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A b s t r a c t 

Informally, a b s t r a c t i o n can be described as 
the process of mapping a representation of a 
problem into a new representation. The aim 
of the paper is to propose a theory of abstrac
t ion. The generality of the framework is tested 
by formalizing and analyzing some work done 
in the past; i ts efficacy by giving a procedure 
which solves the '' false proof problem by avoid
ing the use of inconsistent abstract spaces. 

1 In t roduc t ion 

A b s t r a c t i o n has been suggested as a very powerful 
technique for constraining search in automated reason
ing. Informally, abstraction can be described as the 
process of mapping a representation of a problem (also 
called the "ground? representation) into a new represen
tat ion (also called the "abstract? representation) which 
preserves certain desirable properties and is simpler to 
handle. The "desirable properties" amount to requir
ing that the abstract solution be of help in solving the 
problem in the original search space. The notion of "sim
pl ic i ty* depends on the application, it may mean decid
abi l i ty or lower complexity. 

As far as we know, no comprehensive theory of ab
straction has been given. The only work in this direction 
[Plaisted, 1981] is concerned w i t h one form of abstraction 
and is l imi ted to the area of resolution theorem proving. 
This has caused the lack of a satisfactory characteriza
t ion and general understanding of abstraction. 

The aim of the work (part ial ly) described in this paper 
is to provide a theory of abstraction and use it to: (1) 
understand what " to abstract" means and how it can be 
formalized; (2) classify the various forms of abstraction; 
(3) investigate their formal properties and the opera
tions which can be defined on them; (4) analyze and 
classify past work; (5) define ways of bui lding "useful 
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abstractions" and (6) study how the proof in the ab
stract space can be used to aid the proof in the ground 
space. 

In this paper, for lack of space, only some issues are 
discussed and proofs are only outl ined and the sim
plest not given (for a more complete treatment see 
[Giunchiglia and Walsh, Forthcoming 89]). Only top
ics (1), (2), (3) and (4) are (part ial ly) dealt w i th . The 
following of the paper can be structured in three main 
parts. 

In the f i rst p a r t (section 2), the formal framework 
is presented and some of the underlying motivations are 
discussed (topics (1) and (2)). Abstract ion is first de
fined as a mapping between formal systems and then 
classes of abstraction are identif ied depending on how 
certain properties (ie. provabil i ty, inconsistency) are 
preserved by the mapping. 

In the second p a r t (section 3), some examples/ case 
studies of previous work in abstraction are presented 
[Sacerdoti, 1974, Plaisted, 1981, Hobbs, 1985] (topic 
(4)). The goal here is to motivate the formal framework 
by showing how it can be used to capture and formalise 
most of the relevant previous work in various areas of 
AI 1. This allows us to get an unified view of work which, 
on the surface, seems very different. For instance it is 
proven that the theory of granulari ty presented by Hobbs 
in [Hobbs, 1985] and described in example 3 can be for
malised as a part icular case of the weak and ordinary 
abstractions defined by Plaisted in [Plaisted, 1981] and 
described in example 2. 

In the t h i r d and last p a r t (section 4), i t is then shown 
how the framework can be actually used to understand 
the properties of abstraction mappings and to find solu
tions to existing problems (topic (3 j ) . In particular the 
''false proof problem is investigated. Intu i t ively stated, 
the false proof problem is as follows. In order to bui ld an 
abstract space "simpler" than the ground one, the tr ick 
is to forget some "irrelevant" details 2. This, Plaisted 
noticed [Plaisted, 1981], may cause problems. In partic
ular the abstract space may be inconsistent even if the 
ground space is not. It is proven that this problem can
not be avoided as it is a l w a y s possible to find a set of 

1This case study analysis is performed in much more depth 
in [Giunchiglia and Walsh, Forthcoming 89]; in [Giunchiglia 
and Walsh, 1989] it is shown how the framework can be ef
fectively used to build global strategies for the unfolding of 
definitions. 

2 Where "irrelevant" should be read as "irrelevant accord
ing to same theorem proving strategy". 
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In TD-abstractions a subset of the elements of TH(Σ1) 
is mapped into TH(Σ2) and these are all the ele-
ments of TH(Σ2) . TD-abstractions are used, for in
stance, to implement derived inference rules [Giunchiglia 
and Giunchiglia, 1988] and, as alternatives to T I -
abstractions, to overcome some of their problems [Tenen-
berg, 1987] (see later). 

In Tl-abstractions al l the elements of T H ( Σ i ) are 
mapped into a subset of T H ( 2 ) . Tl-abstractions have 
been mostly used in "abstract theorem proving'' (see fig
ure 1). The main idea underlying the use of these 
abstractions is to prove the abstracted theorem in Σ2 
(which, supposedly, should be simpler than in Σ1) and 
then to use the structure of the proof in Σ2 to shape the 
proof in Σ1. The fact that there is a proof in Σ2 does 
n o t guarantee that there is a proof in Σ1. 

T*-abstraction8 are classified on how provabil i ty is 
preserved between the ground space and the abstract 
space; they are thus useful when the deductive machin
ery is defined to generate theorems. On the other hand 
there are formal systems (it. resolution) whose deduc
tive machinery determines inconsistency. In these cases, 
abstractions must be classified on how inconsistent for
mal systems are mapped. This requires the definit ion of 
new classes of abstractions, called N T * - a b s t r a c t i o n s . 
Thus, for instance, N T I - a b s t r a c t i o n s are defined as 
follows 5: 

D e f i n i t i o n 4 ; An abstraction f : Σ1 H-» Σ2 is an N T I -
A b s t r a c t i o n iff, for any wff Σi; if adding Σ1 to tht 
axioms of Σ1 yields an inconsistent formal system, then 
adding f(Σ1) to the axioms of Σ2 yields an inconsistent 
formal system. 

Various properties, equivalences, and relationships 
among T * - and NT*-abstract ions can be proved 
[Giunchiglia and Walsh, Forthcoming 89]. N T I -
abstractions* behaviour can be represented as in figure 
2. 

In this paper we mention only one result which allows 
us to prove how and to what extent T*-abstractions (and 
in particular Tl-abstractions) can be used in resolution 
based theorem provers. Note that, if a formal system 
E has negation, then, for any wff a, a € TH(L) iff 
-«a € NTH(E). Thus t r iv ia l ly : 

C o r o l l a r y 1 : If Σ1 and Σ2 are two formal systems 
with negation and if f : Σ1 »—► Σ2 is a Tl-abstraction 

5NTC-abstractions and NTD-abstractions are defined 
analogously to TC-abstractions and TD-abstractions respec
tively, but preserving inconsistency instead of theoremhood 
(see definitions 3, 4). 
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