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Abstract

We study the complexity of (approximate) win-
ner determination under Monroe’s and Chamberlin-
Courant’s multiwinner voting rules, where we fo-
cus on the total (dis)satisfaction of the voters (the
utilitarian case) or the (dis)satisfaction of the worst-
off voter (the egalitarian case). We show good ap-
proximation algorithms for the satisfaction-based
utilitarian cases, and inapproximability results for
the remaining settings.

1

We study the complexity of (approximate) winner de-
termination under Monroe’s [1995] and Chamberlin-
Courant’s [1983] multiwinner voting rules, where the goal
is to select a group of candidates that best represent the vot-
ers. Multiwinner elections are important both for human so-
cieties (e.g., in indirect democracies for electing committees
of representatives) and for software multiagent systems (e.g.,
for recommendation systems [Lu and Boutilier, 2011]), and
thus it is important to have good multiwinner rules and good
algorithms for them. Monroe’s and Chamberlin-Courant’s
rules are particularly appealing because they create an ex-
plicit (and, in some sense, optimal) connection between the
elected committee members and the voters; each voter knows
his or her representative and each committee member knows
to whom he or she is accountable. Further, the optimality of
the connection ensures the proportionality of the representa-
tion (again, in some sense).

When choosing a K-member committee, Monroe’s and
Chamberlin-Courant’s rules work as follows. We have a set
of m candidates and a set of n voters, where each voter ranks
the candidates according to the extent to which the voter feels
represented by them. For each voter we assign a single can-
didate to be his or her representative, respecting the follow-
ing rules: (a) altogether exactly K candidates are assigned to
the voters (for the case of Monroe’s rule, each candidate is
assigned either to about % voters or to none; for Chamberlin-

Courant’s rule there is no such restriction!), (b) the candidates
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'In effect, under Chamberlin-Courant’s rule each committee
member might be representing a different number of voters. The
committee should take this into account in its operation.
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are selected and assigned to the voters optimally in the fol-
lowing sense. We assume that there is a function o: N — N
such that «(i) measures how well a voter is represented by
the candidate that this voter ranks as i’th best. (We use the
same function « for each voter.) We can view « either as
a satisfaction function (then it should be a decreasing one)
or as a dissatisfaction function (then it should be an increas-
ing one). For example, it is typical to use the Borda count
scoring function whose m-candidate dissatisfaction variant is
defined as afjy = ¢ — 1, and whose satisfaction variant is
agp = m — 4. In the utilitarian variants of the rules, the
assignment should maximize (minimize) the sum of the vot-
ers’ satisfactions (dissatisfactions) with their representatives.
In the egalitarian variants, the assignment should maximize
(minimize) the satisfaction (the dissatisfaction) of the worst-
off voter. Thus, Monroe’s and Chamberlin-Courant’s rules do
create a useful connection between the voters and their repre-
sentatives, in a way that promotes candidates’ accountability
to the voters, and that represents voters’ views proportionally.

Indeed, among common voting rules, Monroe’s and
Chamberlin-Courant’s rules seem to be unique in having both
the accountability and the proportionality property. For ex-
ample, first-past-the-post system (where the voters are par-
titioned into districts with a separate single-winner Plurality
election in each) can give very disproportionate results (forc-
ing some of the voters to be represented by candidates they
despise), party-list systems (where the voters vote for par-
ties that then distribute the seats in the committee) make the
candidates feel more accountable to their parties than to their
voters, and under the single transferable vote rule (STV) it
is difficult to tell which candidate represents which voters.
However, Monroe’s rule and Chamberlin-Courant’s rule have
one crucial drawback that makes them impractical. It is NP-
hard to tell who the winners are!

Specifically, NP-hardness of winner determination under
Monroe’s and Chamberlin-Courant’s rules was shown by Pro-
caccia et al. [2008] and by Lu and Boutilier [2011]. Worse
yet, these hardness results hold even if various natural param-
eters of the election are small [Betzler et al., 2011]. Rare easy
cases include those when, e.g., the committee to be elected
is small, or voters have single-peaked preferences [Betzler
et al., 2011; Yu et al., 2013]. (Similar hardness results are
known for some appealing single-winner rules as well, e.g.,
for Kemeny’s rule [Bartholdi ef al., 1989; Hemaspaandra et



al., 2005; Betzler et al., 2009].) Thus Lu and Boutilier [2011]
proposed to use approximation algorithms (as was also done
for Kemeny [Ailon er al., 2008; Coppersmith et al., 2010;
Kenyon-Mathieu and Schudy, 2007]) and have given the first
such algorithm for the Chamberlin-Courant’s system. Their
procedure outputs an assignment that achieves no less than
1- é ~ 0.63 fraction of the optimal voter satisfaction. Yet
while there is no difference between finding an assignment
with the optimal satisfaction or with the optimal dissatisfac-
tion, as soon as approximations come into play the distinction
becomes tricky. For example, under Chamberlin-Courant’s
system with Borda count scoring function, a %-approximation
algorithm may assign each voter to a candidate somewhere in
the middle of this voter’s preference order, even if there is
a feasible solution that assigns each voter to his or her most
preferred one. Yet, a 2-approximation algorithm focusing on
voter dissatisfaction would give the optimal result.

