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I n s t i t u t f u r 

U n i v e r s i t y of : 

A b s t r a c t 

The sources o f i n e f f i c i e n c y i n c u r 
r e n t l y e x i s t i n g h i g h e r o rder u n i f i c a t i o n 
a l g o r i t h m s are i n v e s t i g a t e d . Aside from 
such t h e o r e t i c a l d i f f i c u l t i e s as the u n -
d e c i d a b i l i t y o f u n i f i c a t i o n i n t h i r d o rder 
l o g i c , and the ex i s t ence o f i n f i n i t e u n i 
f i e r s and the lack of a po l ynomia l bound 
on the number o f a p p l i c a t i o n s o f the " i m i 
t a t i o n " r u l e even in the monadic subcase 
o f second o rder u n i f i c a t i o n , the c u r r e n t 
a l g o r i t h m s s u f f e r from a b u i l t - i n i n e f f i 
c iency due to t h e i r i n t r o d u c t i o n and sub
sequent e l i m i n a t i o n o f many a u x i l i a r y 
f u n c t i o n a l v a r i a b l e s , and t o the n o n d i r e c -
ted na tu re of the s u b s t i t u t i o n s made by 
the " p r o j e c t i o n " r u l e . I t i s argued t h a t 
a procedure based on a t t emp t i ng to match 
the argument or arguments of a f u n c t i o n a l 
o r p r e d i c a t e v a r i a b l e w i t h the subterms o f 
the o the r fo rmu la i n the u n i f i c a t i o n can 
dec ide the p o s s i b i l i t y o f u n i f i c a t i o n and 
genera te the r e s u l t i n g u n i f i e r s much more 
d i r e c t l y than the t h e o r e t i c a l l v comolete 
a l g o r i t h m . 

D e s c r i p t i v e Terms 

Higher o rder l o g i c , r e s o l u t i o n , theorem 
p r o v i n g , u n i f i c a t i o n 

The recen t i n t e r e s t i n deve lop ing 
l i n e a r and n e a r - l i n e a r u n i f i c a t i o n a l g o 
r i t h m s f o r f i r s t o rde r languages (see f o r 
example Huet 1976, Paterson and Wegman 
1976, and work r e f e r r e d to by them) has , 
w i t h few e x c e p t i o n s , not been matched by 
a co r respond ing e f f o r t to improve the 
e f f i c i e n c y o f h i ghe r o rder u n i f i c a t i o n . 
A l i n e a r u n i f i c a t i o n a l g o r i t h m i s o f 
cou rse -ou t o f t he q u e s t i o n f o r h ighe r o r 
der l o g i c i n g e n e r a l , f o r no t on l y i s 
u n i f i c a t i o n known to be undec idab le in 
t h i r d o rder l o g i c (Huet 1973; Lucchesi 
1972) , bu t even in t he monadic subcase of 
second order l o g i c i t has been shown (by 
W i n t e r s t e i n 1976) t h a t t h e r e e x i s t s no 
po l ynomia l upper bound on the number of 
a p p l i c a t i o n s o f the " i m i t a t i o n " r u l e which 
t oge the r w i t h t he " p r o j e c t i o n " r u l e p lays 
an e s s e n t i a l r o l e in a complete h ighe r 
order u n i f i c a t i o n a l g o r i t h m . A l though 
l i n e a r bounds on the number of t h e i r ap
p l i c a t i o n s do e x i s t in some cases (Win
t e r s t e i n 1976) , t he two above-mentioned 
r u l e s are i n h e r e n t l y i n e f f i c i e n t , (a) b e 
cause o f t h e i r i n t r o d u c t i o n and subse
quent e l i m i n a t i o n o f many a u x i l i a r y 
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F ig . 1. Un i f i ca t i on t ree for Example 1 (n=3) given bv imi tat ion~cum-project ion. 
Theoron Proving-1: Darl ington 
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To see how u n i f i c a t i o n mav be p e r 
formed more e f f i c i e n t l v i n examples l i k e 
the p r e c e d i n g , l e t u s cons ider the u n i f i 
c a t i o n o f 

where the types are as b e f o r e , and where 
f is "monadic" and does not occur in e 2 . 
For every subformula t of e2 , the u n i f i 
c a t i o n t r e e i nc l udes some node c o n t a i n i n g 
the p a i r 

where q. is e i t h e r f ( i f t is e2) or is a 
v a r i a b l e i n t roduced i n t o the t r e e b v i m i 
t a t i o n (see f o r example F igu re 1 ) . App l y 
i ng i m i t a t i o n t o e v e r y p r o d u c e s the 
u n i f i e r 

as i n u n i f i e r ( i ) o f Example 1 , bu t a p p l y 
i ng p r o j e c t i o n to a g . leads to a success
f u l u n i f i c a t i o n i f a n d on ly i f 

