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ABSTRACT 

I n equa l i t y -based b ina ry r e s o l u t i o n , 
the v i a b i l i t y t e s t is used as a 
d e c i s i o n mechanism to s e l e c t 
disagreement sets and a lso to de f i ne 
the RUE u n i f i e r . In t h i s paper we 
solve the problem of n o n - t e r m i n a t i o n 
o f the v i a b i l i t y t e s t by a p p l y i n g 
the theory of And-Or graphs. 

RUE r e f u t a t i o n s are succ inc t and 
t y p i c a l l y l e ss than h a l f as l ong as 
corresponding r e f u t a t i o n s w i t h the 
e q u a l i t y axioms. Fur thermore, RUE 
r e s o l u t i o n i s complete w i t h o u t us ing 
paramodulat ion or the e q u a l i t y axioms. 
Experiments w i t h a theorem prover based 
on t h i s method have produced super io r 
r e s u l t s which are descr ibed i n 
[ D i g r i c o l i and H a r r i s o n , 1 9 8 6 ] . 

1. INTRODUCTION 

In r e s o l u t i o n by u n i f i c a t i o n and e q u a l i t y 
(RUE r e s o l u t i o n ) , we augment the standard 
theory o f b ina ry r e s o l u t i o n due to 
[Rob inson , I965 ] by the n o t i o n of 
disagreement se t s , to i nco rpo ra te the 
axioms o f e q u a l i t y i n t o the d e f i n i t i o n o f 
r e s o l u t i o n and e l i m i n a t e the use of these 
axioms i n r e f u t a t i o n s . 

In RUE r e s o l u t i o n we reso l ve to 
i n e q u a l i t i e s when the mgu does no t e x i s t ; 
f o r example, the E - u n s a t i s f i a b l e se t : 

2. RUE Reso lu t ion 

The basic d e f i n i t i o n s u n d e r l y i n g RUE 
r e s o l u t i o n are the f o l l o w i n g : 

A Disagreement Set of a Pa i r of Terms: 

" I f s , t are n o n - i d e n t i c a l terms, 
the set o f one element, a p a i r , [ s : t ] , 
i s the o r i g i n disagreement s e t . 
I f s , t have the form: 
f ( a 1 , . . . , a k ) , f ( b 1 . . . , b k ) , then the 
set o f p a i r s o f corresponding arguments 
t h a t are no t i d e n t i c a l i s the topmost 
disagreement s e t . Furthermore, i f D 
is a disagreement se t , then 
(D - [ e } ) U D is a lso a disagreement 
se t , where e is an element of D and 
D is a disagreement set of e . " 
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Since in RUE theory , the concept of 
v i a b i l i t y p lays a c e n t r a l r o l e i n d e f i n i n g 
the RUE u n i f i e r and the topmost v i a b l e 
disagreement se t , the p o s s i b i l i t y o f non-
t e r m i n a t i o n undermines the theory of RUE 
r e s o l u t i o n in s t rong form unless we can 
show how to avo id n o n - t e r m i n a t i o n . The 
pr imary sub jec t o f t h i s paper is to show 
how the theory of And-Or graphs due to 
[Chang and S l a g l e , 1 9 7 l ] can be used to 
solve t h i s problem. 

3. The Theory of And-Or Graphs 

A node in an-And-Qr graph represen ts a 
problem to be so l ved . We d e f i n e an 
And-expansion: 

The s i t u a t i o n becomes i n t e r e s t i n g 
because of c i r c u l a r i t y . The And-Or graph: 

In an And-Or graph we repea ted ly 
per form decomposi t ion u n t i l we reach 
p r i m i t i v e subproblems which are known to 
be so lvab le or unso l vab le . These are the 
l e a f nodes .of the graph. The e n t i r e graph 
represen ts a system of boolean s u b s t i t u 
t i o n s f o r the r o o t node. 

A set o f l e a f nodes, !the s o l u t i o n of 
a l l o f which imp l i es the s o l u t i o n o f the 
r o o t node, i s c a l l e d an i m p l i c a n t o f the 
r o o t . One i m p l i c a n t is sa id to subsume 
another i m p l i c a n t i f i t i s a subset o f 
t h a t i m p l i c a n t . For example, i f we denote 
nodes by numeric i n d i c e s , then {7,8} 
subsumes { 2 , 7 , 8 , 9 } and, f u r t he rmore , s ince 
{7 ,8 ) is a s imp ler s o l u t i o n , we should 
d i sca rd { 2 , 7 , 8 , 9 } . Subsumption w i l l p l ay 
an impor tan t r o l e in our work. 

has no s o l u t i o n due to c i r c u l a r i t y . 
But the c y c l i c And-Or graph: 

has one s o l u t i o n : p4 ^ p7 . 

An And-Or graph w i t h many nodes and 
cyc les may represent a very complex 
problem decompos i t ion . The f o l l o w i n g 
a l g o r i t h m s ta ted by Chang and S lag le w i l l 
compute the i m p l i c a n t s of an a r b i t r a r y 
And-Or graph: 

I m p l i c a n t A l g o r i t h m ; 

1 . I n i t i a l i z e the cu r ren t formula 
to the r o o t node. 

