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We shall lay down a programming calculus in which we develop a methodology for reasoning about
data and programs. Our language, L, is ordinary first order predicate logic. A subset of this
language, Lp, is our programming language that can be run efficiently in PROLOG. The calculus
consists of a natural deduction system that is used for deducing programs and a system for effi-
cient computation of programs. The axioms of the calculus characterize the data structures. Defi-
nitions are used for program specifications and mappings between data structures. The programs
are deduced from the axioms and the definitions. Examples of deduced programs are a LISP-program
and a program that Burstall and Darlington could not obtain in their transformation system.

1e INTRODUCTION

Our main purpose is to develop a methodology for
reasoning about data and programs, and especially
to enable us to arrive at a programming calculus.
In this connection we shall take up a system of
natural deduction invented by JaSkowski and
Gentzen, and from this we shall deduce programs.

Natural deduction systems are natural in several
ways. One important point is their characteriza-
tion of informal reasoning. In particular, the
structure of unformalized reasoning preserves its
structure when it is formalized. In fact, the
suggestion by Lukasiewics to formalize reasoning
from assumptions seems to be a first step towards
natural deduction systems.

We can think of a natural deduction system as a
formalization of means-ends analysis in the GPS-
system (see Newell & Simon [14]). Teking this
view, a derivation of a program follows a general
structure. An induction hypothesis is an initial
state. A program specification together with axi-
oms of data structures or data structure mappings
are operators that transform an initial state to
a final state that is the program. The general
structure of a deduction is of great interest not
only for our understanding of program deductions
but also for developing methods for automated
reasoning. Unfortunately, we have to leave out
the deductions for reasons of space. A detailed
description of the deductions is found in Hansson
& Tarnlund [7].

We shall make use of Quine's [16] natural deduc-
tion system for classical logic. Natural deduction
systems are not restricted to classical logic but
apply also to many other systems e.g., second or-
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der logic, modal logic and set theory. A compre-
hensive description of natural deduction systems
as well as of their history is given by Prawitz
[15].

Our language is first order predicate logic (L)
defined in its standard way with bound and free
variables, primitive signs for quantification (V
and 3), conjunction (&), disjunction (v), conditio-
nal (+), negation (~) and bi-conditional (<), In
section 2 this language is used for writing down
axioms e.g., to characterize data structures, and
in sections 3-5 for definitions of programs and
data structure mappings. We use the inference

rules of the natural deduction system to derive
programs from the axioms, definitions and mappings.

The language L should be distinguished from the
restricted language of Horn clauses Lp, which is
our programming language (see Colmerauer et al.
[6 1, Hayes [ 8] and Kowalski [10]). Thus a de-
duction of a program starts from axioms and defi-
nitions in L and arrives at a Horn clause program
in Lp. Horn clause programs do not restrict the
set of computable functions (see Téarnlund [19])
and since the advent of PROLOG (see Roussel [18]
and Warren [21]) they can also be run efficiently
by a resolution-like theorem prover (see Robinson

(17l).

The programming language evidently becomes an
integrated part of a logic calculus, in the sence
of Church [4], where the deductions are deter-
mined by inference rules and axioms. It should
be noted that our system consists of a natural
deduction system for reasoning and a resolution
system for the efficient computation of programs.

*This work was supported by the Swedish Natural
Science Research Council.



2. DATA STRUCTURES

We now turn to the notion of data structures,
which are premises in our deductions. We shall
have to write down these structures explicitly in
order to make formal inferences from them. These
formalizations are axioms in our calculus.

We shall take up four data structures: simple
linear lists, difference lists, binary trees and
ordered-binary trees. Our characterization of
these data structures has already been introduced
in Tdrnlund [20].

A simple linear list is empty (@) or constructed
(x.y) from an element x and a list y. We forma-
lize this idea in our first axiom.

Axiom 1.

vw{list(w) <> w=@ v IxIylw=x.y & element(x) &
list(y)]}

We are using a dot, . , for list constructions
which like the extensions of the elements are
supposed to be defined elsewhere.

Generally, there are useful lemmas that could be
derived from the axioms which make the deductions
of programs shorter. Following Clark & T&drnlund

[ 5] these lemmas consist of an induction step
and a base. For reasons of space we have to leave
them out.

