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This paper describes first a program synthesis from examples method using a SUMMERS like metho-
dology together with a sophisticated pattern matching technique, the BOYER-MOORE-WEGBREIT algo-
rithm. We then characterize the class of functions synthesized from a restricted BMW algorithm.
Our methodology is founded on three grounds.The first onme is a precise characterization of-the

list domains fitting the synthesis from examples problem. The second one is. SUMMERS' technique

of input-output examples transformation into computational traces. The third one is the descri-
ption by a restricted program scheme of the functions in the class. It seems to us that the

proofs methods easily extend to the generalclass.

1. INTRODUCTION

The synthesis of functions from a set
{xi *‘F(xi)} of input-output examples has been

extensively studied [1,2,4,5,6,7,8,9,10,14,15,16]
our purpose here is to study a powerfull exten-
sion of SUMMER's method [ 16] using a pattern
matching technique we shall call the BOYER-
MOORE-WEGBREIT algorithm.

The principles of this technique are discussed
in [3,8,9,10,17].

We recall briefly this method which is detailed
in [8,9,10] . However we think that it is not
enough to describe an algorithm, especially in
our field : we must aim at the characterization
of the class of functions which can be synthe-
sized. A recent work of SMITH [15] describes
such an investigation for a restricted SUMMER's
method. The goal of this paper is to design
more adapted tools which allow simpler proofs
of our theorems. We are able to characterize
the functions synthesized by a restricted BMW
algorithm and prove a linear growth property of
the functions in this class. We mean that our
results shall extend to the general case.

* Partly supported by IRIA-SESORI.
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2. SYNTHESIS METHODOLOGY

We racall briefly, in an intuitive way, the

methodology relative to one variable functions
[8,9,10,16] . We are concerned with LISP unary
functions defined on lists. Before the synthe-
sis process itself takes place, two transfor-
mations of the input-output values are neces-

sary. The first one transforms these values in-
to a set of computational traces expressed with
the set {cons, car, cdr, atom} of primitive
functions. The second one transforms the compu-
tational traces into a partial function, defi-
ned on subdomains of F.

In order to make our notations and results clea-
rer, we shall describe the synthesis of an
ad'hoc function F described by the following
set of examples :

x, = (A(B)C)  F(x ) = (B) ;

= (A(B(C(DIE))) F(x;) = (CCB) ;
, = (A(B(C(D(E(F)G))))) F(x,) = (CCDCB);
3 = (A(B(C(D(E(F(G(H)I))))))) F(xy)= (CCCEDCB)

x
[}

el
]

x
(]

2.1. Notations and definitions

Let L bet the set of LISP lists. A list x of
L may be viewed as a cons-tree, each leaf of
which is an atom.

F i = - :
or instance, X, (A(B)C) or X, AB nilc nil



Let |x] be the complexity of the list x, i.e.
the number of leafs in the associated cons-tree.

Following KNUTH [ 11], we shall denote by
S(x, y, *) the list obtained by substitution of

y to all the =*-labelled atoms of x For instance
. nil
Sa b E R{}' xo’*) 2 nil
Fx
A nil

B nil c

It is well known that the order associated to
the substitution relation is a partial ordering
of L.

Definition : A reduction function is a finite
composition of car and cdr. Let R be the set
of reduction functions. The length |f| of f €R
is the number of car and cdr in f.

Notice that the triplet <R, composition rule,
I >, where I denotes the identity function; is
isomorphic to the free monoid constructed on

the alphabet {car, cdr}.
Definition : Let Ai be the ith occurrence of

the atom A in the list x and u the unique reduc-
tion function which verifies u(x) = Ai' Then u

is said to be the functional name of Ai in x.

For instance, the name of B in a is cadadr.

Definition : If v € R is a right factor of
u € R, then u v_! denotes the function of R such

that u = (u v_1)v. Let u modulo v be the func-
tion u v'K provided vk’ Ts a right factor of u
iff 0 Sk' <k.

; -1
Example : u = caadadr, v = cadr, uv =
u modulo v = car.

caadr,

Definition : Given a set of terminal functions
(Generally R U {nil}) a cons-expression is a
cons-tree, each leaf of which is a terminal
function or nil.

Example : f =

car cddr

cadadr nil

Notice that nil may be viewed either as an atom
or as a function.

