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A b s t r a c t 

Since linear resolut ion w i th clause ordering is 
incomplete for consequence-finding, it has been 
used main ly for proof- f inding. In this paper, 
we re-evaluate consequence-finding. Fi rst ly , 
consequence-finding is generalized to the prob
lem in which only interest ing clauses having a 
certain proper ty (called characteristic clauses) 
should be found. Then , we show how adding 
a skip rule to ordered linear resolution makes 
i t complete for consequence-finding in this gen
eral sense. Compared w i t h set-of-support res
o lu t ion , the proposed method generates fewer 
clauses to find such a subset of consequences. 
In the proposi t ional case, this is an elegant too l 
for comput ing the pr ime impl icants / impl icates. 
The importance of the results lies in their appl i 
cabi l i ty to a wide class of AI problems inc lud
ing procedures for nonmonotonic and abduct ive 
reasoning and t r u t h maintenance systems. 

1 I n t r o d u c t i o n 

I t is well known in automated deduct ion tha t whi le res
o lu t ion [Robinson, 1965] is complete for proof- f inding 
(called refutation complete), tha t is, it can deduce false 
f r o m every unsatisfiable set of formulas, it is not deduc-
t ively complete for f ind ing every logical consequence of 
a satisfiable set of formulas. Lee [1967] addresses h im
self to this problem and defines the consequence-finding 
problem, which is expressed in the fol lowing fo rm: 

Given a set of formulas T and a resolut ion pro-
cedure P, for any logical consequence D of T, 
can P derive a logical consequence C of T such 
tha t C subsumes D? 

If a resolut ion procedure is complete for consequence-
f ind ing, then i t is useful in spite of lacking deductive 
completeness because in general the logical consequences 
not deducible f r o m the theory are neither interesting nor 
useful. Namely, such a formula is subsumed by some 
formula deducible f r om the theory and thus i t is weak. 

Histor ical ly, consequence-finding had been investi-
gated intensively since the resolut ion pr incip le [Robin-
son, 1965] was invented for proof- f ind ing. Lee's [1967] 

completeness theorem was proved for the or iginal reso
lu t ion pr inciple. Slagle, Chang and Lee [1969] extended 
the result to various kinds of semantic resolut ion. How
ever, after Minicozzi and Reiter [1972] extended these 
results to various linear resolution strategies in the early 
70s, consequence-finding was once abandoned in research 
of automated theorem prov ing and at tent ion has been 
directed towards only proof- f inding 1 . I t appears tha t 
there are three reasons for this discouragement: 

1. The results presented by [Minicozzi and Reiter, 
1972] are in some sense negative. Linear resolution 
involv ing C-ordering [Loveland, 1978; Reiter, 1971; 
Kowalski and Kuhner , 1971; Chang and Lee, 1973; 
Shostak, 1976] ( l i terals are ordered in each clause 
in the theory) , which is the most fami l iar and effi-
cient class of resolution procedures, is incomplete for 
consequence-finding. Thus, the completeness result 
that we would most like to obta in does not hold. 

2. It is neither pract ical nor useful to find all of the 
consequences in general. However, there has not 
been an intel lectual method which direct ly searches 
interesting formulas, instead of get t ing all theorems 
and then f i l tering them by some cr i ter ia. 

3. As opposed to proof- f inding, consequence-finding 
has lacked useful applications in A I . 

In this paper, we re-evaluate consequence-finding and 
give new perspectives. The proposals are mot ivated and 
just i f ied by the fo l lowing solutions to the above three 
problems: 

1. Recently, Finger [1987] gave a complete procedure 
based on set-of-support deduct ion for generat ing 
formulas (called ramification) derivable f rom a the
ory and a newly added formula as an in i t i a l set 
of support . We provide a complete procedure for 
consequence-finding, which contains more restric
t i on strategies than Finger 's, by adding one rule 
called skip operat ion to C-ordered l inear resolut ion. 

2. Bos8u and Siegel [1985] give a complete a lgor i thm 
for f ind ing the set of posit ive clauses derivable f r om 
a groundable theory (called characteristic clauses). 

1 One can see that textbooks of resolution-based theorem 
proving, such as [Chang and Lee, 1973; Loveland, 1978], have 
no sections for consequence-finding. 
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Recently, Siegel [1987] redefined the notion of char
acteristic clauses for propositional theories and pro
posed a complete algorithm for f inding them. We 
show how our results can both improve the efficiency 
of Bossu and Siegel's algorithm and l i f t Siegel's for 
the general case. Moreover, easy modifications of 
the proposed procedure can be shown to be applied 
to more efficient variations of consequence-finding. 

3. Przymusinski [1989] defines MILO-resolution to be 
used in his query answering procedure for circum
scription of ground theories. MILO-resolut ion can 
be characterized as C-ordered linear resolution with 
skip operation [inoue and Helft, 1990]. On the other 
hand, most procedures for abduction [Pople, 1973; 
Cox and Pietrzykowski, 1986; Finger, 1987; Poole, 
1989; Stickel, 1990] can util ize consequence-finding 
procedures to generate explanations [inoue, 1990]. 
We show how the proposed procedure can be applied 
to generate such interesting formulas for nonmono
tonic and abductive reasoning. In the proposition a]  
case, the technique can be viewed as an elegant algo
r i t hm to compute prime implicants/implicates, and 
thus can be util ized for the clause management sys
tem [Reiter and de Kleer, 1987] that is a generaliza
t ion of the ATMS [de Kleer, 1986]. 