Our next axiom characterizes a more complicated
linear list called a difference list or a d-list
for short. It is useful for direct access to the
rear of a linear list and for concatenating two
lists efficiently. We may think of a d-list as a
pair <u,w> of linear lists u and w, where each
element on w occurs in the same order at the rear
of ue.g., u=a.b.c.x and w=c.x giving the pair

<a.b.c.x,c.x>, which denotes the simple list a.b.f.

Our second axiom formalizes the idea of a d-list.
Axiom 2.

Vw{d-list(w) <« Vz3udvlw=<u,z> & (u=z v u=v.z &
element(v) v d-list(<u,v>) & d-list(<v,z>))]}

We assume that the pair constructor, < > , is
already defined.

Binary trees are interesting and useful data
structures not only for their own sake but also
because any tree can be represented by a binary
tree. An object is a binary tree if and only if
it is empty or constructed t(x,y,z) where y is
an element, moreover, the subtrees x and z are
binary trees themselves. This idea is formalized
in our third axiom.

Axiom 3.

vw{binary-tree(w) «> w=@ v 3x3y3z[w=t(x,y,z) &
element(y) & binary-tree(x) & binary-tree(z)]}
When unambiguous a binary tree is called a tree.
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The concept of ordering is fundamental in pro-
gramming. We shall need a "belongs-to" relation-
ship in order to specify the idea of ordering.

An element u belongs to a list w if and only if
w is identical with a simple list x.y and u is
identical with x or u belongs to the list y. This
is written more precisely in our fourth axiom.

Axiom k.

Vuvz{u € z +*> list(z) &
IxIylz=x.y & (u=x v u € y)1}

This inductive definition is naturally viewed
from the front of the list towards the rear.
However, it is equally natural to view a list
from the rear towards the front. But in order to
achieve the latter idea we have to make use of a
d-list since a linear list does not work in the
latter direction. The following picture might be
useful for understanding our next axiom.

: <u,w2
~ 7~
<U,vV.w>
Two d-lists.

An element x belongs to a d-list <u,w> if and
only if there exists a one—element shorter d-list
<u,v.w> such that x is identical with v or be-
longs to a d-list <u,v.w>. We make this notion
concise in an axiom.

Fig.1

Axiom 5.

VxVz{x € z <> 3z'[d-1list(z) & d-list(z') &
Vwdudv[z=<u,w> & z'=<u,v.w> & (x=v v x € z')]]}

An element u belongs to a binary tree t(x,y,z)
if and only if u is identical with y or u belongs
to x or z. This idea is written precisely in an
axiom.

Axiom 6.

Yuvw{u € w <> binary-tree(w) &
IxIyIz[w=t(x,y,2) & (W€ x Vv usy v u€ z)l}

We finish this section with an axiomatization of
an ordered binary tree; ob-tree for short. An
empty tree is an ob-tree and a tree t(x,y,z) is
ordered if and only if each element on the left
subtree x i, less than the element y and each
element on the right subtree z is greater than y,
moreover, the trees x and z are ob-trees.

Axiom T.
Vw {ob-tree(w) <« binary-tree(w) &
[w=p v IxIyIz[w=t(x,y,z) & Vul(u € x + ugy) &
(u € 2 > y<u)] & ob-tree(x) &
ob-tree(z)]]}

We shall also need to distinguish between an emp-
ty list and a constructed list i.e., @#x.y, as



well as between an empty tree and a constructed
tree i.e., P#t(x,y,2). We can now, for example,
derive that there is no element on an empty list
or on an empty tree i.e., ~(u € @). We shall also
assume some standard axiomatization of arithmetic.

3. DEDUCTION FROM INDUCTIVE ASSUMPTIONS

The intention of our programming calculus is to

arrive at systematic methods for deducing programs.

Generally speaking, a deduction of a program
follows from a program specification and from the
axioms of data structures given in section 2 or
mappings between data structures. These axioms,
specifications and mappings are written in our
first order language L. By contrast, a program is
written in the language Lp, which usually is Horn
clauses and a subset of L.

A deduction is built up on the inference rules
in Quine's natural deduction system [16]. In addi-
tion we shall also make use of rules for identity.

