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1 . INTRODUCTION 

t h e 2 D and 3 D s o l u t i o n n o t e d , i t i s easy t o 
v i s u a l i z e t h e s o l u t i o n f o r t h e 3 D m a n i p u l a t o r . 

S e c t i o n 2 o f t h i s paper p r e s e n t s an examp le , and 
S e c t i o n 3 a s t a t e m e n t and a n a l y s i s o f t h e p r o b l e m . 
S e c t i o n s 4 and 5 p r e s e n t t h e s o l u t i o n . S e c t i o n 6 
summar izes t h e key i d e a s i n t h e s o l u t i o n and 
i n d i c a t e s a r e a s f o r f u t u r e w o r k . 

2. AN EXAMPLE 

T h i s s e c t i o n d e s c r i b e s a n example ( F i g u r e 2 . 1 ) o f 
t h e c o l l i s i o n d e t e c t i o n and a v o i d a n c e p r o b l e m f o r 
a t w o - d i m e n s i o n a l m a n i p u l a t o r . The example 
h i g h l i g h t s f e a t u r e s o f t h e p r o b l e m and i t s 
s o l u t i o n . 

2 . 1 The P rob lem 

The m a n i p u l a t o r has two l i n k s and t h r e e deg rees 
o f f r e e d o m . The l a r g e r l i n k , c a l l e d t h e boom, 
s l i d e s back and f o r t h and can r o t a t e a b o u t t h e 
o r i g i n . The s m a l l e r l i n k , c a l l e d t h e f o r e a r m , 
has a r o t a t i o n a l d e g r e e o f f r eedom a b o u t t h e t i p 
o f t h e boom. The t i p o f t h e f o r e a r m i s c a l l e d 
t h e h a n d . S and G a r e t h e i n i t i a l and f i n a l 
c o n f i g u r a t i o n s o f t h e m a n i p u l a t o r . Any r e a l 
m a n i p u l a t o r ' s l i n k s w i l l have p h y s i c a l d i m e n s i o n s . 
The l i n e segment r e p r e s e n t a t i o n o f t h e l i n k i s a n 
a b s t r a c t i o n ; t h e p h y s i c a l d i m e n s i o n s can b e 
a c c o u n t e d f o r and how t h i s i s done i s d e s c r i b e d 
l a t e r . 

The p r o b l e m o f p l a n n i n g s a f e t r a j e c t o r i e s f o r 
compute r c o n t r o l l e d m a n i p u l a t o r s w i t h two movab le 
l i n k s and m u l t i p l e deg rees o f f r eedom i s a n a l y z e d , 
and a s o l u t i o n t o t h e p r o b l e m i s p r e s e n t e d . 

The t r a j e c t o r y p l a n n i n g sys tem i s i n i t i a l i z e d 
w i t h a d e s c r i p t i o n o f t h e p a r t o f t h e e n v i r o n m e n t 
t h a t t h e m a n i p u l a t o r i s t o maneuver i n . When 
g i v e n t h e g o a l p o s i t i o n and o r i e n t a t i o n o f t h e 
h a n d , t h e sys tem p l a n s a c o m p l e t e t r a j e c t o r y 
t h a t w i l l s a f e l y maneuver t h e m a n i p u l a t o r i n t o 
t h e g o a l c o n f i g u r a t i o n . The e x e c u t i v e sys tem i n 
c h a r g e o f o p e r a t i n g t h e h a r d w a r e uses t h i s 
t r a j e c t o r y t o p h y s i c a l l y move t h e m a n i p u l a t o r . 

The s o l u t i o n i s a p p l i e d t o a s i m p l i f i e d t w o -
d i m e n s i o n a l m a n i p u l a t o r (2D sys tem) and a f u l l -
f l e d g e d t h r e e - d i m e n s i o n a l m a n i p u l a t o r - t h e 
Scheinman arm - (3D s y s t e m ) . A l l t h e examples i n 
t h i s pape r a r e f r o m t h e 2D s y s t e m . Once t h e 2D 
s o l u t i o n i s u n d e r s t o o d and s i m i l a r i t i e s be tween 
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The c l o s e d p o l y g o n s i n t h e f i g u r e r e p r e s e n t 
p o l y g o n a l a p p r o x i m a t i o n s t o o b s t a c l e s ; t h e s e 
p o l y g o n s may be concave o r c o n v e x , and t h e r e i s 
n o l i m i t t o t h e number o f s i d e s . 

The p r o b l e m i s t o p l a n a c o l l i s i o n f r e e t r a j e c 
t o r y t h a t w i l l g e t t h e m a n i p u l a t o r f r o m S t o G . 
( A t r a j e c t o r y s p e c i f i e s t h e m a n i p u l a t o r c o n 
f i g u r a t i o n a s a f u n c t i o n o f t i m e ) . 

2 . 2 The S o l u t i o n 

S i n c e t h e boom i s much l a r g e r t h a n t h e f o r e a r m , 
t h e boom i s t h e more c o n s t r a i n i n g o f t h e two 
l i n k s . T h e r e f o r e , a s a f e boom t r a j e c t o r y i s 
f i r s t p l a n n e d , and t h e n t h e f o r e a r m i s maneuvered 
s a f e l y a l o n g t h e boom t i p l o c u s . I f f o r some 
r e a s o n , t h e f o r e a r m c a n n o t b e s a f e l y m a n e u v e r e d , 
t h e boom t r a j e c t o r y i s r e v i s e d and t h e p r o c e s s 
r e p e a t e d . 

Boom P l a n n i n g : The boom p l a n n i n g p r o b l e m 
i s t o f i n d a t r a j e c t o r y f o r t h e two j o i n t s a s s o 
c i a t e d w i t h t h e boom. W e can t r y t o g e t t h e 
boom t i p f r o m S t o G a l o n g t h e s h o r t e s t p a t h 
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between the two boom t i p l oca t ions - a s t r a i g h t 
l i n e boom t i p locus . In Figure 2 .2 , the shaded 
area represents the area tha t the boom sweeps 
when i t s t i p t races a s t r a i g h t l i n e from S to G. 
Since the shaded area i n t e r s e c t s the L-shaped 
o b j e c t , the boom w i l l c o l l i d e w i t h tha t ob jec t . 
This c o l l i s i o n can be avoided i f an in termediate 
po in t P is chosen and the boom t i p is requ i red 
to go through P. The above procedure is then 
appl ied r e c u r s i v e l y to the sect ions SP and PG 
u n t i l a safe t r a j e c t o r y is found. Figure 2.3 
shows the f i n a l boom t i p locus tha t guarantees 
boom s a f e t y . 

