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I I n t roduc t i on 

A deduct ive system fo r program v e r i f i c a t i o n 
must be able to reason p r o f i c i e n t l y about e q u a l i t y . 
Equa l i t y is o f ten handled in an ad hoc and incomplete 
way—most usua l l y w i th a r ewr i t e r u l e that s u b s t i 
tu tes equals f o r equals w i th some h e u r i s t i c gu id 
ance. We present a simple a lgor i thm f o r reasoning 
about equa l i t y that is f a s t , complete, and usefu l 
in a va r i e t y of theorem-proving s i t u a t i o n s . We 
a lso present a proof of the theorem on which the 
a lgor i thm is based. 

One could also work from BfK] ra ther than from AfM"], 
or from both s imul taneously; the l i n k s needed in 
the chain are the same in e i t he r case. 

While t h i s "backward s u b s t i t u t i o n " method and 
other methods that transform formulas through a 
sequence of s u b s t i t u t i o n s are l o g i c a l l y sound, they 
are not w e l l - s u i t e d to machine deduction because 
there is no easy way of se lec t i ng the r i g h t 
s u b s t i t u t i o n to make at each s tep . 

I n t u i t i v e l y , i t would not seem necessary to 
generate terms beyond a ce r t a i n depth. However, 
the c r i t i c a l depth ( the smal lest depth necessary to 
consider) cannot be ca lcu la ted so le ly as a func t i on 
of the depths of the terms appearing in the o r i g 
i n a l formula; in p a r t i c u l a r , the c r i t i c a l depth i s 
not simply the maximum of these depths. For 
example, no backward-subst i tu t ion proof can be 
car r ied out f o r the above formula wi thout generat
ing a term of at leas t depth 3. Even if one could 
convenient ly ca l cu la te the c r i t i c a l depth, one 
would s t i l l , in general , generate many more terms 
than are necessary. 

This d i f f i c u l t y w i t h s u b s t i t u t i o n t ransforma
t i o n methods is not inherent in the problem. The 
next sect ion presents a more e f f i c i e n t method that 
considers only the terms appearing in the o r i g i n a l 
formula. 

I l l The Procedure 

Our method is a dec is ion procedure f o r the 
subclass of predicate ca lcu lus w i th func t ion 
symbols and equa l i t y whose formulas have only u n i 
versa l q u a n t i f i e r s in prenex form. While the 
d e c i d a b i l i t y of t h i s subclass is wel l -known, the 

c l a s s i c a l dec is ion procedure f o r i t (W. Ackermann 
[ 1 ] ) produces a combinat ional explosion that makes 
that method i n f e a s i b l e f o r n o n - t r i v i a l problems. 

The procedure is as f o l l o w s . The matr ix of 
the formula F is f i r s t negated and placed in d i s 
j u n c t i v e normal form. Next, a l l atomic formulas 
other than e q u a l i t i e s are replaced by e q u a l i t i e s as 




