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Summary 

In the paper is presented a new method 
for accelerating the convergence of the 
stochastic approximation method,which can 
be used as a mathematical technique to 
solve some learning problems. 

1. Introduction 

One of the main aims of contempora ry theo­
ry of adaptive,learning and se~f-learning 
systems is the unification of the prob­
lems of adaptation,learning and self-lear­
ning from one point of view,i.e.the de­
termina tion of the appropriate mathema­
tical technique which would be able to 
solve as large a class of problems as 
possible.Theoretically it seems that the 
theory of stochastic approximation could 
solve this problem 9-f't • 

In the learning problem of dividing 
input situations into n classes,it is p~­
sible in a deterministic case to consider 
the learning-as is known• -as an approxi­
mation of the function,which divides two 
disjoint classes.Let this decision func­
t i on be written as 

·'J ,. f (() (1) 

where ·x is an !-dimensional vector and y 
is a quantity showing the class to which 
a pattern belongs.In the stochastic for­
mulation of the problem where the condi­
tion of disjoint cl asses is not required, 
y can be taken as the probability that x 
belongs to one class and 1-y is the pro­
bability that x belongs to another class. 
The function f in equationCl)can be ap­
proximated by the finite expansion 

"" ~ \ ' T _. f<x) "'(_C; </>,;.(/)"' c ¢(x:) 
~; { 

(Z) 

where ·~ is an n-dimensional vector of 
coefficients, ¢ cl)is an n-dimensional vee­
tor of ·linear independent functi~mand 
T stands for transposition.Let Pc~ ) be an 
unknown probability 1ensity function of 
the observed vector x.A measure of the 
approximation of j(1J thro·ugh 'fc1> can be 
provided by the me an value of any strict-
ly convex functionF with argumentrf<1J·-'{cl>). 

Then we can write the measure of the ap-

proximation in the form of 

J (C'l ., E rF()-t¢<11) ~ - j nrFt c;t)) Pr::,~~~ 
where X is the space of all observed vec­
tors 1 .The best approximation corres­
ponds to such a choice of vector c that 
j c? ) attains its minimum.This problem can 

be solved by the stochastic approximatim 
method where the influence of noise can 
also be considered. 

The practical use of the stochastic 
approximation method as a mathematical 
technique for learning,self-learning, and 
adaptation depends on the speed of con­
vergence of the methods used.This paper 
deals with this problem.From the prac­
tical point of view,the solution of ex­
tremumsearching problems has great sig­
nificance.The stochastic approximation 
methods,as methods of s equential itera­
tions in the case of extremum-searching 
problems,exploit various forms of the 
iterative gradient method.Asymptotic be­
haviour and the speed of convergence we­
re observed by many authors for various 
modifications of this method.A common 
feature of all these algorithms of gra­
dient methods an a ll these modific ations 
did not,however,change.This is a way in 
which information is gained during the 
iterative process.The way of gaining in­
formation,the structure of the informa­
tion and its interconnection provide the 
basic clue to the construction of the new 
algorithms and are also the criterion of 
quality.If there is not suffi~ient info~ 
mation to make the next step in the ite­
rative scheme,then additional information 
must be gained by experimental interim 
steps.From this point of view,those al­
gorithms are important which do not need 
experimental steps before the next step 
can be made.The stability of used algo­
rithms against noise depends directly on 
the structure of gained information and 
its interconnection.Not every algorithm 
which solves the problem in the determi­
nistic case is stable against noise. 
Many control processes can be described 
only through the mathematical models ~ 
sessing some uncertainties in the form 
of a set of random variables with un­
known probabilistic descriptions. 
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In this paper we describe an algo­
rithm which has the above mentioned pro­
perties;i.e~it does not use experimental 
steps and information is gained by steps 
during the iterative process,and it sol­
ves the extremu•-searching problem in the 
presence of noise. 

2. Stochastic approximation 
methods 

The first methods of stochastic approxi­
mation were the algorithms of Robbins an 
Monro" ,Blum3 ,-r ,Kiefer and Wolfowitz .t 
for finding the zero point of the func­
tion or the extremum of the one-dimen­
sional function in the presence of noise. 
A generalization for multidimensional 
functions was made later by Blum~ and 
these results were unified by Dvoretzky', 
whose results we shall use.As the speed 
of convergence of the method given by Ro­
bbins and Monro depends on the type of 
function,often this speed is not satisfa~ 
tory from the practical point of view. 