Forearm Planning: This re fe rs to f i n d i n g a 
t r a j e c t o r y f o r the forearm j o i n t . The basic 
idea is to j ugg le the forearm back and f o r t h so 
that i t avoids any c o l l i s i o n s as one end of i t 
t r ave l s along the boom t i p locus. This is not 
easy. Further compl icat ions a r i se because the 
maneuverab i l i ty of the forearm near the goal 
c o n f i g u r a t i o n is very r e s t r i c t e d . So as not to 
c l u t t e r the diagram, the forearm t i p locus has 
been supressed from Figure 2.3 . 

Execut ion: The above planning r e s u l t s in 
a sequence of in termediate con f igu ra t i ons leading 
to the goal c o n f i g u r a t i o n . The t r a j e c t o r y 
c a l c u l a t i o n rou t ines use t h i s sequence to generate 
a t r a j e c t o r y . The execut ive system in charge of 
operat ing the hardware uses the t r a j e c t o r y to 
move the manipulator . 

Embell ishments: The p lanning descr ibed is 
ca l l ed mid-sec t ion p lann ing . This mode of 
p lanning does not make use of the nature of 
obstacle c o n f i g u r a t i o n s , and is good fo r p lanning 
maneuvers f a r from obstac les . Another mode of 
p lann ing , ca l l ed te rmina l phase p lann ing , makes 
use of the nature of obstacle con f i gu ra t i on 
around the hand, and can be used fo r p lanning 
maneuvers near the s t a r t and goal con f igu ra 
t i o n s . The use of both the mid-sec t ion and the 
te rmina l phase planning r e s u l t s in a s impler 
t r a j e c t o r y (a smal ler sequence of in termedia te 
c o n f i g u r a t i o n s ) . Figure 2.4 shows the boom t i p 
locus f o r the s impler t r a j e c t o r y . 

The rep resen ta t ion of the manipu la tor , obs tac les , 
empty space and t r a j e c t o r i e s , the two p lanning 
modes and the associated h e u r i s t i c s , the use of 
the nature o f obstac le con f igu ra t ions f o r t e r 
minal maneuvers e t c . are a l l discussed in Sec
t ions 4 and 5. 

2.3 H i s t o r i c a l Perspect ive 

C o l l i s i o n avoidance problems became mani fest when 
computer c o n t r o l l e d manipulators came i n t o 
existence dur ing the s i x t i e s . Pieper (1968) was 
the f i r s t one to i n v e s t i g a t e the problem. Paul 
(1972) tack led t r a j e c t o r y c a l c u l a t i o n and 
servo ing. Lewis (1974) at tacked a very r e 
s t r i c t e d ve rs ion o f the c o l l i s i o n avoidance 
problem, and Widdoes (1974) d id the same. None 
of the e a r l i e r attempts can handle complex i t ies 
s i m i l a r to the ones i l l u s t r a t e d in the example 

of F igure 2 . 1 . The representa t ions used by 
these e a r l i e r programs are inconven ient , or the 
p lanning s t ra teg ies inadequate f o r handl ing the 
s i t u a t i o n . 

3. THE PROBLEM AND ITS ANALYSIS 

The problem is to p lan a t r a j e c t o r y to get a 
computer c o n t r o l l e d manipulator w i t h two movable 
l i n k s and m u l t i p l e degrees of freedom sa fe l y i n t o 
a desi red goal c o n f i g u r a t i o n . 

The p lanning system is i n i t i a l l y given a desc r i p 
t i o n of the environment in which the manipulator 
is to operate. This environment undergoes 
minor changes when objects in i t are t ranspor ted 
around by the manipu la tor . The environment may 
also change d r a s t i c a l l y , as would happen i f the 
robot ( to which the manipulator belonged) moved 
to a new p lace. It is assumed tha t such d r a s t i c 
changes are in f requent compared to the t o t a l 
number of t r a j e c t o r i e s planned. This assumption 
is r e f e r red to as the in f requent environment i n i 
t i a l i z a t i o n hypothes is . 

The input to the planning system cons is ts of the 
p o s i t i o n and o r i e n t a t i o n of the hand in the goal 
c o n f i g u r a t i o n . The output is a l i s t o f i n t e r 
mediate con f igu ra t ions tha t w i l l be used by the 
t r a j e c t o r y c a l c u l a t i o n programs to run the hard
ware. 

A s o l u t i o n tha t w i l l perform w e l l in simple and 
commonly occur ing s i t u a t i o n s is des i red . The 
system should recognize when th ings go awry and 
should ask f o r human assistance when tha t hap
pens. Optimal plans are not needed; at the same 
t ime, however, b l a t a n t l y s tup id plans are not 
pe rm i t ted . 

Planning begins w i t h hypothes iz ing a t r a j e c t o r y . 
Fol lowing t h i s is an i t e r a t i v e step tha t invo lves 
a check f o r c o l l i s i o n and a t r a j e c t o r y mod i f i ca 
t i o n ( i f there is danger) . Under normal c i rcum
stances, the loop terminates when a safe t r a j e c 
to ry i s found. 

Good h e u r i s t i c s f o r hypothes iz ing t r a j e c t o r i e s 
are e s s e n t i a l . I d e a l l y , the system should propose 
a c o l l i s i o n - f r e e t r a j e c t o r y on the f i r s t t r y . 
Since a t r a j e c t o r y designed to pass through la rge 
empty spaces is l i k e l y to be sa fe , a c h a r a c t e r i 
za t ion of la rge empty spaces is des i r ab le . 
A lso , a cha rac te r i za t i on of obstacle con f i gu ra 
t i ons in the immediate v i c i n i t y o f the hand is 
des i r ab le ; f o r , spec ia l h e u r i s t i c s , tha t i n 
crease the chances of proposing a c o l l i s i o n - f r e e 
t r a j e c t o r y , can be associated w i t h these con
f i g u r a t i o n s . 

Good techniques f o r making t r a j e c t o r y mod i f i ca 
t i ons are requ i red ; the mod i f i ca t i ons should 
ensure tha t the same problem does not recur and 
tha t new problems do not a r i s e . 