In this paper, we follow the line of research focus-
ing on approximate winner determination for Monroe’s and
Chamberlin-Courant’s rules. Our first goal is to seek an al-
gorithm that finds assignments where voter dissatisfaction
is within a fixed bound of the optimal one. Unfortunately,
we have shown that under standard complexity-theoretic as-
sumptions such algorithms do not exist. Nonetheless, we did
find good algorithms that focus on voter satisfaction. Specif-
ically, we have obtained the following results:

1. Monroe’s and Chamberlin-Courant’s systems are hard
to approximate up to any constant factor both for
the dissatisfaction-based utilitarian and egalitarian cases
(Theorem 1) and for the satisfaction-based egalitarian
cases (Theorems 2 and 3).

For the satisfaction-based utilitarian cases (with the
Borda count scoring function), for the Monroe’s sys-
tem we give a (0.715 — ¢)-approximation algorithm (of-
ten, the ratio is much better; see Section 4), and for
Chamberlin-Courant’s system we give a polynomial-
time approximation scheme (that is, for each ¢, 0 < € <
1, we have a polynomial-time (1 — €)-approximation al-
gorithm; see Theorem 8).

We believe that our algorithms are practically useful. In-
deed, in Section 4 we describe a real-life scenario where our
algorithm for the Monroe’s rule achieves approximation ra-
tio 0.96. Further, Skowron et al. [2013] have conducted a
number of experiments on both real-life and synthetic data,
showing that our algorithms do well on those instances.

We model Monroe’s and Chamberlin-Courant’s rules as
special cases of a certain resource allocation problem. The
alternatives are shareable resources, each with a certain cost
and a maximum number of agents that may share it; each
agent has preferences over the resources and is interested
in getting exactly one. Our goal is to find an optimal allo-
cation within a given global budget (see Section 2 for de-
tails). In addition to unifying the view of the two rules,
the problem is interesting in its own right and brings in a
connection to other resource allocation problems. In par-
ticular, it closely resembles multi-unit resource allocation
with single-unit demand [Shoham and Leyton-Brown, 2009,
Chapter 11] (see also the work of Chevaleyre et al. [2006]
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for a survey of the most fundamental issues in the mul-
tiagent resource allocation theory) and resource allocation
with sharable indivisible goods [Chevaleyre et al., 2006;
Airiau and Endriss, 2010]. Our paper is also very close in
spirit to the recent work of Darmann et al. [2012].

2 Preliminaries

Preferences. For each n € N, by [n] we mean {1,...,n}.
We assume that there is a set N = [n] of agents and a set
A ={ay,...an} of alternatives. Each alternative a has ca-
pacity cap, € N and cost ¢, € N. An alternative’s capacity
gives the total number of the agents that can be assigned to it,
and its cost gives the price of selecting the alternative (irre-
spective of the number of agents assigned to the alternative).
Further, each agent i has a preference order —; over A, i.e., a
strict linear order of the form ar(1) > ar(2) >i *** =i Qr(m)
for some permutation 7 of [m]. For an alternative a, by
pos;(a) we mean the position of a in 7’th agent’s preference
order. For example, if a is the most preferred alternative for
i then pos,;(a) = 1, and if a is the least preferred one then
pos;(a) = m. A collection V' = (>1,...,>,) of agents’
preference orders is called a preference profile.

We will often include subsets of the alternatives in the de-
scriptions of preference orders. For example, if A is the set of
alternatives and B is some nonempty strict subset of A, then
by B = A — B we mean that for the preference order > all
alternatives in B are preferred to those outside of B.

A positional scoring function (PSF) is a function
a™: [m] — N. A PSF o™ is an increasing positional scor-
ing function (IPSF) if for each i, € [m], if ¢ < j then
a™ (i) < a™(j). Analogously, a PSF o™ is a decreasing
positional scoring function (DPSF) if for each i,j € [m], if
i < jthen a™(i) > a™(j).

Intuitively, if 5™ is an IPSF then 8™ () gives the dissatis-
faction that an agent suffers when assigned to an alternative
that is ranked ¢’th on his or her preference order. Thus, we
assume that for each IPSF 5™ it holds that 5™ (1) = 0 (an
agent is not dissatisfied by his or her top alternative). Sim-
ilarly, a DPSF 7™ measures an agent’s satisfaction and we
assume that for each DPSF 4™ it holds that v™(m) = 0.