We shall use the two following ways 
of accelerating the convergence.Let ~~> 
be a fixed but unknown function,which has 
a unique root X.=~ • Let z is a random va­
riable with distribution function f./(1/t.) , 
which depends on the real parameter l! 
The Hobbins-Monro procedure is defined 
for searching the zero point of regresion 
function 

"" 
~(X.)= j :t dH (~h) 

as a sequence f.t.,~ given by relation 

x =x -a1 
'"'H ·"" '"' ·"' 

where {aJ is a sequence of positive 
constants such that 

(It) 

""" .,.a ~ 
a:>o I".a ==~ . La<:-.:><:> CS) 

.'t\,. ) 1"1'\-;;. ...,., I ("::-1 /ft.# 

FabianT gives the modification of the 
algorithm which makes it posseble to ac­
celerate the convergence to within cer­
tain limit~ of the probability density 
function f(X/9) • This limitation for the 
probability density function results from 
the condition that the regresion function 
~<~ corresponding to the random variable 
· :t = ~'{"' 2 should satisfy 

'ijCf})::: 1~91V<t)f(t/e)ti:J=-}~c':ito)d:H r~(1/9)dlc:O 
-~ -.;., 0 (6) 

as was shown by Avedjan 45 • 
The other method of accelerating ~ 

convergence of the Stochastic approxima­
tion metho1 was given by Kesten& .The 
i~ea behind this method is that if the 

expression ~(.r .. -x .. _,) retains its signam, 
then the value of ~ in the algorithm does 
not decrease /as it does in the algorithm 
of Robbins and Monro/~but remains unchan­
ged until the first change of signum.On 
the condition that a. ... is a nonincreasing 
sequence,Kesten shows the convergence of 
this algorithm with probability one.The 
advantage of this algorithm lies in the 
fact that,until the iterative process 
reaches the domain of its extremum,the 
algorithm retains a greater value of step 
an~ so decreases the influence of noise, 
as this is indirectly dependent on the 
value of the step, i.e., the greater the va­
lue of the step the smaller the influence 
of the random component.Kesten examined 
the possibility at a lao utili~ in~ this idea 
also for the algorithm of Kieffer-Wolfo­
witz 

Jt = X _ [ zrx.,rC,.) -nx,.-c.,)J ('1) 
11+1 .... a,..., !Z C,.,.. 

in order to find the extremum of the re­
gression function.Kesten shows the con­
vergence of this algorithm only with an 
additional strong condition for sequence 
C~.Instead of the original condition c~~o, 
the condition ~;~a~. is essential.And so, 
in this case,x~in general does not have 
to converge to the point in which the 
regression function achieves its extre­
mum.This leads to two opposing demands: 

on one hand,the condition of con­
vergence itself,i.e.that the value of 
should be as low as possible;on the other 
hand,the question of the speed of conver­
gence,because,the greater the value of 
the smaller the influence of noise. 
Obviously,this is valid only so long as 
the algorithm does not achieve its extre­
mum domain.The idea behind these algo­
rithms for extremum-searching of the 
k-dimensional function is the way of de­
termination of the gradient.Up to now 
used standard method for searching the 
gradient is a static one and the gradient 
is determined using the experimental 
steps.In the case of stochastic approxi­
mation the symmetric gradient is the most 
suitable,and this needs 2k experimental 
steps for the determination of direction 
of the gradient.Further,it will be given 
the algorithm which creates a sequential 
process during which the gradient is 
searched without using the experimental 
steps.This sequential multidimensional 
search algorithm creates a sequential 
process of k onedimensional search algo­
rithms. This algorithm tbes not have the 
above drawbacks and its speed of conver­
gence is better than the speed of conver­
gence of the above-mentioned modifica­
tions. 
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3. Multidimensional stochastic 
approximation method 

Let fZC~ll be a vell-defined family 
of random variables with unimodal regres­
sion function1r4which achieves its maxi­
mum at the point;,. fi .Let f~ be k-dimensio­
nal Euclidean space. If X• (K, , ..• ,tAJ E Et 
then we denote its norm as 11111 .Let 
~&~) be a probability density function 
which satisfies the condition 

~ 0 

J fr'"' l9 )cla - J f (.u-ffJ)rlu. : o (~) 
0 - .A 

where ~ will be defined latter. 
Let -;rc;> = 1<"kh S" ,where JfK) is an un­

known co•tinuous fuction,possessing con­
tinuous-partial llerivativives of. the first 
order,and o is a random noise 
Let 

/.11 (~I IIG,L I ' .. It •• .. . ,q).J I L. A /.t,· -@d t-B <...t.J 

. rv.~:-~ (9) 
'-,: 1.2 , .. ,i< 
where A,B are constants. 