A few terms tha t w i l l enable us to t a l k about the 
c o l l i s i o n de tec t i on problem are now in t roduced. 
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The man ipu la to r ' s s t a te can be descr ibed e i t h e r 
as a vector spec i f y ing i t s j o i n t angles or as a 
p o s i t i o n and o r i e n t a t i o n of the hand. The former 
is a rep resen ta t ion in j o i n t v a r i a b l e space or 
j o i n t space, and the l a t t e r is a representa t ion 
in ca r tes ian space. The subspace of j o i n t space 
generated by the boom j o i n t s is c a l l e d boom space. 
When the manipulator moves i t s l i n k s t race a 
volume (sur face , in two dimensions) ca l l ed the 
t r a j e c t o r y envelope (see Figure 2 . 2 ) . 

C o l l i s i o n dec tec t ion invo lves checking i n t e r 
sect ions of the t r a j e c t o r y envelope and obstac les. 
T ra jec to ry envelopes are most convenient ly 
described in j o i n t space and obstacles in c a r t e 
s ian space. Consequently, i n t e r s e c t i o n checking 
requ i res constant t ransformat ions between the two 
spaces. This is expensive and we need to de te r 
mine whether obstacles should be represented in 
j o i n t space or t r a j e c t o r i e s in ca r tes ian space, 
or whether i t is poss ib le to use the two spaces 
e f f e c t i v e l y and avoid the t rans format ion problem. 
We need to see whether t r a j e c t o r y envelopes and 
obstac le desc r ip t i ons can be s i m p l i f i e d since i t 
would lead to inexpensive i n t e r s e c t i o n checks. 
Again, safe t r a j e c t o r y p lanning can be viewed as 
maneuvering in f ree space or as avoid ing obstac les. 
Can these complementary views be used to advantage? 

The s o l u t i o n presented in the next two sect ions 
provides answers to a l l the po in ts and quest ions 
ra ised in the above ana l ys i s , making f a s t c o l l i 
s ion avoiders a d i s t i n c t p o s s i b i l i t y . 

4. REPRESENTATION 

Tra jec to ry p lanning gets easier w i t h simple 
t r a j e c t o r y envelopes. Simple envelopes are 
poss ib le only w i t h wel l -chosen t r a j e c t o r y p r i m i 
t i ves and simple manipulator models. Simple 
manipulator models make the task of hypothesiz ing 
and modi fy ing t r a j e c t o r i e s easy. And simple 
t r a j e c t o r y envelopes and numer ica l ly manageable 
obstacle representa t ions make c o l l i s i o n de tec t ion 
inexpensive. With t h i s in mind, polyhedra models 
of obs tac les , a h ie rarchy of abs t rac t i on spaces 
pe rm i t t i ng s i m p l i f i e d manipulator models and 
use fu l t r a j e c t o r y p r i m i t i v e s are introduced i n 
t h i s s e c t i o n . Their use in p lanning is presented 
in sec t ion 5 . 

S t a r t i n g w i t h a simple and d i r e c t model of two 
connected c y l i n d e r s , the abs t rac t i on spaces 
permit the manipulator to be modelled as two 
connected l i n e segments, as a s i ng le l i n e segment 
and, i n c r e d i b l y , as a p o i n t ! Furthermore, the 
t ransformat ions generat ing the abs t rac t i on 
spaces are inexpensive. This is impor tant ; 
o therwise, the advantages gained by operat ing in 
these a l t e r n a t e spaces would be l o s t in the 
process of generat ing them. 

The manipulator and i t s environment are descr ibed 
f i r s t , the three problem spaces next and f i n a l l y 
the t r a j e c t o r y p r i m i t i v e s are presented. Table 1 
summarizes the r e l a t i o n s h i p between the d i f f e r e n t 
problem spaces. 

4 .1 The Manipulator And I t s Environment 

The manipulator of Sect ion 2 is an abs t rac t i on of 
the c lass of computer con t ro l l ed manipulators 
w i t h two movable l i n k s and m u l t i p l e degrees of 
freedom. The Scheinman Arm shown in Figure 4 .1 
is another example. De ta i l s on the hardware and 
a lgor i thms f o r t r a j e c t o r y c a l c u l a t i o n and servoing 
of t h i s manipulator are described in Paul (1972), 
Dobrot in and Scheinman (1973) and Lewis (1974). 
The manipulator is a s i x degree freedom device 
a l low ing the hand to be pos i t i oned anywhere 
( w i t h i n the maneuverable space) and w i t h any 
o r i e n t a t i o n . 

Figure 4 .1 shows the s i x j o i n t s and the l i n k s 
between the p o i n t s . L i n k l i s ca l l ed the pos t , 
l i n k 2 the shoulder , and l i n k 3 the boom. Link4 
and l i n k 5 are non-ex is tent because the manipula
t o r design has the l a s t three j o i n t s a t the t i p 
of the boom. Link6 is ca l l ed the forearm. 
Except f o r j o i n t 3 , which i s a s l i d i n g j o i n t , a l l 
the j o i n t s are r e v o l u t e . J o i n t l i s ca l l ed p h i , 
j o i n t 2 t h e t a , j o i n t 3 r , j o i n t 4 f t h e t a , j o i n t 5 f_ 
p h i , and j o i n t 6 f_ p s i . The p r e f i x " f " i nd ica tes 
that the angles r e f e r to the forearm. The 
forearm t i p i s ca l l ed the hand. 

When look ing along the boom at the hand, the boom 
is e i t h e r on the r i g h t or the l e f t side of the 
shoulder. This gives r i s e to the no t ion of a 
r ight-handed and le f t -handed manipulator respec
t i v e l y , and is ca l l ed the l a t e r a l p roper ty . To 
s i m p l i f y the p resen ta t i on , the l a t e r a l proper ty 
of the manipulator w i l l hencefor th be ignored. 
This concludes the d e s c r i p t i o n of the manipulator . 

The term environment w i l l be used to denote the 
set of obstacles in the workspace of the manip
u l a t o r . Since the hand can touch the manipulator 
post , the pos t , too , is considered an obs tac le . 
Obstacles can be both regu lar and i r r e g u l a r in 
shape. Objects on a robot such as the wheels, 
the TV rack , the p la t f o rm e t c . are regu lar and 
can be described as c y l i n d e r s , pa ra l l e l op ipeds , 
or unions of these shapes. Boulders and rocks in 
the maneuverable space would be examples of 
i r r e g u l a r shaped ob jec t s . 