leads to a success fu l u n i f i c a t i o n . Th is 
suggests t h a t one may "sc reen o u t " in ad 
vance p r o j e c t i o n s t h a t are bound t o f a i l , 
bv f i r s t check ing the u n i f i a b i l i t v o f a -
w i t h the v a r i o u s subterms t in e2. Tn 
Example 1 , t h e r e i s c l e a r l v j u s t one p r o 
j e c t i o n t h a t can succeed, s ince t h e r e i s 
j u s t one subterm of K A, namelv ' A ' , t h a t 
the arqument 'A ' of f matches, l ead ing to 
the u n i f i e r ( i i ) . Here, the match o f A 
w i t h A i s t r i v i a l , bu t i n o the r cases a 
f a i r amount of work mav be r e a u i r e d com
p l e t e l y to u n i f v an argument a- of f w i t h 
a subterm t of e~ , e s p e c i a l l y If e i t h e r or 
bo th c o n t a i n f u n c t i o n a l v a r i a b l e s . I t i s 
t h e r e f o r e more e f f i c i e n t to set UP a 
"search p a t t e r n " co r respond ing t o a - , bu t 
based on l ess than complete u n i f i c a t i o n , 
t h a t w i l l "match" j u s t those subterms o f 
e~ t h a t are p o t e n t i a l l y u n i f i a b l e w i t h a . 
w n i l e i g n o r i n g the o b v i o u s l y imposs ib le 
c a s e s ' , such as those in which a1 and t 
beg in w i t h opposing c o n s t a n t s . s p e c i f i 
c a l l y : 

P1 : I f a 1 i s f l e x i b l e ( i . e . has a v a r i 
ab le head ) , then 

PATTERN = any term of t ype i. 

P2: I f n o t , then 

PATTERN = anv f l e x i b l e term or any 
term w i t h the same head as a1 . 

A program based on t h i s idea and coded in 
SN0B0L4 is be ing exper imented w i t h on the 
IBM 360/50 at the GMD/Bonn. E a r l i e r p r o 
grams performed the p a t t e r n matching bv 

means of complete u n i f i c a t i o n of a1 w i t h 
each subterm t of e2, a technicme t h a t 
was c a l l e d " f - m a t c h l n a " , and the c u r r e n t 
method is a re f i nemen t o f t h i s techn icme. 
Moreover, i t can be i n c o r p o r a t e d i n t o anv 
proaram t h a t uses i m i t a t i o n and p r o j e c 
t i o n . I n cases where i t i s a p p l i c a b l e , 
i t has the advantages o f i n t r o d u c i n g no 
new f u n c t i o n a l v a r i a b l e s and of sc reen ing 
o u t a p r i o r i imposs ib le p r o j e c t i o n s i n 
advanc.e. 

To e x p l a i n the method in g r e a t e r 
d e t a i l , we s t a r t w i t h a node 

(N) 

o f a u n i f i c a t i o n t r e e , c o n t a i n i n g one or 
more u n i f i c a t i o n p a i r s <A . ,B > where 
each A, is of the same tvpe as B . . I m i -
t a t i o n - c u m - p r o j e c t i o n generates successor 
nodes to N by choosinq a p a i r < A . , B . > 
from N accord inq to some c r i t e r i o n and 
a p p l v i n q i m i t a t i o n and p r o j e c t i o n to A . 
and B . i n a l l n o s s i b l e wavs. The u n i f i 
cat ion 1 s u b s t i t u t i o n s r e s u l t i n q f rom each 
a p p l i c a t i o n are then app l i ed t o a l l the 
n a i r s in N, the reby g e n e r a t i n g a succes
sor node a f t e r a l l p o s s i b l e "lambda n o r 
m a l i s a t i o n s " and s i m p l i f i c a t i o n s have 
been made. I f no u n i f i c a t i o n s u b s t i t u 
t i o n s are a p p l i c a b l e to anv p a i r i n N , 
i t i s l a b e l l e d e i t h e r ' s ' f o r "success" 
or ' F ' f o r " f a i l u r e " , as the case mav be . 
I f t he p a i r s i n a l e d out from N 

(P) 

the s i m n l i f i e d nrocedure f i r s t checks 
whether the n a i r P bears a s u b s c r i p t u . . 
I f so , i t proceeds d i r e c t l v t o the aener -
a t i o n of nodes N" desc r ibed be low, but 
i f not i t adds a s u b s c r i p t u . to P , where 
u . i s a v a r i a b l e not o c c u r r i i t a in N or i t s 
p redecessors , and w i l l serve as the v a r i 
ab le to be used in Kubseauent lambda ab
s t r a c t i o n s . I t then qenerates a successor 
node N from P, based on the s u b s t i t u t i o n 