Theorem /of Dvoretzky/8 

Let .X,., 1( "1V be non-negative numbers defined 
for ,_.1,2 .. , .. ;which satisfy the condi­
tions 

(10 ) 

(1 f) 

Letf~lbe Borel measurable vector map~gs 
which satisfy the condition 

Let x1 ,.tt;,. be random variables and let the 
following sequence be defined as 

(-f3) 

Then,if the following conditions are sa­
tisfied . 

..., ':1. 

[£11.1(11~ 1)0 I EIX)/< oO I 
..... : 1 

E i/ It,.. II = o 
{A~) 

where C. denotes a mathematical expecta­
tion, the sequence fX~1converges with pro­
bability one and in the mean square to ~ 
i.e. 

(f 5-) 

Proof: 

To prove the convergence X: ... in [i< space it 
is sufficient to prove the convergence 
of every component of vector~ .... ; (<'::C::.~ ... <~). 

Let us define the algorithm 
1

' I 1 ~) I,· I , f~ ) 1 i I t. I 

~ .. 1 ·::: x:lV - CL.._ 01~· ! LJ ~ } 'mr{ (,._ - .t..,_A J (17) 

where ~ is changing cyclically from 1 
to /<. and 

cO: ) (1) ( 2) 1;1 , ,-.. ) t t) 

D ]. = Z (X: X X: · ) ·-
"" ..,._ , ,. , .. . I . .,. , .(._.,._.,J •"IX.,. . I 

. . a ) ,- .~. /) c.) ct! 
- :t<x .... , ... ,)(,.,. l X:~ - ~~ .. ,r:,. .. ,) 

Let 

-"0 , .) '2. 
[ (a.,.) L. o0 

, ; , i i i 

a " a,,. 
fi t I 

for ~ "' U, ... ~<: 

To find an extremum of a function is 
formally equal to finding the roots 

(U) 

of its derivative.Thus instead of equa­
tion (f.f) we can write 

(19) 

where -1, is changing cyclically f rom ../ 
to 1< and 

where 

and 

Let . 

_ , ,, j 

i ll + 0 
d ·"'- ~ 

t1) 11.) r;; (:H) t<: l 

r;; r (rf, 1 J:I(J,I ' 'I~ I . .t,_p ... ,X~ ·I) 
' 0 .t. '•l 

1n c~, 
for t. = @"" . 

(Zo) 

(J-1) 

('2.2.) 
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Let us denote 

and 

where ({,~ satisfy the condition (1f). 

Therefore from equation(i<:J)we obtain 

Let us denote 

Tr:J ""' .. :, ,,:, r:l 
·"" ( .(,..) s X,...- a_. ~crv y,.,. (~3) 

which represents the deterministic part of 
the algorithm,and 

C:J- - ii:J "1"" 
,if,ttv - allv d"" (t4) 

is the stochastic component. 
Then the equation(i'J)can be written 

t':J . r:J .-.', ,:, 
x"~t• = r_ (x_) + ;v,...; 

for ;_=,2 "' and 
1, I .. ~'I""' 

tc~~) = C(i·./') 1'~/)) -r.·t;;.Y'>,) 
. """"" I :t\.# """ ' • l • f 11\1 '\otV 

It- -:: ( i1) tZ.) (IG\ 
. "" - IL '-J l Jl,..., I - •• ' /1.,,._.) . 

No~ we prove that conditions of nvoretz­
ky s theorem are satisfied for every 

t'i I <t1 liJ 
~ ( x .. ,,;) I Arv 

3.1. Stochastic part 

It must be proved that the following con­
ditions are satisfied .for our algorithm: 

-~ . 
2:: E II ( 4: /" li < o0 

·ll"4 

.for )., ·.: 1,2-, ... ,i<., 

If the noise makes a sequence of indepen­
dent random variables,then we can write 

Now we denote the sum of t~e right side 
of the above equation as 5wfor every i=.t, ... ,Jc. 

0 ~ ' C>C) . .. 

C~!_ ~ -I . (<)~I;:~~/(' '''J-)2.{.:::: S - '- t ( Jt,"" ) L - a."" :» 
,,.,1 1"" 1 

= f ( ~~')?. E I 'J:2-I (.26) 
11\ .. ~ 

-Z. 

The mathematical expectation o.f ~is the 
error dispersion which,according to the 
assumption,is limited 

1
-'2.. 'Z. 

£ c:!:, / L Ka 0' <" o0 K.
0 

> o 

Then 

and this sum is finite then and only then, 
when 

for every .Z"' f, z., ... K/ 
which is satisfied in accordance with llie 
assumption. 