4.2 Real Problem Space 

The r e a l problem space is a simple-minded and 
d i r e c t computer represen ta t ion of the manipulator 
and i t s environment. The manipulator is modelled 
as a sequence of connected c y l i n d e r s , one each 
f o r the pos t , boom and forearm. The boom and 
forearm representa t ions correspond to the minimum 
bounding cy l i nde rs tha t enclose them. The t r a j e c 
to ry envelope i s , consequently, a two-element 
three-d imensional s o l i d . 

Obstacles are approximated by polyhedra - p lane-
faced ob jec t s . There is no r e s t r i c t i o n on the 
number of faces, and both concave and convex 
polyhedra are a l lowed. Bet ter approximat ion 
imp l ies more faces, and, consequently, more 
storage requ i red to save the desc r i p t i on and 
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more t ime requ i red to analyze c o l l i s i o n s . Thus 
there is a t r a d e - o f f i nvo l ved . However, the 
rep resen ta t ion is compact and i n t e r s e c t i o n 
checks are inexpensive because obstac le surfaces 
are l i n e a r . The set of po lyhedra, each app rox i 
mating a r e a l obs tac le , is ca l l ed a map. 

The maneuverable space is the complement of the 
volume occupied by elements of the map, w i t h 
respect to the man ipu la to r ' s work space. 

4.3 Primary Problem Space 

The pr imary problem space permits the manipulator 
to be viewed as cons i s t i ng of a s i ng le l i n e 
segment and having no l a t e r a l p roper ty . 

F i r s t consider a two - l i ne segment model of the 
manipu la tor . The f i n i t e axes of the cy l i nde rs 
bounding the boom and forearm are used f o r t h i s 
model. The equivalence between the pr imary 
problem space and r e a l problem space is preserved 
by en la rg ing the polyhedra by the rad ius of the 
manipulator l i n k s . The enlarged polyhedra are a 
c a l l e d pr imary obs tac les . The set of pr imary 
obstacles is ca l l ed the pr imary map. With 
l ine-segment models of the manipulator l i n k s , 
the t r a j e c t o r y envelope is two connected sur faces, 
one ca l l ed the boom surface and the other the 
forearm sur face. The maneuverable space is 
c a l l e d pr imary f ree space and is the complement 
of the volume occupied by pr imary obstacles 
w i t h respect to the man ipu la to r ' s workspace. 
Note tha t the enlargement of obstacles needs to 
be done j u s t once f o r a given environment. 

F i n a l l y , the s ing le l i n e segment d e s c r i p t i o n o f 
the manipulator is made poss ib le by a t r a n s 
format ion c a l l e d survey. Survey permits the boom 
to be viewed as a s i ng le p o i n t , and the t r a j e c t o r y 
envelope then reduces to the forearm surface -
generated by the motion of the forearm. The 
t rans fo rmat ion survey is app l ied to f ree space 
and r e s u l t s in a cha r t . A char t f o r pr imary f ree 
space in c a l l e d a primary cha r t . 

Consider the set of a l l po in ts in f ree space such 
tha t the e n t i r e boom is safe from c o l l i s i o n i f 
the boom t i p were pos i t ioned there . This subset 
of f ree space is ca l l ed navspace (nav iga t i ona l 
space). The survey t rans format ion approximates 
navspace by boxes in r - t h e t a - p h i space ca l l ed 
regions and the set of regions is c a l l e d a cha r t . 

Regions are s t r uc tu red e n t i t i e s . They are made 
up of sec toro ids and ( i n 3D) sectoro lds are 
composed of pases. The pasc (pa ra l l e lop iped in 
s p h e r i c a l coord inates) i s the smal lest u n i t . 
Figure 5.1 shows s i x 2D regions bounded by the 
r a d i a l arrows; i t a lso shows one of the regions 
(R) and i t s four component sectoro ids - S1,S2,S3 
and S4. Pases, sec toro ids and regions are bound 
by constant ph i and constant theta sur faces. A l l 
pases in a sec to ro id have the same ph i l i m i t s , 
and a l l sec toro ids in a reg ion have the same 
theta l i m i t s . Pases, sec toro ids and regions a l l 
have associated w i t h them a maximum and minimum r 

va lue , ca l l ed rmax and rmin r e s p e c t i v e l y , i n d i c a 
t i n g the safe l i m i t s of the boom extens ion. The 
d i f f e rence between the maximum and minimum r 
values is c a l l e d the safe l i m i t i n t e r v a l . A 
reg ion , sec to ro id or pasc is considered impassable 
i f the safe l i m i t i n t e r v a l i s less than some 
p respec i f i ed va lue . These items are i l l u s t r a t e d 
i n Figure 5 . 1 . 

Regions are an approximation to the po in ts in 
navspace. This approximation is dynamic and can 
be changed by h i g h e r - l e v e l programs. The approx
imat ing procedure is ca l l ed re f inement , and the 
ref inement l e v e l i s ca l l ed r e s o l u t i o n . The i n i 
t i a l approximat ion is done to a de fau l t r e s o l u 
t i o n . I f the r e s o l u t i o n o f a p a r t i c u l a r pa r t o f 
the environment is not adequate, the system 
f u r t h e r r e f i n e s tha t p o r t i o n o f the c h a r t . 
This is termed the se lec t i ve ref inement capa
b i l i t y . This c a p a b i l i t y makes incrementa l 
mod i f i ca t i ons (necess i ta ted by minor changes to 
the environment) to the char ts inexpensive. 
Since ref inement is dynamic, survey is not a 
one-t ime t rans fo rmat ion . This is the p r i c e tha t 
has to be paid f o r the f l e x i b i l i t y . Since there 
is a l i m i t to the p rec i s i on of placement of the 
hardware, the process of ref inement w i l l not 
cont inue i n d e f i n i t e l y . 

