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ABSTRACT 

A refutational system of logi c for a l anguage 
of order w is presented . This langage :i.s a 
s light modif i ca t i on of Church 1 s A-calculus wi th 
types . The system i s complete , in the sense 
that a refutation of a set of sentences exists 
i f and onl y if this set does not possess a gene ­
ral Henkin mode l . The main rul e of i nference is 
a generalization of Robi nson ' s resolu t ion to 
type theory, which allows us to get rid of the 
substituti on r ule . 

I NTRODUCTION 

During the last decade , a lot of effort i n 
automatic theorem proving h as been devo t ed to 
mechanizing first-order logi c . The main achie­
vement has been the definition by J . A. Robinson14 

of a now well- known refutational first-order 
system . Its uniq_ue rule of i nference , called 
r esolution, i s an e l egant way of combining the 
substitution and cut rules . The other familiar 
rules of i nference are impli citly t aken care of 
by Sko l emi zati on and the set r epresentati on 
(clauses) of the coLjunctive normal form of the 
set of sentences one wants to r efute . More pre ­
cisely, resolution permits us to select jus t the 
substitutions which are ·necessary for the cut of 
two or more literals . Moreover , if this cut i s 
possible at a ll, only one s uch substitution i s 
sufficient, ca lled the most general unifier of 
the two liter al s . This existence of a most gene ­
r al unifier between two t erms in first - or der lo­
gi c is fundamental to the resolution me thod . 

Many a theorem proving program was written based 
on the resolution rule , embodying various heuri s ­
tics to speed up the search for a r efut ation . 
However , r esults obtained so far are s till very 
limited wi thout human help. To remedy this s itua­
tion, some workers i n the field, no t ably 
Robi nson 1 6 have argued for the exploration of 
more powe r ful systems of l ogi c s uch as Church ' s 
A. - cal culus . 

HI GHER ORDER UNIFICATION 

The si tuation in h i gher-order logic i s q_uite 
different from f i .rs t - order . Most general uni­
fiers do not exist any more (Gould ") . 
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Consider for instance the t wo t erms 

and 
t

1 
f(x ) 

t 2 A 

where f i s a (second- order) var i able , x 
vari able and A a constant. The following 
s titutions are t wo i ndependent unifiers of 
and t 2 : 

a 
1 

={ f t- AU • A} 

a2 ={f +- Au · u, x .... AJ 

a 
sub-
t1 

We may even need to consi der an infi nity of 
unifiers . Let us say tha t s ubst itution a i s 
less general than s ubstitution p with r espec t 
t o a f i nite set of var i.abJ es V, i f tbere exis ts 
TJ such that : 

TJ o p o x for every x in V • 

We shall denote t his relation 
flexive and transitive) by : p ~ 

(which i s r e ­
P· 

Now we call a 
t erms t and 
subs ti tu·hons 

v compl e te gener a tor 
t 2 ( CGU i n short) 

s uch that : 

of unifiers for 
any se t 6 of 

v a unifier of t and t 2 : 8PEL such 
tha t a ~ p , whef e V contains all 

var i ables free i n t 1 and t 2 . 

Gould" has remarked tha t certa in pairs of 
t erms t

1 
, t

2 
do not possess a f i nite CGU. 

Consider for i nstance 

t
1 

f(x , A) 

t 2 f(x , B) 

wher e X i s aWari able) function and f is a 
(variable) funct i onal. Now let L = {a . I i ;.OJ , 
wi th : 1 

and l e t 

The proof can be 
1 0 L _is a CGU 
20 a. ~ a i+1 l v 
3 0 not a. 1~ a. 

l+ v l 

ao ={f +- Auv· h(u)J 

={ f +- Auv · gn( u,u(h~(u, v))~. 
• • ,u(h~( u, v ))) , 
x +- Au · z l (n > 0) 

v = { x , f j • 

ske t ched as follows 

for t 1 and t2 
v i > 0 

v i > 0 



not ( cr 
0 

,;; 0 . or 0. ,;; 0 
0

) v i> 0 , 
v l l v 

S\l.ppose 2: ' is a finite CGU for t 
1 

and t
2 

By 1°, this implies tha t there exists 2: " c 2: 
finite CGU for ta and t, . This obviously con­
tradicts 3° and 4 • (Consider 0k 1 , with 
k = max! i J0 . E 2:" l ) . + 
Thus , althoUgh any finite subset of 2: can be 
generated by only two elements (using 2°) , we 
cannot find a f inite set of gener a tors for the 
unifiers of t

