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Abstract

A resolution-based theorem prover, incorpo-
rating a restricted higher-order unification algo-
rithm, has been applied to the automatic synthesis
of SNOBOL-4 programs. The set of premisses in-
cludes second-order assignment and iteration axi-
oms derived from those of Hoare. Two examples are
given of the synthesis of programs that compute
elementary functions.
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The automatic synthesis of computer programs,
like their automatic verification, requires a set
of rules or axioms to account for such typical
program features as assignment, iteration and
branching, and a program capable of making appro-
priate deductions on the basis of these rules or
axioms. ,Following current work of Luckham and
Buchanan and Manna and Vuillemin® we hgve chosen
a set of axioms based on those of Hoare”, and we
are employing a resolution-based theorem prover
incorporating a restricted higher-order unifica-
tion algorithm to generate SNOBOL-4 programs from
this set.

To aid the formulation of statements about
programs, Hoare invented the notation

PlqQ} R

whose interpretation is: "If the assertion P is
true before initiation of a[piece oﬂ program Q,
then the assertion R will be true on its comple-
tion"4, Thus, his "axiom of assignment"

D0 P o{xi= £} P

says that if Po is true before f is assigned to x
then P will be true after this assignment, where
"x is a variable identifier", "f is an expression"
and "P_is obtained from P by substituting f for
all oclurrences of x"; and his "rule of iteration"
D3 IfFPAB {S} P then FP {while B do S} 71BAP
says that if P is "an assertion which is always
true on completion of S, provided that it is also
true on initiation", then "P will still be true
after any number of iterations of the statement S
(even no iterations)". The controlling condition
B of the "while loop" may be assumed to be true
before execution of S, and will be false upon
termination of the loop.

The above notation is, for all its elegance,
not the most convenient for use by a predicate
calculus theorem prover. Accordingly, we have
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written our axioms for assignment and iteration in
terms of the variables x,, x,, etc. ranging over
program variables and expressions; s,, s,, etc.
ranging over states, and f,, f,, etc. ranging over
predicates or functions of these objects, depen-
ding on context. Since the variables x, and s

are taken to be of type "individual", tﬁe use “of
the implicitly universally quantified variables

f, ranging over predicates or functions of these
o%jects means that our language is second-order.
The notation

(e, (xy)s o)

is used to indicate that the assertion f1(x1) is
true in the state 849 while

IN(£,(x4)s 84(s,))

means that f, (x,) is true in the state consisting

of s, followed by s, (this is the reverse of the
usuai practice of reading the order of states from

right to left, or "inside out").
notation, our assignment axiom

In terms of this

DO’ IN(f1(x1), 51) =) IN(f1(x2), 31(122- x1))

says that if assertion f (x1) is true in state s
then assertion f, (x,) will e true in the state
resulting from assigning the program variable or
expression X, to the program variable x,, follow-
ing s,. DO’ may be related to DO by no%ing that
'f1(x )! corresponds to 'P ', 'f (xz)' to 'P!,

Lo S lo 'f' and 'x,' to 'x'. Its meaning may be
iliustrated by the instance

IN(IDENT(J, 'STRING'), 51)
D IN(IDENT(K,'STRING'), 31(1(:- J))

derived from DO’ by instantiating '11' and 'x,',
respectively, by the program variables 'J' an
'K', and 'f1' by the lambda-function

Au.IDENT(u, 'STRING')

where IDENT is a primitive SNOBOL function that
tests whether two objects of any data type have
the same value. The statement says that if
IDENTEJ,'STRING'% is positive in s, then

IDENT(K, 'STRING') will be positive if J is as-
signed to K in the state following 8.

In applying DO’ to program synthesis, we have
found it necessary to supplement it with axioms
expressing properties of IDENT, namely

ID1 IN(IDENT(11,x2), 51)
D IN(IDENT(f,(x,)s £4(x,)), s,)
ID2 IN(IDEN’I‘(X1,11), 31)

In practice it is simpler to use two corollaries
of DO’, namely



CL1 IN(IDENT(x1,12), s1)
D IN(IDENT(xa, f1(x2)), 31(x33- f1(x1)))
CL2 IN(IDENT(11,12), 81(113- x2))
derived by resolving
IN(fz(xB), 52)13 IN(fz(x4), 52(14:- x3))

(obtained from DO’ by change of variable) with ID1
to yield CL1, under the substitutions

£, = Au, .IDENT(u,,f,(x,))

x5 = f1(x1)
8, = 8,
and with ID2 to yield CL2, under the substitutions

f, = Au1.IDENT(u1,x1)

followed by restandardising the variables of the
resolvents.

