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ABSTRACT 

A s u b s u m p t i o n t e s t b a s e d o n t h e p r i n c i p a l 
i d e a o f K o w a l s k i ' s c o n n e c t i o n g r a p h p r o o f 
p r o c e d u r e i s d e v e l o p e d . I n c o n t r a s t t o t h e 
s t a n d a r d t e s t t h i s new t e s t i s s u f f i c i e n t l y 
e f f i c i e n t t o p e r m i t t h e u n r e s t r i c t e d use o f 
t h e s u b s u m p t i o n r u l e i n p r a c t i c e . The t e s t 
i s n o t l i m i t e d t o t h e c o n n e c t i o n g r a p h proof 
p r o c e d u r e , b u t m o s t n a t u r a l l y embedded i n t o 
i t . I n t h e l a t t e r c a s e t h e u n r e s t r i c t e d 
c o m b i n a t i o n o f s u b s u m p t i o n w i t h o t h e r d e 
l e t i o n r u l e s i s shown t o b e i n c o n s i s t e n t . 

1 . INTRODUCTION 

R . K o w a l s k i ' s c o n n e c t i o n g r a p h p r o o f p r o c e 

d u r e [ K 7 5 1 r e p r e s e n t s a s e t o f l o g i c a l f o r 

mu lae n o t a s a s e t b u t a s a g r a p h l i k e 

s t r u c t u r e . I n f e r e n c e r u l e s s u c h a s r e s o l u 

t i o n and f a c t o r i n g a r e e x p r e s s e d a s o p e r a 

t i o n s o n t h a t g r a p h . I n a d d i t i o n t o t h e s e 

o p e r a t i o n s , w h i c h u s u a l l y expand t h e g r a p h , 

t h e p r o c e d u r e a l s o p r o v i d e s f o r d e l e t i o n 

o p e r a t i o n s t h a t remove c e r t a i n c o m p o n e n t s 

f r o m t h e g r a p h . O t h e r a p p r o a c h e s b a s e d o n 

g r a p h s have b e e n p r o p o s e d b y [ S I 7 6 ] , C S H 7 6 ] , 

[ A N 7 9 ] , [ B 7 9 ] . 

One o f t h e s t r i k i n g p r o p e r t i e s o f t h e 

c o n n e c t i o n g r a p h p r o o f p r o c e d u r e i s t h a t 

a p p l i c a t i o n o f a d e l e t i o n o p e r a t i o n c a n 

r e s u l t i n t h e a p p l i c a b i l i t y o f f u r t h e r d e 

l e t i o n o p e r a t i o n s , t h u s p o t e n t i a l l y l e a d i n g 

t o a s n o w b a l l e f f e c t w h i c h r a p i d l y r e d u c e s 

t h e g r a p h . The p r o b a b i l i t y o f t h i s e f f e c t 

r i s e s w i t h t h e number o f d e l e t i o n r u l e s 

a v a i l a b l e . 

A v e r y p o w e r f u l d e l e t i o n r u l e f o r r e s o l u 

t i o n b a s e d s y s t e m s i s t h e s u b s u m p t i o n r u l e 

( [ L 7 8 ] , c h a p t e r 4 ) . U n f o r t u n a t e l y a t e s t 

f o r s u b s u m p t i o n i s v e r y e x p e n s i v e and i s 

u s u a l l y i m p l e m e n t e d o n l y f o r r e s t r i c t e d 

c a s e s . I n t h i s p a p e r a t e s t f o r s u b s u m p t i o n 

b a s e d o n t h e p r i n c i p a l i d e a o f t h e c o n n e c 

t i o n g r a p h p r o o f p r o c e d u r e i s d e v e l o p e d , 

w h i c h i n c o n t r a s t t o t h e s t a n d a r d t e s t 

( C L 7 8 ] ) i s s u f f i c i e n t l y e f f i c i e n t t o p e r m i t 

u n r e s t r i c t e d s u b s u m p t i o n i n p r a c t i c a l c a s e s . 