1 
and t

2
• 

It seems therefore tha t an extension of re­
solution to type theory would require genera ~ 
ting a possibly infinite number of resolvents 
a t every applicat ion of the resolution rule . 
One solution to this problem would be to order 
these resolvents (for i ns tance according to 
some complexity of the unifier selected) and 
to "dovetail" the generat i on of re s olvents with 
the refutation search algorithm . This me thod 
has been proposed and proved complete by Pietr­
zykowski and Jensen 13 

• 

However the inefficiency of such dovetailing 
processes is we ll known and their practical im­
plementation seems difficult . We shall present 
here a method which, a lthough it ultima tely 
leads to a double enumeration too , de l ays the 
generation of unifiers as much as possible and 
thus minimizes the number of irrelevant choices. 

CONSTRAINTS 

The idea is to represent the set of unifiers 
of two literals L

1 
and L2 as a condition tag­

ging the resolven" obtained by cutti ng L1 and 
L in their respect i ve clauses . Such a condi­
tfon is expressed as a set of "constra i nts" of 
the fo rm {t 1, t 2 l where t and t 2 are subterms 
of L1 and L

2
• more generJlly, a constraint will 

be a set of terms which we want to unify . A 
clause tagge d by a set of constraints will be 
represented as 

where the J". ' s are the literals of the clause 
and the C.'slare constraints . Such a'constrai­
ned claus~ " ( CC in short) represents the set 
of all clauses 0o L , 0oL , ••• , 0oL such 
that 0 unifies simJltane6usly every cBnstraint 
Ci ; i. e ., if Ci={e 1, e 2 , •• • , ~l then 

0oe 1 ~ 0 oe 2 = ••• = 0oeqi ( 1,;; i ,;; p). 

In many cases we will be abl e to decide if a 
constraint is not unifi able a t all , in which 
case the corresponding CC is not generated . 
We may also know a most general unifier 0 for 
the constraint , i n which case 0 is applied to 
the corresponding resolvent , tagged with the 
union of the constrai nts in the CCs resolved 
upon . Otherwi se we generate the CC obta ined by 
tagging the resolvent with the union of the 
parent ' s constraints plus the new one . In the 
last two cases we check that the set of cons­
traints i s not obviousl y inconsistent. Let u s 
now give an example . 

We suppose that we have two basi c types : 
o for truth values and L for individuals . We 
shall use the following atoms , indicated with 
their type 

w, A 

v , y , B, C L .... L) 

X , Z , U ((L .... L) -+ L) 

f ( ( ( L .... L ) .... L ) .-+ L ) 

P, R ( L .... o) 

Q ( L, ( L .... L ) .... o ) 

By convention, all lower case letters deno­
te variables , all capitals denote constants . 
Ca

1
, a

2
, ••• , a .... ~)denotes the type of functions 

of n arguMents of types a
1

, • •• , a and with 
values of type ~ - We consider the se£ S of 
clauses : 

1° P(f (x )) , Q(z(C) , C) , R(f(z)) 

2° l P (A) 

3° lQ(y(A) , y) 

4° lR(B(w)) 

We shal l prove by constrained resolution 
that this set i s uns a tisfiab l e (the preci se 
sta tement of the rule of constrained resolution 
will be gi ven below) . 

First we resol ve the P ' s i n 1° and 2° . We 
are trying to unify P(f(x)) and P( A) , and thi s 
implies the unificat i on of f(x) and A. These 
terms do no t possess a most general unifi er, so 
we generate a constraint {f(x) , Al which is tag­
ged to the resolvent 

5° Q(z(C) , C) , R(f(z))/{f(x) , Al. 

Now we resolve the Q' s in 5° and 3°, which 
implies the simultaneous uni fic a tion of : 

first l y 
and secondl y 

y( A) and z (C) 
y and C • 

lbrtunately in the second pair {Y ~ Cl is a most 
general unifier . This unifier transforms the 
first conditi on into the uni fic a tion of C(A) 
and z(C) . Here too there is no MGU, so we gene ­
rate the resolvent : 

6° R(f(z))/{f(x) , Al , { C(A) , z(C)l . 

Finally we get the empty clause, resolving 6° 
and 4°, and generating one more constraint 
{B(w) , f(z)l : 

7° ¢/{f(x) , Al , { C( A) , z( C)l , { B(w),f(z)l . 