It is a point of methodological interest that the
programs are written inductively on a data struc-
ture. This fact is used for deducing programs from
their specification by an inductive argument i.e.,
a program is deduced from an induction hypothesis.
Moreover, this method of deducing programs gives

a correctness proof of the programs for free. A
simple example will shed light on these ideas.

Suppose we wish to deduce a program which checks

whether or not an element x is less than all ele-
ments of a list 1. We owe this "lessall"-program
to Manne & Weldinger [12]. First, we write down

a definition in the language L which is a precise
specification of the program.

Definition 1,

VxV1{lessall(x,1) +> element(x) &
list(1l) & Vz[z € 1 » x<z]}

This definition is explicit in contrast to an
implicit one written inductively on a data struc-
ture. As we shall see explicit definitions con-
tain more alternative programs than implicit de-
finitions and so we consider them more abstract.

We observe that definition 1 contains a simple
list as data structure. In fact, a data structure
provides a general rule for generating the struc-
ture of a program deduction. First, we assume that
there is a program on the data structure e.g.,
lessall(x,1l), where x is an element and 1 a con-
structed list. From this assumption a consequent
is deduced e.g., lessall(x,u.l), where u.l con-
tains one element more than 1. In this way, by
the deduction theorem, we can deduce a part of a
program, which is an induction step. Secondly, we
can readily complete the program by an induction
base e.g., lessall(x,d).
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We can sum up our deductions in Hansson & Térn-
lund [ 7] in the following theorem, which is a
program that checks whether or not an element and
a list satisfy the "lessall'-relationship.

Theorem 1.

lessall(x,@) « element(x)
lessall(x,u.l) « x<u & element(u) & lessall(x,l)

We follow a convenient convention for logic pro-
grams and omit universal quantifiers whose scope
is the entire sentence. We can omit the "type'-
checks if we assume that the program is used with
respect to its intended interpretation. In this
way we arrive at the following simple program
which we can run efficiently in PROLOG.

lessall(x,®)
lessall(x,u.l) « x<u & lessall(x,l)

Rl Program correctness

It is to be noticed that the deduction of our
program ensures that the program is correct. For
example, a correctness statement of the "lessall'-
program is:

VxVl{element(x) & 1list(1l) & lessall(x,l) -
vz{z € 1 » x<z}}

A meta-argument tells us that this statement is
already proved during the deduction of the pro-
gram. A central idea about the deduction is that
it is an induction argument on lists consisting
of a base case and an induction step i.e.,

P(@) & VxVy[P(y) + P(x.y)] - VzP(z)

where the antecedent consists of the base case
and the induction step of the "lessall" program
respectively. So, by induction we prove that the
program is true of exactly all elements and lists
in the "lessall'-relationship, i.e., we have a
model of

lessall(x,l)
which by definition 1 is true for
vz{z € 1 » x<z}

It remains to be proved that the program termi-
nates. We can, in fact, do this by induction on
the data structure following methods developed
in Clark & Térnlund [5].

L, DEDUCTION FROM AN ABSTRACT SPECIFICATION

Deductions of programs from specifications usual-
ly contain several alternatives of data structures
as well as a choice between operations on data
structures. We shall say that a specification is
less abstract when it provides fewer deductions.
In this way an abstract specification gives more
pover and a natural idea would be to write down
Jjust abstract definitions. Up to a point such a



development has great advantages, as we shall see
in section L4.1, where different programs are
deduced from alternative assumptions about data
structures and in section 4.3, where new programs
are deduced from a choice between operations on
data structures.

Unfortunately, all specifications are not abstract
enough to provide alternative deductions of pro-
grams. This is certainly true of specifications
that are very close to being programs themselves.
In order to arrive at alternative programs in this
situation we can of course try to write down a
more powerful specification, but then we are faced
with the problem of showing that the original
specification satisfies the more abstract one.
However, we can also deduce an alternative pro-
gram from the original specification by introdu-
cing a mapping between data structures. We take

up this idea in section 4.2.

L.1

Evidently we can meke use of our natural deduction
system for hypothetical reasoning introduced in
the preceding section and thus systematically de-
duce programs from alternative hypothesis.