Though n o t l i m i t e d t o i t , t h e t e s t i s m o s t 

n a t u r a l l y embedded i n t o t h e c o n n e c t i o n g r a p h 

p r o o f p r o c e d u r e , b u t u n r e s t r i c t e d c o m b i n a 

t i o n o f s u b s u m p t i o n , t a u t o l o g y , and p u r i t y 

d e l e t i o n i s shown t o r e n d e r t h e c o n n e c t i o n 

g r a p h p r o o f p r o c e d u r e i n c o n s i s t e n t . 

2. DEFINITION AND NOTATIONS 

The p a p e r i s b a s e d o n t h e f i r s t o r d e r p r e 

d i c a t e c a l c u l u s w i t h t h e u s u a l n o t a t i o n a l 

c o n v e n t i o n s f o r c o n s t a n t s , v a r i a b l e s , t e r m s , 

a t o m s , l i t e r a l s , and c l a u s e s . The number o f 

l i t e r a l s i n a c l a u s e C i s d e n o t e d b y | C I . 

The empty c l a u s e i s d e n o t e d b y o . The e l e 

m e n t s i n a s e t o f c l a u s e s a r e a l w a y s a s s u 

med t o b e v a r i a b l e d i s j o i n t . 

A s u b s t i t u t i o n is a mapping a f rom variables 
t o terms i d e n t i c a l a lmost everywhere. I t i s 
extended t o mappings o n te rms, atoms, l i 
t e r a l s , and c lauses by the usua l homomor-
ph ism. A u n i f i e r f o r two terms (or l i t e r a l s ) 
s, t is a s u b s t i t u t i o n a f o r which o(s) » a ( t ) . 
I f f o r any o the r u n i f i e r 0 f o r s , t t h e r e 
is a 0' w i t h 0 * ©•©c, we say a is a most 
gene ra l u n i f i e r (mgu) f o r s and t . Two l i 
t e r a l s a re c a l l e d a-complementary, i f they 
are of oppos i t e s i g n and a is an mgu f o r 
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t o r ) and i t s pa ren t c lauses have to be ex 
p l i c i t l y computed, o r , more e f f i c i e n t l y , 
de r i ved f rom " a u t o l i n k s " between comple
mentary l i t e r a l s i n s e l f r e s o l v i n g c lauses 
(CB753). 

The r e d u c t i o n r u l e s c o n t r i b u t e bo th to the 
practical a t t r a c t i v i t y and the theoretical 
d i f f i c u l t i e s o f the connec t ion graph proof 
p rocedure . The o r i g i n a l r u l e s a r e : d e l e t e 
a c lause i f i t con ta ins a pure l i t e r a l and 
d e l e t e a c lause which is a t a u t o l o g y . Fu r 
t h e r p o s s i b l e r u l e s i n c l u d e : d e l e t e a l ink 
i f i t s r e s o l v e n t i s a t a u t o l o g y CWA81], 
d e l e t e a c lause i f i t i s subsumed by a n 
o the r c lause in the g raph , d e l e t e a l i n k 
i f i t s r e s o l v e n t i s subsumed b y another 
c lause i n the g raph . Note t h a t each d e l e 
t i o n may cause a p u r i t y to a r i s e , thereby 
causing f u r t h e r d e l e t i o n s . I t i s no t y e t 
known as to which combinat ions of these 
d e l e t i o n r u l e s p reserve the completeness 
of the p rocedure . 

3. SUBSUMPTION AND THE S-LINK TEST 

Le t C and D be c l a u s e s . C o-subsumes D, if 
ICI s iDl and o is a s u b s t i t u t i o n such that 
o(C) c D. Throughout t h i s paper the terms 
subsumption and o-subsumpt ion w i l l be used 
i n t e r changeab l y , though u s u a l l y subsumption 
is d e f i n e d more g e n e r a l l y than a-subsumption 
(see [ L 7 8 ] ) . 