Now, in order to validate our refuta tion, 
we must find a unifier satisfying simultaneous­
ly every constrai nt i n 7°. However any unifier 
will do here , we do no t need to generate a 
complete set of them . Actually, we just need to 
check for the existence of a unifier . Unfortu­
nately there is no decision procedure for this 
task if we allow quantificat i on over third- or­
der funct i onals , a s shown in Huet ' 1

• 
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All we can do here is to use a semi- decision 
algorithm of reasonable efficiency developed 
for this problem in Huet' 0 

• We shall not pre­
sent this algorithm here, but merely indicate 
that for our example it would return an affir­
mative answer , with the unifier : 

f +- A.u·u(B) 

z .... A.v•v(A) 

w +-A 

X .... AV•A 

The reader will check that this substitution 
(together with y +- C) applied to S gives a 
contradictory set of ground clauses . 

The general case is a little more complica­
ted because , when resolving two CCs, each of 
which has a non-empty set of constraints , we 
have to merge these two sets. 

Note also that when we apply a substitution 
to a CC we must apply it to , its constraints 
as well, which may induce some possibl e simpli­
fications, merging of constraints and rejec­
tions. 

A more serious complication arises with the 
use of predicate variables. A literal whose 
predicate is a variable may be transformed in­
to several literals by substitution of a dis­
junction for the variable. For instance the 
clause p(A), B(B) becomes 

q( A), r(A), SGB) 

after the substitution 
p .... A.u•(q(u)Vr(u)) 

and passage to normal form . Similarly, the 
substitution of a corre sponding conjunction 
would produce two clauses 

and 
q( A), S(B) 

r (A), S(B) 

Also, substituting a quantif ied formula for 
p would oblige us to Skolemize during the 
proof. 

For these reasons, we are obliged to intro­
duce a second rule of inference, called split­
ting, which in effec t simulates all possible 
ways of effecting these substitutions for pre­
dicate variables, using the mechanism of the 
constraints. 

We shall now give a more precise formula­
tion of our rules of inference. 

REFUTATIONS 

We shall not state formally the definitions 
of terms, literals, etc ••• The precise defini-
tions are stated in Huet' 0

·" • I.et us just 
recall tha t our language is bas ically Church's 
A.-calculus with types (Church'). Every term 
possesses a normal form : 

A. u 1 ••. un ·a ( e 1 , ••• , e P) 

where the ui' s are distinct variabl es , a is an 
atom( called the head of the term) and the e.'s 
are terms (see Andrews' ). Functional extengio­
nality is an option in the system . We shall 

141 

distinguish three speci al constants 1 V and ~ 
of the appropriate types.They will denote res­
pectively negation, disjunction and universal 
quantification . For the las t one , we represent 
v x ·a by ~( A.x•a). Actually for each type a 
there is a~ of type ((a- o)- o), denoting 
quantificatign over variables of type a • 

We suppose moreover tha t the set of senten­
ces one wants to refute h as been reduced to 
clause form. This means in particular that we 
have Skolemized as much as we could. Of course , 
it is forbidden to reduce propositions which 
are hidden inside the arguments of some literal. 
Our Skolemization cons i sts in .. replacing (at the 
top level) : 

--~ (a) by a(x) 
a 

where x is a new varia­
ble of type a 

-l~ (a) by la(E (a)) where Ea is a special 
a a 

constant (called a parameter) of type CCa-o)-+a). 

After reduction, every clause will be repre­
::ented as a finite set of literals , each literal 
being of the form A or l A, where A i s a term 
P(e 1,e2.' ••• , e ) and P i s an atom different 
from --, V anH ~. 

I.et us now give more precisely the definition 
of CC. 

A constraint is any finite set {e 1,e,, •• , e } 
of terms of the same type. A substitutiOn cr n 
is said to unify this constraint if and only if 
cr is a unifier for e 1, e

2
, ••• , e • It is said 

to unify a se t of constra1nts {C1~ C2, ••• ,CP) 
if and only if it unifies every Ci (1 ~ _i < p). 
A constrained clause E/C consists of a clause 
E and of a finite set of constraints C . 
If C = ¢ we have an initial CC, if E = ¢, 
we have a terminal CC, 0 = ¢/¢ is the empty CC. 

In order to refute a set of sentences S , we 
first reduce it to clause form as explained 
above , then we tag to every clause the empty 
set of constraints ¢. 

A refutation is any derivation from this set 
of initial CCs, using the three rules of infe­
rence defined below and ending with the empty CC. 
If such a refut ation exists, we say that S is 
refutable. 