The iteration axiom used by our program is
related to Hoare's D3, but is based more directly
on the inductive principle for natural numbers.
We start with the formula

D3" IN(f,(x,), sy)

A VsB(IN(f1(x1), 53)'3 IN(f1(x1), 5352))

2. IN(f1(x1)/\f2(x2), 31(while1f2(x2) do 52))
where 'f1(x1)' corresponds to 'P' in D3, 'f2(x2)'
to '"B' and 's,' to ! S]'. We then replace 'x,'
in D3’ by a program variable 'J', which in fac
serves as a counter taking only integer values,
replace 'xi' by a program variable 'N', and par-

tially Skolemise the result, in the process re-
placing ’33' by a constant ’ao'. thereby obtaining

D3’ 111(1‘1(.1), 51)

N IH(f1(J), sc) 2 IN(f1(J), scsz)

2. IN(f1(J)/\f2(N), 81(while —.rz(u) do 92)) :

Resolving on the underscored literal with the fol-
lowing instance of DO’

IN(f1(J+1), 5152) 31N(f1(J), 51(32(.1:-J+1)))
yields
D3""" IN(£,(J), s,)
A IN(f,(3), 8,) DIN(E (I+1), s 8,)
:1,Ix(r1(J)/\f2(n), s,(while '1f2(N) do 32(Jx-J+1)))
thereby introducing the operation of incrementing

J into the while loop. The iteration axiom used
in our program,
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CL3 IN(IDENT(Jn,O), 51)
A IN(f,(0), s,)
N IN(f1(Jn), "c) o IN(f1(Jn+1), scsz)
31N(f1(Jn)l\f2(N). 31((RULEn fz(N)
(a,‘,(( Jo=Jdp+ 1 :(RULEn))(EXITn)))))

is derived from D3’’’ by adding a subscript 'n'
to 'J', adding the literal 'IN(IDENT(J_,0), s,)'
and then replacing 'J_' in the erstwhife firs
literal by '0', tharegy setting the counter J_ to
0 in the entering state s,, and finally replacing
the "while" notation by the corresponding SNOBOL
terminology of rule names and go-to's. The sub-
script 'n', in the contexts 'J_', 'RULEn' and
'EXIT ', is instantiated by an integer, the serial
number of the clause generated, whenever CL3 en-
ters into a resolution.

:S(EXITn))

The use of axioms like Cl1 - Cl3 in a resolu-
tion-based theorem prover requires a unification
procedure capable of handling functional varia-
bles. Pietrzykowski and Jensen? have formulated
an algorithm that generates all unifiege for any
two strings in w-order logic, and Huet® has an al-
gorithm that generates all the unifiers required
by his deductively complete w-order system of
"constrained resolution™, but since (as previously
indicated) we are dealing with a second-order lan-
guage it is sufficient for our purposes to use an
algorithm devised primarily for first- and second-
order logic. The unification algorithm that we
employ is based on that for first-order logic/,
but it introduces the higher-order operations of
lambda-abstraction, in unifying for example P(a,b)
and f, (x,) under the substitutions x, = a, f

Au1.qu1,b), and lambda-normalisation, in unlfying

for example 2u1.P(u1,b).a and P(x1,x2) under the
substitutions x, = a, x, = b, In describing the
algorithm, we borrow from Pietrzykowski and Jensen
the notion of a "progress triple"

<A, B,o>

where A and B are two strings to be unified and
where © is the set of unifying substitutions, if
any, so far generated. In our usage, A and B need
not be single well-formed-formulae but may be
strings of wffs, so any progress triple <A, B, o>
may be written as

<a1 a5y by by, o)

where a, and b1 are respectively the leftmost wffs
in A ana B and where a, and b, are respectively
the remaining strings of wffs in A and B. The
parg thesisation of A and B follows that of Robin-
son according to which, for example,