The s tandard t e s t f o r o-subsumpt ion works 
as f o l l o w s : g i ven C and D, f i r s t make sure 
t h a t Id s ID I and t h a t D is no t a t a u t o 
l o g y . Then negate D and change v a r i a b l e s 
in D to c o n s t a n t s , y i e l d i n g a se t D of 
ground u n i t c l a u s e s . C asubsumes D i f f a i s 
d e r i v a b l e from {C} u D. ( D e t a i l s can be 
found in CC173] and C L 7 8 ] . ) . 

The p o s i t i v e aspect o f t h i s subsumption 
t e s t i s t h a t i t uses the same mechanism 
which u n d e r l i e s the e n t i r e deduc t i on s y 
stem, i . e . r e s o l u t i o n . But f rom a p r a c t i c a l 
p o i n t o f v iew t h i s t u r n s o u t to be a d i s -
avantage. Normal ly one has to check f o r 
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subsumption as soon as a new c lause is ge
n e r a t e d , i . e . a f t e r each r e s o l u t i o n s t e p . 
Th is means t h a t each "ma jor " r e s o l u t i o n step 
i s f o l l o w e d b y s e v e r a l "m ino r " r e s o l u t i o n 
steps f o r the subsumption t e s t , thus m u l t i 
p l y i n g the o v e r a l l expense. Yet even worse, 
g i ven a r e s o l v e n t C t he re is no h i n t as to 
which c lauses p o t e n t i a l l y subsume or are 
subsumed by C. So the t e s t , a l r e a d y expen
s i v e i n i t s e l f , has t o b e per formed w i t h i n 
an i t e r a t i o n over a l l e lements o f the given 
s e t o f c l a u s e s . I n p r a c t i c e , o f cou rse , one 
would f i r s t make sure t h a t the p r e d i c a t e s 
a re i n common, s o t h a t t he t e s t i s no t p e r 
formed d u r i n g each i t e r a t i o n s t e p . 

The r e s u l t i n g c o s t i s such t h a t f o r p r a c t i 
c a l systems o n l y r e s t r i c t e d v e r s i o n s o f sub
sumpt ion a re implemented, e . g . o n l y f o r 
cases where the subsuming c l ause is a u n i t . 
O m i t t i n g subsumpt ion, on the o t h e r hand, can 
cause c o n s i d e r a b l e redundanc ies . 

The c e n t r a l problem f o r a subsumption t e s t 
c o n s i s t s i n e f f i c i e n t l y f i n d i n g ou t which 
l i t e r a l s i n wh ich c lauses a re u n i f i a b l e . 
D i s r e g a r d i n g the s igns o f the l i t e r a l s t h i s 
cor responds to the ve ry same problem t h a t 
a r i s e s when two c lauses have to be s e l e c t e d 
f o r t h e nex t r e s o l u t i o n s t e p . I n b o t h cases 
comparing a l l l i t e r a l s o f a l l c lauses i s a 
p o s s i b l e b u t i n e f f i c i e n t s o l u t i o n . 

I n the r e s o l u t i o n case the connec t i on graph 
procedure p r o v i d e s f o r a more e f f i c i e n t 
a l t e r n a t i v e . The l i t e r a l s o f a s e t o f 
c lauses are compared w i t h each o t h e r once 
and f o r e v e r when the i n i t i a l graph i s con
s t r u c t e d . Subsequent ly the necessary i n f o r 
mat ion i s d i r e c t l y a v a i l a b l e i n the form o f 
the l i n k s . Because o f the i n h e r i t a n c e 
mechanism f o r l i n k s the new l i t e r a l s i n 
r e s o l v e n t s and f a c t o r s need n o t go th rough 
any search process e i t h e r . Thus the problem 
o f f i n d i n g two r e s o l v a b l e c lauses i s reduced 
t o s imp l y p i c k i n g a l i n k . 

T h i s bas i c i dea can be a p p l i e d to the sub
sumpt ion prob lem by i n t r o d u c i n g l i n k s o f a 
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{ u : » a } }and uni(C,Quv,D2> « { { u : « a , v : » b f } . 
The s u b s t i t u t i o n s {u :« a} and {u ;» a, 
v :« b} are s t r o n g l y compa t i b l e , thus C 
subsumes D2 ( bu t none of D , , D 3 , D 4 ) . 