Hypothesis About Alternative Data Structures

Let us get a firmer idea by an example. Suppose
that we have an abstract definition of programs
for computing a list of factorials. Let us further
assume that we first of all want to deduce a pro-
gram with the factorials in descending order in
the list and, secondly, to deduce a program with
the factorials in ascending order. We owe the
first of these programs to Burstall & Darlington
[2]. The idea of putting each factorial at the
front of the list is a stack operation in charac-
ter and leads to a list of factorials in descen-
ding order. By contrast, the idea of putting each
new factorial at the rear of the list is a queue
operation in nature and gives the factorials in
ascending order. These broad outlines of deducing
programs from abstract specifications with alter-
native hypothesis about data structures are de-
picted in figure 2.

Axioms
Abstract definition
hypothesis:

the data structure
is a simple list

hypothesis:
the data structure
is a d-list

factlist-program
with factorials in
descending order

- FACTLIST-program
with factorials in
ascending order

Fig.2 Deductions of alternative programs
from the same specification

We shall use bounded quantifiers. We say that
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V F(y) is equivalent to F(1) & F(2)...& F(n) and
1<y<n

3 F(y) is equivalent to F(1) v F(2)...v F(n).
1<y<n
Let us now write down an abstract specification
of factlist.

Definition 2.

vnV1l{factlist(n)=1l <> n=0 & 1=¢ v n>1 &

1iyqaln'[fe.ct(y)ﬂl' +n' €1] &

Vﬁé;iﬁn‘ €1 + fact(y)=n'l}

Obviously, the elements in the list could have
any property. In fact, the only information we
use about the factorials is that "fact" is a
function from element to element. We have

fact: element > element

We can now deduce the two programs factlist and
FACTLIST respectively. The deductions are identi-
cal for the first 7 steps but branch as illustra-
ted in figure 2, when we make assumptions about
data structures. The left branch follows from the
assumption that the data structure is a simple
list and the right branch from the assumption that
it is a d-list (see Hansson & Tarnlund [7]). We
obtain the following program.

Theorem 2.

factlist (0)=¢
factlist(n+1)=u.l «+ n>0 & list(1l) &
fact(n+1)=u & factlist(n)=1

In Hansson & Tdrnlund [T ] we also have a deduc-
tion of a FACTLIST-program.

Theorem 3.

FACTLIST(0)=<u,u>
FACTLIST(n+1)=<u,w> « n>0 & d-list(<u,v.w>) &
fact(n+1)=v & FACTLIST(n)=<u,v.w>

We recall from section 3 that the deductions of
theorems 2 and 3 also give us correctness of
these programs.

Our second deduction of the FACTLIST-program that
computes a list of factorials in ascending order
is particularly interesting since Burstall &
Darlington [2] write frankly "Notice, however,
that to do factlist in ascending order is not
easy with our technique and seems to require an
extension of the rules. We are currently investi-
gating the problem".

Moreover, we want to call attention to the dotted
line in fig.2 which is supposed to illustrate
another deduction of a FACTLIST-program. This
deduction makes use of mappings between the data
structures simple list and the d-list. We shall
take up this deduction in the next section.



4.2 Data Structure Mappings

According to the dotted line in fig.2 a deduction
requires a correspondence between the data struc-

ture simple list and d-list respectively. This
one-to-one correspondence between the element in

a stack and a queue is depicted in our next figure.

X,y

<u,X.W> X
. .

Fig.3 A one-to-one correspondence between a
simple list x.y and a d-list <u,w>.

Let us give these correspondences names, domains
and ranges in a usual way.

map1:
map?2:

simple list + d-list
d-list -+ simple list.

We now have to define these correspondences more

precisely in order to carry out a deduction from

the factlist progrem with factorials in descending

order to a program with factorials in ascending
order.

Definition 3.

V1Vq{map1(1l)=q «> 1=@ & Vu(g=<u,u>) v
IxIyvwIu[list (1) & 1=x.y &
d-list(q) & q@=<u,w> & mapl(y)=<u,x.w>1}

A definition of map2 is straightforward when we
have map1.

Definition k.
VqVv1l{map2(q)=1 +> mapi(l)=q}
We have two functions: factlist and FACTLIST.

factlist:
FACTLIST:

element + simple list
element + d-list.