The importance of the results presented lies in their ap
pl icabi l i ty to a wide class of AI problems. In other words, 
the methods shed some light on better understanding 
and implementation of many AI techniques. 

The present paper is organized as follows. The next 
section characterizes consequence-finding in a general 
way, and shows how various AI problems can be well de
fined by using this notion of characteristic clauses. Sec
t ion 3 presents the basic procedure, which is sound and 
complete for characteristic-clause-finding, based on C-
ordered linear resolution. Efficient but incomplete varia
tions of the basic procedure and their properties are pro
vided in Section 4. Because of space l imi tat ion, proofs 
of propositions are given in the ful l paper. 

2 Character iz ing Consequence-Finding 
We define a theory as a set of clauses, which can be iden
tif ied w i th a conjunctive normal form (CNF) formula. A 
clause is a disjunction (possibly wr i t ten as a set) of liter
als, each of which is a possibly negated atomic formula. 
Each variable in a clause is assumed to be universally 
quantif ied. For a method converting a formula to this 
fo rm of theory, see [Loveland, 1978). If 5 is a set of 
clauses, by S we mean the set formed by taking the nega
tion of each clause in S. The empty clause is denoted by 

2This definition of subsumption is called $-subaumption in 
[Loveland, 1978]. Unlike in the propositional case, the second 
condition is necessary because a clause implies its factor. 

2.1 C h a r a c t e r i s t i c Clauses 

We use the notion of characteristic clauses, which is 
a generalized notion of logical consequences and helps 
to analyze computational aspects of many of AI prob
lems. The idea of characteristic clauses was intro
duced by Bossu and Siegel [1985] for evaluating a k ind 
of closed-world reasoning and was later redefined by 
Siegel [1987] for propositional logic. The description 
below is more general than [Bossu and Siegel, 1985; 
Siegel, 1987; Inoue, 1990] in the sense that the notion 
is not l imited to some special purposes and that it deals 
wi th the general case instead of just the propositional 
cases. Also, these notions are independent of implemen-
tat ion; we do not assume any particular resolution proce-
dure in this section. Informally speaking, characteristic 
clauses are intended to represent " interesting" clauses 
to solve a certain problem, and are constructed over a 
sub-vocabulary of the representation language. 
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Since we have characterized the prime implicates, the 
C M S / A T M S , abduction and circumscription 5, any ap-
pl ication area of these techniques can be directly char
acterized by using the notion of the (new) characteristic 
clauses: for instance, diagnosis, synthesis [Finger, 1987] 
(plan recognition, predict ion, design), and natural lan
guage understanding [Stickel, 1990]. 

3 Ordered-L inear Reso lu t ion for 
Consequence-F ind ing 

We now present the basic procedure for implementing 
the pr imi t ive Newcarc operation. The important fea
ture of the procedure is that it is direct, namely it is 
both sensitive to the given added clause to the theory 
and restricted to searching only characteristic clauses. 

4This definition is based on [Poole, 1989] and deals with 
ground explanations. To get universally quantified explana
tions, we need to apply the reverse Skolemization algorithm 
[Cox and Pietrzykowski, 1986]. 

5 When a query in abduction or circumscription contains 
existentially quantified variables, it is sometimes desirable to 
know for what values of these variables the query holds. This 
answer extraction problem is considered in [Helft et al., 1991]. 

3.1 Bas ic P r o c e d u r e 

Given a theory a stable production field V and a 
clause C, we show how Newcarc( C,V) can be com
puted by extending C-ordered linear resolution 6. As 
seen in Propositions 2.8 and 2.9, both Newcarc( F, V) 
for a CNF-formula F and Carc( V) can be computed 
by using this primit ive Newcarc operation. There are 
two reasons why C-ordered linear resolution is useful for 
computing the new characteristic clauses: 

1. A newly added single clause C can be treated as 
the top clause of a linear deduction. This is a desir
able feature for consequence-finding since the pro-
cedure can directly derive the theorems relevant to 
the added information. 

2. It is easy to achieve the requirement that the pro-
cedure should focus on producing only those the-
orems that belong to V. This is implemented by 
allowing the procedure to skip the selected literals 
belonging to V. The computational superiority of 
the proposed technique compared to set-of-support 
resolution that is used by Finger's resolution residue 
[Finger, 1987], apart f rom the fact that C-ordered 
linear resolution contains more restriction strategies 
in natural ways, comes f rom this relevancy notion 
of directing search to V. 