( fo> 
t h a t r e s u l t s from i m i t a t i o n alone ( i n Ex
ample 1 , t h i s i s u n i f i e r ( i ) ) . For each 
subterm t of e2 t h a t PATTERN matches, i t-
next aenerates a node N. t h a t r e s u l t s 
f rom r e p l a c i n g P i n N b v a n d 
a u n i f i c a t i o n s u b s t i t u t i o n 

where e 2 r e s u l t s f rom r e p l a c i n g the 
matched term t by u . . In Example 1, 
t h e r e is j u s t one subterm t t h a t 
PATTERN matches, namelv ' A ' , p roduc inq 
the successor node and the c o r 
responding u n i f i c a t i o n s u b s t i t u t i o n ( i i ) . 
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t o i m i t a t i o n - c u m - p r o j e c t i o n f o r u n i f i c a 
t i o n s whose t r e e s c o n t a i n no p a i r s o f the 
s o r t found in Example 3, where the same 
h ighe r o rder v a r i a b l e occurs i n bo th e . 
and e 2 . The argument i n o u t l i n e i s t h a t 
each s u c c e s s f u l pa th c o n t a i n i n g n p r o j e c 
t i o n s (n * 0) in an i m i t a t i o n - c u m - p r o j e c -
t i o n t r e e corresponds un i que l y to a suc
c e s s f u l pa th c o n t a i n i n g n N - and N2~nodes 
i n the s i m p l i f i e d t r e e . 

A p r a c t i c a l r e s u l t o f the s i m p l i f i e d 
procedure i s , i n i t s a p p l i c a t i o n t o " c o n 
s t r a i n e d r e s o l u t i o n " (Huet 1973a), t o d e 
c i de more q u i c k l y t h a t on l y one u n i f i e r 
i s p o s s i b l e in a g i ven case , and t h e r e f o r e 
to reduce the number o f c o n s t r a i n t s t h a t 
need be genera ted . For example, i f a p a r 
t i c u l a r r e s o l v e n t i s based o n the u n i f i c a 
t i o n o f ' f A ' w i t h a complex e 2 , con 
s t r a i n e d r e s o l u t i o n would no rma l l y dec ide 
t h a t t h e r e e x i s t s no "most genera l u n i 
f i e r " i n t h i s case and t h e r e f o r e generate 
on l y a s k e l e t a l r e s o l v e n t w i t h { f A , e 2 } 
a t tached t o i t a s a " c o n s t r a i n t " t o 
b e u n i f i e d l a t e r . I f , however, e 2 con 
t a i n s n o t h i n g t h a t 'A ' w i l l match, then 
t h e r e i s on l y one p o s s i b l e u n i f i e r , namely 
4.i, A u . e 2 ^ , and no c o n s t r a i n t need be 
gene ra ted . A l t e r n a t i v e l y , i f 'A1 matches 
on l y one term t o f e 2 , then ^ f , > u . e 2 > 
may be taken as " t h e ^ u n i f i e r , l e a v i n g 
out < f , ^ lu .e 2> , s ince u n i f i e r s o f t h i s 
s o r t , based on i m i t a t i o n a l o n e , seldom i f 
ever lead to " u s e f u l " i n f e rences — f o r 
example, i m i t a t i o n a lone w i l l no t pe rm i t 
the d e r i v a t i o n by r e s o l u t i o n of P(B) f rom 
P ( A ) , A = B, and x + y V ^ f ( A ) V f ( B ) , 
which r e q u i r e s the u n i f i e r < f , ^u.Pu>. 
S i m i l a r h e u r i s t i c s are employed by BUlow 
(1976) , who does a c e r t a i n amount of 
" l ook -ahead " d u r i n g h ighe r o rder r e s o l u 
t i o n i n o rde r t o r u l e ou t branches r e s u l t 
i ng f rom nonproduc t i ve o r imposs ib le i m i 
t a t i o n s o r p r o j e c t i o n s , thereby reduc ing 
the number o f c o n s t r a i n t s . Another p roce 
dure r e l a t e d to ours i s B ledsoe 's (1977) 
method f o r f i n d i n g va lues o f se t v a r i 
a b l e s , e q u i v a l e n t l y monadic p r e d i c a t e 
v a r i a b l e s , i n t o p o l o g y , program v e r i f i c a 
t i o n and o the r theorem p r o v i n g domains, 
where the f u l l power o f i m i t a t i o n - c u m -
p r o j e c t i o n i s no t r e q u i r e d . I n v iew o f 
the t h e o r e t i c a l d i f f i c u l t i e s i n ach iev ing 
s i g n i f i c a n t improvements i n h ighe r order 
i n f e r e n c e i n g e n e r a l , research o f t h i s 
s o r t i n t o improv ing i t s e f f i c i e n c y i n im
p o r t a n t s p e c i a l cases i s p a r t i c u l a r l y 
v i t a l i f the i n c l u s i o n o f h igher o rder 
f e a t u r e s i n au tomat ic theorem p r o v e r s , 
be they based on r e s o l u t i o n or n a t u r a l 
d e d u c t i o n , i s to become a p r a c t i c a l 
p r o p o s i t i o n . 
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