We will often speak of families a of IPSFs (DPSFs) of the
form {@™ | m € N, o™ is a PSF}, such that:

1. If we are dealing with IPSFs, then for each m € N it
holds that (Vi € [m])[a™ (i) = a™(3)].

2. If we are dealing with DPSFs, then for each m € N it
holds that (Vi € [m])[a™*1(i + 1) = a™(i))].

In other words, we build our families of IPSFs (DPSFs) by
appending (prepending) values to functions with smaller do-
mains. We assume that each function o' from a family
can be computed in polynomial time with respect to m. To
simplify notation, we will refer to such families of IPSFs
(DPSFs) as normal TPSFs (normal DPSFs). We are partic-
ularly interested in the Borda count family of IPSFs (DPSFs)
defined as afj (i) =i — 1 (agp (i) = m —9).

The Problem. We consider a problem of finding a function
® : N — A that assigns each agent to some alternative (we
will call ® an assignment function). We say that ® is feasible



if for each alternative a the number of agents assigned to it
does not exceed its capacity cap,. Further, we define the cost
of assignment ® to be cost(®) = 3", 4-1(4) Ca (We pay cq
for each alternative a to which at least one agent is assigned.)

Given a normal IPSF (DPSF) «, we consider two dissatis-
faction functions, (§(®) and ¢% (), (two satisfaction func-
tions, £3(®) and min®(®P)), measuring the quality of the
assignment & as follows:

L05(®) = 320 a(pos;(2(i))).
2. 0% (®) = max]"; a(pos;(®(i))),
min®(®) = min}_; a(pos;(®(7))).

The former one follows the utilitarian approach of mea-
suring agents’ total dissatisfaction (satisfaction), whereas the
latter one follows the egalitarian approach by considering the
most dissatisfied (the least satisfied) agent only.

Definition 1 Let o be a normal IPSF. An instance of -
DU-ASSIGNMENT problem (i.e., of the disatisfaction-based
utilitarian assignment problem) consists of a set of agents
N = [n], a set of alternatives A = {ay,...anm}, a prefer-
ence profile V' of the agents, sequences (cap,,,...,cap, )
and (Cqy s - - -, Ca,, ) Of alternatives’ capacities and costs, re-
spectively, and a budget B € N. We ask for an assignment
Sfunction ® such that: (1) cost(®) < B, (2)Ygeal|l{i | ®() =
a}|| < cap,, and (3) £53(®) is minimized.

Problem «-SU-ASSIGNMENT (the satisfaction-based util-
itarian assignment problem) is defined identically except that
avis anormal DPSF and (3) we seek to maximize £¢ (®). If we
replace £ with %, in a-DU-ASSIGNMENT then we obtain
problem a-DE-ASSIGNMENT, i.e., the dissatisfaction-based
egalitarian variant. If we replace ¢ with min® in a-SU-
ASSIGNMENT then we obtain problem a-SE-ASSIGNMENT,
i.e., the satisfaction-based egalitarian variant.

Our four problems can be viewed as generalizations of
Monroe’s [1995] and Chamberlin-Courant’s [1983] multi-
winner voting systems (see the introduction for their defini-
tions). To model Monroe’s system, it suffices to set the budget
B = K, the cost of each alternative to be 1, and the capacity

of each alternative to be L1 (for simplicity, throughout the
paper we assume that K& divides || NV|). We will refer to thus
restricted variants of our problems as MONROE variants. To
represent Chamberlin-Courant’s system, we replace alterna-
tives’ capacities with || N||. We will refer to thus restricted
variants of our problems as CC variants.

Computational Issues. For many normal IPSFs « (e.g.,
for the Borda count), even the above-mentioned re-
stricted versions of the original problem, namely, a-DU-
MONROE, a-DE-MONROE, a-DU-CC, and a-DE-CC are
NP-complete [Betzler er al., 2011; Procaccia et al., 2008]
(the same holds for the satisfaction-based variants of the
problems). Thus we seek approximate solutions.

Definition 2 Let 5 be a real number such that 5 > 1 (0 <
B < 1) and let o be a normal IPSF (a normal DPSF).
An algorithm is a [B-approximation algorithm for a-DU-
ASSIGNMENT problem (for a-SU-ASSIGNMENT problem) if
on each instance I it returns a feasible assignment ® that
meets the budget constraint and such that (§(®) < - OPT
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(and such that £3(®) > - OPT), where OPT is the optimal
total dissatisfaction (satisfaction) (§(Popr).

We define [-approximation algorithms for the egalitarian
variants analogously. Lu and Boutilier [2011] gave a (1 — %)-
approximation algorithm for SU-CC family of problems.
Throughout this paper, we will consider each of the MON-
ROE and CC variants of the problem and for each we will
either prove inapproximability with respect to any constant 3
(under standard complexity-theoretic assumptions) or we will
present an approximation algorithm. We use the following
standard NP-complete problem [Garey and Johnson, 1979].

