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A b s t r a c t 

This paper investigates the semantics of con­
dit ional term rewri t ing systems wi th negation, 
which may not satisfy desirable properties like 
terminat ion. It is shown that the approach 
used by F i t t ing [5] for Prolog-style logic pro-
grams is applicable in this context. A mono-
tone operator is developed, whose fixpoints de­
scribe the semantics of conditional rewri t ing. 
Several examples i l lustrate this semantics for 
non-terminating rewrite systems which could 
not be easily handled by previous approaches. 

1 I n t r o d u c t i o n 
Condit ional term rewri t ing systems (CTRS) have at­
tracted much attention in the recent past as a useful 
generalization of the simpler formalism of term rewrit ing 
systems (TRS). But CTRS have not been uncondition­
ally accepted, due to the absence of well defined seman­
tics for conditional rewri t ing mechanisms. This paper 
suggests one remedy, fol lowing the approach of Melvin 
F i t t ing , who suggested similar semantics for Prolog-style 
logic programs [5]. 

Past work on the semantics of conditional term rewrit­
ing has followed three directions: 

1. Impose restrictions on the syntax of the CTRS for­
malism to ensure terminat ion and the existence of 
a unique precongruence which is considered to de­
scribe the meaning of the rewrite relation [8]. This 
approach does not define the meaning of rewri t ing 
when the CTRS does not satisfy the relevant ter­
minat ion criterion. Also, the terminat ion criterion 
itself is undecidable, and is not a necessary condi­
t ion for each rewrite step and all rewrite sequences 
to terminate f ini tely. 

2. Give logical semantics for a CTRS R as a set of 
conditional equations £(R) together w i th a set of 
"default" negative equality literals [13]. This ap­
proach is useful if all rewrite sequences terminate or 
if the CTRS is intended to describe a specification 
based on a set of free constructor functions. 

3. Transform CTRS into "equivalent" TRS, and iden­
t i fy the semantics of the CTRS wi th that of the 

transformed systems [1]. Assign an " in i t ia l algebra" 
semantics for TRS. The drawback of this approach 
is that it does not adequately describe the oper­
ational use of CTRS wi th negative literals in the 
antecedents of rules. 

This paper attempts to fill the lacuna using an elegant 
approach of F i t t ing , fol lowing Kripke[10] who brought 
together Kleene's mult ivalued logics [9], and Tarski's 
lattice-theoretical fixpoint theorem [16]. F i t t ing [5] uses 
this approach to present an alternative to the semantics 
of logic programming given by Ap t and Van Emden [2]. 
The main contr ibution of this paper is to show that this 
approach can also successfully explain the meaning of 
conditional rewri t ing systems w i th negation, including 
the problematic CTRS whose semantics have eluded the 
grasp of previous approaches 

In the next section, we introduce CTRS and point 
out the deficiencies of a two-valued f ixpoint semantics. 
In section 3, following some mathematical preliminaries, 
we describe the new semantics for conditional rewrit ing. 
Several examples are then given in section 4 to i l lustrate 
the semantics. References follow concluding remarks. 

2 Pre l im ina r ies 
2.1 C o n d i t i o n a l R e w r i t i n g 
We define the formalism and operational use of a lan­
guage for expressing data type and function specifica­
tions [13, 8]. 

D e f i n i t i o n 1 Equational-lnequational-Conditional Term 
Rewriting Systems (EI-CTRS) are finite sets of rules of 
the general form 

where Ihs and rhs are two terms, and the antecedent 
is a conjunction of zero or more equations si = ti and 
negated equality literals Every variable occur­
r ing in each and rhs must also occur in Ihs. 

Following the notat ion of refers to the 
subterm of p at position j , and 'p[q] j ' refers to 
the result of replacing by q in p. For in­
stance, when positions are described in Dewey dec­
imal notat ion, and 
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Besides m a t c h i n g and rep lacement , c o n d i t i o n a l r e w r i t ­
ing requires check ing t h a t t he antecedent of a ru le ho lds . 
T h e basic idea u n d e r l y i n g the de f i n i t i on o f E l - r e w r i t i n g 
is to conc lude t h a t t w o t e rms are equa l i f t hey have 
converg ing reduc t i on sequences, and no t equal o therwise 
( for g r o u n d t e r m s ) . N o t su rp r i s ing l y , the a t t e m p t t o f i nd 
a va l l ey -p roo f for an equa l i t y does no t a lways t e r m i n a t e . 
Bu t i f r educ t i on sequences f r o m t w o g r o u n d te rms p , q do 
t e r m i n a t e w i t h o u t converg ing , then we can assert t h a t 
p = q has no ' v a l l e y - p r o o f us ing the g iven r e w r i t i n g 
sys tem. 

Var iab les in d i f ferent rules are f i rs t renamed to be dis­
t i nc t f r o m each o ther and f r o m those in the t e r m to be 
E l - reduced . 

D e f i n i t i o n 2 : A t e r m m EI -Reduces (or EI-Rewrites) 
to n us ing an E I - C T R S R ( w r i t t e n i f R con­
ta ins a ru le and there is a s u b s t i t u t i o n 
a m a t c h i n g Ihs w i t h a subter such t h a t each 
o f the f o l l o w i n g cond i t i ons h o l d : 

1. Match and Replace:  
2 . D e m o n s t r a b l e Convergence: For each equa l i t y  

cond, there is a c o m m o n t e r m to w h i c h and 
can be E l - reduced in a f i n i t e n u m b e r of steps. 