Some procedures are known to perform this computa
t ion for restricted theories 7. For propositional theories, 
Siegel [1987] proposes a complete algori thm by extending 
SL-resolution [Kowalski and Kuhner, 1971]. Inoue and 
Helft [1990] point out that MILO-resolut ion [Przymusin-
ski, 1989], an extension of OL-resolution [Chang and Lee, 
1973], can be viewed as C-ordered linear resolution wi th 
skip operation for ground theories w i th a particular pro
duction field for circumscription (see Proposition 2.14). 

The following proposed procedure called SOL (Skip
ping Ordered Linear) resolution is a kind of generaliza
t ion of [Przymusinski, 1989; Siegel, 1987]. An ordered 
clause is a sequence of literals possibly containing framed 
literals [Chang and Lee, 1973] which represents literals 
that have been resolved upon: from a clause C an or
dered clause C is obtained just by ordering the elements 
of C; conversely, from an ordered clause C a clause C is 
obtained by removing the framed literals and converting 
the remainder to the set. A structured clause (P, Q) 
is a pair of a clause P and an ordered clause Q, whose 
clausal meaning is P U Q. 

6By the term C-ordered linear resolution, we mean the 
family of linear resolution using ordered clauses and the in
formation of literals resolved upon. Examples of C-ordered 
linear resolution are Model Elimination [Loveland, 1978], 
m.c.l. resolution [Reiter, 1971], SL-resolution [Kowalski and 
Kuhner, 197l], OL-resolution [Chang and Lee, 1973], and 
the GC procedure [Shostak, 1976]. This family is one of the 
most familiar and efficient classes of resolution for non-Horn 
theories because it contains several restriction strategies. 

7Bossu and Siegel's [1985] saturation procedure finds 
Carc(E, V) where Lv are fixed to ground atoms. However, 
it does not use C-ordering, but A-ordering (a total ordering 
of all the ground atomic formulas). 
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Notice that , in practice, no tautology wi l l take part in 
any deduction; tautologies decrease monotonically. The 
computat ion of all prime implicates of E by Proposi
t ion 3.7 is much more efficient than the brute-force way 
of resolution proposed in [Reiter and de Kleer, 1987]. 
Also, ours uses C-ordered linear resolution and thus nat
urally has more restriction strategies than set-of-support 
resolution that is used in Kean and Tsiknis's [1990] ex
tension of the consensus method. 

This difference becomes larger when there are some 
distinguished literals representing assumptions in ATMS 
cases. The most important difference lies in the fact that 
the formulations by [Reiter and de Kleer, 1987; Kean 
and Tsiknis, 1990] require the computation of all prime 
implicates whereas ours only needs characteristic clauses 
that are a subset of the prime implicates [inoue, 1990]. 

4 Var ia t ions 

In Step 5a of an SOL-deduction (Definit ion 3.1), we treat 
two rules S k i p (Rule 5(a)i) and Reso lve (Rule 5(a)ii) 
as alternatives in order to guarantee the completeness of 
SOL-resolution. In this section, we violate this require
ment, and show efficient variations of SOL-resolution 
and their applications to AI problems. Note that Re
duce (Rule 5(a)i i i) st i l l remains as an alternative choice 
of other two rules (see Remark (3) of Definit ion 3.1). 

4 .1 P r e f e r r i n g R e s o l u t i o n 
The first var iat ion, called SOL-R deduction, makes Re 
so lve precede S k i p , namely Sk ip is tr ied to be applied 

only when Resolve cannot be applied. In a special 
case of SOL-R deductions, where the production field 
is fixed to PL, S k i p is always applied whenever R e 
solve cannot be applied for any selected l i teral in a de
duction. In abduction, the resultant procedure in this 
case "hypothesizes whatever cannot be proven". This is 
also called dead-end abduction, which is first proposed 
by Pople [1973] in his abductive procedure based on SL-
resolution [Kowalski and Kuhner, 1971] 8. The criterion 
is also used by Cox and Pietrzykowski [1986]. 

4.2 P r e f e r r i n g Sk ip 

The next variation, called SOLS deduction, places Sk ip 
and Reso lve in the reverse order of SOL-R deductions. 
That is, when the selected l i teral belongs to L-p, only 
Sk ip is applied by ignoring the possibility of Reso lve . 

This skip-preference has the following nice properties. 
Firstly, this enables the procedure to prune the branch 
of the search tree that would have resulted f rom the l i t 
eral being resolved upon. Secondly, SOL-S deductions 
are correct model-theoretically. Let us divide the set of 
clauses A produced by using SOL-deductions from 
and V into two sets, say and such that 
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5 Conc lus ion 

We have revealed the importance of consequence-finding 
in AI techniques. Most advanced reasoning mechanisms 
such as abduction and default reasoning require global 
search in their proof procedures. This global character is 
strongly dependent on consequence-finding, in particu
lar those theorems of the theory belonging to production 
fields. That is why we need some complete procedure for 
consequence-finding. For this purpose, we have proposed 
SOL-resolution, an extension of C-ordered linear resolu
tion augmented by the skip rule. The procedure is sound 
and complete for finding the (new) characteristic clauses. 
The significant innovation of the results presented is that 
the procedure is direct relative to the given production 
field. We have also presented incomplete, but efficient 
variations of the basic procedures with nice properties. 
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