Let w be the undefined atom, D(f) the domain of
the function f, i.e. the set {xlx €L, f(x)#w

Definition : The adapted structure [15] ad(f)
of a function f € R is the smallest x € D(f).

For example, ad(caddar)= @nil
A B

G nil
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Notice that the atoms of ad(f) do not have any
importance at all, i.e. ad(f) is in fact a list
structure.

Definition : The adapted structure ad(F) of a
set F = {f.}, f. €R ¥i, is the smallest

x € D(F) -19 D(%i).

For example, ad {caddar, cddr} = D nil
A B

C nil

In the following, we shall suppose that no atoms
of ad(F) bear the same name.

2.2. Computational traces

A main step in SUMMER's method is to transform
the sequence {xi'* F(xi)} of input-output exam-

ples in a sequence {pi(x)"> fi(x)} of computa-
tional traces.

2.2.1. Ascending linear domains.

The further step of synthesis requires the
existence of recurrence relations between the
predicates p,. It is thus natural to study the
input domaind that possess this property.

Definition : Given X, €L, 0€L, o owning a

single *-labelled atom, the set {xo. X4 =

*)} is called ascending linear domain

In fact, we change the names of the atoms in
order to avoid several occurrences of the same
atom in X .

For instance, if x = A nil
o .
nil C
and 0. = A nil
B
/
Cx nil

Jk(xo,a) is the set
{(A(B)C), (A(B(C(D)E))), (A(B(C(D(E(F)G))))),...}

Notice that the partial ordering on L is total
onP(x , a).

o
We now have to exhibit a sequence P; of predi-
cates which verify :
p;(x;) =T, pi(xj) = F iff j > i.pi(xj) = w iff
j <1i, where T and F denote the logical values
true and false. -

Let us call b the function name of the *-label-
led atom in 0. and suppose that we know a reduc-
tion T such that atom. ﬂ(xo) =T,



It is obvious that b(xi =X and it follows

+l) .
that the sequence p; = atom.T.b! verifies

pi(xi) = T. We still need to find the 'good"

function m, i.e. the function such that p, veri-
fies the two remaining conditions pi(xj) = F

iff j > i and pi(xj) =w iff j <i.
Definition : An atom in a list x is said to be
in the direction of £f € R = {I} iff its functio-

nal name has the form f'.f where f' is a pro-
per right factor of f, i.e : £ = £".f', f" # I.

For instance, nil_ in x.= /F2Z?\\‘7~.. .
’ * 0 A nil is in

B n11*C
the direction of cadr : its functional name is

cdadr = cdr.cadr.

The intuitive meaning of this concept is the
following : if we compute cadr(xo) we obtain

B nil which is not yet an atom. We cannot com-
pute cadr.cadr(xo) which is not defined, but we

start the computation and keep computing as
long as we do not reach an atom : cdr.cadr(x_)
= nil_ is an atom ; we therefore stop the com-
putation at this point.

Property of the ascending linear domains : gi-
ven an ascending linear domain W (x_, o) and

the fame b of the #-labelled atom Of a, let
be the functional name of the atom of x_ which
is in the direction of b. Then {pi = atOm.m.b'}

is a sequence of predicates for the domain.

Proof : m = b'.bP, where b = b".b' and b" # I.
- As atom. ﬂ(xo) = T by definition of T, we

T, ¥i

know that pi(xi)

- <i:pyx) = atom.m.b'(x.) = atom.b'.bP.
bi_j(x ) J :
o

= a:om.b'.b"J".b".b'.b"(xo)=

atom.b'.bt-'rl

.b".ﬂ(xo) =W

because ﬂ(xo) is an atom and b" € R-{1}.