Definition 3 An instance I of X3C consists of a set U = [n]
(called the ground set; we assume that n is divisible by 3)
and a family F = {Fy,..., F,} of 3-element subsets of U.
We ask if there is a set I C [m] such that ||I|| = 2 and

Uies Fi =U.

Note that X3C remains NP-complete even if we addition-
ally assume that n is divisible by 2 and each member of U
appears in at most 3 sets from F [Garey and Johnson, 1979].

We omit some of the proofs due to space constraints (how-
ever, all our proofs exist in a written form).

3

3 Hardness of Approximation

We now present our inapproximability results for Monroe’s
and Chamberlin-Courant’s rules: There are no constant-factor
approximation algorithms for the dissatisfaction-based vari-
ants of the rules (both utilitarian and egalitarian) and for the
satisfaction-based egalitarian ones.

Naturally, these inapproximability results carry over to
more general settings. For example, unless P = NP, there
are no polynomial-time constant-factor approximation algo-
rithms for the general dissatisfaction-based resource alloca-
tion problem. On the other hand, our results do not pre-
clude good satisfaction-based approximation algorithms for
the utilitarian case; see Section 4.

Theorem 1 For each normal IPSF o and each constant fac-
tor 3, B > 1, there are no polynomial-time B-approximation
algorithms for either of a-DU-MONROE, a-DU-CC, a-DE-
MONROE, and a-DE-CC, unless P = NP.

Proof Due to space constraint, we give the proof for a-DU-
MONROE only. Let us fix a normal IPSF « and let us assume,
for the sake of contradiction, that there is some constant j3,
B > 1, and a polynomial-time S-approximation algorithm A
for a-DU-MONROE.

Let I be an instance of X3C with ground set U = [n]
and family 7 = {Fy,...,F,,} of 3-element subsets of U.
W.l.o.g., we assume that n is divisible by 6 and that each
member of U appears in at most 3 sets from F.

Given I, we build an instance I;; of a-DU-MONROE
as follows. We set N = U (that is, the elements of the
ground set are the agents) and we set A = A; U A,, where
Ay = {a1,...,a,} is a set of alternatives corresponding to

2
the sets from the family F and As, || A2 = [”%ﬂ}, is
a set of dummy alternatives needed for our construction. We
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Figure 1: The alignment of the positions in the preference or-
ders of the agents. The positions are numbered from left to
right. The left wavy line shows the positions m (), each no
greater than 3. The right wavy line shows the positions m;(+),
each higher than n - «(3) - 8. The alternatives from As (one
such alternative is illustrated with a circle) are placed only be-
tween the peripheral wavy lines. Each alternative from A, is
placed on the left from the middle wavy line exactly 2 times.

let m’" = ||A3|| and we name the alternatives in Ay so that
Ay = {b1,..., by }. Weset K = %.

We build agents’ preference orders using the following al-
gorithm. For each j € N, set Ms(j) = {a; | j € F;}
and My(j) = {a; [ j ¢ F}. Setmy(j) = [|M;(j)] and
my(j) = [|M;(5)||; as the frequency of the elements from U is
bounded by 3, m(j) < 3. For each agent j we set his or her
preference order to be of the form My (j) =; Az =; M;(j),
where the alternatives in M (j) and M;(j) are ranked in an
arbitrary way and the alternatives from A, are placed at posi-
tions mys(j)+1,...,ms(j)+m’ in the way described below
(see Figure 1 for a high-level illustration of the construction).

We place the alternatives from A, in the preference orders
of the agents in such a way that for each alternative b; € Ao
there are at most two agents that rank b; among their n - (3) -
[ top alternatives. The following construction achieves this
effect. If (i + j)modn < 2, then alternative b; is placed
at one of the positions ms(j) +1,....,ms(j) +n-a(3) -8
in j’s preference order. Otherwise, b; is placed at a position
with index higher than m(j) + n - «(3) - 5 (and, thus, at
a position higher than n - «(3) - ). This construction can
be implemented because for each agent j there are exactly
m' - 2 = n-«(3) - B alternatives b;,, b;,, ..., b such
that (i, + j) modn < 2.

Let ® be an assignment computed by 4 on I;. We will
show that £§(®) < n-«(3)- B iff I is a yes-instance of X3C.

(«=) If there exists a solution for I (i.e., an exact cover of U
with 7 sets from F), then we can easily show an assignment
in which each agent j is assigned to an alternative from the
top ms(j) positions of his or her preference order (namely,
one that assigns each agent j to the alternative a; € A; that
corresponds to the set F;, from the exact cover of U, that
contains j). Thus, for the optimal assignment ®op it holds
that £9(®opT) < a(3) - n. Consequently, A must return an

Ina(3)8

356

assignment with the total dissatisfaction at most n - «(3) - 5.