(a+ (b.c))

is written as

((+a)((.p)e))

though, in contrast to the system described in his
paper, we retain the lambda-notation. As a pro-
gramming convenience we may disregard any previ-
ously unified substrings of A and B, so that at
any given stage in the unification A and B repre-
sent the not-yet-unified remainders of the origi-
nal A and B. The object of unification is to re-
duce A and B simultaneously to the null string,




under a set of unifying substitutions . 1In the
first-order case there will be at most one way of
doing this, represented by the terminal progress
triple¢ _, _,oﬁu while in the higher-order case
there will normally be several, and sometimes in-
finitely many (as in the case where A = f, (F(a)),
B =F(f,(a)), a is of type "individual" and f, and
F are o} type "individual = individual"), success-
ful unifications

The basic way of unifying two subobjects a, and b
is to set b, equal to a, where a, is a variable
(or vice versa if b, is a variable), provided that
a, and b, agree in %ype. In our system the vari-
ables x, agree in type with other x, and with ex-
pressiofis denoting program variable& or integers;
the s, agree with other s, and with expressions
denot%ng states, and the } agree with other f

and with lambda-functions.” The actual algoritim
is given below; it is the current version of what
we have called "f-matching" in earlier publica-
tions.

1

To unify two strings A and B, define S as the
string of progress triples so far generated, and
set

S =<{A, B, o= >

wvhere ¢ is null. GOTO START.

Read in a progress triple T =CA, B, &)
from S.
SUCCEED:

START:

GOTO S1. FAIL: GOTO EXIT.
S1: If A and B are null, T represents a suc-
cessful unification.
SUCCEED: GOTO START. FAIL: GOTO S2.
S2: If A and B are headed by opposing con-
stants, T represents an unsuccessful
unification.
SUCCEED: GOTO START. FAIL: GOTO S3.
S33 T =8, 8, b bz,c')where a, and b, are
reapec%ively 1he leftmost wf}s in A and B
and a, and b, are respectively the (pos-
sibly“null) Femaining strings of wffs in
A and B. If a, = b1. or if a, = x_ or

b1 =X, where X, is 'a dummy variab?e, set
T '(azr b29 >

SUCCEED: GOTO S1. FAIL: GOTO S4.
S4: If T =<f, & s Au,.B b, >

a
form the atr§3g g? progreas %éiples

, =
T -<fi 8oy 854 8oy luJ.B(uJ/c1) ¢y by,
<’fi 8,0 8yq 850 luJ.B(uJ/cn) e, P

where c, ... cn are the distinct occur-
rences of wffs (other_than variables bound
by A) in B and where B(ud/c ) results from
B by replacing c, by u,. Aad T’ to S.
Switch a, with b1 and 42 with b2 and re-
execute §4,

GOTO S5.

S53 If a, is a variable, if a, and b1 agree
in type, and if a, does not occur in b1,
substitute b1 for e, in a, and b2, using
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lambda-normalisation where possible, and

set
T -<a2, b2,0"; a, = b1>
SUCCEED: GOTO S1. FAIL: GOTO S6.
563 Switch a, with ‘o1 and 8, with b, and re-
execute éS.
SUCCEED: GOTO S1. FAIL: GOTO ST7.
S73 If T -((a11 a,,) 8, b, by, o>

where the head of a 1 is f;, form the
string of progress 1riples

T =<2yq 845 8y
21‘1n+1‘b1(un+1/c1) Gy Vg ¥ >
<ayy %12 *g¢

Aun+1.b1(u

n+1/°n) °n b2’ °.>

where n is the largest subscript on a 'u'
occurring in b,, ¢, ... c, are the dis-
tinct occurrences of wffs (other than var-
iables bound byA) in b,, and b1(u
results from b, by replacing c, by
u_ . ,. Add T° to S. Switch a, with b
and a, with b2 and re-execute S7.
GOTO §8.

n+1/°i

1

S8: If a, = (a and b, = (b , set

11 212) 1= (bgq Bqp)

T =<8y 89y 855 by Byy Byy oD
If not, T represents an unsuccessful

unification.

SUCCEED: GOTO S1. FAIL: GOTO START.

It may be noted that this algorithm is, except for
54 and ST, equivalent to the usual first-order
unification algorithm.