This brings us to the following definitions of
these functions.

Definition 5
VvnVq{FACTLIST(n)=q +>

31(factlist(n)=1 & map1(1)=ql}
Definition 6.

vnVl{factlist(n)=1 «>
3q[FACTLIST(n)=q & map2(q)=1]}

These definitions and the following factlist
program:

factlist(0)=¢

factlist(n+1)=m.1 + n>0 & fact(n+1)=v &
list(1l) & factlist(n)=1

give a FACTLIST-program again. Hence, we have ob-

tained theorem 3 twice, but this time by a mapping

between data structures (see Hansson & Térnlund

(7D).
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We can, of course, deduce the factlist program
in theorem 2 in an analogous way from FACTLIST.
Consequently, the programs factlist and FACTLIST
are equivalent.

4.3 Hypotheses About Alternative Operations
on a Data Structure

We shall now treat the idea of keeping the same
data structure but meking alternative hypotheses
about operations on the data structure. In this
way, & program is first deduced which inserts a
new element into an empty subtree of an ordered
binary tree such that the new tree is also order-
ed. Secondly, a program is deduced which inserts
a new element into the root of an ordered binary
tree and keeps the new tree ordered.

The important point about these programs is their
operation on their data structure. The first pro-
gram inserts the new element in one of its sub-
trees until an empty tree is reached. By contrast,
the second progrem inserts its new element into
the root of the binary tree and reorganizes the
subtrees so that they stay ordered. We owe this
program to Keith Clark.

Let us now write down an abstract specification
of these programs. We are in fact, a bit strict
and meke the definition true only for ordered
binary trees. We think of an insert relation be-
tween individuals u, v and v if and only if u is
an ob-tree, v is an element and w is an ob-tree,
moreover, each element on w is on u or is identi-
cal to v.

Definition 7.
Vuvvvw{insert(u,v,w) ++ ob-tree(u) & element(v) &
ob-tree(w) & Vzl[z € w <> z=v v z € ul}

In Hansson & Tarnlund [7 ] we first deduce one
case of a leaf insert program and secondly one
case of a root insert program. The first 14 steps
in the deductions are identical until we make a
choice between operations on the data structure.
We have, thus, the following case of a leaf in-
sert program.

Theorem k4.

insert(t(x,y,z),v,t(x',y,2")) « v<y & z=z' &
ob-tree(t(x,y,z)) & insert(x,v,x')

Let us now write down a corresponding case for a
root insert program.

Theorem 5.

insert(t(x,y,z),v,t(x',v,t(x",y,z))) «
v<y & xp=t(x',v,x") & x=xq &
ob-tree(t(x,y,z)) & insert(xq,v,x2)
We depict a relationship between input and out-

put in our root insert program in the next figure.
Notice that subtree x is partitioned in two sub-



trees so that x' contains all elements less than
v and x" all elements greater than v.

BB &Py

Fig.4 Root insert

In this way we can deduce the entire programs for
leaf insert and root insert, respectively.

Theorem 6.

insert(t(x,y,z),v,t(x",y,2')) « v<y & z=z2' &
ob-tree(t(x,y,z)) & insert(x,v,x')
insert(t(x,y,z),v,t(x",y,2"')) « y<v & x=x' &
ob-tree(t(x,y,z)) & insert(z,v,z")
insert(t(x,y,z),v,t(x',y,2')) « v=y & x=x' &
z=z' & ob-tree(t(x,y,z))
insert(ﬂ;V,t(Q),V,m )

Theorem 7.
insert(t(x,y,z),v,t(x',v,t(x",y,2))) « v<y &
xp=t(x',v,x") & x=x1 & ob-tree(t(x,y,z)) &
insert(x1,v,xp)
insert(t(x,y,z),v,t(t(x,y,2"),v,2")) « y<v &
zo=t(z',v,2") & z=2¢ & ob-tree(t(x,y,z)) &
insert(zq,v,z5)
insert(t(x,y,z),v,t(x",v,2')) « v=y & x=x' &
z=z' & ob-tree(t(x,y,z))
insert(@,v,t(@,v,8))

We recall that we obtain a correctness proof of
the programs.