(=) Let us now consider the opposite direction. We as-
sume that A found an assignment ® such that (¢(®) <
n - «(3) - f and we will show that T is a yes-instance of
X3C. Since we require each alternative to be assigned to ei-
ther 0 or 3 agents, if some alternative b; from As were as-
signed to some 3 agents, at least one of them would rank it
at a position worse than n - «(3) - 8. This would mean that
£8(®) > n - «3) - B+ 1. Analogously, no agent j can be
assigned to an alternative that is placed at one of the m;(j)
bottom positions of j’s preference order. Thus, only the al-
ternatives in A; have agents assigned to them and, further, if
agents x, y, z, are assigned to some a; € Aj, then it holds
that F; = {x,y, 2} (we will call each set F; for which alter-
native a; is assigned to some agents x, y, z selected). Since
each agent is assigned to exactly one alternative, the selected
sets are disjoint. Since the number of selected sets is K = %,
it must be the case that the selected sets form an exact cover
of U. Thus, I is a yes-instance of X3C. a

One may ask if the above result is not an artifact of our
strict requirements regarding the budget. However, a similar
proof shows that there is no (/3,y)-approximation algorithm
that finds an assignment with the following properties: (1) the
total dissatisfaction ¢§(®) is at most /3 times higher than the
optimal one, (2) the number of alternatives to which agents
are assigned is at most v/ and (3) each selected alternative
(i.e., each alternative that has agents assigned), is assigned to
no more than [ ] and no less than % [ ] agents.

While approximating the optimal dissatisfaction is diffi-
cult, there are good algorithms for the satisfaction-based utili-
tarian cases (see, €.g., the work of Lu and Boutilier [2011] and
the next section). It is, thus, a bit surprising that satisfaction-
based egalitarian cases are nonetheless hard to approximate.

Theorem 2 For each normal DPSF « (with each entry poly-
nomially bounded in the number of the alternatives) and each
constant factor B, 0 < [ < 1, there is no polynomial-
time [(-approximation algorithm for a-SE-MONROE unless
P = NP.

For the case of SE-CC family of problems our inapprox-
imability argument holds for the case of Borda DPSF only
(though we believe that it can be adapted to other DPSFs as
well). Further, in our previous theorems we were showing
that existence of a respective constant-factor approximation
algorithm implies that NP collapses to P. In the following
theorem we will reduce the statement to a collapse of W/[2]
to FPT. (See the books of Niedermeier [2006] and Flum and
Grohe [2006] for reference on parametrized complexity.)

Theorem 3 For each constant factor 3, 0 < [ < 1, no
polynomial-time 3-approximation algorithm for agy-SE-CC
exists unless FPT = W|[2].

4 Approximation Algorithms

We now turn to our positive results. Throughout this section
we consider the Borda DPSF only; we show the first nontriv-
ial approximation algorithms for the Monroe’s system and the
first polynomial-time approximation scheme (PTAS) for the
Chamberlin-Courant’s system.



Monroe’s System. A natural iterative approach to solve
asp-SU-MONROE is to pick, in each step, some not-yet-
assigned alternative a; (using some criterion) and assign it
to those [%1 agents that (a) do not have any alternatives as-
signed to them, and (b) whose satisfaction of being repre-
sented by a; is maximal. This idea—implemented formally
in Algorithm 1—works very well in many cases. (For each
positive integer k, we let Hy, = Zle % be the k’th harmonic
number. Recall that H;, = O(logk).)

Lemma 4 Algorithm 1 is a polynomial-time (1 —
Hg

2(m7 1)
75 )-approximation algorithm for agy-SU-MONROE.

Proof Our algorithm computes an optimal solution for K <
2. Thus we assume K > 3. Let us consider the situation in
the algorithm after the 7’th iteration of the outer loop (we have
1 = 0 if no iteration has been executed yet). So far, the al-
gorithm has picked 7 alternatives and assigned them to i
agents (recall that for simplicity we assume that K divides n
evenly). Hence each agent has [ 2= | unassigned alternatives

m—i

among his or her i + [ =] top-ranked alternatives. By pi-

geonhole principle, this means that there is an unassigned al-

ternative ay that is ranked among top i+ [ 2=%] positions by at
m—1

K— ﬂ
slots for unassigned alternatives among the top i 4- [ 2= | po-
sitions in the preference orders of unassigned agents, and that
there are m — ¢ unassigned alternatives. As a result, there
must be an alternative a; for which the number of agents
that rank a, among the top i 4 [ %= ﬂ positions is at least:

(= i) [R5 2 250 = &

the [ 7| agents assigned in the next step of the algorithm will
have the total satisfaction at least [£] - (m — i — [%2=4]).
Thus, summing over the K iterations, the total satisfaction
guaranteed by the assignment ® computed by Algorithm 1 is
at least the following value (to derive the fourth line from the
third one we assume K > 3):

least 7 agents. To see this, note that there are (n—iz )[

m—i

n

. Hence,

e% K-1 . m—i
¢ b( ) > Zi:o ?'(m_l_fKﬂ-D
>3 e (m i =)
K . m—
:Zi:l%'(m_Z_Kiiil—"—K 7.+1)
> g (RE B — (- 1) H)
= (m—=1)n (172(m 11) 7).

