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Summary

In the paper is presented a new method
for accelerating the convergence of the
stochastic approximation method,which can
be used as a mathematical technique to
solve some learning problems.

1. Introduction

One of the main aims of contemporary theo-
ry of adaptive,learning and self-learning
systems is the unification of the prob-
lems of adaptation,learning and self-lear-
ning from one point of view,i.e.the de-
termination of the appropriate mathema-
tical technique which would be able to
solve as large a class of problems as
possible.Theoretically it seems that the
theory of stochastic approximation could
solve this problem 9 % ,

In the learning problem of dividing
input situations into n classes,it is pos-
sible in a deterministic case to consider
the learning-a4s is known” -as an approxi-
mation of the function,which divides two
disjoint classes.Let this decision func-
tion be written as

?,}u) 1)
where x is an l-dimensional vector and y
is a quantity showing the class to which
a pattern belongs.In the stochastic for-
mulation of the problem where the condi-
tion of disjoint classes is not required,
y can be taken as the probability that x
belongs to one class and 1-y is the pro-
bability that x belongs to another class,
The function f in equation(l)can be ap-
proximated by the finite expansion
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where ¢ is an n-dimensional vector of
coefficients, @/)is an n-dimensional vec -
tor of linear independent functiors and
T stands for transposition.Let P(X) be an
unknown probability density function of
the observed vector X.A measure of the
approximation of f&ﬁ through £¢¢) can be
provided by the mean value of any strict-
1y convex functionF with argument(§u)-f2).
Then we can write the measure of the ap-

proximation in the form of
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wheregl is the space of all observed vec-
tors x .The best approximation corres-
ponds to such a choice of vector< that
JC)attains its minimum.This problem can
be solved by the stochastic approximatiam
method where the influence of noise can
also be considered.

The practical use of the stochastic
approximation method as a mathematical
technique for learning,self-learning, and
adaptation depends on the speed of con-
vergence of the methods used.This paper
deals with this problem.From the prac-
tical point of view,the solution of ex-
tremumsearching problems has great sig-
nificance.The stochastic approximation
methods,as methods of sequential itera-
tions in the case of extremum-searching
problems,exploit various forms of the
iterative gradient method.Asymptotic be-
haviour and the speed of convergence we-
re observed by many authors for various
modifications of this method.A common
feature of all these algorithms of gra-
dient methods an all these modifications
did not,however,change.This is a way in
which information is gained during the
iterative process.The way of gaining in-
formation,the structure of the informa-
tion and its interconnection provide the
basic clue to the construction of the new
algorithms and are also the criterion of
quality.If there is not sufficient infor-
mation to make the next step in the ite-
rative scheme,then additional information
must be gained by experimental interim
steps.From this point of view,those al-
gorithms are important which do not need
experimental steps before the next step
can be made.The stability of used algo-
rithms against noise depends directly on
the structure of gained information and
its interconnection.Not every algorithm
which solves the problem in the determi-
nistic case is stable against noise.
Many control processes can be described
only through the mathematical models pos-
sessing some uncertainties in the form
of a set of random variables with un-
known probabilistic descriptions.
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In this paper we describe an algo-
rithm which has the above mentioned pro-
perties;i.e.,it does not use experimental
steps and information is gained by steps
during the iterative process,and it sol-
ves the extremum-searching problem in the
presence of noise.

2, Stochastic approximation
methods

The first methods of stochastic approxi-
mation were the algorithms of Robbins and
Monro4 ,Blum®* ,Kiefer and Wolfowitz 2
for finding the zero point of the func-
tion or the extremum of the one-dimen-
sional function in the presence of noise.
A generalization for multidimensional
functions was made later by Blum# and
these results were unified by Dvoretzky?,
whose results we shall use.As the speed
of convergence of the method given by Ro-
bbins and Monro depends on the type of
function,often this speed is not satisfac-
tory from the practical point of view.

We shall use the two following ways
of accelerating the convergence.Let %(t)
be a fixed but unknown function,which has
a unique rootx=% .Let z is a random va-
riable with distribution function H(z/¢) ,
which depends on the real parameter ¥ .
The Robbins-Monro procedure is defined
for searching the zero point of regresion
function

y(x) = fde(-z/L)
as a sequence fX,! given by relation

an

Xorr = Xy~ Qp 2, (4)

where §0,% is a sequence of positive
constants such that
R > %
@«70; n%a’”:go g m;a,w<oo (5)