The main p o i n t o f the t e s t i s t h a t t he ex 
pens ive u n i f i c a t i o n i s postponed u n t i l t he 
f u n c t i o n sub p r e s e l e c t e d a p l a u s i b l e sub
s e t o f cand idates f o r subsumpt ion. I n case 
we are l o o k i n g f o r subsuming r a t h e r than 
subsumed c lauses / t h i s p r e s e l e c t i o n process 
is s l i g h t l y more c o m p l i c a t e d . By Theorem 2 
w e f i r s t determine a l l c lauses connected 
by a t l e a s t one S - l i n k to the g i ven c lause 
D. Then f rom t h i s se t we a s c e r t a i n those C 
f o r which Id s ID I and D€sub(C) ho lds and 
on ly then the u n i f i c a t i o n ope ra t i ons are 
per fo rmed. 

In bo th cases t h i s p r e s e l e c t i o n and the 
f a c t t h a t the l i t e r a l s t o b e u n i f i e d are 
e x p l i c i t l y known, can save cons ide rab le 
t i m e . On the o t h e r hand some e f f o r t has to 
be i nves ted f o r the computat ion o f a l l S -
l i n k s i n the i n i t i a l g raph . A s w i t h the 
connec t ion graph p roo f procedure t h i s ad 
vance cos t can be h i ghe r than a p o s s i b l e 
g a i n , i f the s e t o f c lauses i s on l y s m a l l . 
For more complex examples however, t he re 
is c e r t a i n l y a pay o f f . But o f course any 
ga in in t ime has to be p a i d f o r by a d d i t i o 
n a l s to rage needed f o r the S - l i n k s . 

4. REFINEMENTS OF THE S-LINK TEST 

The i n h e r i t i n g mechanism f o r S - l i n k s can 
be op t im ized in the same way as desc r ibed 
i n [B75] f o r r e s o l u t i o n l i n k s . Here the 
p roo fs are ve ry s imple because S-graphs 
are always t o t a l . 

Another re f i nement r e s u l t s f rom the obser 
v a t i o n t h a t f o r a c lause C c o n t a i n i n g an 
S-pure l i t e r a l sub(C) « 0. That means t h a t 
such a c lause cannot subsume any o t h e r 
c l a u s e . 

When computing the u n K C L ^ D ) we need to 
know which K€D are u n i f i a b l e w i t h L . . As 
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the d e f i n i t i o n o f u n i shows, these are 
e x a c t l y those l i t e r a l s we a l r eady had to 
cons ide r f o r the computa t ion of con and s\±>. 
The i n f o r m a t i o n ob ta ined d u r i n g the compu-
t a t i o n o f con and sub shou ld be s t o r e d in 
an a p p r o p r i a t e data s t r u c t u r e t o a v o i d 
hav ing t o recompute i t f o r u n i . 

Thus f a r the S - l i n k t e s t was developed w i t h 
ou t c o n s i d e r i n g the u n d e r l y i n g i n f e r e n c e 
mechanism. Since they are based on the same 
p r i n c i p a l idea as connec t i on g raphs , S-
graphs appear to be combined most n a t u r a l l y 
w i t h t h i s i n f e r e n c e method. We can modi fy 
the d e f i n i t i o n of a connec t i on graph to be 
a t r i p l e (C,R,S) such t h a t (C,F) is a 
connec t i on graph ( i n the h i t h e r t o sense) 
and (£ ,5 ) is an S-g raph . For such a graph 
we can d e f i n e a new k i n d of subsumpt ion: a 
c lause C subsumes an R - l i n k (D, ,K, ,D 2*K 2 ) , i f 
C subsumes the r e s o l v e n t o f ( D ^ K ^ D - , ! ^ ) . I t 
i s p o s s i b l e t o extend the t e s t t o cover 
t h i s k i n d o f subsumption (see [ E 8 0 ] ) . 