If each agent were assigned to his or her top alternative, the
total satisfaction would be equal to (m — 1)n. Thus we get

(<I>) K—1 H
that £ <1- Sim=1) — = O

Note that in the above proof we measure the quality of
our assignment against a perhaps-impossible, perfect solu-
tion, where each agent is assigned to his or her top alterna-
tive. This means that for relatively large m and K, and small
% ratio, the algorithm can achieve a close-to-ideal solution
irrespective of the voters’ preference orders (for example, for
Polish parliamentary elections with K = 460 and m ~ 6000
the algorithm’s approximation ratio would be about 0.96).
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Algorithm 1: The algorithm for SU-MONROE.

Notation: ¢ < the iteratively build (partial) assignment
@ < the set of agents assigned to alternatives under ®
@7 «+ the set of alternatives used in the assignment ®.

if K < 2 then
return the solution given by the algorithm of Betzler et
al. [2011].
{

for / < 1to K do

score < {}, bests «+ {}

foreacha; € A\ &~ do
agents < sort N \ @ so that j < k in agents

= pos;(ai) < posi(a;)

bests[a;] < choose first [ £ ] elements from agents
scorela] <=3 cpears (M — posj(ai))

choose apest such that apest € argmax, ¢ 4\ p— scorelal

foreach j € bests[apest] do

| @[j] = apest

On the flip side, to obtain a better approximation ratio we
would have to use a more involved bound on the quality of
the optimal solution. To see that this is the case, form an in-
stance I of agg-SU-MONROE with n agents and m alterna-
tives, where all the agents have the same preference order, and
where the budget is K (and where K divides n). Each solu-
tion that assigns the K universally top-ranked alternatives to
the agents is optimal. Thus the total satisfaction of the agents
in the optimal solution is % ((m —1) 4 --- 4 (m — K)) =
% (K(2m2K 1)) = n(m — ]_) (1 — 72{;__11)) . By taking
large enough m and K (even for a fixed value of 7z), the frac-
tion 1 — #‘711) can be arbitrarily close to the approximation

ratio of our algorithm (the argument is in spirit of identifying
maximally robust elections, as studied by Shiryaev, Yu, and
Elkind [2013]).

For small values of K we can solve asg-SU-MONROE
optimally in polynomial time using the result of Betzler et
al. [2011]. This means that we can essentially disregard the
H—; part of the approximation ratio of Algorithm 1 and that
the quality of the solution produced by Algorithm 1 most
strongly depends on the ratlo . We expect this ratio to be
small in typical settings. For the remalnmg cases, e.g., when
K > "%, we can use a sampling-based randomized algorithm.

The idea is to randomly pick K alternatives and assign
them optimally to the agents (in polynomial-time, as is im-
plicitly shown in in [Betzler ef al., 2011]). If K is large rel-
ative to m then it is likely that such a random sample would
include a large chunk of some optimal solution. In the lemma
below we assess the expected satisfaction obtained with a sin-
gle sampling step and the probability that a single sampling
step gives satisfaction close to the expected one.

Lemma 5 A single sampling step of the randomized algo-

rithm for agp-SU- MONROE achieves expected approxima-
. . K2
tion ratio of (1 4+ £ — = 4 K mg) For K > 8, the
probability p. that the relative deviation between the obtained
total satisfaction and the expected total satisfaction is higher
Ke?
125 )-

than ¢, is at most exp(—



Algorithm 2: The algorithm for SU-CC.

Notation: As in Algorithm 1. W(-) is Lambert’s W-Function.
num_pos,(a) < ||[{7 € [n] \ @ : posi(a) < z}|
(the number of not-yet assigned agents that rank
alternative a in one of their first x positions)

d={}r=["%

for i <— 1to K do
choose a; such that a; € argmax,, ¢ 4\ g—num-pos, (a)
foreach j € [n] \ @ do

if pos;(a;) < « then

| @[] < as

foreach j € A\ ®“ do

a <+ argming, g pos;(a’)

olj] a

The threshold for %, where the randomized algorithm is
(in expectation) better than the greedy algorithm is about
0.57. By combining the two algorithms, we can guarantee an
expected approximation ratio of 0.715 — ¢, for each fixed con-
stant e. Formally, for a given fixed e our algorithm, to which
we will refer as the combined algorithm, works as follows:

1. Let I be the input instance and let A be the required prob-
ability of success. If m < 1 + % then solve I using

brute-force; if K < 8 or HYK > % then solve I using the
algorithm of Betzler et al. [2011] for fixed K.