- > .
j~ic pi("J)

Let us compute s fmiel

pj(xj) =T = atom.ﬂ.bJ(xj) = atom.b'.b37}7",

n
b '"(xj—i)
It is obvious that if p.(x.,) = atom.T(x.
or T th £ =
w 1 en

i
= atom.T.b .) = atom.m(x._.).
atom (xJ) m (XJ_l)

) =

i
.(x.,) = w which is false. Thus p.(x.) = F .
b uk Byl = E

Notice that the sequence of predicates verify-
ing these previous conditions is not unique in
the sense that T is not unique in some particu-
lar cases.
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Example : Let us consider the previous set
;szo’ ®). We obtain b = cadadr and T = cdadr.
Thus P, = atom.cdadr, P, = atom.cdadadadr,

Py, = atom.cdadadadadadr. The match of P; and

Piv succeeds and we obtain :

P

m (x) = pi(cadadr x)

More generally, pi = atom.n.b1 and P; = pi.b

+1
2,2,2. Fragments

The output F(x.,) is taken in its cons-tree form.
Each atom, except nil, of this cons-tree is re-
placed by its functional name in x.. The pro-
cess is unambiguous iff there are not several
atoms (except nil) bearing the same name in any
X, . Each obtained cons-expression f(xi) is then

turned into a partial function fi(x) by the su-

bstitution of x to each x; of f(x%) . The func-
i ; i gm f F. Noti

tion f1 is called the ith fragment o otice

that f. is defined for any x >‘xi and equal to
f(xi) when x = X .

Example :
— .
F(xo) =B nil = f(xo) = caaé;-——hil ind
|
X
f (x) = caadr il C
o |
x
F(x)) = ¢ T~
B nil
fl(x) = caagadr
X caadadr caadr nil
, }
F(xz) =C C
D G
B nil
fz(x) = cam
x caadadr i
* caadadadr caadadr
x x
F(x,) =C C el
. C E Caﬁil
D C 1
B nil
f3(x) = c?adadr
X

* caadadadr
X ca§dadr

b ciadr nil



2.2.3. Approximations

The input-output sequence {x, = f(x )} has been
changed into a sequence of predlcates and frag-
ments {p.(x) = f.(x)} which is embedded into an
1 2. thén... else... function in order to ob-
tain the following n-approximation of F

if po(x) then fo(x) else
if pl(x) then f](x) elge -
if pn(x) then fn(x) else W,

Notice that the names of the atoms are now lost
we therefore cannot synthesize functions depen-
ding on these names, like the function which is
true iff all the names of the atoms are diffe-
rent.

Our problem now is to get a finite expression
of the ~-approximation.

2.3. The synthesis technique

The principle of the method consists in detec-
ting a repetitive computation on the successive
traces. .

Predicates : We have the recurrence relation
(M p,. .. (x) = p.(cadadr x).

i+l
Fragments : We attempt to match f.(x) and f,
(x) using the BMW algorithm, When'it succeeés,
we use its substitutions to write recurrence
relations proved to be equivalent to programs
by SUMMER's main synthesis theorem [16] or its
extensions [9].

The classical pattern matching techniques [13]
do not succed to match the preceeding sequence
of fragments. In this case, a first order pat-
tern matching attemps to use generalization te-
chniques together with matches between subtrees,
i.e. the BMW algorithm. It works as follows :

A first generalization leads to replace the nil
atom by a variable z in each fragment :

titutions :

{x »>x, x> cadr x, z~ caa’?z}.

L
Since the variable x receives two different
substitutions, a new generalization is necessa-

' if it undergoes

ry : the variable x becomes x
the first substitution and x" if it undergoes
the second substitution, and the fragment fi(x)

becomes fi(x',x",z)

£'(x',x",z) = caaé;-"‘“z
o i
x
fi(x',x",z) = caad42:-222325;-_2253?'_'z
i ] x." x'"

fé(x',x",z) =
7/ 7 — >
caadadr caadadr caadadadr caadadr caadr z

' ' 1 n 11 "
v x

X X X X
fé(x’,x",z) -

/ / / / 7 s
caadadr caadadr caadadr caadadadadr caadgdadr
. "(v *v ’l‘v "‘u x"
caadaﬁr caadr z

}"u )"u

The matching between two consecutive fragments
now succeeds and we find the following recurren-
ce relations

f'i+](x',x",z) = hi[x',fi(x',(cadr x",

g; (x",2))]

(2)
hi(x',y) = (cons(caadadr x')y)

£ dr
o(x) becomes cazdr z gi(x",z) = (cons(caady %")z)
fl(x) — eaaliade Saaiadn ca?dr 3 Notice that {hi} and {gi} are two sequences of
x % X fragments associated to the sequence of predica-
) tes p. ;- In the present case, hi and g; are

fz(x) becomes caadadr caadadadr caadadr ca§dr i

X x A

/ / , ! / 14
f3(x) becomes caadadr caadadr caa?adr caadaqadadr caadadadr caadadr cé§dr z

X % X x P x x

The matching is now possible : Each fragment is

matched with the first subtree of the successi-

ve fragment, provided the following set of subs-

constant cons-expressions.Sometimes h, and g,
are not constant. When it is the case, we use
repetitively the same algorithm until we get



constant h and g.

