed otherwise. Thus If the 
argument to THNOT was a formula to be proved, the 
THNOT would succeed only If the attempt to prove the 
embedded formula failed. 

Two related forms of non-monotonic deductive systems are 
those described in [8] and [16]. McCarthy and Hayes give 
some indications of how actions might be described using 
modal operators like "normally" and "consistent", but 
present no detailed guidelines on how such operators might 
be carefully defined. Sandewall, in a deductive system 
applied to the frame problem used a deductive 
representation of non-monotonic rules based on a primitive 
called UNLESS. This was used to deduce conditions of 
situations resulting from actions except In those cases where 
properties of the action changed the extant conditions. Thus 
one might say that things retain their color unless painted. 

Sandewall's Interpretation of UNLESS was In accord with 
then current intuitions: UNLESS(p) is true if p Is not 
deducible from the axioms using the classical first-order 
inference rules. Unfortunately, this definition has several 
problems, as pointed out by Sandewall. One problem Is 
that it can happen that both p and UNLESS(p) are 
deducible, since from a rule like "from UNLESS( C) Infer D" 
D can be Inferred, but at the same time UNLESS( D) Is also 
deducible since D is not deducible by classical rules. These 



problems are partly due to the dependence of the notion of 
"deducible" on the intention of deduction rules based on 
"not deducible". This question-begging definition leads to 
perplexing questions of beliefs when complicated relations 
between UNLESS statements are present. for example, given 
the axioms 

A 
A 1\ Unless( B) :;, C 
A 1\ Unless( C) :;, B, 

we are faced with the somewhat paradoxical situation that 
either 8 or C can be deduced, but not both simultaneously. 
On the other hand, in the axiom system 

A 
A 1\ Unless( B) :;, C 
A 1\ Unless( C) :;, D 
A 1\ Unless(D) :;, E, 

one would expect to see A, C and E believed, and Band D 
not believed. One might be tempted to dismiss these 
anomalous cases as uninteresting. In fact, such cases are not 
perverse; rather, they occur naturally and are very 
important in many applications. 

Spurred by Sandewall's presentation of the problems arising 
through such non-monotonic inference rules, Kramosll [S] 
considered sets of inference rules of the form 

"from 1-p, llq, infer 1-r", 

where 1- and If are tokens. of the meta-language and the 
number of antecedents can be arbitrary. ([19] presents a 
working system organized around a theory-metatheory 
distinction in which such rules can be written.) Kramosll 
defined the set of theorems in such a system as the 
intersection of all subsets of the language closed under the 
inference rules. He noted that this set may not itself be 
closed under the inference rules, and showed that In the 
special case in which the inference rules preserve truth 
values (that is, are effectively monotonic) that if the set of 
theorems of the monotonic inference rules alone Is also 
closed with respect to the non-monotonic inference rules, 
then this set is the set of non-monotonic theorems. 
Kramosil's conclusion was that a set of inference rules 
defines a formalized theory (one in which all formulas have 
a well-defined truth value) if and only if this same theory 
is that of the monotonic inference rules alone, which he 
interprets to mean that the non-monotonic rules are either 
useless or meaningless. 
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As we will show in this paper, Kramosil's interpretation was 
too pessimistic with regard to the possibility of formalizing 
such rules and their unusual properties. As we have argued 
above, the purpose of non-monotonic inference rules is not 
to add certain knowledge where there is none, but rather to 
guide the selection of tentatively held beliefs in the hope 
that fruitful investigations and good guesses will result. 
This means that ~me should not a priori expect non ­
monotonic rules to derive valid conclusions independent of 
the monotonic rules. Rather one should expect to be led to a 
set of beliefs which while perhaps eventually shown 
incorrect will meanwhile coherently guide investigations. 

One class of non-monotonic inferences consist of what might 
be called "minimal" inferences, in which a minimal model 
for some set of beliefs is assumed by assuming the set of 
beliefs to be a complete description of a state of affairs. 
Such techniques are discussed in [4,9,13], but none of these 
discuss the problem of revising beliefs in the face of new 
information or contradictions. 

The semantical problems and routine belief reviSions 
problems were in large part resolved by Doyle in his Truth 
Maintenance System (TMS) [1], and in related systems 
[6, 7,11,181 In the TMS, each statement has an associated 
set of justifications, each of which represents a reason for 
holding the statements as a belief. These justifications are 
used to determine the set of current beliefs by examining 
the recorded justifications to find well-founded support 
(non -circular proofs) whenever possible for each belief. 
When hypotheses change, these justifications are again 
examined to update the set of current beliefs. Th is scheme 
provides a more accurate version of antecedent and erasing 
procedures of PLANNER without the need to explicitly check 
for circular proofs. The non-monotonic capability appears 
as so-called non-monotonic justifications, which support 
belief just in case some specified statements are believed, 
and other specified statements are not believed. This allows, 
for example, belief in a statement to be justified whenever 
no proof of the negation of the statement is known. This 
representation of non-monotonic justifications, in 
combination with the belief revision algorithms, produced 
the first system capable of performing the routine revision 
of apparently inconsistent theories into consistent theories. 