To give an example, applying the algorithm to

<'(f1x1)9 a, _ >

yields the intermediate progress triples
<’ f1 Xy 2111,u1 a, _ >
<v f1 X4 7iu1.a Xy >

and finally the unifiers
Car oo £y = Au,.ug; x, = a >
& = = Ty -}]u1.a >

By way of comparison with Pietrzykowski and Jen-
sen, these are the same unifiers that are gener-
ated by their "imitation" and "projection" rules,
which operate directly on the disagreeing objects
to reduce the area of disagreement, but our algo-
rithm has no equivalent of their "elimination"
and "iteration" rules, which operate on variables
outside the area of disagreement. Thus, it will
not handle the triple

< (£48), (£0), _ >

since elimination is required to produce the
unifier

< ov oo By = Au,.x, >



In the application of second-order logic to pro-
gram synthesis we have so far found no need for an
equivalent of the elimination rule, nor do we need
an iteration rule since by definition this applies
only to languages of order higher than two (see
Pietrzykowski and Jensen8 for the formal defini-
tions of these rules). Huet’ also dispenses with
these latter two rules, but in a way that pre-
serves deductive completeness. Our algorithm is
actually an incomplete one for W -order, rather
than just second-order, logic, the essential re-
striction being that, since the unification of
f1(x1,x gese9X_) and B proceeds by trying to match
the x., with well-formed pieces of B, B must ac-
tually contain well-formed pieces of the same type
as the x,. Our program has in fact proved some
theorems of order higher than two, such as the
example in saction 5 of Pietrzykowski's and Jen-
sen's paper1

The generation of resolvents, like the uni-
fication algorithm, is based on the first-order
procedure, in that the substitutions generated in

the course of unifying two literals are applied to

the disjunctively connected "remainders" (that is,
literals not being resolved on) of the two clauses
being resolved, the one important difference being
that lambda-normalisation is applied during the
substitution process in order to eliminate lambda-
functions from the resolvent wherever possible.
The order of generating resolvents is based on the
"S-L resolution" method for first-order logic of
Kowalski and Kuehner'', and is essentially a
"depth-first" search strategy with resolution only
on first literals of clauses, but with the aid of
a set of reductive rules that perform algebraic
simplifications or transformations on the clauses
generated., Among the problems solved by our pro-
gram are the construction of SNOBOL programs for
computing the factorial function and for iterative
division; the computer printouts are given fol-
lowing the text. By way of explanation, axioms
CL1 - CL3 are equivalent to those given in the
text, but with the order of literals changed and
with some implications expressed in terms of con-
junction and negation, for more effective appli-
cation of "first-literal resolution" and for en-
suring that the resulting proofs will be linear.
CL4 in each of the examples formulates the prob-
lem; M and N are input variables, and Jn and K
are output variables. In example 1, CL4 says that
if there is a state s, in which K has the same
value as J_! where J_ 'has the same value as N (in
other wordg, if X has the same value as N!), then
5, is an answer. In example 2, CL4 says that if
K has the same value as M - EJ .N) where the value
of K is less than that of N (in order words, if
M=J.N+K, K< N) in s,, then s, is an answer.
Both of t?gse examples were taken from Manna and
Waldinger ®. Of the reductive rules exhibited by
the examples, Rule 2 transforms (x+1)! into
(x!).(x+1); Rule 3 transforms x - ((y+1).z)_into
X - y.2) - z; Rule.4 reduces 0.x, x.0 or 0° to
0; Rule 5 reduces x or O! to 1; Rule 6 reduces
0+x, x+0 or x-0 to x, and Rule 8 is a "frame" rule
that reduces IN(IDENT(11,x )y 8,(8,)) to
IN(IDENT(x1,x2), 51). provgded hat s, "does not
affect" x, or x,. Most of these rules are purely
ad hoc and are chosen with the particular examples
in view; for serious program synthesis one would
need a more systematically organised algebraic
simplifier. Finally, there is a routine called
"ANSPRINT" that polishes up the answer and prints
it out in the correct SNOBOL line~by-line format,
though it may be noted that the sample programs
are not as "simple" as they could be. Running

times for examples of this general type are three
to five minutes on the IBM 360/50 at the GMD in
Bonn. The theorem-proving program, like the pro-
grams generated, is coded in SNOBOL-4. Apart from
line divisions, the output is an exact transcrip-
tion of the computer printouts.
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Example 1. Construct a program to compute K such that K = N!
CL1 = (~((AND((IN((IDENTX1)X2))S1))(~((IN((IDENTX3)(F1X2)))(S1( X3 = (F1X1)))))) AXIOM