The concept of navspace permits cons ider ing the 
boom as a s i ng le p o i n t . Navspace and i t s ap
prox imat ion by charts is thus c r u c i a l to safe 
t r a j e c t o r y p lann ing . The reason f o r imposing a 
s t r u c t u r e on char ts ( i n terms of reg ions , sec
t o ro i ds and pases) is to have, some s e l e c t i v i t y in 
terms of what pa r ts of navspace should be r e f i n e d 
and to what l e v e l . I t i s important to note tha t 
the exact nature of a reg ion and i t s components 
is i r r e l e v a n t , and the choice of a box in r-
t h e t a - p h i space as the u n i t was d i c ta ted by the 
choice of a p a r t i c u l a r p lanning s t ra tegy descr ibed 
in Sect ion 5. 

4.4 Secondary Problem Space 

The secondary problem space permits the manipu
l a t o r to be viewed as a s i ng le p o i n t . 

To get the s i ng le po in t d e s c r i p t i o n of the 
manipu la tor , l e t us s t a r t w i t h the two - l i ne 
segment model of the manipu la tor . We ignore the 
forearm, and account f o r i t by en la rg ing the 
pr imary obstacles by the length of the forearm; 
t h i s enlargement r e s u l t s in secondary obstacles 
and a secondary map, and the maneuverable space 
is ca l l ed secondary f ree space. With the forearm 
accounted f o r , the manipulator cons is ts of only 
the boom and the t r a j e c t o r y envelope is the boom 
sur face. 

I t i s now poss ib le to a r r i v e a t the s i n g l e po in t 
d e s c r i p t i o n of the manipu la tor . We apply the 
survey t rans fo rmat ion to secondary f ree space. 
This r e s u l t s in a secondary c h a r t , composed of 
secondary reg ions . Whenever the boom t i p is in a 
secondary reg ion the f o l l o w i n g ho lds : 
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1. by d e f i n i t i o n o f the r eg i on , the 
e n t i r e boom is f r ee of c o l l i s i o n , and 

2. s ince secondary regions are generated 
using secondary obs tac les , the forearm 
i s f r ee from c o l l i s i o n i r r e s p e c t i v e o f 
i t s o r i e n t a t i o n . 

The t r a j e c t o r y envelope a t t h i s l e v e l then is 
the l i n e generated by the motion of the boom 
t i p . A complex t r a j e c t o r y s o l i d tha t consis ted 
of two s o l i d s has thus been reduced to a l i n e . 
The ref inement process f o r secondary char ts is 
s i m i l a r to pr imary char ts and so are a l l the 
a t t r i b u t e s and t ransformat ions discussed in the 
context o f pr imary cha r t s . 

I f the manipulator needs to maneuver c lose to 
obs tac les , secondary problem space is of no use 
s ince the 'g ross ' rep resen ta t ion of the forearm 
engul fs f ree space near obs tac les . Of course 
t h i s does not imply tha t a t r a j e c t o r y does not 
e x i s t . The f i n e r model of the forearm as a l i n e 
segment (as in pr imary problem space) should be 
used. 

Looked at from a d i f f e r e n t ang le , the ideas of 
secondary problem space representa t ions ( the 
secondary char ts in p a r t i c u l a r ) , are a formal 
c h a r a c t e r i z a t i o n of the i n t u i t i v e ideas of ease 
of maneuvering in la rge chunks of empty space. 
The s i m p l i f i c a t i o n of the t r a j e c t o r y envelope 
from two s o l i d s to a l i n e makes the expecta t ion 
come t r u e . 

4.5 T ra jec to ry P r i m i t i v e s 

Since obstac le faces are planes in ca r tes ian 
"space, i f the t r a j e c t o r y envelope were a plane 
(pr imary problem space) or a l i n e (secondary 
problem space) in ca r tes ian space, c o l l i s i o n 
checking would be s imple. 

Since the manipulator j o i n t s can be operated 
independent ly , the boom t i p can be made to t race 
ca r tes ian space s t r a i g h t l i n e s . Planning the 
ca r tes ian space s t r a i g h t l i n e locus f o r the boom 
t i p is easy in the 2D case, wh i le i t i s beset 
w i t h problems in the 3D case. Hence in the 3D 
case, we s e t t l e f o r boom space - subspace of 
j o i n t space generated by the boom j o i n t s -
s t r a i g h t l i n e locus f o r the boom t i p . 

Safety of the boom t i p locus imp l ies the sa fe ty 
of the e n t i r e manipulator only when the locus 
passes through a secondary c h a r t ; elsewhere the 
sa fe ty of the forearm needs to be ensured. To 
make forearm sa fe ty checks t r a c t a b l e , the f o l l o w 
ing are chosen as p r i m i t i v e s f o r the forearm 
t r a j e c t o r y . 

1. When the boom is moving, the hand s h a l l 
t race a l i n e p a r a l l e l to the ca r tes ian 
space s t r a i g h t l i n e approximat ion of 
the boom t i p locus ; t h i s i s c a l l e d 
pgram motion ( f o r para l le logram mot ion ) . 
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2. When the boom is s t a t i o n a r y , the 
forearm s h a l l move in a s ing le p lane ; 
t h i s c a l l e d c i r c l e motion (2D) or 
sphere mot ion (3D). 

These cons t ra i n t s on the boom and forearm t r a j e c 
t o r i e s r e s u l t i n the decomposit ion o f the t r a j e c 
to ry surface i n t o a sequence of para l le lograms 
and sectors of a c i r c l e , considerably s i m p l i f y i n g 
the c o l l i s i o n de tec t i on task . 

5. PLANNING 

The process of p lanning a t r a j e c t o r y was d i s 
cussed in Sect ion 3; the aim is to p lan a safe 
t r a j e c t o r y , and p lan i t f a s t . 

H ierarchy, s e p a r a b i l i t y and r e v e r s i b i l i t y are the 
key concepts in p lann ing . The p r i n c i p l e of 
r e v e r s i b i l i t y s ta tes t ha t i f a t r a j e c t o r y from S 
to G is c o l l i s i o n f r ee then the same t r a j e c t o r y 
backwards from G to S is a lso c o l l i s i o n f r e e . 
Sepa rab i l i t y means the decomposit ion of the goal 
i n t o independent subgoals. Hierarchy is used in 
the usual sense. For each g o a l , the most impor
tant aspects are tack led f i r s t and the lesser 
ones next . This is app l ied to every stage of the 
process. If some dec is ions made at a h igher 
l e v e l do not pan ou t , l o c a l co r rec t ions are made. 
I f the l o c a l f i xups do not solve the problems, 
the system re tu rns to the next h igher l e v e l f o r 
rep lann ing . At each stage i t i s ensured tha t the 
system w i l l terminate i t s a c t i v i t i e s i n a f i n i t e 
amount o f t ime. I f the system is unsuccessful in 
so l v ing the problem, i t g ives up and asks f o r 
human he lp . 