2. Se lec t any n o n - l e a f node in the 
cu r ren t formula ( f o r example, the 
lowest numbered node) and s u b s t i t u t e 
i t s boolean expansion as s ta ted in the 
And-Or graph, f o r each occurrence of 
t h i s node in the cu r ren t fo rmu la . 

3. Remove from the cu r ren t formula any 
i m p l i c a n t which is subsumed by another 
i m p l i c a n t in the cu r ren t formula or by 
an i m p l i c a n t which p r e v i o u s l y appeared 
i n the cu r ren t f o rmu la . 

4. Repeat steps (2) and (3) u n t i l the 
cu r ren t formula e i t h e r vanishes ( t he re 
is no s o l u t i o n f o r the r o o t due to 
cyc les in the graph) o r on ly l e a f nodes 
appear i n the c u r r e n t fo rmu la . I n the 
l a t t e r case, the f i n a l s t a t e o f the 
cu r ren t fo rmu la , when no f u r t h e r 
s u b s t i t u t i o n s are p o s s i b l e , represents 
a d i s j u n c t i o n o f the a l t e r n a t i v e 
i m p l i c a n t s o f the And-Or graph. 

For example, cons ider the And-Or graph 
taken from [N i l sson ,1971 f p .126] : 

356 Automated Deduction 



The a l g o r i t h m converges to f i v e d i s t i n c t 
i m p l i c a n t s and subsumption was used to 
f i l t e r out the e f f e c t o f the cyc le i n 
the graph. 

Chang and S lag le prove t h a t t h e i r 
a l g o r i t h m always converges to s o l u t i o n 
i m p l i c a n t s or to the empty fo rmu la , 
i r r e s p e c t i v e o f cyc les i n the graph. 
N i l s son who g ives a good t reatment of 
And-Or graphs i n [ l 9 7 l ] f a i l s t o ment ion 
the i m p l i c a n t a l g o r i t h m which seems to be 
absent from most t e x t s i n a r t i f i c i a l 
i n t e l l i g e n c e . 

so the ques t ion a r i s e s : i s t h i s i n e q u a l i t y 
v i ab le? We have p r e v i o u s l y shown t h a t the 
v i a b i l i t y t e s t does not te rmina te when 
app l i ed t o t h i s i n e q u a l i t y . I n p o i n t o f 
f a c t , t h i s i n e q u a l i t y i s not v i a b l e s ince 
we cannot deduce f ( a , b ) = d from S. 

I f we s ta te the recu rs i ve a p p l i c a t i o n 
of the v i a b i l i t y t e s t as an And-Or graph, 
we can show tha t f ( a , b ) = d is not v i a b l e 
because the And-Or graph f o r v i a b i l i t y 
has no s o l u t i o n , the i m p l i c a n t a l g o r i t h m 
converges to the empty formula : 

The reader should rev iew the d e f i n i 
t i o n o f v i a b i l i t y and then f o l l o w the 
decomposi t ion t h a t occurs in the And-Or 
graph which s imply t races the recu rs i ve 
a p p l i c a t i o n o f the v i a b i l i t y t e s t . The 
And-Or graph conta ins no d u p l i c a t e nodesj 
hence, in expanding node 4 we cyc le back 
to node 2, c r e a t i n g a c y c l i c graph. A l l 
the c i r c u l a r i t y which occurs d u r i n g the 
v i a b i l i t y t e s t w i l l produce cyc les i n the 
And-Or graph which are analyzed by the 
i m p l i c a n t a l g o r i t h m t o determine v i a b i l i t y . 

We impose the c o n d i t i o n t h a t the nodes 
of a v i a b i l i t y graph be mu tua l l y d i s t i n c t 
so t h a t i f a successor node a l ready e x i s t s 
in the graph we arc back to t h a t unique 
r e p r e s e n t a t i o n in the graph. The l e a f 
nodes o f a v i a b i l i t y graph w i l l necessa r i l y 
be e i t h e r unsolvable argument nodes ( the 
v i a b i l i t y t e s t i s no t s a t i s f i e d ) o r 
solved u n i f i c a t i o n nodes (a term u n i f i e s 
w i t h the argument o f an e q u a l i t y l i t e r a l ) . 
The r o o t i n e q u a l i t y i s v i a b l e i f and on l y 
i f the i m p l i c a n t a l go r i t hm converges t o 
at l e a s t one i m p l i c a n t composed p u r e l y of 
solved u n i f i c a t i o n nodes. In RUE r e s o l u 
t i o n in s t rong form we are requ i red to 
reso lve to the topmost v i a b l e d isagree
ment set (each i n e q u a l i t y must be v i a b l e 
and nearest the topmost disagreement of 
the complementary l i t e r a l s r eso l ved . 
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The And-Or graph f o r the v i a b i l i t y o f 
an i n e q u a l i t y w i l l always be f i n i t e s ince 
the number of d i s t i n c t terms or subterms 
in S is f i n i t e and d u p l i c a t e nodes are not 
pe rm i t t ed i n the graph. 

We w i l l p resent the s t r i c t f o r m a l i z a 
t i o n of the concept of an And-Or graph 
app l i ed t o v i a b i l i t y , d e f i n i n g the d i f f e r 
ent types of nodes present in the graph, 
namely, i n e q u a l i t y nodes, argument nodes, 
u n i f i c a t i o n nodes, f unc t i on -ma tch ing 
nodes and disagreement set nodes, in a 
proximate f u t u r e paper. 
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