Compute solution ®; using Algorithm 1. Run the sam-

pling step for %@“7’\) times and let &5 be the best
solution found. Return the best solution in {®1, ®5}.

Theorem 6 For each fixed €, the combined algorithm gives a
(0.715 — €)-approximate solution for the problem asp-SU-
MONROE with probability ), in time polynomial with respect
to the input size and —log(1 — \).

Chamberlin-Courant’s System. Our algorithms for Mon-
roe’s system apply to the Chamberlin-Courant’s setting as
well, improving upon the result of Lu and Boutilier [2011].
However, we provide an even better algorithm and derive a
polynomial-time approximation scheme.

The idea of our method (Algorithm 2) is to compute a cer-
tain threshold value x and to greedily find an assignment that
(approximately) maximizes the number of agents assigned to
alternatives that they rank at position x or better. For nonneg-
ative real numbers, Lambert’s W function, W(z), is defined
to be the solution of x = W(z)eWV(®) (W(z) = O(log x)).

2W(K)
K

)_

Lemma 7 Algorithm 2 is a polynomial-time (1 —
approximation algorithm for agg-SU-CC.

Proof Letz = . We will first give an inductive
proof that, for each ¢, 0 < ¢ < K, after the ¢’th iteration of

the outer loop at most n(1 — %)Z agents are unassigned.
Then we will derive the approximation ratio of our algorithm.

For ¢ = 0, the inductive hypothesis holds because n(1 —
W(K)

K

)0 = n. For each i, let n; denote the number of unas-
signed agents after the ¢’th iteration. Thus after the 7’th it-
eration there are m; unassigned agents, each with = unas-
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signed alternatives among his or her x most-preferred alter-
natives. As a result, at least one unassigned alternative is
present in at least % of the highest = positions of the unas-
signed agents. This means that after the (¢ + 1)’th iteration
the number of unassigned agents is n;1; < n; — =&

m—r —

ni(l — =) = ni(1 - %) If for a given ¢ the induc-

tive hypothesis holds, that is, if n; < n(l — %)’ then
W(K)\i W(K W(K) i

nip < n(l = L)L = 2 = (1 = B

Thus the hypothesis holds and, as a result, we have that
np < n(1— VEHK < (LW = 2WHD.

Let @ be the assignment computed by our algorithm. To
compare it against the optimal solution, it suffices to observe
that the optimal solution has total satisfaction at most OPT <
(m — 1)n, that each agent selected during the first K steps

has satisfaction at least m — x = m — mV%K) , and that the

agents not assigned within the first K steps have satisfaction

a _ W)y mW(K)

no worse than 0. Thus: llgigb) > (n K(m)_(l)n 5 ) >
W(K W(K 2W (K

(1- ¥ - ¥ =1 - 2, O

Since for each € > 0 there is a value K. such that for
each K > K, it holds that V) < ¢ and agp-SU-CC
problem can be solved optimally in polynomial time for each
fixed constant K [Betzler et al., 2011], there is a polynomial-
time approximation scheme (PTAS) for agp-SU-CC (i.e., a
family of algorithms such that for each fixed 8, 0 < 8 <
1, there is a polynomial-time /3-approximation algorithm for
agp-SU-CC in the family; note that in PTASes one assumes
(3 to be a fixed constant).

Theorem 8 There is a PTAS for agg-SU-CC.

Independently, Oren [2012] gave a randomized sampling-
based (1 — ﬁ)(l + -L)-approximation algorithm.

5 Conclusions

We have defined a certain resource allocation problem that
generalizes Monroe’s and Chamberlin-Courant’s multiwinner
voting rules. Since these rules are hard to compute [Pro-
caccia et al., 2008; Lu and Boutilier, 2011; Betzler et al.,
2011], we have investigated the possibility of computing
approximate solutions (see, e.g., [Caragiannis er al., 2012;
Ailon et al., 2008; Coppersmith et al., 2010; Kenyon-Mathieu
and Schudy, 2007] for such results on single-winner rules).
For the case of maximizing total voters’ satisfaction, we
have obtained the first nontrivial approximation algorithms
for Monroe’s rule (our randomized algorithm obtains approx-
imation ratios arbitrarily close to 0.715) and the first PTAS
for Chamberlin-Courant’s rule (the remaining cases turned
out to be hard to approximate); Skowron et al. [2013] verified
empirically that our algorithms do well in practice. Our al-
gorithms are particularly appealing when voters submit trun-
cated ballots because they focus on top parts of voters’ pref-
erence orders.

Acknowledgments. We would like to thank the referees for
their helpful comments. Supported in part by Poland’s Na-
tional Science Center grants UMO-2012/06/M/ST1/00358,
DEC-2011/03/B/ST6/01393 and by AGH University grant
11.11.230.015.