In the following, we shall restrict ourself to
a one step BMW algorithm (the above example be-
haves in this way).

Since we use matches between subtrees, the suc-
ceeding match is generally not unique. One
should not worry about this : we shall prove

that all the matches lead to equivalent programs.

From the relations (1) and (2) a program is de-
rived using the following extension [9] of

SUMMER's Synthesis Theorem (MST)
Theorem : If the infinite sequences {pi} and

{fi} verify the recurrence relations :

Piy () = Ei(b(’()ﬂ, .
fi(x)-fi(x yX,nil )with x = x,...,X n times
and nil™ = nil,...,nil m times.
- 'ﬁﬁ
+p (Koxx ;b- hl x, f!(b'(x) b(xx),g(x,2))
— )
where b'(x) is b (x ),...,b (x ),g(x,z) is
gl(x.z VEREENS - (x z) e€ R-{I}, b =ed,
bi=e1,0<ri<q,0<m
h and g are constant cons-expressions then the
o-gpproximation associated to the computational

traces sequence {pl(x) -+ £, (x)} is equivalent
to the program :

F()Q,“‘F _(x ,x,nil™)
F'(x',xx,z) < If atom. ﬂ(xx) then f (x z)
else h[x F'(B(x), b(xx),g(x z))]

The xx variable, defined as the domain variable,
is introduced to take into account the recur-
sion on pi(x). One realizes its importance when

neither
have the same relation as xx :

F(x) *‘F (x,%,x,nil)
F'(x',x",xx,z) « If atom(cdadr xx) then
(cons(caadr x")z)

h(x',x",xx,F'(x", (cadr x"),
(cadadr xx),g(x',x",xx,z))).

h(x',x",y) < (cons(caadadr x')y)
g(x',x",z) + (cons(caadr x'")z)

we look back to the previous example :

x' nor x"

In the following, the symbol F used as an
example will always denote the above function.

Remark : Given a function, the recurrence rela-
tions are supposed to begin with the first exam-
ple of the function. For the sake of readabili-
ty, we shall rule out the trivial cases where
the first examples of the function's behaviour
(i.e. a finite number of them) have particular
properties.
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3. THE SYNTHESIS ALGORITHM AND THE RESTRICTED
PROGRAM SCHEME.

Let us recall that we are only concerned with
unary LISP functions given by a sequence
{x - F(x )} of examples, the set {x } of inputs

belongxng to an ascending linear domaln?f?xo,a)
Synthesis algorithm

1. Compute the functional name b
que * - labelled atom of a.

of the uni-

2. Compute the functional name T of the unique
atom in X, which is in the direction of b.

3. Compute the fragments fi'

4, Look for recurrence relations between conse-
cutive fragments using the BMW algorithm
restricted to one step.

5. If recurrence relations are found then use
the MST. Our present aim is to precise which
functions can be synthesized and how many
examples are needed.

let us call & the set of functions which can
be synthesized. If F Gﬁwk, obviously F veri-
fies the program scheme used in the MST. Our
purpose is to prove the reciprocal. Following
SMITH [15], we shall first introduce some very
natural restrictions on the program scheme

which come from the fragment computation techni-
que.

Program scheme O

F 1s a cons-tree whose terminal functions 8;
belong to R U {nil}

Restriction : ¥ 8128918,

Notice that this restriction comes very natural-
ly : It means that g, and g, are terminal func-
tions of fragments (éxnce F“is constant, f. = F,
Vi) and thus gl(xi) and 32(x1) are both atdms.

= v.g2= v=1,

It follows that v.gz(xi) is defined iff v = I,
Program scheme |

F(x) < F'(x,x,nil)
F'(x,xx,2z) + If po(xx) then f;(x,z)

else h x,F'(c(X),b(xx),g(x,z))]

In fact x,c and z in the F' definition should

be vectors as shown by the example. We do not
use vectors in order to lighten the notations
but this simplification implies no loss of gene-
rality.