3.2. Deterministic part 

Let us consider a family of functions 
- .. ,, - • {4) t'l) ,,, {I;) 

1""-= 1<X,_,X..,, ... ,X., ... ,K,._1) 

whereby 

for k 1 > ( 

(2-i) 
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(~) 

If .fJwQ.;~'-&0 for every Z=I,2,~.,1G 
then ~~~ 

l.:?W l >'..., I "" o 
which results from the fact that the 
function is continuous and unimodal. 
Let us denote 

(~ J tiJ tZ) 
a:, -iv / ·= .r 

f"V """ 4~ 

then 
,z) 

~r: -..a 
/h..;. <X> 

and 
o:>O I~) 

~ r:. -=oO 

for ever/'E:,,;, .•. ,t I %'tv:11<~ it 
from Cauchy-Bolzano'"~criterion.( 

follows 

Thus the conditions of the theorem are 
satisfied. 

(~) .. ~) . ) 
Let I K....., - 9-,HA I <. c( 

(ZJ 
Let o<.('V be the maximum overstepping of 
the zero point in the ""'-11. step for .C:-t~ 
parameter. 

Then we can write 

According to the assumption for flV/;11'-c 
we can write that 

I ·~tv~:> I LA I x.~ '- 'ft:.:'l r B 
and 

I Tti) d1 r:1 _r.:l r.j r.'} c:/ ,:1 
/W ( x,.., ) - fl4 I~ ( CL,... A- J) 1-t:..v- @,._ Ira,., B +I~ I 

as 
_,.:, A 

then a,IIV L' ~ 

for every ~== ~,21 --·K. 
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Let us now denote 

i~'B+ 11{) -=X::1 

As ;;......_ ~ '~ 1 .= 0 the assumptions 
· ""'~()IC.) t-

of the theorem are fulfilled. 
•·'> (•'> 

As we can see from the above -~;,.,...; ~ = ~ 
1">'~>0 

and thus .~ tli(x..~, .• • • 1 x~~ -:: 'i(~, .,., 'lJ-c:..) 
(:J a a 

where<{)-<.,::£{}. 

Up to now we have assumed that the 
function ~ (-(~ 1 .. • 1 );:. ) has only one extremum 
on an arbitrary straight line.The algo­
rithm is not limited only to this class 
of functions,but satisfies also the class 
of functions which have more than one 
extremum on this straight line.This re­
sults from the unimodality of the func­
tion.The algorithm is shown in fig.l, 

f. (OJ f~) ,,, ,,.) 2 d 
where the ~.equencez"'.";i:3:1 ... ,i:1j3,.; .. } correspon s 
to those :t:i/ in which· the corresponding 
partial derivative changes its signum. 

The conditions given forfa .. Jare sa­
tisfied by the harmonic sequence f ~ti--l 
or f c;.,.,., ~ 

1 
c_ = cor2~t . 

and also by Kesten& sequence which is 
constructed with the help of harmonic 
sequence according to the following de­
finition,as the sequence[ol~whose terms 
are 

d-1 ·::()_._,) d~ :Q.,2.) ••• I d""'.:::CLS(.-z.v) 

11'\.1 

S(IIV) '"' .2. T- ~ p [ Lt~ --!:~ .• )({.; .• --t~·-: D 
· -1 !(.£,() 

rp {x) -= f 
0 

~ >o (30) 

Using Kesten's sequence, the convergence 
is accelerated and we avoid the diffi­
culties which occured in part 2.In the 
domain of the extremum,the value of the 
step does not affect the noise leTel 

and then only the law of large num­
bers is valid.Therefore,in the domain of 
the extremum,Kesten's sequence does not 
accelerate the convergence,and it is 
better to use the harmonic sequence,i.e., 
to lessen the value of the step as qui~­
ly as possible.This modification gives 
better results than other modifications. 

4. Coclusion 

The above-mentioned method of stochastic 
approximation accelerates the convergen» 
and therefore has an influence on the qur 
lity of learning.This method satisfies 
the condition so-called "An ideal sto­
chastic approximation",i.&,stepa of lar-



ge value are used far from the extremum; 
and the nearer the extremum,the smaller 
the step becomes.The fact that this me­
thod does not use the experimental steps 
means that,in this case,the convergence 
is accelerated and the method gives con­
siderable better results than other me­
thods.The method was used in pattern re­
cognition for disjoint classes. 

Fig.l. The multidimtnlional search algo­
rithm 
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Figure 1. The Multidimensional Search Algorithm 
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