References

[Ailon et al., 2008] N. Ailon, M. Charikar, and A. Newman.
Aggregating inconsistent information: Ranking and clus-
tering. Journal of the ACM, 55(5): Article 23, 2008.

[Airiau and Endriss, 2010] S. Airiau and U. Endriss. Mul-
tiagent resource allocation with sharable items: Simple
protocols and nash equilibria. In Proceedings of AAMAS-
2010, pages 167-174, May 2010.

[Bartholdi et al., 1989] J. Bartholdi, III, C. Tovey, and
M. Trick. Voting schemes for which it can be difficult
to tell who won the election. Social Choice and Welfare,
6(2):157-165, 1989.

[Betzler et al., 2009] N. Betzler, M. Fellows, J. Guo, R. Nie-
dermeier, and F. Rosamond. Fixed-parameter algo-
rithms for Kemeny scores. Theoretical Computer Science,
410(45):45544570, 2009.

[Betzler et al., 2011] N.  Betzler, A.  Slinko, and
J. Uhlmann. On the computation of fully pro-
portional representation. Technical Report SSRN:
http://ssrn.com/abstract=1952497, U. of Auckland,
November 2011.

[Caragiannis et al., 2012] I. Caragiannis, J. Covey, M. Feld-
man, C. Homan, C. Kaklamanis, N. Karanikolas, A. Pro-
caccia, and J. Rosenschein. On the approximability of
Dodgson and Young elections. Artificial Intelligence,
187:31-51, 2012.

[Chamberlin and Courant, 1983] B. Chamberlin and
P. Courant. Representative deliberations and representa-
tive decisions: Proportional representation and the borda
rule. American Political Science Review, 77(3):718-733,
1983.

[Chevaleyre et al., 2006] Y. Chevaleyre, P. Dunne, U. En-
driss, J. Lang, M. Lematre, N. Maudet, J. Padget,
S. Phelps, J. Rodriguez-Aguilar, and P. Sousa. Issues
in multiagent resource allocation. Informatica, 30:3-31,
2006.

[Coppersmith ef al., 2010] D. Coppersmith, L. Fleisher, and
A. Rurda. Ordering by weighted number of wins gives a
good ranking for weighted tournaments. ACM Transac-
tions on Algorithms, 6(3):Article 55, 2010.

[Darmann et al., 2012] A. Darmann, E. Elkind, S. Kurz,
J. Lang, J. Schauer, and G. Woeginger. Group activity se-
lection problem. In Proceedings of WINE-12, pages 156—
169, December 2012.

[Flum and Grohe, 2006] J. Flum and M. Grohe. Parameter-
ized Complexity Theory. Springer-Verlag, 2006.

[Garey and Johnson, 1979] M. Garey and D. Johnson. Com-
puters and Intractability: A Guide to the Theory of NP-
Completeness. W. H. Freeman and Company, 1979.

[Hemaspaandra et al., 2005] E. Hemaspaandra, H. Spako-
wski, and J. Vogel. The complexity of Kemeny elections.
Theoretical Computer Science, 349(3):382-391, 2005.

[Kenyon-Mathieu and Schudy, 20071 C.  Kenyon-Mathieu

and W. Schudy. How to rank with few errors. In
Proceedings of STOC-2007, pages 95-103, June 2007.

359

[Lu and Boutilier, 2011] T. Lu and C. Boutilier. Budgeted
social choice: From consensus to personalized decision
making. In Proceedings of IJCAI-2011, pages 280-286,
2011. See also the version that appeared in COMSOC-10.

[Monroe, 1995] B. Monroe. Fully proportional representa-
tion. American Political Science Review, 89(4):925-940,
1995.

[Niedermeier, 2006] R. Niedermeier. Invitation to Fixed-
Parameter Algorithms. Oxford University Press, 2006.

[Oren, 2012] J. Oren. Personal communication, 2012.

[Procaccia et al., 2008] A. Procaccia, J. Rosenschein, and
A. Zohar. On the complexity of achieving proportional
representation. Social Choice and Welfare, 30(3):353—
362, April 2008.

[Shiryaev er al., 2013] D. Shiryaev, L. Yu, and E. Elkind. On
elections with robust winners. In Proceedings of AAMAS-
2013, May 2013.

[Shoham and Leyton-Brown, 2009] Y. Shoham and
K. Leyton-Brown. Multiagent Systems: Algorithmic,
Game-Theoretic, and Logical Foundations. Cambridge
University Press, 2009.

[Skowron et al., 2013] P. Skowron, P. Faliszewski, and
A. Slinko. Achieving fully proportional representation is
easy in practice. In Proceedings of AAMAS-2013, May
2013.

[Yu et al.,2013] L. Yu, H. Chan, and E. Elkind. Multiwin-
ner elections under preferences that are single-peaked on a
tree. In Proceedings of IJCAI-2013, August 2013.