We shall callys the set of functions which
can be computed bg an instance of this restric-
ted schema.



Restrictions :

1/3 e€r-{1}, 3 0<q,30<

b =ed, c = ef.
2/ p, = atom, T, T = b'bP, p >0, b =b"b",
b" # I.

< r < q such that

3/ f") is a cons-tree whose terminal functions
fc" ; belong to R-{1} U {nil} when applied to
’
x and equal I when applied to z.

4/ h is a cons-tree whose terminal functions
hi belong to R-{I} U {nil} when applied to

x and equal I when applied to F',

5/ g is a cons-tree whose terminal functions
g; belong to {R} - {1} Y {nil} when ap-

plied to x and equal I when applied to z.

6/ Let Xo be the set of functions defined below
which lead to a computation on X, starting
from a computation F(xk).

Vf,gexo, f=v.g=v=1.

1/ Lecq be the set of functions defined below
which lead to a computation on 0O starting
from a computation F(x

)
vf €d=f # I and ¥f, ged ,

These two last restrictions mean that functions
of Xo and & come from fragments. It follows
that if g belongs to X , then g(x ) is an atom.
Thus v.g(xo) is defined iff v = I°

X = {r} VU {f' ..ck.b-k|o <k,bk is a right
o i 0,i

factor of f' i.ck}

f=v.g=v=1,

UU{g |o<3<kb is a right
factor of gi.cJ}

vy {hi.cJ.b—klo <j <k,bk is a right
i

factor of h, e}

d = b} VU (£ . .cd modulo blo
i 0,i

i, r # 4},

where r and q are defined in restriction I
vy {gi.cJ modulo blo < j}
i

vy {hi.cJ modulo blo < j}

i
Example : In the above example (section 2) c
was a two-dimensional vector (CI’CZ)' Its first

component, c,, is associated with the terminal

1
functions which compute on x' and c, is associa-
ted with the terminal functions which compute

on x". —
- 7= cdadr ; V {f; ;¢ .b "} = {caadr,car}
i

L_J{g..cJ.b-k} = {car} ; Ulh,.c.b ¥} =car ;.
i1 i 1
Thus Xo = {car,caadr,cdadr}

- b= cadadt ; L_J{f") i.cj modulo b}={caadr,cz.ir};
U {g & moduls B} = ; Li)[hi.c‘]
modulo b} = {car} ;

Thus & = {car,caadr,cadadr} ;

Let us call TS] the set of functions which can

{caadr,car}

be computed by a program whiclbis an instance
on th*xrestrlcted scheme and IV the set

Theorem : Jﬁ= TJ.

Before proving this theorem, we shall first ex-
press the fragment fk in terms of the functions

f('), h and g which appear in the program schemal,
500 = W e, h[c“ ',

£ [c x),e T, ...,
g(c(x), glx,nil))...)]] ...]]

This lemma is easy to prove by induction on k.

As a consequenge, the selté of terminal functions
. ] ' j|

of £, is {hi.c g F 0,i"C28; ¢ |3 <x}.

First part of the proof : IR ol 38 3

Two cases may occur : the computed fragments
are constant or not. If they are constant, the
program scheme o is used and the restriction
holds, else scheme | is used and we have to
prove the restrictions 1 to 7.

Leond 1,

Lemma 2 : Restriction 1 holds.

Proof : The matching of the fragments provides
a function ¢ € R such that ¥i >o,j <i, e (x.)
# w This implies that either ¢ = I and lemma 2
is proved with e =b, q =1 and r = o, or c#l
and ¢ and b "compute in the same direction'.

It follows that bl¢la clPl.

As b and c belong to the free monoid construc-
ted on the alphabet {car,cdr} they are powers
of the same e € R. Thus b = ed and c = ef,
Moreover if q <r, then for k large enough

k 1

(x ) would be W since bk I(x ) = x

k 1’
Restnctlon 2 holds because.ﬂ’(x ,0) is an
ascending linear domain.

Restriction 3,4,5 come from the working techni-
que of the BMW algorithm.

Lemma 3 : ¥f X , atom £(x)) = T.



Restriction 6 follows
vt €A, atom. f(a) = T.