Fabian® gives the modification of the
algorithm which makes it posseble to ac-
celerate the convergence to within cer-
tain limits of the probability density
function #(#/9) .This limitation for the
probability density function results from
the condition that the regresion function
§UJ corresponding to the random variable
should satisfy

y(8) = J vﬁigw(z')f(l/o)b:-f feeio)dz + 6&‘1/9)111:0
et R 0 (¢)

as was shown by Avedjan™ .,

The other method of accelerating the
convergence of the Stochastic approxima-
tion method was given by Kesten® .The
idea behind this method is that if the

expression 4@mﬂ;<h4) retains its signam,
then the value of a, in the algorithm does
not decrease /as it does in the algorithm
of Robbins and Monro/?but remains unchan-
ged until the first change of signum.On
the condition that @, is a nonincreasing
sequence,Kesten shows the convergence of
this algorithm with probability one.The
advantage of this algorithm lies in the
fact that,until the iterative process
reaches the domain of its extremum,the
algorithm retains a greater value of step
and so decreases the influence of noise,
as this is indirectly dependent on the
value of the step,i.e,the greater the va-
lue of the step the smaller the influence
of the random component.Kesten examined
the possibility of also utilizing this idea
also for the algorithm of Kieffer-Wolfo-
witz

Z(X,7C.) ‘?(x,—g_,,)] @)
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in order to find the extremum of the re-
gression function.Kesten shows the con-
vergence of this algorithm only with an
additional strong condition for sequence
Cn.Instead of the original condition ¢,~0,
the condition ¢,zcoest, is essential.And so,
in this case,Xx, in general does not have
to converge to the point in which the
regression function achieves its extre-
mum,.This leads to two opposing demands:

on one hand,the condition of con-
vergence itself,i.e.that the value of
should be as low as possible;on the other
hand,the question of the speed of conver-
gence, because,the greater the value of
the smaller the influence of noise.
Obviously, this is valid only so long as
the algorithm does not achieve its extre-
mum domain.The idea behind these algo-
rithms for extremum-searching of the
k-dimensional function is the way of de-
termination of the gradient.Up to now
used standard method for searching the
gradient is a static one and the gradient
is determined using the experimental
steps.In the case of stochastic approxi-
mation the symmetric gradient is the most
suitable,and this needs 2k experimental
steps for the determination of direction
of the gradient.Further,it will be given
the algorithm which creates a sequential
process during which the gradient is
searched without using the experimental
steps.This sequential multidimensional
search algorithm creates a sequential
process of k onedimensional search algo-
rithms.This algorithm does not have the
above drawbacks and its speed of conver-
gence is better than the speed of conver-
gence of the above-mentioned modifica-
tions. .
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3. Multidimensional stochastic
approximation method

Let §Z(¥)} be a vell-defined family
of random variables with unimodal regres-
sion functiony«)which achieves its maxi-
mum at the point X¥=9 .Let F, be k-dimensio-
nal Eugclidean space,If x,(z,, ) € Ex
then we denote its norm as }“ .Let
fu/) be a probability density function
which satisfies the condition

f/-)uu/g)clu —fﬁ(x&/@)du =0 (8)

where 4 will be defined latter.

Let yu)-gx)rJ',where () is an un-
known comtinuous fuction,possessing con-
tinuous-partial tnivativives of the first
order,and d is a random noise

Let
g 04) ) ) ,@‘) AAIX‘._Q;I_'_B(._,Q
k. .
; - (9)
=42,k

where A,B are constants.

Theorem /of Dvoretzky/‘

Let Xn,{w be non-negative numbers defined
for o m-42,.. ;which satisfy the condi-
tions

’(""".“' Ky =0 “0)

M PR

%_A (11)

Let{T,} be Borel measurable vector mappings
which satisfy the condition

1Tt - @l mae o, i, -8 f-fa) o

Let x,,#, be random variables and let the
following sequence be defined as

me: T(x’w) + Xy (13)
Then,if the following conditions are sa-
tisfied.

SEIL <o Elnall=o

)
where £ denotes a mathematical expecta-
tion,the sequence {x”}converges with pro-

bab111ty one and in the mean square to @
1 8

, E‘XQHIZoo ,

N Z &mzw, @} =4 (/.5‘)

Lims E{ ik, - /11)?.:0 (16)

Proof:

To prove the convergence i, infi space it
is sufficient to prove the convergence
of every component of vector x_ ,(x”"” gj

7'»‘».

Let us define the algorithm

‘) lL') ()

:X’ - Qa, /.)M

1)
» fanly m«]fw{( h_j(”)
where ¢ is changing cyclically from ~
to « and

7 1) (2) (o) (iva) (k)
AZ (,,\,,X-M’ ,)(,W‘Lmﬁ,m,x_m_‘)._
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Let
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for ¢=42,.k.

To find an extremum of a function is
formally equal to finding the roots
of its derivative.Thus instead of equa-
tion (17) we can write
! $) ( a.'/ (,,’, . ) )
Lt ™ Koy, = Qi g L, 9)

where ¢+ is changing cyclically from 7
to kK and

“le 7l d, oo
where
1) @) .'.) (wf) &)

P e

() @) (@)
and /}L: 0 for X =9,
Let -

== - 2 s

Elull =3, clozEflu-Fico<= @)
be valid.
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From the equation(20) we have

' 1FY) 14
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Let us denote

—

¢c) >
a, Ll o 7
[ ™

and

satisfy the condition (7¢).