5.1 Overview Of Planning 

The n a t u r a l approach to h i e r a r c h i c a l p lanning 
is to p lan in secondary problem space f i r s t 
(s ince the t r a j e c t o r y envelope is the s implest 
there) and then r e f i n e the t r a j e c t o r y i n p r i 
mary problem space. The d i f f i c u l t y of i n t e r 
fac ing the two problem spaces makes t h i s 
approach u n a t t r a c t i v e . So i ns tead , p lanning 
is "done" in pr imary problem space and sec
ondary problem space is used f o r s i m p l i f i c a 
t i o n s . The d e t a i l s of t h i s approach are 
presented nex t . 

The t r a j e c t o r y p lanning problem is separated i n t o 
three phases. The f i r s t is a goal f e a s i b i l i t y 
ana lys is phase, the second is the mid-sec t ion 
p lanning phase and the l a s t is the te rmina l p l a n 
n ing phase. At the f e a s i b i l i t y ana lys is s tage, 
goal f e a s i b i l i t y is checked and any necessary 
ref inements of the char ts is ca r r i ed ou t . The 
te rm ina l phase a c t i v i t i e s use the r e v e r s i b i l i t y 
p r i n c i p l e and p lan t r a j e c t o r i e s near the i n i t i a l 
and f i n a l c o n f i g u r a t i o n s . The mid -sec t ion phase 
deals w i t h midway t r a j e c t o r y p lann ing . For the 
te rm ina l phase, forearm and boom planning i t e r a t e 
u n t i l a s a t i s f a c t o r y boom t i p l o c a t i o n f o r 
s t a r t i n g the mid -sec t ion t r a j e c t o r y i s found. 
For the m idsec t ion , p lanning proceeds h i e r a r c h i 
c a l l y . Boom t r a j e c t o r y is f i r s t planned us ing 
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the pr imary char ts a lone. For po r t i ons of the 
boom t i p t h a t do not l i e in the secondary c h a r t , 
forearm p lann ing is done. The s e p a r a b i l i t y 
p r i n c i p l e is used in boom p lann ing ; the t r a j e c 
to ry f o r the t h e t a - p h i j o i n t s i s planned f i r s t 
and the r - j o i n t is f i x e d nex t . 

I f a safe forearm t r a j e c t o r y cannot be found, the 
boom t r a j e c t o r y is modi f ied and another attempt 
at forearm planning made. I f the system is 
unable to come up w i t h a safe t r a j e c t o r y even 
a f t e r a p respec i f i ed number of a t tempts , i t 
r eso r t s to a c o n f i g u r a t i o n sw i t ch . The same 
techniques are used to p lan a t r a j e c t o r y to get 
the manipulator to the goa l , t h i s t ime however, 
i n a d i f f e r e n t l a t e r a l c o n f i g u r a t i o n . I f t h i s 
a lso f a i l s , the system gives up. 

Note tha t p lanning incorporates simple s t r a t e 
g i e s . I t may so happen tha t the system f a i l s to 
f i n d a s o l u t i o n when there e x i s t s one in the r e a l 
w o r l d . I t i s u n l i k e l y tha t such s i t u a t i o n s w i l l 
be encountered except in some p a t h o l o g i c a l obsta
c l e con f i gu ra t i ons . 

5.2 I n i t i a l i z a t i o n 

The system is i n i t i a l i z e d w i t h a d e s c r i p t i o n of 
the environment. The system uses the input 
polyhedra and generates primary and secondary 
obstacles f o r the l e f t and r i g h t , secondary and 
primary maps. A l l the char ts are generated f o r a 
d e f a u l t r e s o u l t i o n (see Figure 5 . 1 , f o r example). 
The regions of the char ts w i l l be f u r t h e r r e f i ned 
as and when necessary. The i n i t i a l i z a t i o n needs 
to be done once f o r every new environment. 

5.3 Goal F e a s i b i l i t y and Impossible S i tua t i ons 

Goal f e a s i b i l i t y is done before p lann ing begins. 
It inc ludes boom placement and forearm placement 
sa fe ty checks. I t determines whether the boom 
t i p l i e s w i t h i n a pasc o f a pr imary reg ion . I f 
n o t , the appropr ia te reg ion i s repeatedly r e f i n e d 
u n t i l e i t h e r the goal boom t i p p o s i t i o n i s w i t h i n 
a pasc or the r e s o l u t i o n l i m i t is reached and the 
system re tu rns complaining tha t the goal is not 
f e a s i b l e . The forearm f e a s i b i l i t y study invo lves 
checking whether in the f i n a l c o n f i g u r a t i o n , the 
forearm i s safe from c o l l i s i o n ; i f no t , the goal 
is not f e a s i b l e . Figures 5.2 and 5.3 are r e f i n e 
ments of F igure 5 .1 to get po in ts S and G i ns ide 
the cha r t s . The environment is the one used in 
the example of Sect ion 2. 

During m id -sec t ion phase boom p lann ing , the 
system keeps a watch f o r s i t u a t i o n s which would 
get the boom stuck (see Figure 5 .4 , f o r example). 
If the boom cannot maneuver out of an area, the 
system complains. Again, dur ing forearm planning 
along a proposed boom t i p locus , the system looks 
out f o r s i t u a t i o n s which would get the forearm 
stuck (see Figure 5 .5 , f o r example). Such 
s i t u a t i o n s are c a l l e d impossib le s i t u a t i o n s . 

5.4 Mid-Sect ion Planning 

Boom Planning 

Boom planning is equiva lent to f i n d i n g the path 
of a po in t through cha r t s . Car tes ian space 
s t r a i g h t l i n e locus f o r the boom t i p are used in 
the 2D system. The features of the 2D system and 
the requ i red extensions f o r the 3D system are 
presented. 