cL2 = ((IN((IDENTX1)X2))(S1( X1 = X2))) AXIOM

AND EIN F1JN))sc) ) (+((IN(F1((+IN)1)))(SCS2))))
IN(F10))s1
1§§IN (IDENTJN;O))S1)) AXIOM

CL4 = %q((IN((AND((IDENTK)(FACTORIALJN)))((IDENTJN)N)))S1))
ANSS1)  AXIOM

CL3 = %21N(§AHD2F1JN;;(F2N)))$S1E(RULEN (F2N)  :S(BXITN))(S2(( JN = JN + 1 :(RULEN))(EXITN))))))

cL5 = ((AND( IN((IDENTK)(FACTOHIALJB);gsc))(q((IN((IDENTK)(FACTORIAL((+J5)1))))(SCS1))))
gqg§§g§§IDENTK)(FACTORIALO)))SZ

IDENTJ5)0))S2))
ANS(S2((RULES  ((IDENTJ5)N)  :S(EXIT5))(S1(( J5 = J5 + 1  :(RULE5))(EXIT5)))))) FROM CL3 CL4

F = *LU1EéIDENTK)(FACTORIALU1)))
F2 = (*LU1((IDENTJN)U1))
S5 = (S1((RULEN  ((IDENTJN)N)  :S(EXITN))(S2(( JN = JN + 1  :(RULEN))(EXITN)))))
CL6 = ((AND((IN((IDENTK)(FACTORIALJS5)))SC))(a((IN((IDENTK)((.(FACTORIALJIS))((+J5)1))))(8CsS1))))
~+((IN((IDENTK)(FACTORIALO)))S2
-((IN((IDENTJ5)0))S2))
ANS(s2((RULE5S  ((IDENTJ5)N)  :S(EXIT5))(S1(( J5 =J5 + 1 :+(RULES))(EXIT5)))))) FROM RULE2
CL5

§IDENTK)1) s2)
IDENTJ5)0))S2))
(RULE5  ((IDENTJ5)N)  :S(EXIT5))(S1(( J5 = J5 + 1 :(RULE5))(EXIT5)))))) FROM RULES

-((IN

CL7 = (AND(§IN((IDERTK%(FACTORIALJ5)))SC))(q((IN((IDENTK)((.(FACTORIALJS))((+J5)1))))(SCS1))))
-+((IN

EANS(SZ
CL6

CL8 = ,éEINg IDENTK)1)§S1))
g IN %IDENTJS)O )s1))
ANS(S1((RULES  ((IDENTJ5)N)  sS(EXIT5))(( K = ((.K)((+35)1)))(( 35 = J5 + 1

+(RULES) ) (EXIT5)))))) FROM CL1 CL7

X1 = K

X2 = (FACTORIALJS)

S1 = SC

X3 = K

F1 = g*LU1((.U1)((+J5)1))g
85 = K = ((-K)((+35)1)))

CL9 = Eq((IN((IDENTJ5)0§;$S1( K=1)))
ANSE(S1( K = 1)) ((RULES ((IDENTJ5;Ng +S(EXITS))(( K = ((.K)((+35)1)))
( J5 = J5 + 1 +(RULE5) )(EXIT5))))))  FROM CL2 CL8

X1 =K
X2 = 1
55 = (81( K = 1))

CL10 = Eq((IN((IDENTJ5)0;§S1))

ANS((s1( X = 1))((RULE5 ((IDENTJsgng :S(EXITS))(( K = ((.K)((+35)1)))
J5 = J5 + 1 1(RULE5))(EXITS)))))) FROM RULES CL9

CL11 = (Ansg((s1( J5 =0))( K = 1;)((RULE5 ((IpENTJIS)N)  sS(EBXIT5))(( K = ((.X)((+35)1)))
( J5 = J5 + 1 +(RULE5) ) (EXIT5))))))  FROM CL2 CL10

X1 = J5
X2 =0
§5 = (81( J5 = 0))
ANS
S1
J5 = 0
K =1

RULE5 IDENT(J5,N)  :S(EXITS5)
K=XK* (J5+1)
J5 = J5 + 1 : (RULES)
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Example 2. Construct a program to compute K such that M = J.N + K, K<N
CL1 = (((AND((IN((IDENTX1)X2))S1))(2((IN((IDENTX3)(F1X2)))(S1( X3 = (F1X1))))))) AXIOM