The first two rules of inference, constrai­
ned resolution and splitting, apply to non-ter­
minal CCs whereas the third one, unification, 
applies to terminal CCs . Constrained resolu­
tion is binary, splitting and unification are 
unary rules • 

1. Constrained resolution. 

Let E1 = A/B1 and E2 = AJB2 be two 

non-terminal CCs. 
let {x 1,x2, ••• , xn} be all the variables that 

appear free 1n both E1 and E2 , and 
{w1, w2, ••• , w} be neW variables of the same 
types which donnot appear in either E1 or E2• 
We define the substitution : 

NOw we distinguish p positive literals in A1 
and q negative literals in A2• That is, using 
~ to denote disjoint union : 



!M 1, M2, ••• , Mp} 

!l N1,l N2, •• ,l Nq} q ~ 

Now let 

B
3 

=!!M
1

, M2 , ••• , Mp, 8oN
1
, 8oN2 , ... , 8oNq}} 

We say that the CC : 

E3 = A3 U aoA/B 1 U 8oB2 U B
3 

follows by constrained resolution from CCs E
1 and E2 • 

2 . ~~~~~~~!!~ · 

Let E = A/C be any non- terminal CC, such 
that 1 contains a literal L whose predicate 
is a variable ; i . e . A= B W !L} . We have the 
following cases 

1 0 if L is a positive literal : 

1- 1 Deduce E2 BU {q, r}/CU{{L, qVr}} 

where 
type 

q and r are new variables of 
o . 

1-2 Deduce E2 = B lJ {lq}/C U {{L, l q} l 
where q is a new variable of type 

1-3 Deduce E2 = B lJ {q(z)}/C U {{L, 'Jtaq}J 

where z is a new variable of type 
q a new variable of type (a~ o) . 

if L is a negative literal 

2-1 Deduce E2 B U { I q} /C 1 
and .r.:3 B U {lr}/C1 

where c1 = c U{{M, qVr}} , q 
new variables of type o . 

; i.e. 

and 

2- 2 Deduce E2 = B LJ( q}/C U{ !M,lq}} 

where 

r 

o. 

a ' 

L = I M 

are 

completeness in w-order logic . The trick is to 
interpret predicate variables of type (a ~ o) 
~or i ns t ance ) over domains wh i ch may be proper 
subsets of 2 ~a , where ~a is the domain of 
interpretation of objects of type a • We only 
impose that these domains be closed under opera­
tions corresponding to the different constructs 
of the language (for instance complementation, 
projection, etc ••• ) . In the same way ~( a- ~) 
may be a proper subset of ~a ~ ~~ · 

Tnis enlarged semantic characterization 
(general Henkin models) permits us to restrict 
validity to just those formulas which are deri­
vable in the logic . 

I n the following, we shall therefore use 
satisfiable as an abbreviation for "has a gene­
ral Henkin model" . 

Definition A property r of finite sets of 
propositions is called an analytic consistency 
property if and only if, for any finite set g 
of propositions , we have (y 

1
) to Cy

7
) below . 

(y1) if r (g) , then there i s no literal 0 
such that a E g and l a E g , 

Cy 2) if r(s U{a} ), then r(g U {a ' }) , where 
a' is the \ normal form of a . 

Cy 3) if r(g U {lla} ) , then rCs U{a}) . 

Cy 4) if r(g u {ave}) , then r(g U{~}) or 
r(g U{B!) • 

(y
5

) if r(g U {1(11VB)} ), then r(g U{'l~ ,"'"le} ) . 

(y6) if r(g u {'Jt a}) , then for every term 8 
of type a, a r(g U {1t a, o(a)}). 

a 
(y 

7
) if r(g U {l 1t a}) , then r(g U{la(X)}) for 

ru1y constantaor variable X of type a 
which does not occur free in a or S. 

We are interested i n analytic consistency proper­
ties because they provide a sufficient condition 
for satisfiability, as expressed by the follo ­
wing lemma from Andrews 1 

, which extends results 
by Smullyan • 2- 3 Deduce 

where 

q is a new variable of type o . 

E2 = B U {l q(Ea(q))}}JU HM, 1taq }} 
q is a new variable of type (a ~ 

Any of the above CCs is said to be deducible 
from E by splitting . 

o) . Lemma I . If r is any analytic consistency 
property ru1d 3 is a finite set of propositions 
such that r(g) , then g is satj.sfiable . 

RulJs 1- 3 and 2- 3 depend on some arbitrary 
type a • I n practice we shall implement ,them 
by restricting a to some small initial segment 
of types . 

3. Unification . 

Let E = ¢/C be a terminal CC. If C is 
unifiable, we can deduce 0 from E. 

This rule too is not directly mechanizable, 
since in the general case unification is net 
decidable. We can make it so by putting a bound 
on the number of steps of our unification algo­
rithm . For this reason our method may ultimate ­
ly lead to a double enumeration . 