Point path p lanning is based on an adapta t ion of 
a wel l-known a lgo r i thm used f o r approximat ing a 
curve by a sequence of s t r a i g h t l i n e s ; the 
approximation is such tha t every po in t on the 
curve is w i t h i n a spec i f i ed d is tance from the 
l i n e segment (approximating the p o r t i o n of the 
curve the po in t is on) . The recurs i ve a lgo r i t hm 
is i l l u s t r a t e d in F igure 5.6. Po in t C is the 
f a r t h e s t po in t on the curve from the approxima
t i n g s t r a i g h t l i n e AB. I f the d is tance of C 
from AB exceeds the to lerance l i m i t , the curve 
is s p l i t a t C and the a lgo r i t hm app l ied recu r 
s i v e l y to sect ions AC and CB. 

The above a lgo r i thm works even i f d i f f e r e n t 
thresholds are used f o r d i f f e r e n t par ts of the 
curve. Each component ( r eg ion , s e c t o r o i d , or 
pasc ( i n the 3D case)) has associated w i t h i t 
an rmax and rmin tha t spec i f y the safe i n t e r 
v a l l i m i t , w i t h i n which the boom t i p must l i e 
when it goes through tha t component. 

F igure 5.7 shows the working of the modi f ied 
l i n e a r approximat ion a lgo r i t hm. The dot ted 
l i n e s show adjacent regions of a char t and 
t h e i r safe l i m i t i n t e r v a l s . Every p a i r o f 
regions has a n o n t r i v i a l i n t e r s e c t i o n of t h e i r 
( rm in , rmax) i n t e r v a l . S and G are the s t a r t 
and goal boom t i p l o c a t i o n s . The arrow in the 
Figure shows the p o i n t on SG tha t is f a r t h e s t 
from being i ns ide the reg ions . A subgoal 
P is in t roduced in the reg ion c o n t r i b u t i n g to 
the v i o l a t i o n and the a lgo r i thm is r e c u r s i v e l y 
app l ied to SP and PG. 

F igure 5.8 shows how adjacent regions Rl and 
R2, which have t r i v i a l ( rm in , rmax) i n t e r v a l 
i n t e r s e c t i o n s are handled by the i n t r o d u c t i o n 
of a d d i t i o n a l subgoals PO and P I . Note t ha t 
the l i n e along P0P1 is safe from the rmin of 
R2 to rmax of R l . 

A f u r t h e r gene ra l i za t i on of the simple recurs i ve 
curve-approximat ion a lgo r i thm is to make the 
approximating l i n e segments be any des i rab le 
curve. In f a c t , f o r the 3D system t h i s 
gene ra l i za t i on is used to p lan a boom t i p 
locus tha t i s l i n e a r in the boom j o i n t angles. 

The above p lann ing procedure is f i r s t app l ied 
a t the reg ion l e v e l , then a t the sec to ro id 
l e v e l and f i n a l l y a t the pasc l e v e l . 

In the 3D manipu la tor , the system f i r s t plans 
a t r a j e c t o r y in the t h e t a - p h i space making only 
c e r t a i n minimal checks on the safe l i m i t 
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i n t e r v a l s of the regions through which the 
t r a j e c t o r y passes. Once t h i s is done, the r-
j o i n t p lanning is done using the genera l ized 
l i n e a r approximat ion a lgo r i t hm. 

Forearm Planning 

Forearm p lanning is j u s t a sequence of a p p l i c a 
t i ons of the two p r i m i t i v e s f o r the forearm 
t r a j e c t o r y . F igure 5.9 i l l u s t r a t e s c i r c l e 
mot ion ; i t shows the angular i n t e r v a l the 
forearm can move i n , the most favored o r i e n t a 
t i o n of the forearm f o r the given d i r e c t i o n of 
t r a v e l of the boom, the forearm o r i e n t a t i o n 
chosen and the boom t i p locus SG. Figure 5.10 
i l l u s t r a t e s pgram mot ion; i t shows the d i r e c t i o n 
of t r a v e l (SG being the boom t i p locus) the 
i n i t i a l forearm o r i e n t a t i o n and the p a r a l l e l o 
gram generated by the forearm mot ion. 

5.5 Terminal Phase Planning 

Terminal phase p lanning plans t r a j e c t o r i e s c lose 
to obs tac les , p r i m a r i l y near the s t a r t and the 
goal c o n f i g u r a t i o n s . The s t ra tegy cons is ts of 
p lanning pa i r s of ad jus t and move mot ions. A 
sequence of such pa i r s of motions puts the boom 
t i p at a safe p o i n t , from which the mid -sec t ion 
s t r a t eg i es take over. A safe p o i n t , is a po in t 
in a secondary pasc, or i f there is no secondary 
pasc w i t h a reasonable safe i n t e r v a l then i t i s 
a po in t in a pr imary pasc whose safe l i m i t 
i n t e r v a l exceeds a p respec i f i ed va lue . 

During the move motion the boom t i p moves along 
a l i n e c o l l i n e a r w i t h the forearm and away from 
the hand, and the forearm mainta ins i t s o r i e n t a 
t i o n in ca r tes ian space. This motion continues 
u n t i l e i t h e r the boom t i p reaches a safe po in t 
or a p o t e n t i a l c o l l i s i o n is recognized. 

The ad jus t motion o r i e n t s the forearm to reduce 
chances of c o l l i s i o n dur ing the subsequent move 
mot ion. Figure 5.11 shows ad jus t motion 
h e u r i s t i c s - the " b i n a r y " choice of favorab le 
o r i e n t a t i o n s - f o r the 2D case. The numbers 
i n d i c a t e the sequence in which these o r i e n t a 
t i ons w i l l be t r i e d . For a p a r t i c u l a r o r i e n t a 
t i o n , i f i t tu rns out tha t the subsequent move 
motion makes no progress, the next o r i e n t a t i o n 
i n the sequence i s t r i e d . I f the manipulator 
j o i n t angles remain unchanged, even a f t e r a 
p respec i f i ed number of t r i e s , the system re tu rns 
a f a i l u r e ' . 

In 3D a 3 x 3 square of s o l i d angles is de te r 
mined about the cur ren t forearm o r i e n t a t i o n . 
Each square is 5 degress in s i z e , and has a 0 or 
1 associated w i t h i t according as i t i s safe o r 
not f o r the forearm to maneuver w i t h i n the s o l i d 
angle represented by the square. The 2D ad jus t 
motion s t ra tegy i s app l ied in the plane tak ing 
the forearm through the center of the safe s o l i d 
angle i n t e r v a l . I f more than one s o l i d angle 
square is sa fe , obvious genera l i za t i ons of the 
b inary choice searching s t ra tegy can be t r i e d . 