3. Demonstrable Non-Convergence: For every negated 
equa l i t y l i t e ra l cond, i t can be demons t ra ted 
by f i n i t e E l - r e w r i t i n g sequences t h a t and are 
g round t e rms w i t h n o c o m m o n reduc t . M o r e pre­
cisely, the f o l l o w i n g cond i t i ons m u s t h o l d : 
( i ) and are g r o u n d te rms ; 
( i i ) a l l E l - r e w r i t i n g sequences f r o m and ter­
m i n a t e ; and 
( i i i ) t he set o f a l l reducts o f i s d i s jo in t f r o m t h a t 
o f  

For a mo re deta i led descr ip t ion o f E l - r e w r i t i n g w i t h 
examples , see [14]. 

2 .2 F i x p o i n t S e m a n t i c s 

D e f i n i t i o n 3 I f / is a f u n c t i o n (o f one a r g u m e n t ) whose 
d o m a i n and range are the same, then S is a f ixpo in t (or 
fixed point ) of / whenever f(S) = 5. I f the d o m a i n el­
ements are p a r t i a l l y o rde red , / m a y have zero or m o r e 
p a r t i a l l y ordered f i x p o i n t s : 
- a f i x p o i n t S is m in ima l if there is no o ther f i x p o i n t T 
such in the o r d e r i n g ; 
- a m i n i m a l f i x p o i n t S is the least f ixpo in t if , for 
every f ixpoint; 
- a f i x p o i n t S is max ima l if there is no o ther f i x p o i n t T 
such t h a t i n t he o r d e r i n g ; 
- t w o f i xpo in t s S, T are compat ib le if they have a com­
m o n upper b o u n d wh i ch is a f ixpoint , 

- a f i x p o i n t is intr insic [10] (or op t ima l [12]) i f f i t is com­
pa t i b l e w i t h every f i x p o i n t o f / . 

In the f i x p o i n t semant ics approach , the 'mean ing* o f a 
p r o g r a m is considered to be the least f ixpoint of a func­
t i o n / r e l a t i o n w h i c h represents the behav io r o f the p ro ­
g r a m o n some i n p u t . T h e f o l l o w i n g f i x p o i n t semant ics 
can be suggested fo r c o n d i t i o n a l r e w r i t i n g , as in [8]. A 
f u n c t i o n R is associated w i t h each C T R S R such t h a t 
i f S is a b i n a r y r e l a t i on , and is i ts ref lexive t rans i t i ve 
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K e y Observat ion: The fixpoints of describe the se­
mantics of conditional rewriting with an EI-CTRS R; par­
ticularly important are the least fixpoint and the largest 
intrinsic fixpoint. 

We now investigate the fixpoints of the monotone re­
lation corresponding to each rewrite system R. 
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5 Conclus ions References 
We have inves t iga ted the f i x p o i n t semant ics o f cond i ­
t i o n a l t e r m r e w r i t i n g sys tems w i t h nega t i on . T w o -
va lued semant ics does n o t ascr ibe a m e a n i n g to C T R S ' s 
t h a t do n o t sat is fy useful p roper t ies such as t e r m i n a t i o n . 
We have shown t h a t a th ree-va lued approach used by 
F i t t i n g [5] for P ro log -s ty le logic p r o g r a m s is app l i cab le in 
th is con tex t . A m o n o t o n e ope ra to r is deve loped, whose 
f i xpo in t s describe the semant ics o f c o n d i t i o n a l r e w r i t i n g . 
Several examples i l l u s t r a te th is semant ics for ' t r o u b l e -
some' r ewr i t e systems wh i ch cou ld n o t be hand led easi ly 
by p rev ious approaches. T h i s w o r k suppo r t s the con­
ten t i on t h a t resul ts achieved in research on Pro log-s ty le 
logic p r o g r a m m i n g can be useful in the con tex t o f con­
d i t i o n a l t e r m r e w r i t i n g . 

We have hes i ta ted to say whe the r i t is the least f i x -
p o i n t o r the greatest i n t r i ns i c f i xpo in t wh i ch be t te r de­
scribes the semant ics o f the E I - C T R S . T h e examples 
m a y m o t i v a t e a preference for one or the o ther . T h e op­
e ra t i ona l mechan i sm descr ibed in [13] and [8] c o m p u t e d 
members o f the least f i x p o i n t . To c o m p u t e the greatest 
in t r ins ic f i x p o i n t , we need a d i f ferent ope ra t i ona l mech­
an i sm w h i c h uses "d i s j unc t i ve r e w r i t i n g " [15] (cf. ex­
amp le 9) as wel l as a mechan i sm wh i ch re tu rns fa i lu re 
in some cases when na ive eva lua t i on of the antecedent 
leads to n o n - t e r m i n a t i o n (cf. e xamp le 5 ) . T h e f o r m u ­
l a t i on o f such a r e w r i t i n g m e c h a n i s m , w h i c h computes 
precisely the greatest i n t r i ns i c f ixpoint, is an issue for 
f u t u r e wo rk . In non-con t rovers ia l cases, when t e r m i n a ­
t i o n requ i rements are sat is f ied, the least f i xpo in t and the 
greatest i n t r i ns i c f ixpoint co inc ide (cf. examples 3, 4, 7) . 
and are essent ia l ly equ iva lent to the semant ics g iven in 
prev ious work for such wel l -behaved rewr i t e systems. 
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