SOUNDNESS AND COMPLETENESS 

For any set ~of propositions , let ~· be the 
set of sentences (closed propo s itions) obtained 
from ~ by replacing free variables by new cons­
tants in a one to one fashion . Obviously i f ~ 
is unsatisfiable then ~ · is unsatisfiable too , 
Now we define the following property r of sets 
of propositions : 

r(~) if and only if ~ ~ is not refutable . 

Lemma II . r is an analytic consistency property. 
The proof of this lemma is given in Hue t ' 0 

• 

The idea is to prove eaxh of Cy
1

) to (y 7 ) by 
proving the contrapositive statement about refu­
t a tion8 . For instance , to prove (y

1
), let us 

assume that there exists a l iteral a such that 
a E g and l a E g • This implies that i n the clause 
form of 3 1 there are clauses (0 1 } and {10 ' } . 

It i s well known that higher- order logic is Therefore from g ' we can deduce CC ¢/((o',a'}} , 
not compl e te , under the usual semantic characte- from which we deduce 0 by trivial unification. 
rization (Godel models) . However , Henkin 9 has S' being refutable, we have not r(g) by defini­
shown that a different characterization yields tion of r . Taking the contrapositive statement 
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we. get ( y 1). 
Now let g be 

tences. By J£mma 
by definition of 

This gives us 

any unsatisfiable set of sen­
I and Lemma II : not r(g) and 
r, g is refutable. 

the completeness of our system : 

Theorem 1. Let 
~es . If g is 
~le. 

g be any finite set of senten­
unsat~sfiable then it is refuta-

The soundness is obtained by mapping refuta­
tions in our system i nto refutations in Andrews ' 
R system (Andrews 1 ), which is known to be sound 
if one assumes the axiom schema of choice . Let 
us call axiom of choi ce for type a the formula : 

~i · VP •[ (~x · p(x)) ~ p(i(p))J 

where the types of the variables are : 

-r(x) a , -r(p) = (a ... o) and ~(i)=((a- o)- ~ 

.=--~~::--:2=-::. Let g be any finite se t of senten­
g is refutable, then there exists a 

inite set e of axioms of choice such that 
U e is unsatisfiabl e . 

Remarks. 

In our formal presentation of the rules of infe­
rence, we have supposed that we wer e not trying 
to unify at all when r esol ving , instead we just 
generated constraints . The processi ng of the 
literals wl;i .ch are candidates for unification 
and the checking for consistency of the cons­
traints obtained is not necessary in theory, and 
it was more convenient to use this formali sm 
for our proofs . However , as was shown in our 
example above , it is highly desirable in prac­
tice to do some amount of processi ng when apply­
ing constrained resolution. Of course , this does 
not affect the soundness of completeness of the 
modified system, as long as we suppress only 
clauses with ununifiabl e constraints . There i s 
a trade - off here between many use less but fast 
derivations and few useless but slow ones , and 
it is difficult to estimate how much processi ng 
of constr a i nts should be done until the system 
is implemented. 

In the case where the set of initial clauses 
is first - order, it is po s sible to process com­
pletely every constraint, and splitting i s not 
applicable . Our modified system reduces exactly 
to resolution in this case . 

It should be noted that we have not assumed 
extensionality so far s ince Henkin models may 
not be extensional, as shown by Andrews • • 
However we have i n option a unification algo­
rithm which assumes the weak extensionality 
axiom : 

f = :\x · f(x) 

EXAMPLES 

~~!:~~ 1. 

Cantor ' s theorem : NN i s no t denumerabl e . 

I.et ~ be the type "integer", n , f and h be 
var i ables , with types ~(n) = ~, -r(f)=C~- ~) 
and ~(h) = c ~. ~- ~). 

We shall refute the negation of Cantor's theo­
rem : "it is possi ble to enumerate the functions 
of i nteger to integer", i.e. 

~h vf ~n h(n) = f • 

After reduction to normal form we get , using 
N and H as Skolem functions, ~(N) = ( ( ~-+ ~)-+ ~), 
~cH) = c~ . ~ -~) : 

HNf = f 

We shall need the followi ng property of equa­
lity 

2 l f = g , fn=gn [ ~ ( g ) = ( ~ -~) ] 

and the existence of a successor function S 
satisfying 

3 l n = Sn c~cs) = c ~-~)J. 