Instead of using sof tware f o r gather ing in fo rma
t i o n f o r p lanning motions c lose to obs tac les , 
p rox im i t y sensors can be mounted on the forearm 
to prov ide t h i s i n f o rma t i on . The l og i c f o r 
analyz ing rea l t ime data from an array of such 
sensors is s imple ; the l o g i c incorporates the 
simple ad jus t motion h e u r i s t i c s described 
above. 

6. CONCLUSIONS 

A s o l u t i o n to the safe t r a j e c t o r y planning 
problem f o r computer c o n t r o l l e d manipulators 
w i t h two movable l i n k s and m u l t i p l e degrees of 
freedom was presented. The s o l u t i o n t r ea t s 
manipulators w i t h a s l i d i n g j o i n t , and permits 
t r anspo r t i ng of ob jec ts which can be enclosed 
w i t h i n the minimum bounding cy l i nde r of the 
manipulator l i n k . For mod i f i ca t i ons of the 
s o l u t i o n tha t permi t handl ing l a rge r ob jec t s , 
extensions to the s o l u t i o n f o r t r e a t i n g manip
u l a t o r s w i t h only r o t a r y j o i n t s , and d e t a i l s on 
how to account f o r the l a t e r a l p roper ty of the 
manipu la tor , the reader is r e f e r r e d to Udupa 
(1976). A s i g n i f i c a n t p o r t i o n of the ideas 
described here have been implemented in SAIL on 
a DEC PDP-10 computer. The output of the 
c o l l i s i o n de tec t i on and avoidance system has 
yet to be i n t e r f aced w i t h a r e a l manipu la tor . 

6.1 Key Ideas 

1. S i m p l i f i e d Manipulator Descr ip t ions And 
T ra jec to ry P r i m i t i v e s : A l t e rna te 

problem spaces of inc reas ing abs t rac t i on tha t 
permit s i m p l i f i e d manipulator models and 
p r i m i t i v e t r a j e c t o r y types are i d e n t i f i e d ; 
these s i m p l i f y c o l l i s i o n de tec t i on and t r a 
j e c t o r y hypothesis and m o d i f i c a t i o n . 

2. Navspace and Charts : The concept of 
navspace tha t permi ts the reduc t ion of the boom 
to a s i ng le po in t is i d e n t i f i e d . Odd-shaped 
navspace is approximated by eas i l y descr ibable 
e n t i t i e s c a l l e d c h a r t s ; the approximat ion i s 
dynamic and can be s e l e c t i v e , thus p e r m i t t i n g 
easy incrementa l mod i f i ca t i ons to the cha r t s . 

3. Transformat ions f o r generat ing the 
pr imary and secondary maps and char ts need to be 
computed only once or a few t imes; otherwise the 
advantages of using the a l t e r n a t i v e problem 
spaces would have been o f f s e t by the expensive 
computations requ i red to generate them. 

4. T ra jec to ry Planning In Empty Space 
vs . C o l l i s i o n Avoidance: These two 

complementary views can be used to advantage in 
the safe t r a j e c t o r y p lanning problem. Boom 
planning i s t rea ted as p lanning t r a j e c t o r i e s in 
empty space ( the c h a r t s ) , and forearm p lann ing 
is t rea ted as a c o l l i s i o n avoidance problem. 

5. Car tes ian Space vs . Jo i n t Space: By 
decomposing p lanning i n t o boom and forearm 
p lanning and maneuverable space i n t o navspace 
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and space o c c u p i e d b y o b s t a c l e s , t h e advan tages 
o f t h e r e p r e s e n t a t i o n s i n t h e s e a l t e r n a t e spaces 
can b e c a p i t a l i z e d o n . 

6 . P l a n n i n g : H i e r a r c h i c a l d e c o m p o s i t i o n , 
d i f f e r e n t s t r a t e g i e s f o r m a n e u v e r i n g f a r f r o m 
o b s t a c l e s and f o r m a n e u v e r i n g c l o s e t o o b s t a c l e s , 
and a f o r m a l c h a r a c t e r i z a t i o n o f l a r g e chunks o f 
empty space a l l s i m p l i f y t h e p l a n n i n g t a s k . 

7 . P l a n n i n g A t E x e c u t i o n T i m e : G u i d e l i n e s 
have been s u g g e s t e d f o r i n c o r p o r a t i n g p r o x i m i t y 
s e n s o r s i n t o t h e m a n i p u l a t o r sys tem f o r d o i n g 
t e r m i n a l phase p l a n n i n g . 

6 . 2 S u g g e s t i o n s Fo r F u t u r e Work 

T r a n s p o r t i n g o b j e c t s comparab le i n s i z e t o t h e 
m a n i p u l a t o r , c o l l i s i o n a v o i d a n c e f o r m u l t i p l e 
m a n i p u l a t o r s , h a n d l i n g o f a r i c h e r c l a s s o f 
c o n s t r a i n t s (keep t h e hand v e r t i c a l d u r i n g 
m o t i o n , f o r e x a m p l e ) , and o t h e r m a n i p u l a t o r 
ha rdware d e s i g n s ( t e l e s c o p i n g m a n i p u l a t o r s , f o r 
example) a r e some t o p i c s t h a t need i n v e s t i g a t i o n . 
C o l l i s i o n a v o i d a n c e i n humanoid m a n i p u l a t o r s 
( a l l r o t a r y j o i n t s ) can b e h a n d l e d b y a s l i g h t 
e x t e n s i o n o f t h e s o l u t i o n p r e s e n t e d i n t h i s 
p a p e r . 

L i t t l e i s known a b o u t m o d i f y i n g t r a j e c t o r i e s 
d y n a m i c a l l y based o n any s e n s o r y d a t a t h e 
sys tem may a c q u i r e d u r i n g e x e c u t i o n . F u r t h e r 
i n v e s t i g a t i o n s o n t h e use o f p r o x i m i t y s e n s o r s , 
f o r c e and t a c t i l e s e n s o r s , and v i s u a l f e e d b a c k 
t o s i m p l i f y p l a n n i n g i s r e q u i r e d . 
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