Therefore from equation(/9)we obtain
)

. o) Tty =
[)( —a, «Ml(r\/yml]—a,w J;
Let us denote
W) r' )
w (K,)= —a mgwa (23)
wh1ch represents the deterministic part of
the algorithm,and

) i) )
N, = —aw,J: @24
is the stochastic component.
Then the equation(/J)can be written
l"-) . (b (7] {:)
et ™ Lo 7 HEY
for i“L“vK ; and

) i &) &
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Now we prove that conditions of Dvoretz-
ky s theorem are satisfied for every

lL) (:’ ()
(}{w) /Lw «

/

3.1. Stochastic part

[t must be proved that the following con-
ditions are satisfied for our algorithm:

_ )
Elrli=0

77 ENCA) < oo

for L=42,..k

EI/L,::}/= E/'CLLU)O‘:: /: a,:'IE/cZ:/ = 0 es)

for ¢=12,.—-K

If the noise makes a sequence of indepen-
dent random variables,then we can write

/(Z LY =S E Ly

Now we denote the sum of the right side
of the above equation as 5“/for every ¢={.k.

Z Ely =3 El@2E ) =
Z(

)1 -
E1d0]
The mathematical expectation of J is the
error dispersion which,according to the
assumption,is limited

E/gf/ Z I(DOJL<HDO

(26)

Ky >0

Then .
(c
$ <Ko\7‘2_(a, g

m=q

and this sum is finite then and only then,
when

o0
) 2

Z(Cb ) <€ =

for every <:z(2,.-.k,
which is satisfied in accordance with the
assumption.

3.2. Deterministic part

Let us consider a family of functions
u) u') (&)

7 /y(""'w) ""'Kﬂr-l)

whereby

—
An(9)=
Lot lu— a,m/7/k4a, for K, >/
and denote{ -
5 ) ~)
Then TR M

, @l
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©2))
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which results from the fact that the
function is continuous and unimodal.
Let us denote

L.

(e ,V-‘E) @)
Cb’w —1P, | = f;’
then
«w)
&/YW - =0
m=> o0
and
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for every <(=1,2,--.K [jihgﬁ<«: it follows
from Cauchy-Bolzano criterion/

Thus the conditions of the theorem are
satisfied.

) ) 1)
Let | ¢, -9,,, | "

)
Let o, be the maximum overstepping of
the zero point in the m-th step for <-th
parameter.

Then we can write
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o)
’T/w (xnv)‘ %Mb-l ’ = IX;‘"“aMm‘Zdvéf“"_ GMH ‘ =
= B i o =1k e 8 i 7
= U, | w VT X =V~ £a, . w T
) ) (:, " WJ
- ’/\M'@Ml 1—]VM I

According to the assﬁmption for my m,
we can write that
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and therefore
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for every y=14,2,.-+K,
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Let us now denote

) & L)

o Bel]=x,
As  fim = the assumptions

mDos
of the theorem are fulfilled. )
W W)
As we can see from the above Z«M% =
M= O
and thus A (-x,,,,,u.,xr_):a(@)ﬂ,,.,@‘_)
")

where @ =9 .

Up to now we have assumed that the
function #(x,,..,4.) has only one extremum
on an arbitrary straight line.The algo-
rithm is not limited only to this class
of functions,but satisfies also the class
of functions which have more than one
extremum on this straight line.This re-
sults from the unimodality of the func-
tion.The algorithm is shown in fig.l,
where the sequencef« ..« 43corresponds
to those ry’in which the corresponding
partial derivative changes its signum.

The conditions given fordu,}are sa-
tisfied by the harmonic sequence § /7.2

or Z C/m’ g , L= congt .

And also by Kesten's sequence which is
constructed with the help of harmonic
sequence according to the following de-
finition,as the sequence{aggwhose terms
are

d4:@4 ) CLz =a’2—) LR dM:CLS(»’W)
"
Sty =2 + 2 P Lle; 40, "*L'-z)]
-4 X&o .
plx)= { 5

X

Using Kesten's sequence, the convergence
is accelerated and we avoid the diffi-
culties which occured in part 2.In the
domain of the extremum,the value of the
step does not affect the noise level

and then only the law of large num-
bers is valid.Therefore,in the domain of
the extremum,Kesten s sequence does not
accelerate the convergence,and it is
better to use the harmonic sequence,i.e.,
to lessen the value of the step as quick-
ly as possible.This modification gives
better results than other modifications.

(30)

4, Coclusion

The above-mentioned method of stochastic
approximation accelerates the convergence
and therefore has an influence on the qua-
l1ity of learning.This method satisfies
the condition so-called "An ideal sto-
chastic approximation",i.e,steps of lar-



ge value are used far from the extremum;
and the nearer the extremum,the smaller

the step becomes.The fact that this me-

thod does not use the experimental steps
means that,in this case,the convergence

is accelerated and the method gives con-
siderable better results than other me-

thods.The method was used in pattern re-
cognition for disjoint classes.

Fig.l. The multidimesional search algo -
rithm
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Figure 1. The Multidimensional Search Algorithm
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