The refutation goes as fo llows 

R( 1, 2) 4 

R( 4, 3) 5 

U(5) 6 

H(Nf , n) = fn 

¢J1fn, SH( Nf , n)} 

D by substitution 
{f t-AU·SH(u,u), n t-N(:\u ·SH(u,u))} 

Note that the constraints coming from the 
first constr a i ne d resolution can be completely 
processed , so that C = ¢. This short proof 
(3 steps) is due to a4conc i se representation of 
the problem . In particular, the use of type ~ 

for i ntegers gives us implicitly restricted 
quantification over integers without havi ng to 
carry additional literals . 

The pigeonhole principl e : i f we distribut e 
m objects into n ho l es., with m > n , there 
is at least one hole which contains more than 
one object . 

We choose type a for the set A of objects 
and type ~ for the set B of holes. The hypo­
thes i s is : 

\B\ <\A\ < w 

1 0 \B\ < \A\ : there exists a one- one mapping 
from B to A, not onto. 

20 \A\ < w : every one- one mapping from A to 
A is onto . 

The conclusion is : there is no one - one We shall now present a few examples'of 
refutations . We have replaced the cumbersome 
existential parameters E(:\x ·O') by the usual 
Skolem functions X( y 1, ••• , y ) , where the y. ' s 
are the free variables of a nand X is a n~w 
constant of the appropri ate type. 

mapping from A to B. 
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Using the fo llowing atoms 

~(F) (~ a) 
~(G) (a ~) 

~(h) 

~(u) 

T(E) 

~ex) 

(a 

~(v) 

~(x) 

~c Y) 

a) 

~ 
-r(y) 

( (a 

a 

a) -+ a ) 



'L"(Z) = ( ( a ..... a) , a -+ a) 

'L"(=) = (a , a ..... o) or(~ . ~ ..... o) accordi ng to 
the context, we get , after reduction to normal 
form : 

u = v , FuiFv ~ F is one-one B ..... A 

2 Fu I E not onto 

3 Xh I Yh, hZ(h, x) = x ~ every one - one h 
A ..... A 

4 hXh hYh, hZ(h, x)= x is onto 

5 X y , Gx I Gy G is one - one A -+ B 

We get the following refutation : 

R(3 , 2) 6 Xh I Yh/{hZ(h, E) , Fu 1
} c6 

R( 4, 2) 7 hXh hYh/C6 
R( 7, 1 ) 8 u v/C 6+ {hXh, Fu} + { hYh, Fv} 

R(8 , 5) 9 X yjC6+ {hXh, FGx} + {hYh,FGy} 

R( 9, 6) 10 ¢/{hZ(h, E) , Fu 1 } ,{ hXh, FGXh'} , 
{hYh,FGYh 1 }, {h 1 Z(h 1 ,E),Fu"} 

U( 10) 11 0 by substitution : 
{h <· A:x: ·FGx, ul~ GZ (t..x · FGx , E) , 
h 1 same as h , u" same as u 1 } . 

When the theorem prover gets a refutation, it 
is trivial to gi ve the user a more natural 
proof in Andrew5 system, chai ning back the 
substitutions. 
We shall demonstrate this technique here ; now 
S(n) means s ubstitution i n clausen and C(n, m) 
means cut of clause n and clause m. H is an 
abbreviation for t..x · FGx . 

S(2) 6 1 FGZ(H, E) I E 

S(3) 7' 

C( 6 ', 7') 8 ' 

S( 4) 91 

C(6 1 ,9')10 1 

S( 1) 11' 

C(10 1,11') 121 

S(5) 13 1 

c (12 ~ J31) 1 4 I 

c ( 8 I J 14 1)15 I 

XH I YH, FGZ(H,E) E 

XH I YH 

FGXH = FGYH, FGZ(H, E) = E 

FGXH = FGYH 

GXH = G YH, FGXH I FG YH 

GXH = GYH 

XH = YH, GXH I GYH 

XH = YH 

~ 

We shall now give a completely detailed refuta­
tion of a less trivial proposition . We are 
going to prove Knaster- Tarski 1 s theorem : 
"Any function monotone over a complete lattice 
possesses a fixpoint" . Let (A,E;;) be the comple ­
te lattice considered . 

We use the types : o for truth values 

for the elements of A. 