9 DEDUCTION FROM A NON-ABSTRACT SPECIFICATION

The abstract character of the specification of
factlist in the preceding section gives the ad-
vantage of two methods of deducing a program,
namely, by choice of data structure or by data
structure mapping. Unfortunately, there are quite
natural specifications that are less abstract e.g.,
already bound to a data structure. This situation
obviously eliminates the method that provides
choices between data structures for deduction of
alternative programs. In such a case we can either
redefine our specification more abstractly or use
the method of data structure mapping, shown in
section 4.2, We shall take up the latter method
again on a specification of a twist relation. We
owe this program to Burstall & Darlington [2].

5.1 Data Structure Mappings for Deducing
Alternative Programs

The twist program is a function.

twist: binary tree -+ binary tree
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An example of this program is displayed below.

twist: (h) (h)
© () () ©
O ® ® O

Fig.5 Twist of i binary tree

Let us now consider the problem of substituting
this data structure for a "LISP"-tree structure
and in this way arrive at a TWIST-program, which
"TWISTs" a LISP-tree. Thus we want to deduce a
TWIST-program, which is a function from LISP-
trees to LISP-trees i.e.,

TWIST: LISP-tree - LISP-tree

An example of the TWIST-function is displayed in
the next figure.

Fig.6 TWIST of a LISP-tree

This TWIST-program, although written in logic and
potentially run in PROLOG, is a LISP-program in
character, and thus it is natural to ask for a
LISP-program. At this point three sub-problems
demand solution, a definition of a mapping between
a binary tree and a LISP-tree, a definition of
TWIST in twist and an axiomatization of relevant
LISP-functions. Let us sum up this situation in

a figure.

Axiom’,
data structure: < data structure:
binary tree 27NN LISP-tree
’
7 N

N TWIST-program
definitions of LISP-
functions

a non-abstract
definition of
twist

mapping between
binary trees TWIST-program in
and LISP-trees LISP

Deduction of a TWIST-program by
mappings between data structures

Fig. T

Informally, we need a one-to-one correspondence
between the data structures binary tree and LISP-
tree.

mapl: LISP-tree + binary tree
mep2: binary tree - LISP-tree
map2:
mapl:

Fig.8 Functions between data structures



Before we can write down this correspondence more
precisely we shall have to axiomatize a data
structure LISP-tree built up on a LISP-list
cons(x,y), and so we have to introduce the latter
data structure.

Axiom 8.

VxVy3z{cons(x,y)=z +> (element(x) v
3udw cons(u,w)=x) & (y=nil v 3Judw cons(u,w)=y)}

A LISP-tree is a subset of a LISP-list. In fact,

it is either nil or constructed, cons(x,cons(u,y)),

where x is a LISP-tree, u an element and y a LISP-
tree. We have:

Axiom 9.
V1{LISP-tree(l) +*> l=nil v
3x3y3ull=cons(x,cons(u,y)) & element(u) &
LISP-tree(x) & LISP-tree(y)]}

As usual we distinguish between an empty list and
a constructed list.

Axiom 10.

VxVy~{cons(x,y)=nil}

We can now write down the functions map! and map2.
Definition 6.

ViVt {map1(l)=t «> 1l=nil & t=p v
Judl431,3t 43t [1=cons(1,,cons(u,1,)) &
LISP-tree(l) & binary-tree(t) & t-t(t1,u,t2) &
map1(1q1)=ty & map1(lp)=tp]}

We get map2 immediately from mapl.
Definition T,
V1Vt {map2(t)=1 «> map1(1)=t}

Let us now specify twist on binary trees, in fact,
the definition is quite natural although it is

not abstract enough to provide a deduction of
TWIST, without the mappings mapl and map2.

Definition 8.
Ve Ve {twist(tq)=ty <> t1=0 & to=p v
Ju3t 13t123t213t22[t1=t(t11,u t12) &
tg-t(t22,u i binary-tree(tq) &
blnary—tree%tz) & twist(tq1)=tog &
twist(tq12)=tonl}

We can now define TWIST by three mappings. First,
from a LISP-tree 11 to a binary tree t;.

mapl: 19 -+ t,

Secondly, from a binary tree tq1 to a (twisted)
binary tree tj.

twist: tg > tp
Finally, from a binary tree to to a LISP-tree 1o.
map2: to + 12

We are now ready to define TWIST precisely.
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Definition 9.