D e l e t i n g subsumed l i n k s has the e f f e c t as 
i f a l l r e s o l u t i o n s l e a d i n g t o subsumed r e 
s o l v e n t s were per formed p r i o r t o o t h e r 
s t e p s . Th i s r e s u l t s i n a s t r o n g e r r e d u c t i o n 
of the graph as in the usua l case were sub-
sumptions occur on l y randomly. The difference 
i s s i m i l a r t o t he one between d e l e t i n g 
t a u t o l o g y c lauses and d e l e t i n g t a u t o l o g y 
l i n k s in a graph [WA81]. 

5. CONSISTENCY OF THE CONNECTION GRAPH 
PROCEDURE WITH SUBSUMPTION 

The soundness of a p r o o f procedure guarantees 
t h a t whenever an u n s a t i s f i a b l e s e t o f clauses 
( e . g . one c o n t a i n i n g o) i s d e r i v e d , then the 
o r i g i n a l s e t o f c lauses was u n s a t i s f i a b l e . 
Cons is tency , on the o t h e r hand, assures that 
f rom an u n s a t i s f i a b l e s e t o f c lauses o n l y 
u n s a t i s f i a b l e se ts o f c lauses can be derived. 
Thus cons i s tency is a necessary c o n d i t i o n 
f o r completeness. 

I n most r e s o l u t i o n based p r o o f procedures 
cons i s tency i s t r i v i a l , because the or ig ina l 

se t o f c lauses i s o n l y extended by f u r t h e r 
c l auses . I n the case o f the connec t ion 
graph p rocedure , however, c lauses can be 
de le ted f rom the o r i g i n a l s e t . Th is f a c t 
causes cons i s tency to be an e x t r a o r d i n a r i l y 
hard problem f o r connec t i on g raphs . 

I n [E80] the cons i s tency o f a l l d e l e t i o n 
r u l e s ment ioned i n the i n t r o d u c t i o n i s 
proven f o r o - d e r i v a t i o n s [SS76 1, us ing a 
p roo f techn ique i n t r o d u c e d in [B79 3. Un
f o r t u n a t e l y t h i s techn ique i s no t s u i t a b l e 
t o a r b i t r a r y d e r i v a t i o n s , bu t r e s u l t s 
shown in CSS76] i n d i c a t e t h a t t he re is a 
t r a n s l a t i o n between o t -de r i va t i ons and a r 
b i t r a r y ground case s t r a t e g i e s . The r e s 
p e c t i v e p roo f s are ve ry complex and hard 
t o f o l l o w , bu t i f extended t o the case o f 
subsumption they might ensure the con
s i s t e n c y f o r the ground case. 

In the genera l case, however, the connection 
graph p roo f procedure w i t h u n r e s t r i c t e d 
subsumption i s i n c o n s i s t e n t as the f o l l o -

The r e s o l v e n t o f l i n k 1 is a t a u t o l o g y , the 
r e s o l v e n t o f l i n k 2 is subsumed by C , , t h u s 
bo th l i n k s are de le ted and the graph b e 
comes 

R e s o l u t i o n on l i n k s 3, 5 and the successor 
o f 6 ( i n t h a t o rde r ) w i l l y i e l d the empty 
c l a u s e . Hence the o r i g i n a l s e t o f c lauses 
was u n s a t i s f i a b l e , because of the soundness 
o f the r e s o l u t i o n p r i n c i p l e . I f i n s t e a d o f 
t h a t we s e l e c t l i n k 4 f o r the nex t s t e p , 
the r e s o l v e n t is PuPv w i t h l i n k 3 and 5 i n -
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h e r i t e d . Th i s r e s o l v e n t subsumes bo th C~ 
and C^, which are d e l e t e d . The r e s u l t i n g 
graph i s 

C1 : PaPb Pu 5 ' C4 : * c 

Now C con ta ins a pure l i t e r a l and the sub
sequent d e l e t i o n s f i n a l l y erase the e n t i r e 
g raph, i . e . i t i s poss i b l e t o de r i ve a 
s a t i s f i a b l e se t o f c lauses from the or ig inal 
u n s a t i s f i a b l e s e t ! 