We represent a subset of A by its characteris­
tic function, of type ( ~ ..... o). We use the follo ­
wi ng axioms 

( VXYZ )[.x ~ X & ((x E;;_ y & y E;; X) :::> X = Y) & 

((x E;; y & y E;; z) :::> x ~ z)] 
[ E;; i s a parti al ordering] 
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(vxh)[ (hx :::> (1 h E;; X) & (( VY)(hy :::> X ~ Y)::>X ~nh)] 

[every subset h of A possesses a glb (1 h] 

We want to prove : 

(vf)[(vxy)(x E;;Y :::> fx E;; fy) :::> (~z)(fz = z)] 

The types of our atoms are, respectively : 

x , y , z : ~ 

h ~ ..... o) 

f : ( ~- L) 

=· E;; : (L , ~-+ o) 

n : (( L-+ o) -+ L ) • 

We negate the theorem and put all the proposi­
tions i n clause form . We use again the usual 
form of Skolem functions , replacing 

E L(t..y ·hy :::> x E;; y) by Y(x ,h) and 

Ec ~-L)(H · ((vxy)(x ~ y :::> fx E;; fy) :::> (~z)(fz==z))) 

by F , where Y and F are new constants of tJJJeS 
respectively ( L, ( L-+ o) -+L) and (L-+L) . 

This gives us the following set of clauses 

X ~ X 

2 I X E;; y , l Y ~ x , X y 

3 l x E;; y , l Y E;; z , X E;; Z 

4 l hx, n h E;; x 

5 hY(x , h) , XE;;(1 h 

6 l x E;; Y(x, h) , x ~ n h 

7 l x E;; y , Fx E;; Fy 

8 lFx =X 

First we resolve 2 (on its last literal) and B. 
As the constraint {x = y , Fx 1 = x 1 } possesses a 
most general unifier {x ~ Fx 1 , y ~x 1 } we just 
substitute without generating any constrai nt,to 
get : 

R(2 , 8 ) 9 l Fx E;; x , l x E;; Fx 

Similarly, resolving 4 on its second literal 
with 9 on i ts second literal, we get 

RC 4, 9) 10 l F n h E;; n h • l hF n h 

[The last literal is a shorthand forl (h(F(n (h))lH 

Next , we resolve the second literal of 7 with 
the second of 10 . Here we do not know a most 
general way of unifying the two literals , and a 
constraint is added to the resolvent : 

R( 7, 1 0) 11 l F (1 h E;; (1 h , l x ~ :w'{hF (1 h , Fx E;; Fy} 

(This constr ai nt i d obviously unifiable , for 
i nstance by { h ~ 1\u . Fx ~ Fy} ). 

We shall now resolve both literals of 11 with 
the second literal of 6. We have to unify : 

. firstly {F (1 h , x , x 1 } 

• secondly {n h, y , (1h ' l and again we know 
a most general unifier 

t x ~ F n h , x I ~ F n h , h I ~ h, y ~ n h J 

and therefore we get : 



R( 6, 11) 121F nh ~ Y(Fn h ,h) /( hFnh, F~ F nh} . 

Notice that the substitution has been effected 
i n the constraint from 11 as we ll as i n the li­
terals . We shall denote this new constraint by 
c. 
The re s t of the refutation is pretty straight­
forward , no new constraints be i ng gener ated 

R(3 , 12) 13 l F n h ~ Y,lY ~ Y(F nh, h)/C 

R(7, 13) 14 l n h ~ y, l Fy ~ Y(F n h , h)/C 

R( 4, 14) 15 l hy, l Fy ~ Y(F n h , h)/C 

R(5 , 11) 16 hY(F n h,h)/C 

This last CC is the analogue of 12, 5 and 6 
having one literal in common due to the initial 
reduction to clause form . 

Next we resolve both literals of 15 with 16, ob­
taini ng therefore a terminal CC : 

R(16, 15) 17 ¢/C 1 where C1 consists of the 
following constrai nts : 

! hF n h , FF n h ~ F n h} , 

1 h I F n h I , FF n h I ~ F n h I l , 
(hy, Fy ~ Y(F n h , h) , h 1 Y(F n h 1 , h 1

)} . 

We then apply our uni fication process to C1
, 

which terminates with answer "yes", correspon­
ding to the unifier : 

a = (h ~ AU •Fu ~ u, 

h 1 ~ AU · Fu ~ u, 

y ~ Y(F n AU · Fu ~ u, AU •Fu ~ u)} . 

The refutation is now completed , and it is tri­
vial to go back in the proof , substituti ng a 
and the substitutions derived f rom it by compo­
s ition with the unif i ers already detected , to 
get a ground refutation . 
In particular , we shall substitute n AU · Fu ~ u 
for x in B. which gives u·s explicitly a fixpo i nt 
of F , name ly n( (ujFu ~ u} ), which is precise­
ly its least f ixpoint . 
Notice that splitting was not necessary here 
either , and that the refutation is pretty short 
and does not i nvolve huge constraints . 