V1Vl {TWIST(11)=1s «> 3t 3t,[map1(1q)=ty &
17212 2

twist(tq)=to & map2(tp)=1,]}

We still have to deduce a TWIST-program which is
independent of twist and the functions mapl1 and
map2. We can deduce the following program that
"TWISTs" a LISP-tree, without any mapping function
(see Hansson & Tarnlund [T71).

Theorem 8.

TWIST(nil)=nil
TWIST(cons(x,cons(y,z)))=cons(z',cons(y,x')) «
TWIST(x)=x"' & TWIST(z)=z'

Moreover, our inductive proof shows that the
TWIST-program is total, i.e.,

Lemma 1.
Vw3u[LISP-tree(w) + TWIST(w)=u]

Before proceeding to a derivation of a LISP-pro-
gram let us pause a moment for a comment on the
deductions. Although they are made by hand several
of them have also been deduced in Weyrauch's FOL
system [22]. For example see appendix 1 in Hansson
& Tadrnlund [ 7] for a deduction in FOL of the
TWIST-program in theorem 8. It is of course a na-
tural development to get these deductions automa-
tically. However, FOL is useful for systematic
developments of programs, and in addition it
checks the inference and ensures that we arrive

at correct programs.

5.2 Deduction of a LISP-program

It is a natural development within our calculus
to go a little further and deduce a LISP-program
that twists a tree. In order to carry out this
program we need an axiomatization of the LISP
functions car and cdr.

Axiom 11.

VxVy{car(x)=y <> 3w cons(y,w)=x}

Axiom 12.

VxVy{cdr(x)=y <> 3w cons(w,y)=x}

We shall make use of a LISP-syntax containing
"if ... then ... else ..." as proposed by
McCarthy [13]. So we have to define this form.

Definition 10.
VxVy{B(if A then x else y) +> (A ~ B(x)) &
(~A + B(y))}

In this way we do not extend our natural deduction
system which we might have done and thus introduce
an inference rule for "if ... then ... else ..."
introduction and elimination respectively (see
Manna [11]). We get the following LISP-program

for TWIST (see Hansson & Tdrnlund [ 1).



Theorem 9,

TWIST(w)= if w=nil then nil else
cons(TWIST(cdr(cdr(w))),cons(car(cdr(w)),
TWIST(car(w))))

It is worthwhile noting that our method laid down
in this paper also applies to arbitrary programming
languages provided their progremming constructs

are axiomatized like axioms 11 and 12. This axio-
matic method seems to be a new approach to pro-
gram verification.

Unfortunately, no other programming language than
pure LISP, except logic itself, of course, has
been given a treatment that is rigorous and precise
enough for a programming calculus (see Boyer &
Moore [1], Cartwright [3] and McCarthy [13]). In
particular, the specification of PASCAL (see Hoare
& Wirth [ 9]) does not suffice. It is obviously
undesirable to restrict the generality of pro-
gramming languages so they do not fit into a pro-
gremming calculus. Therefore, developments of new
programming languages should demand solution of
two problems; design of the language and axioma-
tization of the language constructs, for example,
as outlined above.

6. CONCLUSION

A methodology for reasoning about programs and for
systematic development of programs is of great inte-
rest. In this connection we have employed a deduc-—
tive methodology and obtained a calculus for pro-
gramming without a detour for a formalization of
the programming language. Thus, it is an important
point that our language for data structures and
program specifications is first order predicate
logic, a subset of which is our programming langu-
age. This is of great advantage when we deduce
programs. Unfortunately, we have not, for reasons
of space, displayed any deductions. In fact, they
are all examples of hypothetical reasoning forma-
lized in a natural deduction system. By contrast,
a program is executed by a PROLOG-like system.
Hence, the calculus consists of two distinct logi-
cal systems. We have focused on a methodology for
systematic development of programs, but it should
be noted that the deductive methodology ensures
that a derived program is correct. Consequently,
we also obtain a methodology for proving that pro-
grams are correct.
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