3. LINGUISTIC PRELIMINARIES 

We settle on a language L which will be the language of all 
theories mentioned in the following. L Is the usual language 
of predicate calculus augmented by the unary modality M. 
In this paper, the letters C, D, E and f will be used a.s 
syntactic variables ranging over propositional constant 



letters. The letters p, q and r will be used for formulas. 

The inferential system used defines a first-order theory to 
be a set of axioms including the following infinite class of 
axioms: for all formulas p, q and r: 

( 6) ( i) p:::![q:>p] 
( ii) [p:;)[q:>r]]:;)[(p:;)q]:::~[q:;)r]] 

(iii) [ .,q:;).,p]:::![[ .,q:>p]:;)q] 
(iv) Vxp(x):;)p(t) 

where p( x) is a formula and t is a constant or a variable 
free for x in p( x) and p( t) denotes the result of 
substituting t for every free occurrence of x in p( x), and 

( v) Vx[p:::~q]:::~[p:;)Vxq] 

if p is a formula containing no free occurrence of x. (These 
axioms are from [10].) These are the logical axioms. All 
other axioms are called proper, or non-logical axioms. The 
theory with no proper axioms is called the predicate calculus 
(PC). (Note that this theory also contains strings 
containing the letter M, so it is actually not strict PC.) The 
sentential calculus ( SC) consists of axioms which at.: 
instances of ( i), ( ii) and (iii) only. A theory consisting 
only of the sentential calculus plus a finite number of 
statements is called a statement tlleor7. In this paper, the 
letters A and 8 will be used to stand for theories. 

4. PROOf-THEORETIC OPERATORS 

The monotonic rules of inference we will use (also from 
[10]) are 

( 7) Modus Ponens: from p and p:;)q, infer q 
Generalization: from p, infer Vxp. 

If S is a set of formulas, and p follows from S and the 
axioms of A by the rules (7), we say S .. AP· We abbreviate 
.. PC by .. alone. We define Th(S) : {p: S .. p}. 

The particular inference rules (7) are not very importanL 
Later in the paper, when we concentrate on statement 
theories, the rule of generalization will be dropped without 
much fanfare. All that Is important is that the operator Th 
have the following properties, which together are called 
monotonicit': 

(8) (i)A~Th(A) 

(ii) If A~ 8, then Th(A) ~ Th(8), 

and the property ( 9) of idem pot met 
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(9) Th(Th(A)): Th(A). 

Clearly, any classical inference system satisfies these 
conditions. Condition (9) can also be viewed as a fixed 
point equation, stating that the set of theorems 
monotonically derivable from a theory Is a fixed point of 
the operator which computes the closure of a set of formulas 
under the monotonic inference rules. A well-known 
property of the monotonic inference rules is that Th( A) is 
the smallest fixed point of this closing process; in fact, that 
Th( A) Is the intersection of all S such that A ~ S and 
Th(S) : S. 

In order to deal with non-monotonic logic, we need a new 
inference rule like this one (which we will take back 
immediately): 

(10) "If II A "'P, then .. A Mp." 

That is, if a formula's negation is not derivable, it may be 
inferred to be consistent. As it stands, however, this rule Is 
of no value because It is circular. "Derivable" means 
"derivable from axioms by inference rules", so we cannot 
define an inference rule in terms of derivabillty so casually. 

Instead, we retain the definition of .. as meaning monotonic 
derivability, and define the operator NM as follows: for 
any first-order theory A and any set of formulas S ~ L ( L, 
recall, is the entire language), let 

where As A ( S), the set of assumptions from S, Is given by 

(12) AsA(S): {Mq: q E l.. and .,q f S}- Th(A). 

Notice that theorems of A of the form Mq are never counted 
as assumptions. NMA takes a set S and produces a new set 

which includes Th( A) but also includes much more: 
everything provable from the enlarged set of axioms and 
assumptions which is the original theory together with all 
assumptions not ruled out by S. We would like to define 
TH( A), the set of theorems non-monotonically derivable 
from A, by analogy with the monotonic case as 

(13) "TH( A) :the smallest fixed point of NMA." 

This "definition" tries to capture the Idea of adding the 
non-monotonic inference rule (10) to a first-order theory A. 
This Is plausible, since it demands a set such that all of Its 
elements may be proven from axioms and assumptions not 
wiped out by the proofs. Unfortunately, there Is In general 



no appropriate fixed point of NMA. It can happen that a 
theory has no fixed point under the operator NMA. Even if 
there are fixed points, there need not be a smallest fixed 
point. 

ror example, consider the theory T1 obtained u 

( 14) Tl =PC u { MC:::J.,D, MD:::J..C }, 

where C and D are propositional constants. NMn hu two 
fixed points, which can be called n and r2. n contains ..c 
but not .,D, and r2 contains .,D but not .. c. Since .,D Is not 
in H, MD is in n, and so ..C is in n. Similarly, the 
presence of .,D in r2 keeps ..C out and MC in r2. The 
problem Is that neither Flnr2 nor rlur2 Is a fixed point of 
NMn. Since neither .. c nor .,D is In rtnr2, MC and MD 
are both in NMn ( nnr2), so ..C and .,D are in 

NMnCnnr2), so nnr2 ~ NMnCrlnr2). Similarly, both 
.. c a.nd .,D are in NMn ( nur2) I so applying NMn to the 
union results in a smaller set. So In this case there Is no 
natural status for ..C and .,D. 