CONCLUSION 

It is.difficult to make any efficiency 
assertion from searchless exampl es . However , 
one of the mos t important heuristic rules to 
use in this system would be to throw out clauses 
with constraints which are obviously not unifia­
ble . In practice of course most clauses will be 
recogni zed as such, thereby reducing sharply the 
number of possible derivations . 

Types i n this logic play a multiple role . 
First, they permit us to have A normal forms 
for all terms . Second , they can be used to sort 
objects of different nature , and so we ge t res­
tricted quantification without adding cumbePsome 
additional literals . Finally, as a consequence 
they restrict the search for unifiers . 

This system uses the constraints mechanism to 
delay as much as possi ble the process of unifi­
cation . This has two advantages . First , the dee ­
per we go in a refuta tion, the more information 
we gather about the structure of the terms we 
need to substitute . This reduce s our search 
space for unifiers (intuitively, the more argu­
ment- value pairs we know, the less functions 
exist whose graphs contain these pairs~ 

Second, we just need to check for the exis­
tence of some unifier , we do not need most gene­
r al ones . This permits us never to consider the 
unifica tion of two terms whose heads are varia­
bles , such as : 

f(A 1, A2, •• • , An) and g (B 1, B2, •.• , Bp) 

or 
f(A 1, A2, •.• , An) and f(C 1, c2, ••• , Cn) . 

These cases are the most difficult ones to 
mnsider for most general unification , but they 
are trivial when we need only check for exis­
ten ce of unifiers (take any constant funct ion) . 
Actually we need to compose only two elementary 
unification processes (called i mitati on and 
projection) , whereas to get most general uni­
fiers Pietrzykowski and Jensen '~ need four , the 
other two be i ng the most prolific ones i ndeed . 
This i s because when we consider a pair such as 
f(A1, A

2
, ••• ,A ) and F(B 1, B2, ••• , B ) , we know 

something defiBite about the structRre of the 
common instance (it must begi n w~th an F) and 
so we have a "handle " on the uni fication pro­
cess . 

A di sadvantage of the delaying of unifi ca­
tion i s that we may generate clauses whose cons -
traints cannot be satisfied and thi s i s why 
some processing of these constrai nts i s neces­
sary . In many cases we will know a most general 
uni f i e r of some constraint and thi s unifi er 
should be applied to the cl ause . In other case s 
we may know that no substitution will uni fy the 
constraints, and then we should de lete the 
clause . There is a trade - off here i n the amount 
of unifying while searching which should be done . 

Automatic theorem proving i s undoubtedly 
more difficult here than in first - order logic . 
However our higher- order language permits us 
to state many theorems in a more concise way, 
and refutations tend to be a lot shorter . For 
i nstance , i n our examples , we used set vari a­
bles i n a very natural way (us i ng their charac­
teristi c predicates) . We coul d get all the 
propert i es of E wi th application, of comple-

mentat ion with l and of union with V • Also the 
abstraetion mechanism of A- calculus replaces in 
a ni ce way cumbersome comprehension axioms. 

However we might still need use some axioms 
of descript i ons , to assert the existence of 
certai n functions : 

~i vp[(~ ! x p(x)) ~ p(i(p))] . 

When we need to substitute non- atomic propo­
sitions for predicate variables (vi a spl ittingl 
refutations tend to become messy and unnatural. 
The system should be improved on thi s point , 
maybe by replacing splitting by rules closer to 
natural deduction . This woul d also allow us to 
get r i d of the i nitial r educti on to clause form , 
which is not always des irable , and to use we l l ­
known techniques to decr ease the complexity of 
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refutations (Ernst 7 
) . Only then can we hope to 

deal with proofs by induction in a satisfactory 
way . 

In conclusion, we have presented in this 
paper a system of logic which is a generaliza­
tion to Church ' s type theory of Robinson ' s reso­
lution . This system seems well suited to mecha­
niz i ng proofs which require complex substituti­
tions for function variables , as shown i n a few 
hand-simulated examples . Substitutions on non­
atomic propositions for prredi cate variables are 
not dealt with in a very satisfactory way yet , 
and some improvement is needed there . Our sys­
tem without extensionality is equivalent to 
Andrews ' system . However it i s amenable to auto­
matic treatment because the substitution ru~e 
has disappeared . Our system with extensionality 
ought to be equivalent to Pietrzykowski 's sys­
tem, and it i s conj ectured that it is more effi­
cient . A partial implementat i on is i n progress 
at IRIA, mechanizing constrained resolution 
without spli tting . The emphasis will be put on 
the heuristic rules for processing constraints 
duri ng the r efutation. 
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