CL2 = ((IN((IDENTX1)X2))(S1( X1 = X2))) AXIOM

IN(F1JN))sC) ) (a((IN(F1((+IN)1)))(5Cs2))))
,EEIN§F10))S1

CL3 = éIN(EAND2F1JN§§(F2N)))281E(RULEN (F2N)  sS(EXITN))(S2(( JN = JN + 1 + (RULEN) ) (EXITN))))))
AND
§ (IDENTJN)0))S1))  AXIOM

IN

CL4 = ((IN((AND((IDENTK)((-M)(( JN)N)))) ((LTK)N)))S1))
ANSS1)
CLS = (AND( IN((IDENTK) ((=M)((.J5 N)) )5¢) ) (+((IN((IDENTK) ((-M)((.((+35)1))¥))))(sCS1))))
IN((IDENTK)((-M)((.0)N))))s2))
<((IN((IDENTJI5)0))S2))
ANs(s2((RULES  ((LTK)N)  sS(EXITS))(S1(( J5 = J5 + 1 :(RULE5))(EXIT5)))))) FROM CL3 CL4

F1 = (*LU1((IDENTK)((-M)((.T1)N))))
F2 = (*LU1((LTK)U1))
s5 = (S1((RULEN  ((LTK)N)  :S(EXITN))(S2(( JN = JN + 1  :(RULEN))(EXITN)))))
CL6 = AND( IN((IDENTK)((-M)(( J5§N))g;sc))(1((IN((IDENTK)((-((-M)((-J5)N)))N)))(scs1))))
IDENTK)((-M)(( 0)N))))
IDENTJS )0))s2)
ANS(SZ (RULE5  ((LTK)N)  +S(EXIT5))(S1(( J5 = J5 + 1 :(RULE5))(EXIT5)))))) FROM RULE3 CL5
CL7 = AND( IN((IDENTK)((-M (( Js)N))))SC))(~((IN((IDENTK)(( ((-m)((. JS)N)))N)))(scs1))))
IDENTK)((-M)
IDENTJS)O))SZ
ARS(S2 (RULES  ((LTK)N)  :S(EXIT5))(S1(( J5 = J5 + 1 : (RULE5) ) (EXIT5)))))) FROM RULE4 CL6
cL8 = (AND( IN((IDENTK ((-M)((.Js)N))))SC))(ﬂ((IN((IDENTK)((-((-M)((-Js)N)))N)))(scs1))))
IDENTK)M 52))
IDENTJ5)0))S2)
ANS(SZ (RULE5  ((LTK)N)  :S(EXIT5))(S1(( J5 = J5 + 1 :(RULES))(EXIT5)))))) FROM RULE6 CL7
CL9 = IDENTK)M) 51))
IDENTJ5)O )s1)g
ANS(S1 (RULE5S  ((LTK)N)  :S(EXIT5))(( K = ((-K)N))(( J5 =35+ 1 :(RULE5))(EXIT5))))))

FROM CL1 CL8

X1 = K
x2 = ((-M)((.35)N))
S1 = SC

T - (+501((-71)))
F1 = (*LU1((-U1)N
S5 = 2 K = ((-K§N))

CL10 = §q((IN((IDENTJ5)0)§ES1( K =M))))
ANS((S81( k = M))((RULES  ((LTK)N) :S(EXIT5))(( K = ((-=K)N))(( J5 = J5 + 1
:(RULE5))(EXIT5))))))  FROM CL2 CL9

X1 =K
X2 = M
s5 = (s1( X = M))
CL11 = (-((IN((IDENTJ5)0))S1))
ANS((S1( X = M))((RULE5 ((LTK)N) :S(EXITS5))(( X = ((=K)N))(( J5 = J5 + 1
1 (RULE5) ) (EXIT5))))))  FROM RULES CL10

CL12 = (ANS(((s1( J5 =0))( K = M))((RULE5 ((LTK)N) :S(EXIT5))(( KX = ((-K)N))
(é J5 = J5 + 1 :(RULES)%(EXITS)))))) FROM CL2 CL11

X1 = J5; X2 =0; S5 =(S1( J5 =0))

ANS
s1
J5 =0
K=M
RULES LT(X,N) :S(EXIT5)
K=XK-NX
J5 = J5 + 1 :(RULES)
EXITS
END
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