Th is r e s u l t demonstrates the necess i t y o f 
r e s t r i c t i o n s f o r the d e l e t i o n r u l e s . I t has 
y e t to be shown which r e s t r i c t i o n s preserve 
cons is tency and completeness. 

6. PRACTICAL RESULTS 

The S - l i n k t e s t has been implemented in the 
Markgraf K a r l system a t the U n i v e r s i t y o f 
Ka r l s ruhe [ESSUW80], [SS801, fESSW81]. Sub-
sumption was r e s t r i c t e d such t h a t a r e s o l 
ven t may not be subsumed by i t s own paren t 
c l au se s . The necess i t y o f t h i s r e s t r i c t i o n 
appears p l a u s i b l e , because a s i m i l a r one 
a p p l i e s to f a c t o r s . No example f o r the i n 
cons i s tency o f the procedure w i t h t h i s 
r e s t r i c t i o n c o u l d be found thus f a r , bu t 
n e i t h e r has the re been a fo rmal p roo f of 
i t s c o n s i s t e n c y . 

On the average a graph has about the same 
number o f S - l i n k s as i t has R - l i n k s . Th is 
may seem an i n a p p r o p r i a t e inc rease in 
s to rage requ i remen t . But i n the a c t u a l 
imp lementa t ion S - l i n k s need much less 
s to rage than R - l i n k s . Moreover, i t i s no t 
the p h y s i c a l s to rage t h a t i s i m p o r t a n t , bu t 
the number o f a c t i v e R - l i n ks in the search 
space, and t h i s number can be reduced con
s i d e r a b l y . 

P r a c t i c a l t e s t s i n d i c a t e t h a t the r e d u c t i o n 
of the graph caused by subsumption u s u a l l y 
more than compensates f o r the s to rage used 
by the S - l i n k s . An example is P. Andrews1 

" c h a l l e n g e " proposed a t the deduc t ion work
shop in A u s t i n 1979: (3xQx«VyQy) ■ 
OxVy ■ Qx ■ Qy) . Here subsumption reduces 

the i n i t i a l graph by 89 % of the c lauses * 
and by 99,5 % of the R - l i n k s (which i s , 
however, an extreme case ) . 

In o rder to ge t some exper ience w i t h more 
" n a t u r a l " problems, a s e l e c t i o n of examples 
from TMOW76] and [WM76] was run us ing the 
s t r a t e g i e s bas i c r e s o l u t i o n , s e t - o f - s u p p o r t , 
and u n i t r e f u t a t i o n , each w i t h and w i t h o u t 
subsumpt ion. The va lues compared a r e : 

r r ^ r ^war^ * * - t t c lauses in p roo f G-penetrance « « c lauses generated 
^ ~A~^.fc.~»~„A - # Resolvents/Factors in proof 
D-penetrance - $ Resolv./Fact. t o ta l l y Sauced 
R va lue m ft c lauses d e l e t e d 

# c lauses generated 

The r e s u l t s are compi led in t a b l e 1 ( - means 
t h a t the system d i d not f i n d a p r o o f ) . 

The t a b l e shows t h a t subsumption u s u a l l y 
caused a cons ide rab le improvement of the 
penet rances, i . e . fewer unnecessary s teps 
were per fo rmed. Th is demonstrates the r e 
d u c t i o n of the search space. Sometimes the 
system even found a p roo f where i t d i d not 
w i t h o u t subsumpt ion. The inc rease of the 
R-value i n d i c a t e s t h a t subsumption i n f a c t 
has a ve ry s t r o n g impact on the s i z e of the 
g raph . 

7. CONCLUSION 

The S - l i n k t e s t i s a r a t h e r e f f i c i e n t sub-
sumbtion c r i t e r i o n and the p r a c t i c a l r e 
s u l t s are encourag ing . The hard t h e o r e t i c a l 
problem of cons i s tency and completeness of 
the connec t ion graph procedure w i t h various 
combinat ions o f d e l e t i o n r u l e s has y e t t o 
awa i t a comprehensive t r e a t m e n t . 
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