An example of a theory with no fixed point of the 
corresponding operator is the theory T2 obtained u 

(lS) T2 = PC u { MC:::J..C }. 

In this case, NMT2 has no fixed point, since alternate 
applications of the operator to any set produce new sets in 
which either both MC and ..C exist or neither exist. 

Therefore, we must accept a somewhat less elegant definition 
of TH. Let us define TH as follows: 

(16) TH(A) = O({L} u (S: NMA(S) = S)). 

That is, the set of provable formulas is the Intersection of 
all fixed points of NMA, or the entire language if there are 
no fixed points. We will use the abbreviation Al-p to 
indicate that p E TH( A). With this definition, neither MC 
••or MD is a theorem of T1 in (14), but MCvMD is. In the 
following, we will abbreviate {S: NMA(S): S} u rP(A), 
and (somewhat abusing the terms) call the elements of this 
set fixed potnts of the theory A. 

S. MODEL THEORY 

An interpretation V of formulas over a language L Is a pair 
<X, U>, where X is a nonempty set, and U is a function 
which associates relations and values over the domain X 
with each predicate, variable, constant and propositional 
constant letter In the usual fashion. That is, for each n-ary 
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predicate Jetter P, U( P) ~ X"; for each variable or 
constant x, U( x) E X; and for each propositional constant 
letter C, U( C) E {0, 1}. Using this mapping function U we 
define the value V( p) of a formula p in the interpretation 
V to be an element of {0, 1} satisfying the following 
conditions: ror an atomic formula p(x1, - 1 xn), the value 

is 1 if <U(x1), ·-• U(xn)> E U(p), and is 0 otherwise. 
V( .. p) = 1 if V(p) = O, and is 0 otherwise. V(p:::Jq) = 1if 
either V(p) = 0 or V(q) = 1, and Is 0 otherwise. V(Yxp) = 
1 if for all y E X, V'(p) = 1, where V' =<X [y / xJU>, 
where [y I xJU Is the mapping derived from U by 
changing its value at the point x to the value y. V( Yxp) : 
0 otherwise. If V( p) = 1, we say that V sattsflts p, and 
write V~p. 

A monotonic model of a set of formulas S ~ L Is an 
interpretation V which satisfies each formula in S, that is, 
V ( p) = 1 for each formula p E S. A non-monotonic model of 
a theory A is a pair <V, S>, where V Is a monotonic model 
of s, and s E rP( A). When the context makes the intended 
meaning clear, we will use the term model of A to mean 
either a non-monotonic model, a monotonic model, or an 
element of rP( A) for the theory A. 

Although unorthodox, this definition provides a meaning 
for formulas Mp which reflects the proof-theoretic property 
that "p is consistent with what is believed". This notion is 
made precise by including in the model a set of "current 
assumptions" (namely, As A ( S)). A model for a theory 
must assign 1 to all of these assumptions, so the effect is 
that Mp is assigned 1 in a model if "P is not derivable and 
.,Mp is not derivable from the current assumptions and the 
original theory, that is, if p is consistent with what is 
"believed" in the model. Unfortunately, Mp may be 
assigned 1 in some model even when .,p Is derivable (for 
example, when no axiom mentions Mp at all). This 
indicates that the logic is too weak. We discuss this problem 
in the full paper. We present a stronger logic, with a more 
elegant model theory, in a forthcoming paper. 

With this definition of model, we can justify the definition 
of provability. 

Tlltortm I. (Soundness) If Al-p, then V~p fnr all models 
<V, S> of A. 

Proof: Assume Al-p. If there are no models of A, the 
theorem follows trivially. Otherwise, p is a member of 
every fixed point of A. But since every model of A Is a 
monotonic model of a fixed point of A, every model assigns 
1 to p.l 

T lttortm 2. (Completeness) If V~p for all models < V, S> of 



A, then Al-p. 
Proof: Assume that it Is not true that Al-p. Thus there Is 

a fixed point S of NMA which does not contain p. Now 
Th(S) = S by idempotence, so Slip. But the predicate 
calculus is complete, so some monotonic model V of S hu 
V(p) = 0. I 

It is not surprising that we have completeness, since the 
definition of truth makes reference to provability. The 
proof was for first-order theories, but it can easily be 
generalized to any complete formal logic. For example, if 
we take care not to confuse M with the SS operator 
"possibly", we can easily get a complete non-monotonic 
extension of SS. 
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