7 follows then easily and the first
theorem is proved.

of the proof :Gﬁﬂ:jjt, Three steps

easily.
Lemma 4 :

Restriction
part of the

Second part
are needed.

First step.
We have to exhibit an ascending linear domain
*xo,a). This domain should ve the "smallest" do-

main on which the synthesis of the known func-
tion F is possible. Given F € ¥, ve naturally
take as X, and O @

x, = ad(Xo), a = ad@
This has a meaning, because :
Lemma 5 : Xo and 6{ are finite sets.
The proof is simple,
Example : for the example F we have Xo =
{car,caadr,cdadr} » d =

It follows that : X,

{car,caadr,cadadr},
A nil
B nil

o =A nil

B C nil

Notice that the new X is simpler than the pre-

vious one which contained useless information.

To define W (x ,4), we need a *-labelled atom

in a, the funcfional name of which is b : it is
thus the atom C.

Second step.

Given the set {x.} of inputs, it is now possi-
ble to compute the set {xi‘* F(xi)} of examples

and the set {pg'* fg} of computational traces.
-
{pi fi} and

= atom.T. bt

We shall now prove that the sets

fp;'* f;} are identical, where P,

and fi is defined in lemma 1.
Lemma 6 : Given a set G of reduction functions

and x = ad(G), if atom.f(x) = F then there
exists g € G such that g = v.f, v € R-{1}.

[ = € =
1f G = {g;} and ¥g , g, €6, g,
then atom.gi(ad(G))=£.

Lemma 7
v.g,y =2v =1,
atom.ﬂ.bl.

" -
o B = E

Lemma 8 = p; =

Lemma 9 : ¥

Third step.

We now may match the consecutive fragments. We
know recurrence relations between these frag-
ments : they derive from the given program F.
Nevertheless, several matches may succeed and
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lead to different programs with program scheme

o or 1. We thus have to prove that all these
different matches lead to equivalent programs,
although a finite number of examples are used to
compute the fragments and the recurrence rela-
tions.

Notice that there is no problem if F is given by
a program which is an instance of the program
scheme o. In this case, F will be synthesized
with the same program. Difficulties appear when
F is given by a program which is an instance of
the program scheme 1.

Before solving this problem, we shall prove a
property of the class TV,

Property 1 : F eS‘f = ]F(xk)| is a constant.
Property 2 : F € ==°'|F(xk)| is a constant or

a linear function of lku.

Lemma 10 : If F is an instance of the program
scheme | and F" an instance of the program sche-
me o which take the same values in x_ and X

then F and F" are equivalent. The synthesis pro-
cess of F needs two examples : x_ F(xo) and

-
X F(xl).
Lemma 11 If F and F" are two instances of the
program scheme 1, which take the same values in
x , x, and x_, then F and F" are equivalent.
The synthesi§ process of F needs three examples
xo'* F(xo), x, - F(xl) and xz‘* F(xz).

Proof : A detailed proof is rather technical
and can be found in [7 bis]. Its principle is
characterize the links between the two sets
{TBb,c,f'o,h,g} and {1ub,c",f;,h,g}(which defi-

ne F and F") when F and F'" have the same values
on X ,X, and Xye These links enable us to prove

easily that the sequences of fragments {fi} and
{f"} are identical.

We have thus proved that any function 1n5‘3 is
sgnthelsued from 2 examples and 1nw~3\~2from 3

4, CONCLUSION

We have obtained a characterization of the
class of functions synthesized from examples,
when a restricted BMW algorithm is used. More-
over, we have proved an important property of
the functions in this class the existence of
a deep relation between the number of examples
needed for their synthesis and their growth
speed. These above results, obtained for the
classes and may be extended to the
class def1ned by the use of an n-step BMW

algorithm. A key step for this proof is the



obtention of an equivalence result between an

instance of the program scheme n and an instan-

ce of the program scheme m < n wich take the sa-

me values for the inputs xo’xl""’xn+l'

A further interesting problem should be to ob-

Eﬂip an intuitive characterization of the class
= uil‘d;. We mean that there is a strong ana-

n

logy between the properties of the polynomials
and those of T\J.

The BMW algorithm has been implemented in LISP
by E. PAPON (unpublished "stage de D.E.A.'" Univ.
Paris-Sud).
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